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Indicate your answers clearly in the spaces provided. In the full answer questions in Part I
(questions 1 - 6) show all your work to receive full credit. For the multiple choice questions
in Part II (questions 7-16) be sure to circle the correct letters on page 14 to receive full
credit.

e No books, notes, or “cheat sheets” allowed.

e The only calculator permitted is the McMaster Standard Calculator, the Casio fx 991.

e The total number of points is 100.

e There is a formula sheet included with the exam on page 24.

e Page 23 of the test is for scratch work or overflow. If you continue the solution to a
question on one this page, you must indicate this clearly on the page containing the
original question. GOOD LUCK!
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Part I: Provide all details and fully justify your answer in order to receive credit.

1. (a) (4 pts.) If the method of undetermined coefficients is used to determine a particular
solution y,(z) of the linear differential equation

y W — 4y + 3y =2%e” + 1z cos(2x),

what is the correct form to use to find y,(z)? (Do not solve for the coefficients in y,(z)!)
Hint: m* —4m+3 = (m—1)° (m®+2m+ 3)

Solution. Since the complementary solution is
yo(z) = Cre® + Coxe® + Cze ™ cos(V2z) + Cype " sin(v2x),
a particular solution has the form

yp(z) =2° [Az® + Bx+C] e® + D cos(2z) + Ex sin(2z) + G cos(2z) + H sin(2 )
= [Ax4 + Ba® + C’x2] e+ Dx cos(2x) + Ex sin(2x) + G cos(2x) + H sin(2x).
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(b) (4 pts.) Use the method of undetermined coefficients to find the general solution of the
differential equation

y' 4+ y =sinz + .

Solution. The auxiliary equation is m? +m = 0 or m(m + 1) = 0 and m = 0, —1 are simple
roots. The complementary solution is thus

yc(x) = C1 + 02 e *.
A particular solution has the form

yp(7) = A cos(x) + B sin(z) + C2? + D z.

We have
y,(z) = B cos(x) — Asin(z) +2Cx + D,
and
y,(x) = —A cos(z) — B sin(z) +2C.
Hence,

Y, + y, = (B—A) cos(z) — (A+ B) sin(x) +2Cz+ (D +2C) =sinz +

from which we deduce that A = B = —%, C = % and D = —1. The general solution is thus

1 1 1
y(x) =ye(x) + yp(x) =C1 + Coe™™ — 3 cos(x) — 3 sin(x) + 3 2 — x.

Continued ...
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2. (8 pts.) Use Laplace transforms to solve the first order linear system
{?/1(75) = —y1(t) —ya2(t) +4
Yo(t) = y1(t) = 3ya2(?)
with initial conditions y;(0) = 0 and y2(0) = 1.
Solution. Letting Y1(s) = L{y1(t)} and Yi(s) = L{y1(t)}, we obtain by taking Laplace trans-

forms
{sYl(s) = —Yi(s) — Ya(s) + 5
$Ya(s) — 1 = Yi(s) — 3 Ya(s),

’ {(s—l—l)Yl(s)—l-Yg(s) _ 1

=Yi(s) 4+ (s +3) Ya(s) = 1,

which can be written in matrix form as
s+1 1 ] [vi(s)] [2
-1 s+3| |Yo(s)| |1]°

Using Cramer’s rule (or any other appropriate method), we obtain

1
1 s43 3s+12 3s+12
s+1 1 s(s2+4s+4) s(s+2)
-1 s+3
Using partial fractions,
3s+12 _é+ B n C  A(s?+4s+4)+B(s*+2s)+Cs
s(s+2)2 s s+2 (s+2)2 s(s+2)?

and solving for the constants yield A =3, B = —3 and C' = —3. Hence,

3 3 3
Yi(s) =2 — -
1(s) s s+2 (s+2)?

and
y1(t) =3 —3e 2t —3te 2",

Continued ...
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Similarly,
s+1 %
-1 1 35412 s*+s+4
Y2(S) = = 5 = 5
s+1 1 s(s?2+4s+4)  s(s+2)
-1 s+3
Using partial fractions,
32+s+4_é+ B n C  A(s*+4s+4)+B(s*+2s)+Cs
s(s+2)2 s s+2 (s+2)2 s(s+2)?

and solving for the constants yield A =1, B =0 and C' = —3. Hence,

and

Continued ...
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3. (a) (6 pts.) Compute the Fourier series expansion of the function

flx) = —5Sr <G
g <zr<m
on the interval —7 < x < 7.
Solution. We have
1" 1 [7/2 ™
ay = — flx)dz = — lde=— =1,
T J_. T J_n/2 T
and, for n > 1,
1 w 1 /2
ap = — f(x) cos(nx)dx = — / cos(nz) dz
T J_n Q0 —7/2
. /2
1 _
1 {sm(nw)} _ 1 (sin(—) _ sin( nw))
T n _njp TN 2
_ 2 sin(ﬂ) _ 0, n even
o Tn 27 (—l)k%, n=1+4+2k

f(x) = % + ni::l {(Zn COS(?‘L(E) + b, sin(nx)} = % + 2
_ % +% {cos(a:) B cos(33 x) cos(55 x) _cos x)

Continued ...
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(b) (2 pts.) Consider the Fourier series expansion obtained in part (a) as a function defined on
the whole real line (i.e. as a function defined for all values of x).
Sketch the graph of that function for —3 7 < z < 3.

Continued ...
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4. Consider the linear differential equation

922y —6zxy + (92* +4)y=0.

(a) (4 pts.) Show that x = 0 is a regular singular point for the differential equation above. Find
the indicial equation and compute its roots.

Solution. In standard form, the DE is written as

2 4
1 /
2+ (1+=)y=0
Y7 3.Y ( 9x2)y 0

We have P(z) = —2% and Q(z) = 1+ 51>, and since these functions are undefined at 0, z = 0 is
a singular point.

Since 2P (x) = —2 and 22 Q(x) = 2* + § are both analytic at 2 = 0 (they are both polynomials),
it follows that * = 0 is a regular singular point. We have ag = —% and by = %. The indicial
equation is 7 (r — 1) +agr + by =0 or

2 4 5 4 1 4
—]_ — — — = 2—— — = — — — — ) =
r(r ) 37°+9 r 3r+9 (r 3)(7“ 3) 0

The roots are thus r = % and r = %

(b) (6 pts.) Compute the first three non-zero terms of the series solution corresponding to the
largest root of the indicial equation found in part (a).

Solution. Let y = ZZOZO cp T, Then, vy = ZZO:O cn (n+7) 2”1 and
y' =35 cn(n+r)(n+r—1)z""" "2 Therefore,

0=9z2%y" —6xy' + (92> +4)y

=922 Z cn(n+r)(n+r—1)z"T"2 62 Z Cn (4 7)™ 4 (922 + 4) Z cp ™t
n=0 n=0 =

:Zan(n+T)(n+T ”+T—|—Z ) Cn (N4 7) "+T+Z9c g2
n=0 n=0

[e e}
+Z 4¢, x"T
n=0

:ch {9(n+r)(n+r—-1)—6(n+r)+4} :1:””—{—29%_21'””
n=0 —9

Continued ...
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Thus,
0=co{9r(r—1)—6r+4} 2" +c; {91 +7)r —6(1+7r)+4} 2"

+§: en {9(n+r)(n+r—1)—6(n+r)+4} +9¢,_2] £

n=2

If r = %, the largest root of the indicial equation, we obtain

- 4 1 4
0=0cox? + ¢y 1823 —1—2 {cn {9(n—|— g)(n—k g)—G(n—i— §)+4}+90n_2} a"ts
n=2

—18¢; 23 + Z [en {9n* +9n} 4+ 9c,s] gt
n=2

This yields ¢; = 0 and the recurrence formula

Cn—2

_ > 2.
n(n+1)’ "

Cp — —

Since ¢; = 0, the recurrence formula implies that ¢,, = 0 if n is odd. We have also

Co C2 Co

- “= 730 120

The corresponding solution is thus

2 4
— 4/3 1_1‘_ +
Yy==~cx { 6+120+"'}

Continued ...
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5. (8 pts.) Use Laplace transforms to compute the solution x(t) of the initial value problem

2 (t)+ 22" (t) + 5z(t) = g(t)
z(0) =1, 2'(0) =0,

where

(1) = 245t 0<t<l,
1 -1+10t, 1<t<oo.

Solution. We can write g(t) =2+ 5t +[2+5(t — 1)]U(t — 1). Let Y(s) = L{y(t)}. Taking the
Laplace transform of both sides of the DE yields

or
2s+5 2s+4+5
(s24+25+5)Y(s) =s+2+ 2 + 2 =S
Thus,
s+ 2 2s+5 2s+5

—S

Y(s)=

32+23+5+s2(32+23+5) +82(82+28+5)6

Using partial fractions,

2s+5 A B Cs+D

s?(s24+2s+5) §+82+S2—|—28—|—5
A(s® +252+58)+ B(s>+2s5+5)+Cs>+ Ds?
s2(s2+2s+5)
(A+C)s*+(2A+B+D)s>+(5A+2B)s+5B
s?(s24+2s+5)

and solving for the coefficients yield A =0, B=1, C =0 and D = —1. Thus,

s+ 2 1 1 1 1 _
SRTRNEE N R Y R

$2+2s+5  s2 s2+2s5+5 52 s242s+5
s+1 1 1 1 s
_(s+1)2+22+32+<32 (s+1)2+22)6
and, taking inverse Laplace transform, we obtain

y(t) = e~ cos(2t) +t + {(t —1) - %6_(t_1) sin(2 (t — 1))} Ut —1).

Continued ...
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6. (8 pts.) Use the method of variation of parameters to solve the non-homogeneous Cauchy-Euler
equation
422y —dxy +3y=42°2e*, z>0.

Solution. The Cauchy-Euler auxiliary equation is
4r(r—1)—4r+3=0 or 4r>—8r+3=0.

8:|:\/64 48 Si\/

Its roots are r = =1+ %, i.e.r= % and r = % The complementary solution

is thus
Ye(x) = C4 212 4 Oy 232,

Letting y1(z) = 22 and yo(x) = 23/2, we have
1/2 3/2
W Y1 Y2 x x
= =
(Y1, 92)() v yh 1,.—1/2 %xl/Q x

and, when the DE is put ion standard form, the right-hand side of the DE is f(z) = z'/2¢®. A
particular solution is given by

_ [ [e@f@ ), w(@) f@) 1
yp(x) B W(y1,v2) a ] y1( )+ { W(y1,v2) 4 } y2( )

- 3/2 1/2 _x 1/2 1/2 x
_ / X / ([L’ / e ) dx:| x1/2 1 |:/ x / ({L’ / (& ) d$:| x3/2
X X

= — /xemdm] x1/2+{/ exda:] x3/2

—(x —1)e” zV/? 4 e® 3% = g2 e”,

The general solution is

y(r) = zl/? e’ +C 22 +Chx /2, C4, C5 arbitrary.

Continued ...
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PART II: Multiple choice part. Circle the letter corresponding to the correct answer for
each of the questions 7 to 16 in the box below. Indicate your choice very clearly. Ambiguous
answers will be marked as wrong. There is only one correct choice for each question and an
incorrect answer scores () marks.

QUESTION # ANSWER:
7. A B C D E
8. A B C D E
9. A B C D E

10. A B C D E
11. A B C D E
12. A B C D E
13. A B C D E
14. A B C D E
15. A B C D E
16. A B C D E

Continued ...



Final Exam / Math 2P04
NAME: ID #:

7. (5 pts.) Let y(t) be the solution of the initial value problem

{ Y +dty=e?",
y(0) =—1.

Then, y(1) is
— (A) 0
(B) -2
(C) e2
(D) 2¢72
(E) 4e74
Solution. The integrating factor is u(t) = e/ 4t = ¢2¢* Thus
y/e2t2 +4t€2t2 y = (ye2t2)' _ o2t 2t

and ,

and ,
y=(t+C)e 2",

The condition y(0) = —1 implies C' = —1. Thus, y = (t — 1) e=2" and y(1) =0.

Continued ...
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8. (5 pts.) Let f(t) be the inverse Laplace transform of

1 _ 6—71'8

FO) = mr D
Then, for t > 7, f(t) is equal to:

(A) 1 (t— 3 sin(21))

(B) 0

—(C) 7

(D) 3 (t — 7 +sin(2¢))

(E) 1 (t—cos(2t))

Solution. We have

1 11 1
32(32+4)_Z{32 (s2+4)}
Therefore,
1 - 1
£(t) = i - 5 sin(26) - {tT — < sin(2(t - w))} Uit — )
t 1 t—m 1 |
=173 sin(2t) — [T ~3 sm(2t)} Ut —m)
and, for t > m, -
ft) = 1

Continued ...



Final Exam / Math 2P04
NAME:

9. (5 pts.) Let F(s) be the Laplace transform of

Then, F(2) is equal to:
(A) 15

— (B) 55

(C) 3

(D) —¢

(E) 0

Solution. We have

and

Continued ...
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10. (5 pts) The differential equation
(x=3)(z—4)y" +ay —(®+1)y =0,
has a power series solution y(z) defined around zy = 0. The best one can say, without actually

solving the differential equation, is that the radius of convergence of that power series solution
about g = 0 is at least:

(A) 4
(B) 1
~(C) 3
(D) oo

(E) 3.5

Continued ...
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11. (5 pts) Consider the differential equation
y'+ay —y=0

solved by a power series y(x) = Z;O:O cn, ™ about the ordinary point xg = 0. The recurrence
formula for the coefficients c,,, n > 0, is given by:

(A) cnio = —32

(B) enra = B2

(O) tnt2 = e

_ (n—l) Cn
— D) o2 = ~ @i mtn)
(E) cppo =755 — &=

Solution. We have

OZZ can(n—1)2" 2 +z Z cnnx"_l—z cn "
n=2 n=0 n=0
:Z cn+2(n+2)(n+1)x”+z cnnx”—z cnx"
n=0 n=0 n=0
=Y {cnr2(n+2) (n+1) + ¢y (n— 1)} 2"
n=0

which yields the recurrence relation

(n—1)¢,
n+1)(n+2)’

cn+2:—< n > 0.

Continued ...
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12. (5 pts) The general solution of the differential equation
(1423 y" —2xy +2y=0

has the form:

(A) y(x)=Co(1 -z +a?)+C1 (2 -2+ 2%

— B)y(x)=Co(1—2?)+Crx

C)yx)=Co(1—a?+a2*+..)+Cr(z—a3+2°+...)

D) y(x) =Co(l+Z +2 4. )+ Ci(z+Z +Z +...)

(E) y(z) =Co(1 =222 + 42+ ... )+ C1(z — 323 + 525+ ...)

Solution. Letting y(z) = >_ 7, ¢, 2™, we have

1+x Z n(n—1)z —2x§:cnnx”_1+2§:cnx"

o
:ch+2(n+2)(n+1)x"+,20n (n—1)z" +Z —2n)cy " —|—226n
n=0 n=2

=[2c+2c]+6csz+ Y {enpa(n+2)(n+1)+cn(n®—3n+2)} 2
n=2

We deduce that co = —cg, ¢c3 = 0 and

Cn<n2—3n+2):_Cn<n_1)(n_2) n >
(n+2)(n+1) n+2)(n+1) "’ -

Cn4+2 = —

which implies that ¢, = 0 for n > 3. Thus, y(z) = co (1 — %) + ¢ .

Continued ...
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13. (5 pts) A complete list of the regular singular points for the differential equation
(-1 @422y —2® (2 +3)(z+2)y —y=0

is given by:

(A)0,1,-2.

(B) 0,1, -3.

(C) 1,-2.

(D) 1,-2,-3.

— (E) 0, -2.

Continued ...
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14. (5 pts) Consider the eigenvalue problem

{ y'(z) + Ay(z) =0
Y 0

The eigenvalues are given by:
(A)A=14+2n, n=0,1,2,3,...

B)A=n? n=1,23,...

(C)A=C20 n=01,23,...
- D)A=(1+2n)? n=0,1,2,3,...
(E) \=1+n% n=0,1,23,...

Solution. The auxiliary equation is m? + X = 0. If A < 0, A = —w? where w > 0. The general
solution is then
y(xr) =Cre”* + Cye 7.

The condition y(0) = 0 implies Cy = —CY, so
y(x)=C1 {e* — e "} and y'(z)=Ciw{e® + e ¥"}

Clearly, y'(5) # 0 unless C; = 0. Thus, no non-trivial solutions exist in this case. If A = 0,
the general solution is y(x) = C1 + Co 2. The condition y(0) = 0 implies C; = 0 and y'(5) = 0
implies C, = 0, so no non-trivial solutions exist in this case either. If A\ > 0, A = w? where w > 0.
The general solution is then

y(x) = C1 cos(wzx) 4+ Cq sin(w x).
The condition y(0) = 0 implies C; = 0, so
y(r) = Cy sin(wz) and y'(z) = Crw cos(wz)

The condition y'(5) = 0 implies C cos(w 5 ) = 0, so non-trivial solution exist when w

n > 0, n integer or when w = 1+ 2n for such n. The corresponding eigenvalues are

s

_
5 = 5 Tnm,

A=w?=(1+2n)% n>0.

Continued ...
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15. (5 pts) Let f(z) be a 2-periodic function (i. e. f(z + 2) = f(x) for all x) and suppose that

_Jz+1, -1<x2<0,
f@y‘{—z 0<z<L1.

Consider the expansion of f(x) as a 2-periodic Fourier series

ag

5+ Z {an cos(nmz) + by, sin(nmw)} .

n=1

To which value does the Fourier series converge at © = 37
(A) 3

(B) —1

(C)—3

— (D) -1

(E) 0

Continued ...
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16. (5 pts) Let u(z,t) be the temperature on a rod placed on the z-axis between z = 0 and
x = 7 and suppose that u(z,t) is solution of the heat equation

%—@ O<z<m t>0

ot Ox?’ ’ ’

u(0,t) =0, u(m,t) =0, t>0,
u(z,0) =sin(3 ), O<z<m,

Then, at time t > 0, the average temperature on the rod for 0 < x < 7 is given by
(A) L2t

— (B) e

(C) et

(D) %6—1&

(E) 5% 25t

Note that the average temperature on the rod at time ¢ is given by % foﬂ u(zx,t) dx.

Solution. The solution is u(z,t) = sin(3 x) et = sin(3x) e~?!. The average temperature on

the rod at time ¢ is thus

l/ sin(3x)e‘9tdaz:le_9t [M] :ie_gt.
T Jo 7r 3 o 3T

Continued ...
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Some formulas you may use:

ya(x) f(x) y1(z) f(x)

yp(z) = — { W 1) dx] y1(z) + [ W v2) dx]
0 / f(t)e st dt.
£{1} = —, L{t"y = oo e} = ia’
k S

ﬁ{sm(k: t)} = m, £{COS(I{? t)} = m,

LU0} = s F(s) = f(0), L{f"()} =5 F(s) = s f(0) -

L{O()} = 8" F(s) =" f(0) = "2 f/(0) =+ =5 f"72(0) —
a) f(t —a)} = e F(s),

Lot f(t))y = F(s —a), LUt —

LA™ F(1)) = (-1 L F(s),

ciingy={ [ fa-m)or)irh = Fls) 610

ﬁ{/ot f(T)dT}z Fis),

L{6(t —to)} =e 510,

Yya()

f(0),

)dz, n > 1.

=4 Z {an cos( - )+ by, sm(mm)}, where
P
an:l/ f()cos(ﬂ)dm n>0, b, / f(z) sin(
p ), p
sm(A sin(B) = cos(A — B) — cos(A + B),

F(0),



