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Last time we showed that the space Vect(M) of vector fields, together with
the vector field commutator [·, ·], forms a Lie algebra. Suppose F : M→ N is a
diffeomorphism. Then the pushforward induces a well-defined linear map

F∗ : Vect(M) −→ Vect(N)

(in fact, it is a linear isomorphism). Moreover, this is a homorphism of Lie
algebras, in the sense that it satisfies

F∗ [V, W] = [F∗V, F∗W] (1)

for all V, W ∈ Vect(M). The verification of (1) is just a matter of using the
definitions.

Remark 0.1. A little care needs to be taken here: If F is not a diffeomorphism, then F∗
generally fails to induce a well-defined map Vect(M) −→ Vect(N) (even though the
pushforward always is a well-defined map of the form Tp M → TF(p)N for each p ∈
M). To see what can go wrong, suppose that there are p, q ∈ M with F(p) = F(q).
Then the value of F∗V at F(p) is both F∗Vp ∈ TF(p)N and F∗Vq ∈ TF(q)N, and these
may be different. Similarly, if F is not surjective, then F∗V will not be defined at points
not lying in the image of F.

Now we address the commutator in the particularly important special case
where M is a Lie group.

1 Lie groups, and commutators, and Lie algebras

Suppose M = G is a Lie group, and write its group multiplication by concate-
nation. For g ∈ G, let Lg : G → G be the left-multiplication map given by
Lg(p) = gp. Then Lg is a diffeomorphism (it is smooth and the inverse is Lg−1 ).
We say that a vector field V ∈ Vect(M) is left-invariant if

(Lg)∗V = V, ∀g ∈ G. (2)

In the above, we are viewing (Lg)∗ as a map Vect(G) → Vect(G). We can
equivalently fix a point p ∈ G and view (Lg)∗ as a map TpG → TgpG. Then (2)
is equivalent to

(Lg)∗Vp = Vgp, ∀g, p ∈ G.
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Example 1.1. Consider G = Rn with addition, and fix v ∈ Rn. Then the constant
vector field V ∈ Vect(Rn) defined by Vp = v is left-invariant. This is because, under
the identifications TpRn ∼= Rn, the pushforward (Lg)∗ is just the identity map on Rn,
and so

Vg+p = Vp = (Lg)∗Vp.

Example 1.2. Consider G = S1 ⊆ C with the vector field V ∈ Vect(S1) given by

Vp =
d
dt

∣∣∣
0
peit = ip.

(This is the counter-clockwise rotational vector field on the circle.) This is left-invariant
because

Vgp = igp = gVp,

and (Lg)∗v = gv.

Let VectLI(G) ⊆ Vect(G) denote the set of left-invariant vector fields.

Proposition 1.1. If V, W ∈ Vect(G) are left-invariant and a, b ∈ R, then [V, W]
and aV + bW are both left-invariant. In particular, the space VectLI(G) forms a Lie
subalgebra of Vect(G).

Proof. The proposition is immediate from (1), and the fact that the pushforward
is a linear map.

The next proposition gives a relatively concrete way of realizing the left-
invariant vector fields.

Proposition 1.2. There is a natural vector space isomorphism

TeG ∼= VectLI(G).

Proof. Define a map Φ : TeG → VectLI(G) by sending ξ to the vector field Φ(ξ)
defined at p ∈ G by

Φ(ξ)p := (Lp)∗ξ.

Then Φ(ξ) is easily checked to smooth and left-invariant. It also follows that Φ
is linear. The inverse map of Φ is given by sending a left-invariant vector field
V to its value Ve ∈ TeG at the identity.

It follows from Proposition 1.2 that TeG inherits the structure of a Lie alge-
bra from VectLI(G). I will often write g or Lie(G) when referring to TeG with
this Lie algebra structure, and I will refer to this as the Lie algebra of G. Depend-
ing on context, I will write the Lie bracket on g = Lie(G) as

[·, ·] , [·, ·]g , or [·, ·]G .
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Example 1.3. Suppose G = GL(Rn). Let Mn denote the set of real n× n matrices.
Then GL(Rn) is an open submanifold of Mn, so we have

Lie(GL(Rn)) = TeGL(Rn) = Te Mn = Mn,

where the second identification holds because Mn is a vector space. Then for A, B ∈
Lie(GL(Rn)), we have

[A, B]GL(Rn) = AB− BA,

where the concatenation on the right is matrix multiplication. We leave the verification
of this as a (fairly non-trivial) exercise for the reader; see Lee’s book if you get stuck.

Example 1.4. Suppose G ⊆ GL(Rn) is a Lie subgroup of the general linear group.
Then for A, B ∈ Lie(G), we have

[A, B]G = AB− BA,

where, again, the concatenation on the right is matrix multiplication. This can be
deduced from the previous exercise as follows: Use (1) with the inclusion map ι : G →
GL(Rn) to get

ι∗ [A, B]G = [ι∗A, ι∗B]GL(Rn) = (ι∗A)(ι∗B)− (ι∗B)(ι∗A)

where the second equality follows from the example above. Now use the fact that ι∗ is
just the identity.

2 Fiber bundles

Suppose M is a smooth manifold. The following definition provides a useful
language for discussing various structures that arise in differential geometry.

Definition 2.1. A fiber bundle over M consists of a smooth manifold E, a smooth
manifold F, and a smooth surjective map π : E → M satisfying the following: For
every p ∈ M, there is some neighborhood U ⊆ M of p and a diffeomorphism

Φ : π−1(U)→ U × F,

such that proj1 ◦ Φ = π|π−1(U), where proj1 : U × F → U is the projection to the
first factor.

Here is some additional terminology associated with fiber bundles:

• E is the total space;

• M is the base;

• F is the (generic) fiber;

• Ep := π−1(p) is the fiber over p ∈ M (this is diffeomorphic to the generic
fiber);
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• π is the projection;

• the (U, Φ) are the local trivializations.

I will often simply say that “π : E → M is a smooth fiber bundle”, without
mentioning the other data.

Example 2.1. Let M, F be smooth manifolds. Define E := M × F, and take π :
E → M to be the projection to the first factor. Then this is a fiber bundle (a local
trivialization is given by taking U = M and Φ : M× F → M× F to be the identity).
We call M× F the trivial fiber bundle.

Example 2.2. Let M be a smooth n-manifold. Then π : TM → M is a smooth fiber
bundle with fiber Rn. Indeed, given any p ∈ M, let (Uα, ϕα) be a coordinate chart
containing p. Then define

ϕ̃α : π−1(Uα)→ Uα ×Rn, (p, v) 7→ (p, ϕ∗pv).

This is smooth (effectively by the definition of the smooth structure on TM), and sat-
isfies the projection condition (because the first components of the terms in (p, v) 7→
(p, ϕ∗pv) are both p).

3 Vector bundles

Note that the tangent bundle TM is a very special fiber bundle, in the sense
that the fibers all have a vector space structure. Such fiber bundles arise very
frequently, so it is convenient to formalize such objects into a definition as well.

Definition 3.1. A vector bundle (of rank k) is a fiber bundle π : E→ M such that

• the generic fiber F = Rk is euclidean space;

• for every p ∈ M, the fiber Ep = π−1(p) is a real vector space;

• for each local trivialization Φ : π−1(U) → U × Rk, and each p ∈ U, the
restriction Φ| : Ep → {p} ×Rk is a vector space isomorphism.

Example 3.1. Consider E = M ×Rk with π : E → M the projection. This is a
vector bundle, and is called the trivial vector bundle of rank k.

Example 3.2. If M is an n-manifold, then the tangent bundle π : TM→ M is a vec-
tor bundle of rank n. This follows because Tp M is a vector space, and each pushforward
ϕ∗p : Tp M→ Rn is a vector space isomorphism.
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