Math 4A03: Practice problems on Multivariable
Calculus

Problem 1. Consider the mapping f = (u,v) : R? — R? defined by
f(1'7y) = (ey—’_xvel_y) (l',y) ERQ‘

(a) Is it possible to express (x,y) as a differentiable function of (u,v) near
the origin (xo,y0) = (0,0)?

(b) Compute 22, 9=, g—z, % at (z,y) = (0,0), i.e. when (u,v) = (1,1).

Problem 2. Consider the mapping f = (u,v) : R? — R? defined by
f(z,y) = («* —y*,22y), (2,y) €R%.

(a) Show that the range of f is R? and that if (ug,vo) # (0,0), there are
ezactly two points in R? that are mapped to (ug,vo) by f.
(b) Show that the mapping £ is locally invertible at the point (xo,y0) =

(1,1). Find an explicit formula for its local inverse g(u,v) defined in a neigh-
borhood of £(1,1) = (0,2).

Problem 3. Consider the system of equations

wryz=0
w4t oyt + 24 =18

(a) Is it possible to express (xz,y) as a differentiable function of (w,z) near
the solution (w,z,y,z) = (—1,0,1,2)¢ (Use the implicit function theorem to
answer this question.)

(b) If so, what are %(—1,2) and %’;(—1,2)? (Use the implicit function
theorem to answer this question.)

(c) Compute explicitely the differentiable function of (w,z) in part (a) and
verify your answers in part (b) by a direct computation (i.e. without using the
implicit function theorem).

Problem 4. Determine if the function f : R> — R defined by

o= {50

x2+:1:, =1y

is differentiable at (0,0) using the definition of differentiablity.



Solution. We first compute the first-order partial derivatives at (0, 0).

of o f(AO) = F(0,0) . h
o OO =l T Sy =t
and af F(0,h) = £(0,0) h
gy (00 = Jim m=m e = i g =1
We know that if f/(0,0) exists then
oo [OF o Of o]
70,0 = | 50,0 5(0,0)] = [11].

To see if f is differentiable at (0,0), we need to check if

|f(h1, ha) = £(0,0) = 3E(0,0) hy = 5(0,0) ha
Vhi+h3
_|f(hy,ha) — f(0,0) — hy — ho|
V=
as (hi, ha) — (0,0). If hy # ha, we have f(h1,h2) = hq + he and since f(0,0) =

0, f(h1,h2) — f(0,0) — hy — hy = 0 so, clearly, the previous quotient goes to 0
if (h1,ha) — (0,0) with Ay # he. On the other if by = hg, we have

— 0,

|f(h1,h2) — f(0,0) — hy — ha| _ |h3 + hy — 2 hy _ |h1 — 1]
Vh3 + h3 V2 h? V2

and this large expression does not converge to 0 as hy — 0. Hence, f is not
differentiable at (0, 0).

Problem 5. Let E C R" be open and let f : E — R be a function having partial
derivatives aan]»f j=1,...,n, bounded on E. Prove that f is continuous on E.

Hint: Proceed as in the proof done in class that, if these partial derivatives
are continuous on E, then f € CY(E).

Solution. Let x € E and choose r > 0 small enough so that
{yeR" [x—yl[<r}CE.

where ||.|| denotes the usual euclidean norm on R™. let h = 377 | h;e; with
[|h]|| < r (where eq,..., ey, is the standard orthonormal basis in R™). Define
vo =0 and vy = Zle hjejfor k=1,...n. We can thus write

f(x+h)— Z (x+v;) — f(x+v;-1)]-
Jj=1

Define

gj(t) = f(X+Vj_1 +t (Vj — Vj_l)) = f(X+Vj_1 +thj ej), 0<t<1,



for j =1,...,n. Then,

—f(x + Vij-1 +thj ej) hj.

g;(t) = 5~
J

By the mean value theorem, there exists 6; with 0 < 6; < 1 such that

g9;(1) — g;(0) = g;(6;),

or, equivalently,

of
fx+vy) = f(x+vjo1) = %(X +vj_1+0;h;e;)h;.
J
Since all first-order partial derivatives are bounded by M on F, it follows that

of
[fe+vy) = fx 4 via)| = | 5= (x4 Vi1 + 0 by eg)] [hy] < M |hy].
J

This leads to
|f(x+h)— Z (x+vj) = fx+vi1)| <M Y |hy] =0,
j=1 j=1

as [|h|| — 0. This shows that

lim f(x+h) = f(x),

[Ih||—0
which means that f is continuous at x.

Problem 6. Let f : R? — R? be the mapping defined by
f(l'vy) = (ezv COSyaew Siny)v (xay) € R2'
(a) What is the range of f.

(b) Show that f is locally one-to-one on R? (i.e. one-to-one on a neighborhood
of every point (xo,v0) € R?), but not globally one-to-one (i.e. not one-to-
one on R?).

£(0,%). Find an explicit formula for g. Compute f' (O, %) and g’ (% —3>

and verify that
¢(32) - 05)

(d) What are the images under f of lines parallel to the coodinate azes?



Solution.

(a) Since any point (u,v) € R? can be written in polar coordinate as (u,v) =
(r cos(y),r sin(y)) where r > 0 and r = 0 if and only (u,v) = (0,0) while r = €%,
for some real z if and only if r > 0 or (u,v) # (0,0), it follows that the range of
f is the set R?\ {(0,0)}.

(b) If (z0,90) € R?, we have

Clanan) = [F 00 Fleow]_ fem cmt) e st

’ 9L (20, y0) %7,2@0790) e sin(yo) €™ cos(yo)
Since det (f'(xg,y0)) = 2% (cos?(xg) + sin’(zg)) = €27 # 0, it follows that
f'(z0,yo) is invertible and the inverse function theorem shows that f is one-
to-one on a neighborhood of (xg,%o). Nevertheless, f is not one-to-one on R2,
since

f(z,y + 27) = (€” cos(y + 27), e” sin(y + 27))
= (" cos(y), e” sin(y))

f(z,y).

(c) Since £(0,%) = (3,%2), we need to solve the system

for (z,y) in term of (u,v), for (u,v) close to (3, ?) Since u? + v? = €27, it
follows that « = In(vu? 4 v?2). Since tan(y) = 2, we have y = tan~'(2) (Note

that tan~!(%) = tan~'(v/3) = ). The inverse mapping g is thus given by

g(u,v) = <ln(\/ u? + v?2), tanfl(%)) .

Letting g = (g1, 92), we have

991 g1 U v
/ Ug, Vy) = |:u(u071)0) U(UOaUO)] _ l: u2+1}12 uz_’ltvg:|
g (uo, o) %(UOWO) %(onﬂo) TWTr0r w?
We have
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which shows that



(d) The line & = x( has for image the circle of radius e™ centered at (0,0) while
the line y = yo has for image a ray starting at the origin (but not including it)
that makes an angle yg with the positive z-axis.

Problem 7.
Solution.

Problem 8. Consider the mapping f = (u,v) : R? — R? defined by
fz,y) = (@ +y.22y), (z,y) R
(a) Show that the range of f is the set
L ={(u,v) € R? u?—2v >0}

Hint: Show first that f maps R? into L and then that every point in L is the
image under £ of some point in R2.

(b) (9 pts.) Show that the mapping £ is locally invertible at the point
(z0,y0) = (2,—1). Find an explicit formula for its local inverse g(u,v) defined
in a neighborhood of £(2,—1) = (1, —4).

(¢) (5 pts.) Compute g'(1,—4).

Solution. (a) Let u =24y and v = 2z y, then
u?—2v = (z+y)?—dzy=2+2zy+y’—doy =2 2xy+y® = (x—y)> > 0.

This shows that the range of f is contained in L.

Now let (u,v) belong to L, so u? —2v > 0.

If v = 0, we have £f(0,u) = (u,0) (or f(u,0) = (u,0)) showing that (u,0)
belongs to the range of f for any value of .

2 _ utVvu?-2v

Ifv#0wehavey = 5= and u = v+5% or x*—uxr+35 = 0,80 = 5
There are thus two points mapped to (u,v) by f, namely

(z.y) = U+ Vu2 —2v v
i 2 "u -+ VuZ — 20

and

Tu—VuZ—2v

Thus (u,v) also belongs to the range of f when (u,v) € L and v # 0.

(b) We have
o8] 1
Py =2 3= .

u— vVu2—2v v
(ﬂﬂ,y)< 5 )



Since the first-order partial derivatives of w and v are continuous, f belongs to
C'(R?). Since

£(2,—1) = {_12 ﬂ

and
1 1

the inverse mapping theorem shows that f is locally invertible at the point
(2,—1). Using part (a), the local inverse is given by

u+Vu2 —2v v
2 w4 VuZ —2v

u+vVuZ—2v u—Vuz—2v
2 ’ 2 '

g(uv U) =

()

1
3 6

g/(1,—4) = (F'(2,-1) " = F é}

Equivalently, we can use the explicit expression of g to compute g’. We have

o [ [ R ——
g/(u’ ’U) — |:% 35] =7 2\/uu72'u 2\/111 —2v
ou ov 2 2vVu2—-2v 2vu?2—2v
and
, 2 _1
L
3 6

Problem 9. (a) Show that the system
> +y?—uv—-3=0
zu+yv—2=0

can be solved for x,y in terms of u,v near the point (z,y,u,v) = (1,0,2,—1).

(b) Compute the partial derivative

or
%(27 _1)'

Solution. Let f(x,y,u,v) = (f1, f2) = (22 +y?> —uv —3,2u+yv — 2).
Note that f belongs to C!(R?) and

aof af af af
Bz By ou v wovor oy



For the system to be solvable for x, y in terms of u, v, we need to verify, according
to the implicit function theorem, that the matrix

ofi  Ofr
Ox 15}
ox Jy

evaluated at the point (x,y,u,v) = (1,0,2,—1) is invertible. This matrix is

[233 Zy} _{2 0}
U V] 1,02,-1) 2 -1

which has determinant —2 # 0 and is thus invertible.

(b) Since
fi(z(u,v),y(u,v),u,v) =0,
we have of, 0r  0f, 0y Ofs
ZeouT By ou T ou ="
Similarly,
o or _0f oy b,

dr Ou 87y ou  Ou

This can be written is matrix form as
% % dx ofr
o of {%} == [éﬂ
ox oy ou ou
from which we deduce that
o o oh77 rop
{35} == |of o {?}‘]
ou ox oy

Evaluating the previous expression at the point (x,y,u,v) = (1,0,2,—1), we

L E TR -

In particular,



