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In the last lecture, we studied the tangent space TpRn, and showed that it
can be naturally identified with Rn. Our goal now is to carry this discussion
over to a general manifold M. The reason this seems plausible is that each
point p ∈ M has a neighborhood that is diffeomorphic to an open subset of Rn.
Since we understand the Rn case, to understand the general case we need to
study how tangent spaces behaves under restriction to open subsets and under
diffeomorphisms. It turns out that this can be cast into a much more general
framework that will prove to be useful in other contexts. This framework is in
terms of the pushforward, which we will discuss here. We also take some time
to discuss a related concept, the pullback.

1 The pullback

Given a set M, let Maps(M, R) denote the set of functions from M to R. (At
this stage, we do not make any smoothness assumptions.) Now suppose F :
M→ N is any function between two sets M, N. Then there is a natural map

F∗ : Maps(N, R)→ Maps(M, R), f 7→ f ◦ F

called the pullback; this is just a fancy way of viewing function composition.

Lemma 1.1. (i) The map F∗ is a ring homomorphism.

(ii) If G : N → P is a second function, then (G ◦ F)∗ = F∗ ◦ G∗.

(iii) If I : M → M is the identity map, then I∗ : Maps(M, R) → Maps(M, R)
is the identity map.

Proof. (i) Let a, b ∈ R and f , g ∈ Maps(N, R). Then

F∗(a f + bg) = (a f + bg) ◦ F

= a( f ◦ F) + b(g ◦ F)

= aF∗ f + bF∗g

This establishes linearity. Checking that F∗ is multiplicative

F∗( f g) = (F∗ f )(F∗g)
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is similar.

(ii) Let f ∈ Maps(P, R). Then

(G ◦ F)∗ f = f ◦ (G ◦ F) = ( f ◦ G) ◦ F = F∗( f ◦ G) = F∗(G∗ f ).

This is true for all f ∈ Maps(P, R), so the result follows.

(iii) This follows immediately from the identity f ◦ I = f , for f ∈ Maps(M, R).

Corollary 1.2. Suppose F is bijective. Then F∗ is a ring isomorphism.

Proof. Since F is bijective, there is an inverse F−1 : N → M. It follows from (ii)
and (iii) that

(F−1)∗ ◦ F∗ = (F ◦ F−1)∗ = I∗ = I

is the identity on Maps(N, R). Similarly, F∗ ◦ (F−1)∗ is the identity on Maps(M, R).
Hence F∗ has an inverse and so is bijective.

Now assume M is a smooth manifold. Then the smooth structure picks out
a preferred subspace of Maps(M, R), namely the subspace of smooth functions

C∞(M) ⊆ Maps(M, R).

The next lemma says that if F is a smooth function, then pullback preserves
these preferred subspaces.

Lemma 1.3. If M, N are smooth manifolds, and F is a smooth function, then the
pullback restricts to a map of the form

F∗ : C∞(N) −→ C∞(M).

If F is a diffeomorphism, then the pullback induces a ring isomorphism C∞(N) ∼=
C∞(M).

Proof. This follows because the composition of smooth maps is smooth.

2 The pushforward

Throughout this section, we assume that M, N are smooth manifolds and F :
M → N is a smooth function. This implies that the tangent spaces Tp M and
TF(p)N are well-defined. Given V ∈ Tp M, define the pushforward (of V) by

F∗V : C∞(N)→ R, (F∗V)( f ) := V( f ◦ F).

Lemma 2.1. The pushforward of V is a derivation: F∗V ∈ TF(p)N
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Proof. We need to show that F∗V is linear and satisfies the Leibniz rule. I will
prove the latter of these, and leave the former to the reader.

Let f , g ∈ C∞(N). Then

(F∗V)( f g) = V(( f g) ◦ F)

= V(( f ◦ F)(g ◦ F))

= V( f ◦ F)g(F(p)) + f (F(p))V(g ◦ F)

= ((F∗V)( f ))g(F(p)) + f (F(p))(F∗V)(g).

This shows that the pushforward is a well-defined map

F∗ : Tp M→ TF(p)N.

Remark 2.2. (a) Note that the pushforward is related to the pullback by (F∗V)( f ) =
V(F∗ f ). Then the fact that F∗V is linear and satisfies the Leibniz rule can be viewed as
a consquence of the analogous properties for V, together with the fact that the pullback
is ring isomorphism (see Lemma 1.1).

(b) The pushforward can be viewed as a composition of two pullbacks: By Lemma
1.3, the function F induces a pullback

F∗ : C∞(N)→ C∞(M).

Taking the pullback of this induces a ‘double pullback’

F∗∗ : Maps(C∞(M), R)→ Maps(C∞(N), R).

Recall that each derivation on M is a real-valued function on C∞(M), so we have
inclusions

Tp M ⊆ Maps(C∞(M), R), TF(p)N ⊆ Maps(C∞(N), R).

The observation of Lemma 2.1 is that the restriction of F∗∗ to Tp M has image in
TF(p)N; this restriction is exactly what we are calling the pushforward F∗. See also
Section 3 for a further discussion.

We have the following analogue of Lemma 1.1.

Lemma 2.3. (i) The pushforward F∗ : Tp M→ TF(p)N is linear.

(ii) If G : N → P is a second smooth map, then

(F ◦ G)∗ = F∗ ◦ G∗.

(iii) If I : M→ M is the identity, then I∗ : Tp M→ Tp M is the identity.
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Proof. These can all be proved directly, just as we did for Lemma 1.1 (and I
suggest the reader verify this). Alternatively, these properties follow directly
from the obsrvation of Remark 2.2 (b) that F∗ is the pullback of F∗, together
with Lemma 1.1 applied to the map F∗.

Corollary 2.4. If F is a diffeomorphism, then F∗ is a linear isomorphism.

Proof. This follows as in Corollary 1.2 (or it can be viewed as a consequence of
Corollary 1.2).

We will see in a few lectures that, whenever F is smooth, the pushforward
F∗ can be interpreted as the derivative of F. In particular, the pushforward
plays a crucial role in differential geometry.

3 Generalizations and vector spaces

In Section 1, we showed that the pullback is well-defined, and satisfies many
nice properties, even when F is just a set map. In some sense, the pushforward
also has a generalization to arbitrary set maps; this was hinted at in Remark
2.2 (b).

To explain this in more detail, suppose M, N are sets, and F : M → N is a
set map. Then we have a well-defined pullback

F∗ : Maps(N, R) −→ Maps(M, R).

This is a perfectly fine map between sets, and so we can consider its pullback,
which is a linear map of the form

F∗∗ : Maps(Maps(M, R), R)→ Maps(Maps(N, R), R).

(Remark 2.2 (b) addresses this further in the special case that M, N and F are
smooth.)

This leads to the following metaprinciple: Suppose a set M has extra struc-
ture (e.g., a smooth structure). Then this often singles out a preferred subspace
of Maps(M, R) (e.g., C∞(M)), and a preferred subspace of Maps(Maps(M, R), R)
(e.g., Tp M). If N is another set that has this same type of extra structure, and F
preserves this structure, then F∗ and F∗∗ often preserves these preferred sub-
spaces.

As an example of this that is distinct from the smooth category, suppose M
is a vector space (so the ‘extra structure’ is that of a vector space). Then there is
a preferred subspace

M∗ := { f : M→ R | f is linear} ⊆ Maps(M, R).

This is called the dual vector space of M. If N is a second vector space, and
F : M → N is linear, then the restriction of F∗ to N∗ has image in M∗, so we
have a well-defined map

F∗ : N∗ → M∗
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(this is just saying that the composition of linear maps is linear).
To get a sense for this construction, suppose M and N are finite-dimensional

vector spaces, and fix bases for these. The choices of bases are equivalent to
choices of linear isomorphisms

M ∼= Rm, N ∼= Rn.

This alows us to view any linear map F : M → N as an m× n-matrix. These
bases also determine linear isomorphisms

M∗ ∼= Rm, N∗ ∼= Rn

for the dual vector spaces. Consequently, we can view the pullback map F∗ :
N∗ → M∗ (which is linear) as an n×m-matrix. How are the matrices for F and
F∗ are related? The answer is that F∗ = FT is just the transpose of F.
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