
MINIMAL EULER CHARACTERISTICS FOR EVEN-DIMENSIONAL
MANIFOLDS WITH FINITE FUNDAMENTAL GROUP
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Abstract. We consider the Euler characteristics χ(M) of closed orientable topological
2n–manifolds with (n−1)–connected universal cover and a given fundamental group G of
type Fn. We define q2n(G), a generalized version of the Hausmann-Weinberger invariant
[19] for 4–manifolds, as the minimal value of (−1)nχ(M). For all n ≥ 2, we establish a
strengthened and extended version of their estimates, in terms of explicit cohomological
invariants of G. As an application we obtain new restrictions for non–abelian finite
groups arising as fundamental groups of rational homology 4–spheres.
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1. Introduction

In this paper we address the following problem: if M denotes a closed, orientable even-
dimensional manifold with a given fundamental group G, then what restriction does this
impose on the Euler characteristic of M ? In the particular case when χ(M) = 2 we have
the related problem of determining which finite groups can be the fundamental group
of a closed topological 2n-manifold M with the rational homology of the 2n-sphere (see
previous work on the 4-dimensional case by Hambleton-Kreck [13] and Teichner [35]).

We introduce the following invariant for discrete groups, extending a definition due to
Hausmann and Weinberger [19] for 4–manifolds:

Definition 1.1. Given a finitely presented group G, define q2n(G) as the minimum value
of (−1)nχ(M) for a closed orientable 2n–manifold M with (n − 1)–connected universal
cover, such that π1(M) = G.

We will first assume that G is a finite group. Recall that Swan [34, p. 193] defined
an invariant µk(G), for each k ≥ 1, by the condition that |G|µk(G) is the minimal value
over all partial Euler characteristics of a free resolution of Z truncated after degree k. We
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call this an k-step resolution. However, since projective ZG-modules are locally free [32,
§8], k-step projective resolutions can be used instead to define µ′k(G) ≤ µk(G) (see [34,
Remark, p. 195]).

Let en(G) denote the least integer greater than or equal to all the numbers

dimHn(G,F)− 2
(
dimHn−1(G,F)− dimHn−2(G,F) + · · ·+ (−1)n−1 dimH0(G,F)

)
where the coefficients range over F = Q or F = Fp for all primes p. Our main result is the
following:

Theorem A. If G is a finite group and n ≥ 2, then

max{en(G), µ′n(G)− µ′n−1(G)} ≤ q2n(G) ≤ 2µ′n(G).

Remark 1.2. By [34, Theorem 5.1], µ′k(G) = µk(G) unless G has periodic cohomology
of period dividing k + 1, and G admits no periodic free resolution of period k + 1. In
this case, we will say that the pair (G, k) is exceptional (see Remark 2.10). For example,
µ′3(G) < µ3(G) for some of the 4-periodic groups G = Q(8p, q) in Milnor’s list (see the
calculations in [24, 26]). If (G, n) is an exceptional pair we determine q2n(G) in Theorem
B below.

The invariants en(G) and the µk(G), for 1 ≤ k ≤ n, can also be defined for infinite
discrete groups of type Fn, meaning that there is a model forK(G, 1) with finite n-skeleton.
In this case, we obtain similar estimates with a slightly weaker lower bound. Recall that
a finitely presented group G is said to be good if topological surgery with fundamental
group G holds in dimension four (see Freedman-Quinn [9, p. 99]).

Theorem A′. If G is an infinite discrete group of type Fn with n ≥ 2, then

max{en(G), µn(G)− µ′′n−1(G)} ≤ q2n(G).

If n ≥ 3, or n = 2 and G is good, then q2n(G) ≤ 2µn(G).

The invariants µ′′k(G) ≥ µk(G) are defined by the additional condition that the res-
olutions be geometrically realizable (see Section 4 for a precise definition). For k = 2,
determining the relation between these two invariants is part of Wall’s (unsolved) D2
problem [36, Section 2], which for infinite groups is related to the Eilenberg-Ganea con-
jecture [7].

Our results sharpen and generalize the estimate proved by Hausmann-Weinberger [19,
Théorème 1]:

e2(G) ≤ q4(G) ≤ 2(1−Def(G)),

since µ2(G) ≤ (1 − Def(G)) by [34, Proposition 1], where Def(G) is the deficiency of G,
defined as the maximum difference d − r of numbers of generators minus relations over
all finite presentations of G (see [8]). The results of Kirk-Livingston [22] for q4(Zn) show
that these bounds can be improved for specific groups.

The proof of the lower bound in Theorem A for q2n(G) is given in Section 2. In
Section 3 we establish the upper bound q2n(G) ≤ 2µ′n(G), by generalizing the well-known
“thickening” construction for groups G which admit a balanced presentation with equal
numbers of generators and relations (i.e. Def(G) = 0). For n = 2 this involves showing
that finite D2-complexes (e.g. those with finite fundamental group) can embed up to
homotopy equivalence in R5 (see Theorem 3.8).
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Example 1.3. For Ek = (Z/pZ)k an elementary abelian p-group, en(Ek) = µn(Ek) −
µn−1(Ek), and this number can be explicitly computed using the Kunneth formula (see
Example 3.13). This can be used to show that q2n(Ek) grows like a polynomial of degree
n in k, for example

k4 − 2k3 + 11k2 − 34k + 48

24
≤ q8(Ek) ≤

k4 + 2k3 + 11k2 − 14k + 24

12
.

For n even, q2n(G) ≥ 2, as the minimal possible Euler characteristic that can occur in
our setting is χ(M) = 2, which holds when M has the rational homology of a 2n-sphere,
and is implied by Theorem A if µn(G) = 1. The condition µ2(G) = 1 also holds for groups
of deficiency zero and there are many groups with this property (see [39]). In contrast,
our computations for the groups Ek = (Z/pZ)k show that q4n(Ek) > 2 for all n > 1
and k ≥ 3. Hence higher dimensional rational homology spheres with elementary abelian
fundamental group of rank larger than 2 cannot occur.

For periodic groups we can compute q2n(G) in certain cases, which in particular pro-
vides an alternate argument for [13, Corollary 4.4] and generalizes that result to higher
dimensions:

Theorem B. Let G be a finite periodic group of (even) period q. Then q2n(G) = 2 if q
divides n+ 2, and q2n(G) = 0 if q divides n+ 1.

Remark 1.4. Note that in our setting, χ(M) > 0 if and only if n is even (see Corollary
2.15). Thus for n odd, the minimal possible value of q2n(G) = −χ(M) is zero. Apart
from the results of Theorem B for fundamental groups of period dividing n+ 1, any finite
group G which acts freely and homologically trivially on some product Sn× Sn will have
q2n(G) = 0. There are many such examples, including any products G = G1 × G2 of
periodic groups, many rank two finite p-groups, including the extra-special p-groups of
order p3, and all the finite odd order subgroups of the exceptional Lie group G2 (see
[11, 17, 18]).

We are especially interested in the case of rational homology 4-spheres (called QS4

manifolds) with finite fundamental group. In Section 5 we consider the following “inverse”
problem, for which the lower bound implies significant restrictions on G.

Question. Which finite groups can be the fundamental group of a closed topological
4-manifold M with the rational homology of the 4-sphere ?

For example, it was observed in [13, p. 100] that if G is finite abelian, then d(G) ≤ 3
(see Corollary 5.1), where d(G) denotes the minimal number of generators of G. This
bound follows directly by estimating the Hausmann-Weinberger invariant q4(G). More-
over, Teichner [35, 4.13] showed that this bound is best possible for abelian groups by
explicit construction of examples.

Our methods shed light on more complicated finite groups by making use of cohomology
with twisted coefficients to obtain better lower bounds for q4(G):

Theorem C. Let Uk = Ek×T C where p is an odd prime, Ek = (Z/pZ)k and C cyclic of
order prime to p acts on each Z/pZ factor in Ek via x 7→ xq where q is a unit in Z/pZ.

(i) If xq
2 6= x for all 1 6= x ∈ Ek, then for all k > 4, Uk does not arise as the

fundamental group of any rational homology 4–sphere.
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(ii) If q = p − 1, then for all k > 1, Uk does not arise as the fundamental group of
any rational homology 4–sphere.

This paper is organized as follows: in Section 2 we analyze free group actions on (n−1)–
connected 2n–manifolds using cohomological methods; in Section 3 we discuss minimal
complexes and thickenings; in Section 4 we prove Theorem A′; in Section 5 we focus on
rational homology 4–spheres; and in Section 6 we collect some remarks, examples and
questions related to the invariants introduced here.

2. Free actions on (n− 1)–connected 2n–manifolds

In this section we will apply the cohomological approach outlined in [1, §2]. The proofs
of 2.1, 2.4 and 2.6 are straightforward modifications of the results there and details are
omitted. We assume that Y is a closed, orientable, (n− 1)–connected 2n–manifold with
the free orientation-preserving action of a finite group G; its homology has a corresponding
ZG–module structure. Both H2n(Y,Z) and H0(Y,Z) are copies of the trivial module Z
whereas Hn(Y,Z) is a free abelian group with a ZG–module structure which, by Poincaré
duality, must be self–dual as a ZG–module, i.e. Hn(Y,Z) ∼= Hn(Y,Z)∗.

We assume here that Y admits a finite G–CW complex structure, with cellular chain
complex denoted by C∗(Y ) (if the action is smooth this is always true, and holds up to
G-homotopy equivalence in the topological case).

We denote by Ωr(Z) the ZG-module uniquely defined in the stable category (where ZG-
modules are identified up to stabilization by projectives) as the r–fold dimension–shift of
the trivial module Z. We refer to [2] and [3] for background on group cohomology.

Proposition 2.1. Let Y be an (n−1)–connected 2n-manifold with a free action of a finite
group G which preserves orientation. Then there is a short exact sequence in the stable
category of ZG–modules of the form

(2.2) 0→ Ωn+1(Z)→ Hn(Y ;Z)→ Ω−n−1(Z)→ 0

Corollary 2.3. The short exact sequence (2.2) yields a long exact sequence in Tate co-
homology

· · · → Ĥ i+n(G,Z)
∪σ−−→ Ĥ i−n−1(G,Z)→ Ĥ i(G,Hn(Y ;Z))→ Ĥ i+n+1(G,Z)→ . . .

determined by the class σ ∈ Ĥ−2n−1(G,Z) which is the image of the generator 1 ∈
Ĥ0(G,Z) ∼= Z/|G|.

We can analyze this sequence just as was done in [1, §2].

Proposition 2.4. The cohomology class σ ∈ Ĥ−2n−1(G,Z) ∼= H2n(G,Z) can be identified
with the image of the fundamental class c∗[Y/G] under the homomorphism

c∗ : H2n(Y/G,Z)→ H2n(BG,Z)

induced by the classifying map c : Y/G → BG. Under this identification, the class σ
determines the extension (2.2).

Remark 2.5. This property of the extension class was proved for n = 2 in [13, Corollary
2.4], and the proof in the general case is similar.
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Similarly the map Ωn+1(Z)→ Hn(Y,Z) defines an extension class

εY ∈ Hn+1(G,Hn(Y,Z))

which appears in the long exact sequence above as the image of the generator under the

map Ĥ0(G,Z) → Ĥn+1(G,Z). Algebraically this corresponds to mapping the canonical
defining extension for Ωn+1(Z) (identified with the extension class for the module of cycles
in Cn(Y )) to the extension obtained by reducing by the module of boundaries Bn:

Bn

��

Bn

��
0 // Zn

��

// Cn

��

// Cn−1 // . . . // C0
// Z // 0

0 // Hn(Y,Z) // Cn/Bn
// Cn−1 // . . . // C0

// Z // 0

These two extension classes are related as follows:

Proposition 2.6. Let G denote a finite group acting freely on an (n − 1)–connected
orientable manifold Y preserving orientation, then εY 6= 0 and |G| = exp(σ) · exp(εY).
The class εY has exponent |G| if and only if σ = 0, in which case we have a stable
equivalence

Hn(Y,Z) ∼= Ωn+1(Z)⊕ Ω−n−1(Z).

Example 2.7. Observing that the cohomology of a group with periodic cohomology is
always zero in odd dimensions, we see that if G has periodic cohomology, then there is a
stable equivalence Hn(Y,Z) ∼= Ωn+1(Z)⊕ Ω−n−1(Z).

Note the elementary identities

χ(Y ) = 2+(−1)n dimHn(Y,Q), χ(Y/G) = 2+(−1)n dimHn(Y,Q)G, |G|χ(Y/G) = χ(Y )

and in particular we have

dimHn(Y,Q)G = (−1)n (χ(Y/G)− 2) .

From the stable sequence

0→ Ω−n(Z)→ Ωn+1(Z)→ Hn(Y,Z)→ 0

we infer the existence of projective modules Qr and Qs which fit into an exact sequence

(2.8) 0→ Ω−n(Z)⊕Qs → Ωn+1(Z)⊕Qr → Hn(Y ;Z)→ 0

where Qi ⊗ Q ∼= [QG]i for i = r, s. Here we write Ωj(Z) (j > 0) for the j-th kernel in a
minimal projective resolution of Z:

0→ Ωj(Z)→ Pj−1 → · · · → P0 → Z→ 0

from which we see that

rankZ Ωj(Z) + (−1)j−1 = |G|(µ′j−1(G)) and rankZ Ωj(Z)G + (−1)j−1 = µ′j−1(G)

where |G|µ′k(G) is precisely the minimal value over all partial Euler characteristics of a
projective resolution of Z over ZG. The corresponding invariants µk(G) for minimal free
resolutions of Z were defined by Swan (see [34, p. 193]).
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By dualizing we see that a minimal representative for Ω−j(Z) is given by Ωj(Z)∗, the
dual module. Thus for our purposes we have

rankZ Ωn+1(Z)G = µ′n(G) + (−1)n+1, rankZ Ω−n(Z)G = µ′n−1(G) + (−1)n.

Applying invariants to the exact sequence (2.8) yields the formula

µ′n(G) + (−1)n+1 + r = µ′n−1(G) + (−1)n + s+ (−1)n[χ(Y/G)− 2].

whence we obtain
s− r = µ′n(G)− µ′n−1(G) + (−1)n+1χ(Y/G)

Theorem 2.9. If Y is a closed, (n− 1)–connected 2n–manifold with a free, orientation-
preserving action of G, a finite group, then for any subgroup H ⊂ G

µ′n(H)− µ′n−1(H) ≤ (−1)n[G : H]χ(Y/G).

Proof. We will prove this for H = G by contradiction. Assume that s − r > 0 and form
the diagram

Qs

��

Qs

��
0 // Ω−n(Z)⊕Qs

��

// Ωn+1(Z)⊕Qr

��

// Hn(Y,Z) // 0

0 // Ω−n(Z) // L // Hn(Y,Z) // 0

where L is the quotient of Ωn+1(Z)⊕Qr in the middle vertical exact sequence. Note that
this middle vertical exact seqence splits (since L is torsion-free). Hence

Ωn+1(Z)⊕Qr
∼= L⊕Qs.

Note that because s > r,
rankZ L

G < rankZ Ωn+1(Z)G

and as L can be realized as a kernel for a projective resolution of Z, this contradicts
minimality of µn(G). Hence we have shown that s− r ≤ 0. The full result follows using
covering spaces. �

Remark 2.10. As mentioned in the Introduction, Swan proved that µ′k(G) = µk(G)
unless G has periodic cohomology of period dividing k + 1, and G admits no periodic
free resolution of period k + 1. In these exceptional cases, µk(G) = 1 and µ′k(G) = 0. In
contrast, µk(G) = 0 if and onIy if G has a periodic free resolution of period k + 1 and
G 6= 1. We also note that if the pair (G, k) is exceptional, then k ≥ 3 is odd and G is
non-cyclic. In particular, µ′k(G) = µk(G) if G is a finite p-group (see [34, Corollary 5.2]).

If the pair (G, n) is not exceptional, the numbers µn(G) can be computed using group
cohomology. By a result of Swan [34, Proposition 6.1], the invariant µn(G) is the least
integer greater than or equal to all the numbers

(dimM)−1
(
dimHn(G,M)− dimHn−1(G,M) + · · ·+ (−1)n dimH0(G,M)

)
as M ranges over all simple FpG–modules for all primes p dividing |G|. As extending the
field doesn’t change dimensions we can take Kp an algebraically closed field of character-
istic p and restrict attention to absolutely irreducible KpG–modules. Next we introduce
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Definition 2.11. For any discrete group G of type Fn, let en(G) denote the least integer
greater than or equal to all the numbers

dimHn(G,F)− 2
(
dimHn−1(G,F)− dimHn−2(G,F) + · · ·+ (−1)n−1 dimH0(G,F)

)
where the coefficients range over F = Q or F = Fp for all primes p.

Remark 2.12. When G = P is a finite p–group, the trivial module Fp is the only simple
module, and we can verify that µn(P )− µn−1(P ) = en(P ).

We have the following elementary inequality:

Lemma 2.13. Suppose that X is a closed orientable 2n–manifold with fundamental group
G of type Fn whose universal cover is (n− 1)–connected. Then for any subgroup H ⊂ G
of finite index

en(H) ≤ [G : H](−1)nχ(X).

Proof. Let F denote any field of coefficients. The connectivity of the universal cover
implies that

H i(G,F) ∼= H i(X,F) for 0 ≤ i ≤ n− 1

and

dimHn(G,F) ≤ dimHn(X,F).

By Poincaré duality we have

Hk(X,F) ∼= H2n−k(G,F) for n+ 1 ≤ k ≤ 2n.

Combining these facts and using covering space theory we obtain the inequality. �

Applying the mod p coefficient sequence yields an attractive corollary

Corollary 2.14. If X is a closed orientable 2n manifold with finite fundamental group G
and (n− 1)–connected universal cover, then for all primes p dividing |G|, and subgroups
H ⊂ G,

dimHn+1(H,Z)⊗ Fp − dimHn(H,Z)⊗ Fp ≤ (−1)n([G : H]χ(X)− 2).

Applying this to any subgroup C ⊂ G of prime order, we obtain

Corollary 2.15. If X is a closed orientable 2n–manifold with (n−1)–connected universal
cover and non–trivial finite fundamental group G, then χ(X) > 0 if and only if n is even.

3. Minimal K(G, n)-complexes and thickenings

We now turn our attention to the existence of orientable 2n–manifolds having funda-
mental group of type Fn and (n − 1)–connected universal cover. We recall the following
well-known construction:

Proposition 3.1. Let G be a discrete group of type Fn for n ≥ 2. Then there exists a
closed orientable 2n–manifold Z such that π1(Z) = G with (n − 1)–connected universal
cover.
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Proof. Let K denote a finite CW complex of dimension n with π1(K) = G whose universal
covering is (n−1)-connected. For example, take a finite, cellular model for the classifying
space BG, and consider its n-skeleton K. Then we can construct a smooth 2n-manifold
Z = M(K) by doubling a 2n-dimensional thickening of K. Note that

πn(M(K)) = πn(K)⊕ πn(K)∗

and that
πn(K) = πn(K̃) ∼= Hn(K̃,Z).

Thus the universal cover Z̃ of M(K) is an (n−1)–connected closed orientable 2n–manifold
with a free action of G such that

Hn(Z̃,Z) ∼= Hn(K̃,Z)⊕Hn(K̃,Z)∗.

A variation of this construction is to let Z denote the boundary of a regular neigbourhood.
for some embedding K ⊂ R2n+1 of the finite n-complex in Euclidean space. �

Definition 3.2. Let G be a discrete group of type Fn. A finite CW complex K of
dimension n ≥ 2, with fundamental group π1(K) = G and πi(K) = 0 for 1 ≤ i ≤ n − 1,
is called a K(G, n)-complex.

The chain complex C∗(K̃) of the universal covering of a K(G, n)-complex affords a
free n-step resolution of the trivial ZG–module Z. Conversely, we wish to realize a given
finitely generated n-step free resolution

F : Fn → Fn−1 → · · · → F1 → F0 → Z→ 0

as the equivariant chain complex of a suitable K(G, n)-complex. Note that by Swan [34,
Theorem 1.2], we have µn(G) ≤ (−1)nχ(F) and that the lower bound is attained by some
resolution.

Proposition 3.3. Let G be a discrete group of type Fn, and let F be an n-step resolution
of Z by finitely generated free ZG-modules. If n ≥ 3, then there exists a finite K(G, n)-

complex K and a G-equivariant chain homotopy equivalence C∗(K̃) ' F.

Proof. Let n ≥ 3, we can apply [16, Lemma 8.12] to show that F is chain homotopy
equivalent to a finitely generated free complex F′ which agrees with the 2-skeleton of
a model for K(G, 1). Then the construction of [33, Lemma 3.1] (credited to Milnor)
provides the required complex K by successively attaching i-cells equivariantly using the
boundary maps from the chain complex F′. �

Remark 3.4. For finite groups, Swan [34, Corollary 5.1] shows that under certain ad-
ditional assumptions, one can geometrically realize the actual sequence f0, f1, f2, . . . of
ranks for the i-chains of F. We also record the facts due to Swan that µn(G) ≥ 1 for n
even, and µn(G) ≥ 0 for n odd if G 6= 1 is finite (see [34, §1]).

Corollary 3.5. If n ≥ 3, then for any discrete group of type Fn we have q2n(G) ≤
2µn(G). In particular, if n is even and G is a finite group with µn(G) = 1, then G is the
fundamental group of a rational homology 2n-sphere.

Proof. We apply Proposition 3.3 to a minimal n-step resolution F with χ(F) = µn(G), and
obtain a finite K(G, n)-complex K. The manifold Z = M(K) constructed in Proposition
3.1 provides the upper bound q2n(G) ≤ χ(Z) = 2µn(G). �
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We now consider the case n = 2, where the argument above fails at the first step. To
establish our upper bound for q4(G) we need a more general construction and some results
of C. T. C. Wall [36, 37].

Definition 3.6. a finite complex X satisfies Wall’s D2-conditions if Hi(X̃) = 0, for i > 2,

and H3(X;B) = 0, for all coefficient bundles B. Here X̃ denotes the universal covering
of X. If these conditions hold, we will say that X is a D2-complex. If every D2-complex
with fundamental group G is homotopy equivalent to a finite 2-complex, then we say that
G has the D2-property.

In [36, p. 64], Wall proved that a finite complex X satisfying the D2-conditions is
homotopy equivalent to a finite 3-complex. We will therefore assume that all our D2-
complexes have dimX ≤ 3. It is not known at present whether all discrete groups have
the D2-property. Note that µ2(G) ≤ (1 − Def(G)) by [34, Proposition 1], and equality
holds if G has the D2-property.

Proposition 3.7 ([36], [12, Corollary 2.4]). Any finitely generated free resolution

F : F2 → F1 → F0 → Z→ 0

over ZG is chain homotopy equivalent to C∗(X), where X is a finite D2-complex.

If we apply this to a minimal resolution with χ(F) = µ2(G) = µ′2(G), then if G is finite

the module H2(X̃;Z) is a minimal Z-rank representative of the stable module Ω3(Z). The
following result may also be of independent interest (it applies to any finitely presented
group G which is good in the sense of Freedman [9, p. 99], in particular to poly-(finite or
cyclic) groups).

Theorem 3.8. Any finite D2-complex with good fundamental group embeds up to homo-
topy in R5.

Proof. Let X be a finite D2-complex, and let u : K ⊂ X denote the 2-skeleton of X. Then
by [12, Lemma 2.1], there is a simple homotopy equivalence f : X ∨ r(S2) ' K, where
r = b3(X), where the r(S2) denotes the wedge sum of r copies of S2.

We recall some of the notation from [12, §2]. There is an identification

(3.9) π2(K ∨ r(S2)) ∼= π2(K)⊕ Λr ∼= π2(X)⊕ C3(X)⊕ F

and we fix free Λ-bases {e1, . . . , er} for C3(X) ∼= Λr, and {f1, . . . , fr} for F ∼= Λr. The
same notation {ei} and {fj} will also be used for continuous maps S2 → K ∨ r(S2) in the
homotopy classes of π2(K ∨ r(S2)) defined by these basis elements. Notice that the maps
fj : S2 → K ∨ r(S2) may be chosen to represent the inclusions of the S2 wedge factors.

An examination of the proof of [12, Lemma 2.1] shows that the simple homotopy equiv-
alence f : X ∨ r(S2) ' K is obtained by extending a certain simple homotopy equivalence
h : K ∨ r(S2)→ K ∨ r(S2) over the (stabilized) inclusion

X ∨ r(S2)
h′ // K ′

K ∨ r(S2)
?�
u∨id

OO

h // K ∨ r(S2)
?�

OO
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by attaching the 3-cells of X in domain by the maps ei = [∂D3
i ], 1 ≤ i ≤ r, and 3-cells in

the range via the maps fi = [∂D3
i ], 1 ≤ i ≤ r, which homotopically cancel the S2 wedge

factors, to obtain a complex K ′ ' K.
Then we have h ◦ [∂D3

i ] = fi by the construction of h (see [12, p. 364]). Hence we can
extend h over X by the identity on the 3-cells attached in domain and range along the
maps {fi : S2 → K ∨ r(S2)}. We obtain a map

h′ : X ∨ r(S2)→ K ′ := K ∨ r(S2) ∪
⋃
{D3

i : [∂D3
i ] = fi, 1 ≤ i ≤ r}

extending h. From the construction of the map h (see [12, p. 364]) follows that h′ is
a (simple) homotopy equivalence, which induces a simple homotopy equivalence f : X ∨
r(S2) ' K, after composition with the obvious projection K ′ → K.

Let N denote a regular neighbourhood of an embedding of K ⊂ R5, and let Nr ⊃ N
be a regular neighbourhood of K ∨ r(S2) ⊃ K, obtained by boundary connected sum of

Nr = N\ r(S2 ×D3) ⊂ R5

of N with disjoint copies of S2 ×D3, where the S2 factors represent the r wedge factors
in K ∨ r(S2). Each copy of S2 ×D3 is part of the standard decomposition of a 5-sphere:
S5 = S2×D3∪D3×S2, and the connected sums take place within R5 via the identification
R5#S5 ≈ R5. By construction, the boundary ∂Nr = ∂N#r(S2 × S2).

Since π1(X) is a good group, the topological s-cobordism theorem [9, Theorem 7.1A],
implies that the simple homotopy self-equivalence h : K ∨ r(S2) → K ∨ r(S2) induces a
self-homeomorphism g : Nr → Nr, relative to the identity on K ⊂ Nr.

Let W := Nr ∪
⋃
β{(D3 ×D2)i : 1 ≤ i ≤ r} denote the result of attaching 3-handles to

Nr via disjoint embeddings

βi : (S2 ×D2)i → ∂Nr (1 ≤ i ≤ r)

in ∂Nr. The attaching maps are defined by βi = g−1 ◦ αi, for 1 ≤ i ≤ r, where

αi : S
2 ×D2 → ∂Nr

denotes the standard inclusion into the ith summand (S2×S2)i of ∂Nr. It follows that the
attaching maps of the 3-handles in W are homotopic to the attaching maps [∂D3

i ] = ei,
1 ≤ i ≤ r, of the 3-cells of X. Therefore X ∨ r(S2) ' W is a 5-manifold thickening of
X ∨ r(S2). Let u′ : X → W denote the induced embedding of X in W up to homotopy
equivalence.

We can also use the inclusion maps αi : S
2 × D2 → ∂Nr to attach 3-handles to Nr

within R5. Let

N ′ = Nr ∪
⋃

α
{(D3 ×D2)i : 1 ≤ i ≤ r} ⊂ R5

where each 3-handle D3 × D2 ⊂ S5 is standardly embedded (and disjoint from a small
5-ball used for the connected sum R5#S5 ≈ R5).

Moreover, note that the attaching maps {αi} of the 3-handles are homotopic to [∂D3
i ] =

fi, 1 ≤ i ≤ r, which are just the inclusions of the S2 wedge summands of K ∨ r(S2). It
follows that N ′ ' K ′. Since βi = g−1 ◦ αi, for 1 ≤ i ≤ r, it follows that g : Nr → Nr

extends to a homeomorphism g′ : W → N ′. Then the composition g′ ◦ u′ : X → N ′ ⊂ R5

gives an embedding of X in R5 up to homotopy equivalence. �
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Corollary 3.10. For G a finitely presented good group, q4(G) ≤ 2µ2(G). In particular,
µ2(G) = 1 and G finite implies that G is the fundamental group of a rational homology
4-sphere.

Proof. We apply Proposition 3.7 to realize a minimal 2-step resolution by a finite D2-
complex, and then Theorem 3.8 provides a suitable QS4 manifold. �

The proof of Theorem A. Concatenating our previous results, we have obtained the esti-
mates

max{en(G), µ′n(G)− µ′n−1(G)} ≤ q2n(G) ≤ 2µn(G).

for any finite group G. It remains to obtain the sharper upper bound 2µ′n(G) in the
exceptional case.

If the pair (G, n) is exceptional, note that n is odd and µ′n(G) = 0 < µn(G) = 1, so
we are claiming in Theorem A that q2n(G) ≤ 0. Moreover, χ(M4k+2) ≤ 0 for any closed
(2k − 1)-connected manifold, since b2k+1(M) ≥ 2. To establish the stronger upper bound
we need an example with Euler characteristic zero.

However since G is a finite periodic group of period dividing n + 1, there exists a

finitely dominated Swan complex X with π1(X) = G and universal covering X̃ ' Sn. It
follows that X × Sn is homotopy equivalent to a finite Poincaré complex (by the product
formula for Wall’s finiteness obstruction [10, Theorem 0.1]), and to a closed topological
2n-manifold from surgery theory . Since X×Sn has Euler characteristic zero, the stronger
upper bound 2µ′n(G) is realized in the exceptional cases. �

The next result due to Swan and Wall shows that arbitrary periodic groups appear as
fundamental groups of rational homology spheres.

Lemma 3.11. If G is a finite group with periodic cohomology of period dividing 2k + 2,
then µ2k(G) = 1 for k ≥ 1.

Proof. We will discuss the case k = 1 for groups of period 4. Swan [33] constructed a
finitely dominated Poincaré 3-complex Y with π1(Y ) = G, and Wall [38, Corollary 2.3.2]
shows that Y is obtained from a D2-complex by attaching a single 3-cell. The chain

complex C∗(Ỹ ) provides a projective resolution

F′ : P → F1 → F0 → Z→ 0

with χ(F′) = 1, where P is projective, F1 and F0 are free and I(G)∗ = ker d2(F
′). This

shows that µ′2(G) = 1 and so µ2(G) = µ′2(G) = 1 by Swan’s results.
One can give a direct argument for this last step. By adding a projective Q so that

P ⊕Q = F is free, we obtain a free resolution

F : F → F1 → F0 → Z→ 0

with I(G)∗ ⊕Q = ker d2(F). By the “Roiter Replacement Lemma”, I(G)∗ ⊕Q = J ⊕ F ′,
where F ′ is free and J is locally isomorphic to I(G)∗, so rankZ(J) = rankZ I(G)∗. We
now divide out the image of F ′ in F (a direct summand) to obtain a free resolution

F′′ : F ′′ → F1 → F0 → Z→ 0

with J = ker d2(F
′′) and χ(F′′) = 1. Hence µ2(G) = 1.

A similar argument shows that µ2k(G) = 1, for all k > 1, if G has periodic cohomology
with period dividing 2k + 2. Details will be left to the reader. �
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Remark 3.12. The calculation in Lemma 3.11 together with Theorem 3.8 provides an
alternate proof of [13, Corollary 4.4]. However, the essential ingredients are the same in
both arguments.

The proof of Theorem B. By assumption, the group G is periodic of even period q. If q
divides n+ 2, then n is even and µn(G) = 1 by Lemma 3.11. If n > 2 we apply Corollary
3.5, and if n = 2 we apply Corollary 3.10. In either case, we obtain q2n(G) = 2. If q
divides n + 1, then n is odd and µ′n(G) = 0. The examples constructed in the proof of
Theorem A show that this bound is realized, and hence q2n(G) = 0. �

Example 3.13. If Ek = (Z/pZ)k then we can use the Kunneth formula to compute
these invariants. The term µn(Ek) has a polynomial of degree n as its leading term. For
n = 2, 3, 4 we have

k2 − 3k + 4

2
≤ q4(Ek) ≤ k2 − k + 2

k3 − 3k2 + 8k − 12

6
≤ q6(Ek) ≤

k3 + 5k − 6

3
k4 − 2k3 + 11k2 − 34k + 48

24
≤ q8(Ek) ≤

k4 + 2k3 + 11k2 − 14k + 24

12
For instance, for k = 2 this only gives the rough estimate 1 ≤ q8(E2) ≤ 6, but we know

that q8(E2) = 2 by performing surgery1 on L7(Z/pZ) × S1. However, for k = 3 the
lower bound gives q8(E3) ≥ 3, and hence E3 is not the fundamental group of a rational
homology 8-sphere.

4. The proof of Theorem A′

In this section we establish a lower bound for q2n(G), for G an infinite discrete group
of type Fn. With the results of Lemma 2.13, Corollary 3.5, and Corollary 3.10, this will
complete the proof of Theorem A′.

The invariants µ′′k(G) used in the statement of Theorem A′ are defined as follows.

Definition 4.1. For k ≥ 2, let µ′′k(G) = (−1)k ·min{χ(F)}, where F varies over all k-step
resolutions

F : Fk → Fk−1 → · · · → F2 → F1 → F0 → Z→ 0

of Z by finitely generated free ZG-modules, which arise geometrically as the chain complex
of the universal covering for a finite CW -complex of dimension k with fundamental group
G.

The sign (−1)k is introduced to agree with Swan’s conventions. Note the inequalities

µ′k(G) ≤ µk(G) ≤ µ′′k(G)

relating these invariants to those defined by Swan. We define µ′′1(G) = d(G) − 1, where
d(G) denotes the minimal number of generators for G.

1Here L7(Z/pZ) denotes the 7-dimensional lens space with fundamental group G = Z/pZ, and the
surgery is performed on the S1 factor by removing D6 × S1 and gluing in S5 ×D2.
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Remark 4.2. By Proposition 3.3, we have µk(G) = µ′′k(G) if n ≥ 3. Note that µ′′2(G) =
1−Def(G). If µ2(G) < µ′′2(G) for some finitely presented group G, then there would be a
counter-example to Wall’s D2 problem (but no such examples are known at present). In
addition, we do not know if the strict inequality µ1(G) < d(G)− 1 can occur.

We now establish the lower bound for infinite groups.

Theorem 4.3. Let G be a discrete group of type Fn, for n ≥ 2. If Y is a closed, (n− 1)–
connected 2n–manifold with a free, orientation-preserving action of G, a finite group, then
for any subgroup H ⊂ G of finite index

µn(H)− µ′′n−1(H) ≤ (−1)n[G : H]χ(Y/G).

Proof. It suffices to prove this inequality for H = G, and then apply covering space theory.
Let M denote a closed, orientable 2n-dimensional manifold with n ≥ 2 and fundamental
group G of type Fn, such that πi(M) = 0 for 1 < i < n. Let K ' M be a finite

CW -complex homotopy equivalent to M , and let C := C(K̃) denote the chain complex
of its universal covering. It is a finite chain complex, with each Ci a finitely generated
free ZG-module. We note that the homology of M is computed from the chain complex
C ⊗ZG Z, and therefore χ(M) =

∑2n
i=0(−1)ici, where ci := rankZGCi.

We may assume that the (n−1)-skeleton K(n−1) ⊂ K has (−1)n−1χ(K̃(n−1)) = µ′′n−1(G),
by applying Wall’s construction of a normal form to replace K by a homotopy equivalent
complex if necessary (see [38, p. 238]).

The long exact sequences of the triples (K,K(i), K(i−1)), for cohomology with ZG-
coefficients gives:

0→ H i(K,K(i−1))→ H i(K(i), K(i−1))→ H i+1(K,K(i))→ H i+1(K,K(i−1))→ 0

If we let Zi := ker δi and Bi := im δi−1 (for later use) in the cochain complex (C∗, δ∗),
then the sequence above becomes

0→ Zi → C∗i → Zi+1 → H i+1(C)→ 0.

Since H i(C) = H2n−i(C) = 0, for n+ 1 ≤ i ≤ 2n− 1, and H2n(C) = Z, we can splice the
short exact sequences

0→ Zi → C∗i → Zi+1 → 0

for n ≤ i ≤ 2n− 1, and obtain a long exact sequence

0→ Zn → C∗n → C∗n+1 → · · · → C∗2n−1 → C∗2n → Z→ 0

Since this a resolution of Z by finitely generated ZG-modules, with rankZG(C∗i ) := ci, we
have

(−1)nχupper(C) := (−1)n
2n∑
i=n

(−1)ici ≥ µn(G).

On the other hand, by the normal form construction, we have

(−1)nχlower(C) := (−1)n
n−1∑
i=0

(−1)ici = (−1)n(−1)n−1µ′′n−1(G) = −µ′′n−1(G).

Therefore q2n(G) ≥ (−1)nχ(M) ≥ µn(G)− µ′′n−1(G), as required. �

Remark 4.4. Note that µ′1(G) ≤ µ1(G) ≤ d(G)− 1 by Swan [34, Proposition 1], so this
is slightly different than the estimate in Theorem A for finite groups if n = 2.
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5. Rational homology 4–spheres

We now specialize our results to the case when M is a rational homology 4–sphere
with finite fundamental group G. We would like to find restrictions on G, by computing
µ2(G) − µ1(G). Note that µ1(G) = µ′1(G) and µ2(G) = µ′2(G) and that for any solvable
finite group, µ1(G) = d(G) − 1 [6, Proposition 1]. Let A denote a finite abelian group
minimally generated by d elements, then using Theorem 2.9 we have the estimate

µ2(A)− µ1(A) =
d2 − 3d+ 4

2
≤ χ(M) = 2

and so we recover the estimate proved in [35, 3.4]:

Corollary 5.1. If G is a finite abelian group minimally generated by k > 3 elements, then
it cannot be realized as the fundamental group of a closed 4–manifold which is a rational
homology sphere.

Our next objective will be to consider examples where twisted coefficients can be used to
establish conditions for non–abelian groups. Recall the result due to Swan [34, Theorem
1.2 and Proposition 6.1]: for any finite group G, µn(G) is the smallest integer which is an
upper bound on

(dimM)−1
(
hn(G,M)− hn−1(G,M) + · · ·+ (−1)nh0(G,M)

)
where K is a field, M is a KG-module, and hn(G;M) := dimK H

n(G;M). Moreover we
can assume that K is algebraically closed and has characteristic p dividing |G|, and it
suffices to verify the upper bound on absolutely irreducible modules.

We now focus on an interesting class of non–abelian groups for which the absolutely
irreducible modules are easy to determine. The following proposition follows from ele-
mentary representation theory (see [40, Corollary 6.2.2])

Proposition 5.2. Let K be a field of characteristic p, G a finite group with maxi-
mal normal p–group denoted by Op(G). Then the simple KG–modules are precisely the
simple K[G/Op(G)]–modules, made into KG–modules via the quotient homomorphism
G→ G/Op(G).

Corollary 5.3. Let Uk = Ek ×T C denote a semi-direct product, where Ek ∼= (Z/pZ)k

with k > 1 and C is cyclic of order relatively prime to p. Then for any algebraically closed
field Kp of characteristic p, the absolutely irreducible KpUk–modules are one dimensional
characters α : C → K×p on which Ek acts trivially.

The cyclic group C acts on the vector spaces H i(Ek;Kp) via one-dimensional characters
α : C → K×p . Using the multiplicative structure in cohomology and the Bockstein, this

is determined by Nk = H1(Ek;Kp) ∼= Hom(Ek,Kp) as an Kp[C]–module. More precisely,
we have an exact sequence

0→ β(Nk)→ H2(Ek;Kp)→ Λ2(Nk)→ 0

as KpC–modules and if Nk
∼= L(α1)⊕ · · · ⊕ L(αk) (sum of characters) then

β(Nk) ∼=

{
Nk
∼=
⊕

1≤i≤k L(αi) for p odd

S2(Nk) ∼=
⊕

1≤i≤k L(α2
i ) for p = 2.
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and
Λ2(Nk) ∼=

⊕
1≤i<j≤k

L(αiαj).

Using the fact that for any KpUk–module M , H t(Uk;M) ∼= H t(Ek;M|E)C for every
t ≥ 0, we see that for any character L(β), we have that

h2(Uk;L(β))− h1(Uk;L(β)) + h0(Uk;L(β)) ={
dim[Λ2(Nk)⊗ β]C + dimL(β)C for p odd

dim[S2(Nk)⊗ β]C + dim[Λ2(Nk)⊗ β]C − dim[Nk ⊗ β]C + dimL(β)C for p = 2

At primes q dividing |C|, we work over the field Kq, and note that H i(Uk, L) =
H i(C,LEk). Hence an absolutely irreducible L with some hi(Uk, L) 6= 0 must also have a
trivial action of Ek. Arguing as before, L is the inflation of a character C/Oq(C)→ K×q .

Thus we have H i(Uk, L) = [H i(Oq(C),Kq)⊗L]C/Oq(C). As Oq(C) is cyclic, all these terms
are isomorphic and of non-zero rank (equal to one) if and only if the action of C/Oq(C)
is trivial and we obtain that

h2(Uk;L)− h1(Uk;L) + h0(Uk;L) ≤ 1.

We apply our analysis to obtain a calculation for µ2(Uk) and e2(Uk):

Proposition 5.4. For Uk = Ek ×T C as above, with Nk = H1(Ek;Kp), then µ2(Uk) is
given by the following formulas:{

max{dim[Λ2(Nk)⊗ L(β)]C + dimL(β)C} for p odd

max{dim[S2(Nk)⊗ β]C + dim[Λ2(Nk)⊗ β]C − dim[Nk ⊗ β]C + dimL(β)C} for p = 2

as L(β) ranges over all characters β : C → K×p , and

e2(Uk) =

{
dim Λ2(Nk)

C − dimNC
k + 2 for p odd

dimS2(Nk)
C + dim Λ2(Nk)

C − 2 dimNC
k + 2 for p = 2.

We apply this to the special case when p is an odd prime and the action on Nk =
H1(Ek,Kp) is isotypic, i.e. it is the direct sum of copies of a fixed character L(α).

Corollary 5.5. Let Uk = Ek×T C where p is odd and the action of C on the vector space
Ek gives rise to the sum of k copies of a fixed character L(α) over the splitting field Kp,
with k > 1.

(i) If α2 6= 1, e2(Uk) = 2, µ2(Uk) = k(k−1)
2

and µ2(Uk)− µ1(Uk) = k(k−3)
2

.

(ii) If α2 = 1, e2(Uk) = k(k−1)
2

+2, µ2(Uk) = k(k−1)
2

+1 and µ2(Uk)−µ1(Uk) = k(k−3)
2

+1.

Proof. We apply Proposition 5.4 to compute µ2(Uk) and e2(Uk). Choose β = α−2, then

Λ2(H1(Ek;Kp)) ⊗ L(β) is a trivial Kp[C]–module of dimension equal to k(k−1)
2

. In the
special case β = 1 we obtain the extra term. The calculation for e2(Uk) follows from its
expression in terms of invariants. As Uk is solvable we have µ1(Uk) = k and the proof is
complete. �

Corollary 5.6. Let Uk = Ek ×T C where p is odd, Ek = (Z/pZ)k and C cyclic of order
prime to p acts on each Z/pZ factor in Ek via x 7→ xq where q is a unit in Z/pZ.
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(i) If xq
2 6= x for all 1 6= x ∈ Ek, then

max{2, k(k − 3)

2
} ≤ q4(Uk) ≤ k(k − 1)

(ii) If q = p− 1, then

k(k − 1)

2
+ 2 ≤ q4(Uk) ≤ k(k − 1) + 2

Remark 5.7. Note that for α2 6= 1, e2(Uk) = 2 < µ2(Uk) − µ1(Uk) for k ≥ 5. Hence
5.6 improves on the lower bound given in [19]. On the other hand, if α2 = 1 then
µ2(Uk)− µ1(Uk) < e2(Uk) for all k > 1. This shows that the two invariants play a role in
establishing lower bounds for q4(G).

We now apply our estimate to homology 4–spheres.

Theorem 5.8. Let Uk = Ek ×T C where p is an odd prime, Ek = (Z/pZ)k and C cyclic
of order prime to p acts on each Z/pZ factor in Ek via x 7→ xq where q is a unit in Z/pZ.

(i) If xq
2 6= x for all 1 6= x ∈ Ek, then for all k > 4, Uk does not arise as the

fundamental group of any rational homology 4–sphere.
(ii) If q = p − 1, then for all k > 1, Uk does not arise as the fundamental group of

any rational homology 4–sphere.

Proof. For the groups Uk = Ek×T C where xq
2 6= x for x ∈ Ek, we consider the inequality

max{2, k(k − 3)

2
} ≤ q4(Uk) ≤ k(k − 1).

If a rational homology 4–sphere X with fundamental group Uk exists, then q4(Uk) = 2

and we’d have k(k−3)
2
≤ 2, which implies that k ≤ 4. Note that the upper bound implies

the existence of a rational homology 4–sphere with fundamental group U2. In the case
when q = p− 1 our estimate 5.6 shows that 2 < q4(Uk) for all k > 1. �

Example 5.9. Let Fq denote a field with q = 2k elements. Then the cyclic group of
units C = Z/(q − 1)Z acts transitively on the non–zero elements of the underlying mod
2 vector space Ek = (Z/2Z)k. If we write Fq = F2[u]/(p(u)), where p(u) is an irreducible
polynomial of degree k over F2, then the action can be described as multiplication by
u. Expressing it in terms of the basis {1, u, . . . , uk−1} we obtain a faithful representation
C → GL(k,F2) with characteristic polynomial p(t). This gives rise to a semi–direct
product Jk = Ek ×T C where the action of C on Nk = H1(Ek,K2) decomposes into
non-trivial, distinct characters determined by the roots of p(t).

If α is a root of this polynomial, so are all the powers {α2i}i=0,...,k−1 and these appear
as a complete set of eigenvalues for the action on the k–dimensional vector space. Note
in particular that for i, j ∈ {0, . . . , k − 1}, 2i + 2j = 2k − 1 can only happen if k = 2 and
j = 1 or i = 1. Applying Proposition 5.4, we can do a calculation to obtain µ2(Jk) = 1
for k > 2.

From these examples we conclude that there exist rational homology 4–spheres with
fundamental group equal to Jk for k > 2, and so groups of arbitrarily high rank can occur
as such groups, in contrast to the situation for abelian groups appearing in Corollary 5.1.
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For J2 ∼= A4, the alternating group on four letters, we obtain e2(J2) = 3, µ2(J2) = 2
and so 3 ≤ q4(A4) ≤ 4. The cohomological computations also imply that µ4(A4) = 1,
whence there does exist a rational homology 8–sphere with fundamental group A4.

Proposition 5.10. For the alternating groups G = A4 or G = A5, we have q4(G) = 4.

Proof. By the estimates above, for G = A4 we only need to rule out q4(G) = 3, so suppose
that there exists M4 with π1(M) = A4 and χ(M) = 3. Applying the universal coefficient
theorem, we can use the computation at p = 2 (see [2, Theorem 1.3, Chapter III]) to

show that H4(A4;Z) = 0. Hence Ĥ−5(A4,Z) = 0 and applying Proposition 2.6 we infer
that π2(M) is stably isomorphic to J ⊕ J∗, where J denotes a minimal representative of
Ω3(Z). Since χ(M) = 3, we have H0(G; π2(M)) = Z. From the exact sequence for Tate

cohomology [3, Chap. IV.4], we have a surjection Z = H0(G; π2(M)) � Ĥ0(G; π2(M)).
However,

Ĥ0(G; π2(M)) = Ĥ0(G; J ⊕ J∗) = Ĥ−3(G;Z)⊕ Ĥ3(G;Z) ∼= H2(G;Z)⊕H2(G;Z)

and since H2(G;Z) = Z/2Z, this is impossible.
For G = A5 we apply the fact that for every non-periodic finite subgroup G of SO(3),

µ2(G) = 2 (see Remark 6.3). The rest of the argument is analogous to that for A4,
since the restriction map H∗(A5;Z/2Z) → H∗(A4;Z/2Z) is an isomorphism. This is
true because both groups share the same 2–Sylow subgroup (Z/2Z)2, with normalizer
A4 (see [2, Theorem 6.8, Chapter II]). This implies that e2(A5) = 3, H4(A5;Z) = 0
and H2(A5;Z) = Z/2Z (note that the other two p–Sylow subgroups are cyclic, so don’t
contribute to even degree homology). Therefore we can rule out q4(A5) = 3 whence
q4(A5) = 4. �

6. Some further remarks and questions in dimension four

In this section we will briefly discuss some questions about rational homology 4-spheres
whose fundamental groups are finite.

§6A. Existence via Surgery. The main open problem is to characterize the finite
groups G for which q4(G) = 2. To make progress, we need more constructions of rational
homology 4-spheres.

Examples of QS4-manifolds can be constructed by starting with a rational homology 3-
sphere X, forming the product X×S1, and then doing surgery on an embedded S1×D3 ⊂
X × S1 representing a generator of π1(S

1) = Z. This construction is equivalent to the
“thickened double” construction Z = M(K) for a finite 2-complex of Proposition 3.1
(compare [13, §4]).

Example 6.1. The groups G = Z/pZ×Z/pZ are QS4-groups, since we can do surgery on
an embedded circle L3(p, 1) × S1 representing p-times a generator of π1(S

1) = Z. These
examples are not of the thickened double form M(K) because the minimal rank of π2(K)
representing Ω3(Z) is greater than |G| − 1, and hence the extension describing π2(M) is
non-trivial (by Proposition 2.4).

Since the quotient of a free finite group action on a rational homology 3-sphere is again
a rational homology 3-sphere, one could use the examples X = Y/G studied by [1], where
Y is a QS3 and G is a finite group acting freely on Y . However, to obtain a QS4 with finite
fundamental group by this construction, Y must itself have finite fundamental group.
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Remark 6.2. The finite fundamental groups of closed, oriented 3-manifolds have periodic
cohomology of period 4, but not all 4-periodic groups arise this way. A complete list of 4-
periodic groups is given in Milnor [27, §3], and those which can act freely and orthogonally
on S3 were listed by Hopf [20]. Perelman [23] showed that the remaining groups in Milnor’s
list do not arise as the fundamental group of any closed, oriented 3-manifold, and that the
closed 3-manifolds with finite fundamental group are exactly the 3-dimensional spherical
space forms.

Remark 6.3. For every non-periodic finite subgroup G of SO(3), we have µ2(G) = 2 and
hence q4(G) ≤ 4 (see [15, Proposition 2.4]). Note that each such subgroup has a 2-fold
central extension G∗ ⊂ SU(2) which acts freely on S3, and let X = S3/G∗ denote the
quotient 3-manifold. On N := X × S1, we can do surgery on disjoint circles representing
(i) a generator of the central subgroup of G∗ and (ii) a generator of Z, to reduce the
fundamental group from π1(N) = G∗ × Z to G. We thus obtain a 4-manifold M with
χ(M) = 4 and π1(M) = G, realizing the upper bound for q4(G). Our estimates give
2 ≤ q4(G) ≤ 4 for the cases not yet determined, namely where G is dihedral of order 4n
or G is the symmetric group S4.

Remark 6.4. Teichner [35, 3.7] indicated that topological surgery could produce exam-
ples with finite fundamental group from certain 4-manifolds with infinite fundamental
group. This technique should be investigated further.

§6B. Groups of Deficiency Zero. There are many finite groups with deficiency zero:
for example, Wamsley [39] showed that a metacyclic group G with H2(G;Z) = 0 has
Def(G) = 0. In particular, the class of finite groups arising as fundamental groups of
rational homology 4–spheres includes groups with periodic cohomology of arbitrarily high
period. There is an extensive literature on this problem: for example, see [6, 4, 5, 8, 21,
25, 28, 29, 30, 31].

According to Swan, 1 ≤ µ2(G) ≤ 1 − Def(G) (see [34, Proposition 1, Corollary 1.3]),
hence if G is a finite group of deficiency zero, we have µ2(G) = 1. Thus for such groups
by Proposition 3.1, we can construct an orientable 4–manifold M with π1(M) = G and
χ(M) = 2. More generally, this can be done whenever µ2(G) = 1 by Theorem B (see
Corollary 3.10). Then M is a rational homology 4–sphere, and in these cases there is a
minimal representative J for the stable module Ω3(Z) with rankZ(J) = |G|−1. (compare
[13, Corollary 4.4]). For example, if G is the fundamental group of a closed, oriented
3-manifold, then J ∼= I(G)∗.

Example 6.5. Teichner [35, 3.4, 4.15] proved that if G is a finite QS4-group, then
d(H1(G)) ≤ 7, and used a mapping torus construction to produce a non-abelian QS4-
group G with d(H1(G)) = 4.

§6C. Algebraic Questions. For the rational homology 4-spheres M with π1(M) = G

constructed in Theorem B, we have π2(M) = H2(M̃ ;Z) = J ⊕ J∗, where J is a minimal
representative for Ω3(Z) over ZG, with rankZ(J) = |G| − 1.

Moreover, J is locally and hence rationally isomorphic to the augmentation ideal I(G),
and the equivariant intersection form sM on π2(M) = J ⊕ J∗ is metabolic, with totally
isotropic submodule 0 ⊕ J∗. Similar results hold for the higher dimenaional examples
constructed in Proposition 3.1.
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More generally, for any finite group G, the existence of a representative J for the stable
module Ω3(]Z) with rankZ(J) = |G| − 1 is equivalent to the condition µ2(G) = 1 (see
Proposition 3.7).

Question. Is there a finite group G with µ2(G) = 1, such that G is neither periodic nor
admits a balanced presentation ?

For any closed oriented 4-manifold M with finite fundamental group G, we have seen in
2.4 that π2(M) is stably given by an extension of Ω−3(Z) by Ω3(Z) (see also [13, Proposition
2.4]) and that the extension class in Ext1ZG(Ω−3(Z),Ω3(Z)) ∼= H4(G;Z) is given by the
image of the fundamental class of M . For any rational homology 4-sphere M with finite
fundamental group G, the condition χ(M) = 2 implies that rankZ(π2(M)) = 2(|G| − 1)
and H0(G; π2(M)) = 0.

Question. If M is a QS4, what is the (unstable) structure of π2(M) as an integral
representation ? Is the equivariant intersection form sM always metabolic (in the sense
defined in [14, §2]) ?

Finally we point out that many questions in the representation theory of finite groups
can be investigated by induction and restriction to proper subgroups. At present we do
not see how to apply this technique in our setting.

Question. If M is a QS4 -manifold with finite fundamental group G, then its non-trivial
finite coverings have Euler characteristic > 2 (and hence are not QS4-manifolds). How
can we decide if proper subgroups of G are also QS4-groups ?
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[6] J. Cossey, K. W. Gruenberg, and L. G. Kovács, The presentation rank of a direct product of finite
groups, J. Algebra 28 (1974), 597–603.

[7] S. Eilenberg and T. Ganea, On the Lusternik-Schnirelmann category of abstract groups, Ann. of
Math. (2) 65 (1957), 517–518.

[8] D. B. A. Epstein, Finite presentations of groups and 3-manifolds, Quart. J. Math. Oxford Ser. (2)
12 (1961), 205–212.

[9] M. H. Freedman and F. Quinn, Topology of 4-manifolds, Princeton University Press, Princeton, NJ,
1990.

[10] S. M. Gersten, A product formula for Wall’s obstruction, Amer. J. Math. 88 (1966), 337–346.
[11] I. Hambleton, Some examples of free actions on products of spheres, Topology 45 (2006), 735–749.
[12] , Two remarks on Wall’s D2 problem, Math. Proc. Cambridge Philos. Soc. 167 (2019), 361–

368.
[13] I. Hambleton and M. Kreck, On the classification of topological 4-manifolds with finite fundamental

group, Math. Ann. 280 (1988), 85–104.



20 ALEJANDRO ADEM AND IAN HAMBLETON

[14] , Cancellation, elliptic surfaces and the topology of certain four-manifolds, J. Reine Angew.
Math. 444 (1993), 79–100.

[15] , Cancellation of lattices and finite two-complexes, J. Reine Angew. Math. 442 (1993), 91–109.
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