Stats 3D03 — Mid-Term Test 2

November 20, 2017

Instructor: Prof. N. Balakrishnan Total Marks: 15 Duration: 75 mins.

(1) Suppose the joint density function of X and Y is

flz,y)=Cly-=), O<z<y<l

Then:

(a) Find the normalizing constant C that would make the above f(z,y) to be a valid density function;
(b) Derive the marginal density functions of X and Y

(c) Derive the conditional density functions of X | (Y =y) and of Y | (X = 2);

(d) Prove that %, and Y are independent;

(e) Use Part (d) to determine Cov(X,Y).

(5 marks)
(2) Suppose X ~ Poisson(A1) and Y ~ Poisson(\z) are independent random variables. Then:
(a) Find the moment generating function of X;
(b) Deduce from Part (a) the mean and variance of X;

(c) Using Part (a), identify the distribution of X +V.
(3 marks)
(3) Suppose X ~ XY%] and ¥ ~ ng are independent random variables. Then:

(a) Derive an expression for E(X™) (the 70 moment of X ) and discuss when it will exist;
b)) fU = —X—i:—y and V = X +7, derive the joint density function of U and V;

(c) Identify the distributions of U and V;

(d) Are U and V independent, and explain why or why not?

(4 marks)



(4) Suppose X ~ x2 and Y ~ xZ, are independent random variables, and W = 1\,;: . Then, W is said to have

a F-distribution with degrees of freedom (vq, vo).

(a) Derive the probability density function of W;

(b) Find E(W) (the mean) and comment.

(4 marks)

(5) Suppose X1,---, X and Yy,---,Y;, are random samples from N(ux,0?) and N{(uy,o?) distributions,
respectively. Our interest is in constructing 100(1—a)% confidence interval for the mean difference py — iy
Then:

(a) Explain the construction of the pivot (outline the steps of the process);

(b) What is the distribution of the pivot?

(c) Use Parts (a) and (b) to derive an exact 100(1 — )% confidence interval for px — py;

(d) In the construction of the pivot, if you use a pooled estimate of o2 (by pooling the estimates of o2

from the two samples), provide a justification as to why that pooling is the best!

(4 marks)

Good luck!
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