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Abstract. There are known infinite families of Brieskorn homology 3-spheres which
can be realized as boundaries of smooth contractible 4-manifolds. In this paper we show
that free periodic actions on these Brieskorn spheres do not extend smoothly over a
contractible 4-manifold. We give a new infinite family of examples in which the actions
extend locally linearly but not smoothly.

1. Introduction

The Brieskorn homology spheres Σ(a, b, c) provide important examples of Seifert fibered
3-manifolds [26], and have been extensively studied as test cases for questions about
smooth 4-manifolds and gauge theory invariants (see Anvari [1], Lawson [22], Fintushel
and Stern [14, 15], Saveliev [27]). In this paper we answer a well-known question (asked
by Allan Edmonds at Oberwolfach in 1988) about extending free cyclic group actions on
Σ(a, b, c) to certain smooth 4-manifolds which they bound.

Kwasik and Lawson [20] found an infinite family of Brieskorn homology 3-spheres which
admit free Z/p actions and bound smooth contractible 4-manifolds W , such that the
actions extend locally linearly with one fixed point in W , but no such extended action
exists smoothly. Their examples come from the list of Casson and Harer [5] of Brieskorn
homology 3-spheres which bound smooth contractible 4-manifolds:

Σ(r, rs− 1, rs+ 1) r even, s odd

Σ(r, rs± 1, rs± 2) r odd, s arbitrary.

Necessary and sufficient conditions for a locally linear extension of a free action on an
integral homology three sphere to its bounding contractible 4-manifold are contained in
the work of Edmonds [8]. To show non-smoothability, Kawsik and Lawson apply the
gauge theoretic results of Fintushel and Stern [13] in the orbifold setting.

In this paper we demonstrate a new technique to detect non-smoothability of these
actions and apply it to obtain a complete answer:

Theorem A. The free π = Z/p actions on a Brieskorn homology 3-sphere Σ(a, b, c) do
not extend to smooth actions on any contractible smooth 4-manifold W that it bounds.

Remark 1.1. By P. A. Smith theory, any smooth or locally linear extension of a free
π-action on Σ(a, b, c) to a contractible manifold W must have exactly one fixed point.

Recall that the Brieskorn homology spheres for a, b, c pairwise relatively prime can be
realized as the link of a complex surface singularity:
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Σ(a, b, c) = {(x, y, z) ∈ C3 |xa + yb + zc = 0} ∩ S5

with its induced orientation. As a Seifert fibered homology sphere it admits a smooth
fixed-point free circle action with three orbits of finite isotropy (see [26]). For p relatively
prime to a, b, c the action of Z/p is the unique free action contained in the circle action
giving the Seifert fibered structure on Σ(a, b, c) and is referred to as the standard action
(see [23, Prop. 4.3]).

We give new infinite family of examples admitting a locally linear extension to W .
These are from the second of the infinite families found by Stern [28]:

Σ(r, rs± 1, 2r(rs± 1) + rs− (±1)) r even, s odd

Σ(r, rs± 1, 2r(rs± 1) + rs± 2) r odd, s arbitrary

Σ(r, rs± 2, 2r(rs± 2) + rs± 1) r odd, s arbitrary.

where we take s = kp for any positive integer k.

Theorem B. Let r and p be odd primes such that p > r. Then for each positive integer
k, the standard free π = Z/p action on Σ(r, rkp± 1, 2r(rkp± 1) + rkp± 2) extends to a
locally linear action on a smooth contractible 4-manifold W with one fixed point.

We point out the following application to equivariant embeddings of Σ(a, b, c) in smooth
homotopy 4-spheres with semifree π-actions.

Corollary C. There are infinite families of Brieskorn homology spheres Σ(a, b, c) with
free π = Z/p action, for p - abc, which embed equivariantly in homotopy 4-spheres with
locally linear π-actions. No such smooth equivariant embeddings of Σ(a, b, c) exist into
any smooth π-action on a homotopy 4-sphere.

Here is brief outline of the paper. The links of complex surface singularities that
are integral homology three spheres are plumbed homology spheres; that is, they can
be realized as the boundaries of smooth 4-manifolds obtained by plumbing disk bundles
over 2-spheres with an intersection matrix that is negative definite. Among these is the
canonical negative definite resolution in that it admits no (−1)-blowdowns. To prove
non-smoothability of locally linear extensions, we extend the free action on a Brieskorn
homology sphere Σ = Σ(a, b, c) to its canonical negative definite resolution M(Γ) by
equivariant plumbing on the resolution graph. From this we form the closed, simply
connected 4-manifold

X = M(Γ) ∪Σ (−W )

which by Donaldson’s Theorem A [6] has intersection matrix that is diagonalizable over
the integers. If the action on W is smoothable, then X admits a smooth Z/p action
which equivariantly splits along a free action on Σ(a, b, c). The idea is that the global
orientation of the moduli space prevents the configuration of invariant and fixed 2-spheres
in M(Γ) obtained from plumbing to embed equivariantly and smoothly in a connected
sum of linear actions on complex projective spaces. We use equivariant Yang-Mills moduli
spaces as developed in Hambleton-Lee [17, 18].

In the next section we collect results from equivariant gauge theory that we will need
for the proof of Theorem A, and in Section 5 we prove that locally linear extensions exist
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for the infinite family in Theorem B. We work out explicit examples for the infinite family
Σ(3, 3s+ 1, 6(3s+ 1) + 3s+ 2).

2. Equivariant Moduli Spaces

Let (Σ, π) denote a Brieskorn integral homology 3-sphere Σ = Σ(a, b, c), together with
a free π = Z/p action contained in the natural circle action of the Seifert fibration,
and suppose this action extends smoothly to a contractible 4-manifold W . Now consider
(M(Γ), π) to be the negative definite resolution of Σ(a, b, c) together with the free π-action
extending via equivariant plumbing on the graph Γ. Then X = M(Γ) ∪Σ (−W ) denotes
a simply connected, smooth negative definite 4-manifold together with a homologically
trivial Z/p-action. As mentioned in the introduction, our strategy will be to study the
equivariant instanton moduli spaces to obtain a contradiction to the action of π extending
smoothly to W . We begin this section by collecting results about equivariant Yang-Mills
moduli spaces that we will need to prove non-smoothability of the extension (see [7] and
[17]).

Let P → X denote a principal SU(2)-bundle over a closed, smooth and simply con-
nected 4-manifold X whose intersection form is odd and negative definite. By results
of Donaldson and Wall, it follows that X is homotopy equivalent to a connected sum of

copies of CP 2
(see [7]). Suppose that π = Z/p with p an odd prime acts smoothly on X

inducing identity on homology. We fix a real analytic structure on X compatible with the
group action and a real analytic π-invariant metric so the action is given by real analytic
isometries. Let A denote the space of SU(2) connections and B = A/G the space of
connections modulo the gauge group G. Since SU(2)-bundles are classified by the second
Chern class c2(P ) ∈ H4(X;Z) and since the π-action on X preserves the orientation,
there are lifts of the isometries g : X → X that are generalized bundle maps ĝ : P → P .
Let G(π) denote the group of all lifts, then there is an action of G(π) on the space of
connections A which is well-defined modulo gauge and there is a short exact sequence

(2.1) 1→ G→ G(π)→ π → 1

we then get a well-defined π-action on B. The metric induces a decomposition of 2-forms
Ω2(adP ) = Ω2

+(adP ) ⊕ Ω2
−(adP ). We are interested in the “charge one” bundle, with

c2(P ) = 1, and the Yang-Mills moduli space defined by connections modulo gauge with
anti-self-dual (ASD) curvature:

(2.2) M1(X) = {[A] ∈ B(P ) |F+
A = 0}

Since the curvature is gauge invariant there is a natural π-action on M1(X). The stabilizer
GA(π) has compact isotropy subgroups; when A is irreducible ΓA = {±1} and when [A] is
reducible, ΓA = U(1) and the associated complex vector bundle E → X splits as L⊕L−1

for a complex line bundle L over X. The stabilizer GA(π) is an extension in the short
exact sequence

(2.3) 1→ ΓA → GA(π)→ π → 1

and there exists a lift of the π-action on X to a π-action on the principal bundle P if
and only if this sequence splits. The local finite-dimensional model of the moduli space
is given by a GA(π)-equivariant Kuranishi map

(2.4) φA : H1
A → H2

A
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where H1
A and H2

A are the cohomology group of the GA(π)-equivariant fundamental elliptic
complex

(2.5) 0→ Ω0(X; adP )
dA−→ Ω1(X; adP )

d+A−→ Ω2
+(X; adP )→ 0

where D+
A = d∗A + d+

A is the linearization of the ASD equation and the tangent space
T[A]M is identified with H1

A. When H2
A = 0, the origin is a regular value for φA and

the infinitesimal deformations in H1
A can be integrated so that a neighborhood of an

ASD connection [A] in the equivariant moduli space (M1(X), π) is locally isomorphic to
(φ−1(0)/ΓA, π) and gives manifold charts on the moduli space.

However, in this equivariant setting it is known that there are obstructions to equivari-
ant transversaliy: for example, the virtual representation [H1

A] − [H2
A] ∈ RO(π) must be

an actual representation. Moreover it may not be possible to make an equivariant pertur-
bation of the ASD equations to get H2

A = 0. Hambleton and Lee in [17] used the notion
of equivariant general position as developed by Bierstone [3] and applied it to the setting
of Yang-Mills moduli spaces. The idea is to make generic equivariant perturbations chart
by chart giving the moduli space the structure of a equivariant stratified space. Here we
list the main properties of the instanton moduli space in our setting when X is negative
definite.

(i) The equivariant moduli space (M1(X), π) is a Whitney stratified space which in-
herits an effective π-action and has open manifold strata parametrized by isotropy
subgroups M∗(π′) = {x ∈M∗ |x has isotropy subgroup πx = π′}.

(ii) The fixed set in the moduli space Fix(M1(X), π) correspond to equivariant lift
of the π-action to π-bundle structure on P which admits π-invariant anti-self-
dual connections. The connected components of the fixed set in the irreducible
component of the moduli space correspond to distinct equivalence classes of lifts
[4]. Moreover, the dimension of the fixed set can be computed from the π-fixed
set of the fundamental elliptic complex:

0→ Ω0(X; adP )π
dA−→ Ω1(X; adP )π

d+A−→ Ω2
+(X; adP )π → 0

for a connection [A] in Fix(M∗1(X), π). A fixed stratum is non-empty if its formal
dimension is positive. In particular, the free stratum M∗(e) is a 5-dimensional,
smooth, noncompact manifold consisting of irreducible ASD connections.

(iii) The strata have topologically locally trivial equivariant cone bundle neighbor-
hoods.

(iv) There is an ideal boundary in the moduli space leading to π-equivariant Uhlenbeck-

Taubes compactification (M1(X), π) consisting of highly-concentrated ASD con-
nections parametrized by a copy of X:

M1(X) = M1(X) ∪X

where M1(X) has a π-equivariant collar neighborhood diffeomorphic to X×(0, λ)
for small λ with the product action being trivial on (0, λ).
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(v) There are equivariantly transverse charts at each reducible connection; that is
H2
A = 0 for each reducible connection [A] and there exists a π-invariant neighbor-

hood which is equivariantly homemorphic to a cone over some linear action on

complex projective space CP 2
.

By equivariant general position, the closures of singular strata of dimension ≥ 5 are
disjoint from the closure of the free stratum. Moreover, there is a connected component
of the free stratum containing the collar and the set of reducible connections. The fixed
sets that occur in M(e)(X) have even codimension.

The Yang-Mills moduli spaces inherit a canonical orientation from that of X. The
top exterior power of the tangent space T[A]M = KerD+

A can be identified with the
determinant line bundle of the elliptic complex

(2.6) detD+
A = Λmax(KerD+

A)⊗R Λmax(CokerD+
A)

when H2
A = 0 and in [7] it is shown that the determinant line bundle Λ(P ) is independent

of deformations of A and extends to B∗. Moreover, Λ(P ) admits a canonical trivialization
giving an orientation on the free stratum M(e) and inducing the given orientation on τ(X)
times the inward normal, where τ denotes the equivariant Taubes embedding of (X, π) in
(M1(X), π). In [18] it is shown that the π = Z/p, for p an odd prime, induces a preferred
orientation on the fixed set. The idea is that for any π-fixed ASD connection [A] there is
a splitting of the fundamental elliptic complex Ω∗ = (Ω∗)π ⊕ (Ω∗)⊥ and

(2.7) Λ(P ) = Λ((Ω∗)π)⊗ Λ((Ω∗)⊥).

Since the fixed set has even codimension and p is odd, the action induces a complex
structure on Λ((Ω∗)⊥) and hence a preferred orientation. Together with the canonical
orientation of the moduli space, this induces a preferred orientation on the fixed set of
any connected component containing [A].

A final ingredient in the Yang-Mills setting is the map

µ : H2(X;Z)→ H2(B∗;Z)

defined in [7, §5.2]. If τ : X →M1(X) denotes the inclusion of the Taubes boundary, then
τ ∗(µ(α)) = PD(α), for any class α ∈ H2(X;Z). Furthermore, for the restriction of µ(α)
to the copy of CP∞ which links the reducible connection A, we have

µ(α) | lk[A] = −〈c1(L), α〉h
where h ∈ H2(CP∞;Z) is the positive generator, and L→ X is the complex line bundle
given by the reduction E = L⊕ L−1 induced by A (see [7, 5.1.21]).

Lemma 2.8. For any α ∈ H2(X;Z), the class µ(α) ∈ H2(B∗;Z) corresponds to a π-
equivariant line bundle Lα → B∗. Moreover, there exists an equivariant section s of Lα

restricted to M∗1(X), so that the zero set Vα = s−1(0) is in equivariant general position in
the moduli space.

Proof. For π a finite cyclic group, equivariant line bundles L over a space (Y, π) are
classified by a cohomology class [L] ∈ H2(Y ×π Eπ;Z). The natural map H2(Y ×π
Eπ;Z) → H2(Y ;Z) sends [L] 7→ c1(L), and a spectral sequence calculation shows that
this map is surjective. This shows that there exists a π-equivariant line bundle Lα → B∗

with c1(Lα) = µ(α). We may now restrict this line bundle to M∗1(X) and perturb the zero
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section into equivariant general position by the method of [17]. The perturbation may
be chosen so that Vα also intersects the links of the reducible connections in equivariant
general position. �

For a class α ∈ H2(X;Z) represented by an invariant 2-sphere F ⊂ X, the zero section
Vα of Lα is a stratified codimension two cobordism whose intersection with the Taubes
collar may be chosen to be F = τ(X) ∩ Vα. The other boundary components provide
surfaces in the links of the reducible connections, that are π-invariant under the linear
actions on complex projective spaces.

3. Smooth actions on negative definite 4-manifolds

The equivariant moduli space provides an equivariant stratfied cobordism that relates
a smooth π-action on a negative definite 4-manifold to an equivariant connected sum of
linear actions on complex projective spaces.

Example 3.1 (Linear Models). The complex projective plane CP 2 admits linear actions
of any finite cyclic group π = Z/m, given in homogeneous coordinates by the formula

(3.2) t · [z0 : z1 : z2] = [z0 : ζaz1 : ζbz2],

where t ∈ π is a generator, ζ = e2πi/m is a primitive root of unity, and a and b are
integers such that the greatest common divisor (a, b,m) = 1. For these actions, π induces
the identity on homology, and the singular set always contains the three fixed points
x1 = [1 : 0 : 0], x2 = [0 : 1 : 0], and x3 = [0 : 0 : 1]. In addition, the three projective lines
through the points xi and xj, for i 6= j, are smoothly embedded π-invariant or π-fixed
2-spheres with various isotropy subgroups depending on the values of a and b (see [19,
§1]).

If we take the standard complex orientation on CP 2, then for m odd the π-action pro-
vides a standard orientation at a fixed point x0 ∈ F for the normal bundle to an embedded
surface F ⊂ CP 2. In this way, any connected π-invariant surface containing a fixed point
inherits a standard orientation. For the projective lines CP 1 ⊂ CP 2, each representing
a primitive generator of H2(CP 2) = Z, the induced orientation is the standard complex
orientation.

In this paper, we will work with negative definite 4-manifolds. The formula (3.2) gives

a smooth, orientation-preserving π-action on CP 2
, and for m odd the induced orientation

on the projective lines is opposite to the complex orientation. We will use the notation

CP 1 ⊂ CP 2
for this standard embedding.

Examples of smooth homologically trivial π-actions on a connected sum X = #n
1 CP

2

are constructed by a tree of equivariant connected sums, where we connect linear actions

on CP 2
at fixed points. In order to preserve orientation, the tangential rotation numbers

at the attaching points must be of the form (c, d) and (c,−d). In this way, we obtain
many model actions.

Definition 3.3. Let (X, π) be a smooth cyclic group action on X ' #n
1 CP

2
. A diagonal

basis {e1, e2, . . . , en} for H2(X;Z), with ei · ej = −δij, is called a standard basis if

µ(ei) | lk[Ai] = −〈c1(Li), ei〉hi = hi ∈ H2(B∗;Z),
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for 1 ≤ i ≤ n, where [Ai] denotes the reducible connection in M1(X) determined by
{±ei}. A standard basis is unique up to re-ordering of the basis elements.

The equivariant moduli space shows that every smooth π-action on an odd negative
definite 4-manifold strongly resembles an equivariant connected sum of linear actions.

Theorem 3.4 ([18, Theorem C]). Let (X, π) be a smooth cyclic group action on X '
#n

1 CP
2

inducing the identity on homology. Then there exists an equivariant connected

sum of linear actions on CP 2
with the same fixed point data and tangential isotropy

representations.

Let F denote a fixed 2-sphere for the π-action on an equivariant connected sum of

linear actions on #n
1 CP

2
. We give F the standard orientation, and then it is clear

that the homology class [F ] can be written as
∑

i aiei for ai ∈ {0, 1} in the diagonal

basis ei represented as CP 1 ⊂ CP 2. The same statement holds for smooth π-actions on

X ' #n
1 CP

2
. If (X, π) is a homologically trivial action, then the fixed set consists of a

disjoint union of isolated points and smoothly embedded 2-spheres (see [9, Proposition
2.4]).

Theorem 3.5 ([18, Thm. 16]). Let π = Z/p, for p an odd prime, act smoothly and

homologically trivally on a smooth, oriented 4-manifold X ' #n
1 CP

2
. Then the inte-

gral homology class for each standardly oriented fixed 2-sphere F ⊂ X is given by an
expression:

[F ] =
∑
i

aiei

where {ei} is a standard diagonal basis and ai ∈ {0, 1}.

Proof. Since X ' #n
1 CP

2
, we have a standard diagonal basis {e1, . . . , en} for the in-

tersection form on H2(X;Z). We can express [F ] =
∑

i aiei, for some integers ai. Let
êi = PD(ei) be the Poincaré dual to ei, so that 〈êi, ej〉 = 〈êi ∪ êj, [X]〉 = −δij. Let
Li denote the corresponding line bundle over X, with c1(Li) = êi, which provides the
reduction E = L⊕ L−1 and a reducible ASD connection [Ai] on Li.

In the compactified equivariant moduli space M1(X), the fixed set of the π-action is
path connected (see [18, Theorem C] or [19, Theorem 3.11]). It follows that the links of

the reducible connections all inherit the same standard orientation as CP 2
.

If V denotes the 3-dimensional π-fixed stratum which is the zero set in Bierstone general
position for µ([F ]) =

∑
aiµ(ei), then V inherits a preferred orientation from the free

stratum, and the induced orientation on each component ∂Vi = V ∩ lk[Ai] depends only
on its homology class.

Since the fixed stratum in the links arise from a linear π-action on complex projective
space, we see that ∂V = F ∪

⋃
∂Vi, where each non-empty component ∂Vi in the link

lk[Ai] is a fixed 2-sphere representing the homology class of CP 1 ⊂ CP 2. We now evaluate

(3.6) 0 = 〈µ(ek), [∂V ]〉 = 〈µ(ek), τ∗[F ]〉+
∑
〈µ(ek), [∂Vi]〉

But 〈µ(ek), τ∗[F ]〉 = 〈PD(ek), [F ]〉 = −ak, and 〈µ(ek), [∂Vi]〉 = −〈c1(Lk), ek〉〈hk, [∂Vi]〉 =
δik, since hk is the positive generator. Since 〈hk, [∂Vi]〉 = 1, it follows that the coefficients
in [F ] =

∑
aiei all have values in {0, 1}. �
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We will now generalize the statement of Theorem 3.5 to handle smoothly embedded
π-invariant 2-spheres.

Theorem 3.7. Let π = Z/p, for p an odd prime, act smoothly and homologically trivally

on a smooth, oriented 4-manifold X ' #n
1 CP

2
. Let F ⊂ X be a smoothly embedded π-

invariant 2-sphere with the standard orientation. Then the homology class [F ] ∈ H2(X;Z)
is given by the formula

[F ] =
∑
i

aiei

where {ei} is a standard diagonal basis and each ai ≥ 0.

Remark 3.8. If F does not have the standard orientation, then each ai ≤ 0.

Proof. Let F be a smoothly embedded π-invariant 2-sphere in the action (X, π). We
assume that F is not π-fixed, hence it contains exactly two isolated fixed points x0, x1 ∈ F .

Let α = [F ] ∈ H2(X;Z) and let V ⊂ M1(X)
∗

be the zero set of an equivariant section
(in Bierstone general position) of the line bundle Lα given by µ(α) ∈ H2(B∗;Z). We
may assume that V ∩ X = F at the Taubes boundary, and that ∂Vi := V ∩ lk[Ai] is a

π-invariant surface in a linear action (CP 2
, π) for each reducible connection [Ai].

Note that without additional information, we can only conclude that the π-invariant

surfaces ∂Vi are smoothly embedded in CP 2
except possibly in small neighbourhoods

around the fixed points, where the surfaces might contain cones over π-invariant knots in
(S3, π). At these points the embeddings are only topological (and not locally flat).

However, we observe that the compactification V contains two 1-dimensional π-fixed

strata of M1(X)
∗

joining each of the isolated fixed points on F to reducible connections,
and passing through isolated fixed points on two components, say on ∂V0 and ∂Vt. By
Bierstone general position, the intersections V ∩ lk[Ai] are equivariantly transverse at
these points (for i = 0, t). Moreover, the fixed set

Z := Fix(M1(X), π) ∩ V

is a tree by [19, Theorem 3.11]. Since each link (CP 2
, π) has at most three isolated fixed

points, and there is a unique path in Z from x0 to x1 (up to homotopy), it follows that
Fix(∂Vi, π) contains exactly two fixed points for each non-empty π-invariant surface ∂Vi.
At the “initial” component ∂V0, that contains a fixed point connected to x0 ∈ F , we also
see that the standard orientation on ∂V0 agrees with the standard “positive” orientation
on CP 1 ⊂ CP 2. Since Z is connected, each non-empty component ∂Vi also inherits the
positive orientation. It follows that 〈hk, [∂Vi]〉 ≥ 0, and the same calculation given in
(3.6) completes the proof. �

Remark 3.9. Note that if F ⊂ X is π-invariant but not π-fixed, and there exists a π-fixed
2-sphere S, standardly oriented and with [S]2 = −1, then F has the standard orientation
if [F ] · [S] = −1.

4. Proof of Theorem A

The minimal negative definite resolution for a Brieskorn homology sphere is obtained
from the dual resolution graph of the singularity whose link is the Brieskorn homology
3-sphere Σ(a1, a2, a3) (see Saveliev [27, Ex. 1.17]). For these singularities, the graph is a
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tree with weight δ on the central node, and weights on the branches given by a continued
fraction decomposition ai/bi = [ti1, ti2, ..., timi

] of the Seifert invariants. These weights are
uniquely determined by the condition tij ≤ −2 −ai < bi < 0 and

(4.1) a1a2a3bi/ai ≡ 1 (mod ai).

where δ satisfies

(4.2) δ =
−1

a1a2a3

+
3∑
i=1

bi
ai
≤ 1.

Fintushel and Stern defined the R-invariant for Brieskorn homology spheres, which is an
odd integer R(a1, a2, a3) ≥ −1. Moveover, if Σ(a1, a2, a3) bounds a smooth contractible
manifold, then R(a1, a2, a3) = −1 (see [13, Theorem 1.1]). Neumann and Zagier [25] gave
the calculation

R(a1, a2, a3) = −2δ − 3.

This implies that the central node in the resolution graph of Σ(a1, a2, a3) has weight
δ = −1.

Equivariant plumbing on the defining graph Γ gives the minimal negative definite res-
olution M(Γ), where each node in the graph is represented by an embedded 2-sphere
with self-intersection number given by its weight. The circle action on Σ(a, b, c) which
arises from its Seifert fibering structure extends over the plumbing (see [26], [24]). By
construction, the central node sphere is fixed under the circle action.

By restricting this circle action to π = Z/p, for p - abc, we obtain a simply connected,
smooth 4-manifold M(Γ) with a smooth, homologically trivial π-action, whose boundary
is Σ = Σ(a, b, c) with the standard free Z/p-action.

Suppose that the standard free action on Σ(a, b, c) also extends smoothly over another
compact smooth 4-manifold W with ∂W = Σ. Then we obtain a smooth, closed 4-
manifold

(4.3) X = M(Γ) ∪Σ (−W )

together with smooth, homologically trivial π-action. If W is acyclic, meaning that W
has the integral homology of a point, and π1(W ) is the normal closure of the image of
π1(Σ), then X will be closed, simply connected, smooth 4-manifold with odd negative

definite intersection form. In other words, X ' #n
1 CP

2
where n = b2(M(Γ)).

Theorem 4.4. Suppose Σ(a, b, c) bounds a smooth acyclic 4-manifold W , such that π1(W )
is the normal closure of the image of π1(Σ(a, b, c)). If p is an odd prime with p - abc, then
the free π = Z/p action on Σ(a, b, c) does not extend to a smooth action on W .

Proof. We form the manifold X = M(Γ) ∪Σ (−W ) from the given acyclic manifold W

and the plumbed manifold M(Γ) as described in (4.3). We have X ' #n
1 CP

2
where

n = b2(M(Γ)). There is a basis for H2(X;Z) represented by the nodal 2-spheres in the
plumbing construction. Since the plumbing is done equivariantly, we obtain a configu-
ration of smoothly embedded π-fixed 2-spheres and π-invariant 2-spheres in X, with at
least one π-fixed 2-sphere F1 of self-intersection −1 (namely the central node in the graph
Γ). We fix an ordering on the other nodes so that F2 and F3 are adjacent to F1.
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We give each of these 2-spheres the complex orientation induced by the plumbing con-
struction and the negative definite orientation on X. Let

QX : H2(X;Z)×H2(X;Z)→ Z

denote the intersection form of X, expressed as a matrix with respect to the basis

F = {[F1], [F2], . . . , [Fn]}.
In other words, QX is the plumbing matrix defined by the graph Γ, in which [Fi] · [Fj] = 1,
for i 6= j, whenever this intersection is non-zero.

Let E = {e1, e2, . . . , en} denote a standard diagonal basis given by an (orientation-

preserving) homotopy equivalence X ' #n
1 CP

2
, and the orientation convention given in

Definition 3.3. Let C denote the change of basis matrix (with respect to E and F), so
that CtQXC = −I is in diagonal form with respect to the basis E. Then the columns of
C give the components of each ei in terms of the basis F, and similarly the columns of
C−1 give the expressions for each Fi in terms of the standard diagonal basis E.

Since F1 is a fixed 2-sphere with [F1] · [F1] = −1, we may assume that e1 = ±[F1] in
the diagonal basis E. Suppose first that e1 = [F1]. The inverse C−1 then has the form

(4.5) C−1 =


1 −1 −1 ∗ · · · ∗
0 a2 b2 ∗ · · · ∗
0 a3 b3 ∗ · · · ∗
...

...
...

...
...

...
0 an bn ∗ · · · ∗


where we have labelled the base node F1 and two adjacent nodes F2 and F3, such that
[F2] · [F1] = [F2] · [F1] = 1, but [F2] · [F3] = 0. By construction, F2 and F3 are π-invariant
(but not fixed) embedded 2-spheres. This configuration always occurs in the plumbing
graph for M(Γ). By Remark 3.9, the plumbing orientation for F2 and F3 is opposite to
the standard orientation.

It follows that [F2] = −e1 + a2e2 . . . , and similarly that [F3] = −e1 + b2e2 . . . . By
Theorem 3.7 we can conclude that all the non-zero entries in the second and third column
are actually negative. On the other hand, since

0 = [F2] · [F3] = −1−
n∑
i=2

aibi

and each term aibi ≥ 0, we have a contradiction. If e1 = −[F1], then F2 and F3 have the
standard orientation and all the non-zero entries in the second and third columns of C−1

must be positive (by Theorem 3.7). We obtain a contradiction as before. �

5. Locally Linear Extensions

In this section we briefly survey some results of Edmonds [8] and Kwasik-Lawson [20].
First it should be noted, by the work of Freedman [16], that every integral homology
3-sphere Σ bounds a topological contractible 4-manifold ∆. That every free action on Σ
can be extended to a topological action on a topological contractible 4-manifold was first
noted by Ruberman and Kwasik-Vogel [21]. The question of extending a free π = Z/p
action on Σ to a locally linear action on a contractible 4-manifold was studied by Edmonds
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[8] for p a given prime, including the case of an involution p = 2; we will only consider
the case of odd primes.

The result for locally linear actions will involve additional spectral and torsion invari-
ants. The equivariant eta invariant is the g-signature defect term for manifolds with
boundary. Let ∂W = Σ and Q = Σ/π, then the relation between the rho invariants
ρ(Q, γ) of the orbit space and the equivariant eta invariant is given by

(5.1) ηt(Σ) =
∑
γ

ρ(Q, γ)χγ(t)

where the sum is over the irreducible representations of π = Z/p. There is also a Fourier-
type transform [2] expressing rho invariants in terms of the equivariant eta invariant ηt:

(5.2) ρ(Q, γ) =
1

p

∑
t6=1

ηt(Σ)(χγ(t)− dim(γ)).

As an example that we will use later, the rho invariants of classical lens spaces are given
by

(5.3) ρ(L(p; r, s), γ(`)) =
4

p

p−1∑
k=1

cot(
πkr

p
) cot(

πks

p
) sin2(

πk`

p
)

which can be easily computed from the above formula using the equivariant eta invariant
ηt(S

3) of the 3-sphere with the action extending to a disk with rotation number (r, s).

(5.4) ηt(S
3) =

(tr + 1)(ts + 1)

(tr − 1)(ts − 1)

where t = e2πi/p is a generator of Z/p. We will also need the notion of Reidemeister
torsions before we state the main result about locally linear extensions. This torsion
invariant arises from an acyclic chain complex as follows. Give Q a cell structure and let
Σ be given the induced cell structure from the regular covering. Then C∗(Σ) is a chain
complex of free Z[π] modules. Using the natural homomorphisms

Z[π]→ Z[ζ]→ Q[ζ]

where ζ = e2πi/p, we see that the twisted homology of C∗(Σ)⊗Q[ζ] is acyclic with torsion
∆(Q) in Q[ζ]×. The Reidemeister torsion of the lens space L(p; r, s) is ∆(L(p; r, s)) ∼
(ζr − 1)(ζs − 1).

Theorem 5.5 (Edmonds [8], Kwasik-Lawson [20, p. 32]).

(i) A free action of π = Z/p on an integral homology 3-sphere Σ extends to a locally
linear action on a contractible 4-manifold W with one fixed point if and only if
the quotient rational homology sphere Q = Σ/π is Z[π] h-cobordant to a classical
lens space L.

(ii) A rational homology sphere Q = Σ/π is Z[π] h-cobordant to classical lens space L
if and only if there is a Z[π]-homology equivalence f : Q → L under which their
rho invariants are equal and the Reidemeister torsions satisfy ∆(Q) ∼ u2∆(L)
where u is the image of a unit in Z[π].
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Recall that a Z[π] h-cobordism V between Q and L is one where H∗(V,Q;Z[π]) = 0
with local coefficients; equivalently, the Z/p-cover is an integral h-cobordism. To find a
locally linear extension, one needs to find a lens space L(p, q) for some integer q (mod p)
and a Z[π]-homology equivalence f : Q → L(p, q) satisfying the conditions above. To
do this, start with the classifying map of the cover Q = Σ/π, so a map f : Q → Bπ.
By general position arguments we can take the image to be a 3-dimensional lens space
L(p; r, s) and arrange so that the map is of degree one [8], thus giving a Z[π]-homology
equivalence f : Q → L(p; r, s). When Σ is a Seifert fibered space the following theorem
gives the constraint on the lens space:

Theorem 5.6 (Kwasik-Lawson [20, p. 35]). Let Q be a Seifert fibered space with Seifert
invariants {(ai, bi)} with α

∑
bi/ai = p where α is the product of the ai. Then there is

a degree one map f : Q → L(p; r, s) which is a Z[π]-homology equivalence if and only if
α ≡ rs (mod p).

In the case when we have a simple homology equivalence the Reidemeister torsion
condition is fulfilled.

Theorem 5.7 (Kwasik-Lawson [20, p. 37]). There is a simple Z[π]-homology equivalence
between the rational homology sphere Q = Σ(a, b, c)/π by the standard π-action and a
lens space L(p; r, s), respecting the orientation and the preferred generators of H1(Q) and
H1(L), if and only if {a, b, c} are congruent to {r, s, 1} (mod p) up to sign and the product
abc ≡ rs (mod p).

We now use the above results to show an infinite family in the list of Stern [28] admits
locally linear pseudo free extensions to a contractible 4-manifold. First we will need the
following

Lemma 5.8. For each positive integer k, each of the Brieskorn homology 3-spheres
Σ(r, rs± 1, 2r(rs± 1) + rs± 2) bounds an indefinite smooth 4-manifold X0 with signature
equal to −2.

Proof. We can realize Σ(r, rs ± 1, 2r(rs ± 1) + rs ± 2) as the boundary of the following
plumbed indefinite 4-manifold X0 (see Fickle [11]): The signature is determined via an

•(r−1)/2 •−2 •−1 •−2 •(r−1)/2 •∓s •−r 2•

•

±s

−r

•

Figure 1. The boundary of this plumbed 4-manifold is the homology 3-sphere
Σ(r, rs± 1, 2r(rs± 1) + rs± 2).

algorithm which amounts to a graph version of the Gaussian diagonalization process over
the rationals (see [10, p. 153]). �

Theorem 5.9. Let r and p be an odd primes such that p > r. Then for each positive
integer k the standard free π = Z/p action on Σ(r, rkp± 1, 2r(rkp± 1) + rkp± 2) extends
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to locally linear action on a smooth contractible 4-manifold W with a single fixed point of
rotation number (r, 2r + 2).

Proof. There is a simple Z[π]-homology equivalence from Q = Σ(r, rkp± 1, 2r(rkp± 1) +
rkp ± 2)/π to the classical lens space L(p; r, 2r + 2). We need to show that these have
equivalent rho invariants and we do this by showing that their equivariant eta invariants
are equal. Equivariant plumbing (see Fintushel [12, §4]) on the graph in Figure 1 simplifies
the computation: we will see that it produces cancelling pairs of rotation numbers .

For each integer a, let D2(a) denote the unit disk in C with S1-action given by z 7→ za.
Given relatively prime integers a and b, we have a circle action on D2(a) × D2(b) given
by the formula

(5.10) z · (reiθ, seiτ ) = (rei(θ+at), sei(τ+bt)),

where z = eit ∈ S1. Write S2 = D2
+∪D2

− as the upper and lower hemispheres and consider
the trivial D2-bundle over each hemisphere. The formula in (5.10) defines an S1-action on
the trivial bundle D2

+×D2, and similarly for the lower hemisphere with a and b replaced
with c and d. We glue these trivial equivariant bundles together using the map

F : ∂D2
+ ×D2 → ∂D2

− ×D2

defined by F (eiθ, seiτ ) = (e−iθ, sei(−kθ+τ)). We obtain an S1-equivariant D2-bundle Ek
over S2 = D2

+(a) ∪D2
−(−a) with Euler number k, provided that

(5.11)

(
c
d

)
=

(
−1 0
−k 1

)(
a
b

)
.

To equivariantly plumb with another such D2 bundle we identify over a trivialized hemi-
sphere by interchanging base and fibre coordinates.

The extended Z/p-action is part of the circle action and is therefore isotopic to the
identity (hence homologically trivial). We can thus identify the equivariant signature of
the manifold X0 with its usual signature: sign(X0) = −2 (see Lemma 5.8). The rotation
numbers arising from equivariant plumbing on the graph in Figure 1 are

(2, r), (2, r), (−1, 2), (−1, 2), (r,−2), (r,−2), (−1, r), (1, r), (r, 2r + 2)

and one fixed 2-sphere with self-intersection −1 with rotation number 1 acting on the
normal fiber. The Euler characteristic of the fixed set χ(Fix(X0)) = 11 and signature
equal to −2. After removing the cancelling pairs the G-signature theorem for manifolds
with boundary simplifies to

(5.12) ηt(Σ) = −2
( t+ 1

t− 1

)( t2 + 1

t2 − 1

)
+

4t

(t− 1)2
− Sign(X0) +

( tr + 1

tr − 1

)( t2r+2 + 1

t2r+2 − 1

)
.

It is easy to check that the first three terms above cancel leaving the equivarient eta
invariant of the classical lens space L(p; r, 2r + 2) as was to be shown. �

6. An Infinite Family of Examples

In this section we give an infinite family of examples of non-smoothable locally linear
extensions.
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Example 6.1. The Brieskorn homology 3-sphere Σ = Σ(3, 16, 113) bounds a smooth
contractible 4-manifold W , and admits free π = Z/5 action. It is part of the infinite
family of the form Σ(r, rs+ 1, 2r(rs+ 1) + rs+ 2) given by Stern’s examples with r = 3
and s = 5. It follows from Theorem B that the standard Z/5 action on Σ(3, 16, 113)
extends to a locally linear action on W with one fixed point whose rotation data is
(3, 3). However, Theorem A shows that there is no such smooth action. It follows that
Σ(3, 16, 113) admits a Z/5-equivariant embedding into a homotopy 4-sphere with a locally
linear Z/5-action.

Figure 2. The fixed set pattern in the moduli space (M1(X), π) for Σ(3, 16, 113).
Each vertex in the interior is a reducible connection whose link is a complex pro-
jective space with a linear π-action. The isotropy representations then resemble
that of an equivariant connected sum of linear actions on complex projective
spaces.

The associated negative definite smooth 4-manifoldM(Γ) has signature−11. Equivariant

Γ =

•−3 •−1 •−4 •−2 •−2 •−2 −2•

•

−6

−3

•

−4•

−2•

Figure 3. The canonical negative definite plumbing diagram for Σ(3, 16, 113).

plumbing beginning with the central vertex produces 6 fixed points with rotation data
{(1, 1), (1, 2), (1, 2), (1, 2), (1, 2), (2, 2)} and 3 fixed 2-spheres F1, F2, F3, two of which rep-
resent homology classes of self-intersection −2 with normal rotation number cF = 3 and
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one representing a homology class (center vertex) of self-intersection −1 with normal ro-
tation cF = 1. For the locally linear action on X = M(Γ) ∪Σ(3,16,113) −W , we have one
additional fixed point with rotation data (3,−3) coming from −W .

The intersection form QX is given by

(6.2) QX =



−1 1 1 0 0 0 1 0 0 0 0
1 −3 0 0 0 0 0 0 0 0 0
1 0 −3 1 0 0 0 0 0 0 0
0 0 1 −6 1 0 0 0 0 0 0
0 0 0 1 −4 1 0 0 0 0 0
0 0 0 0 1 −2 1 0 0 0 0
1 0 0 0 0 1 −4 0 0 0 0
0 0 0 0 0 0 0 −2 1 0 0
0 0 0 0 0 0 0 1 −2 1 0
0 0 0 0 0 0 0 0 1 −2 1
0 0 0 0 0 0 0 0 0 1 −2


and by Donaldson’s Theorem A there exists an invertible integer matrix C such that
CtQC = −I, then the change of basis matrix C−1 taking the basis in the plumbing
diagram to a diagonal basis {ei} can be computed to be

(6.3) C−1 =



1 −1 −1 0 0 0 −1 0 0 0 0
0 −1 1 0 −1 0 0 0 0 0 0
0 1 0 0 −1 0 −1 0 0 0 0
0 0 1 −1 1 0 −1 0 0 0 0
0 0 0 1 0 0 0 0 0 0 −1
0 0 0 0 1 −1 0 0 0 0 0
0 0 0 0 0 −1 0 0 0 0 0
0 0 0 −1 0 0 1 −1 0 0 0
0 0 0 −1 0 0 0 1 −1 0 0
0 0 0 −1 0 0 0 0 1 −1 0
0 0 0 −1 0 0 0 0 0 1 −1


The fixed 2-spheres are given in terms of a diagonal basis as the first, sixth and tenth
columns:

F1 = e1

F6 = −e6 − e7

F10 = −e5 − e11.

The rest of the columns give expressions for the invariant 2-spheres in terms of the diagonal
basis. Now any other such matrix is obtained from C by either permutations of the
standard basis {ei} or a change of sign (ei 7→ −ei) since these are the automorphisms of
the standard diagonal form. As we have seen, this information contradicts the existence
of the general position equivariant moduli space M1(X). Note that Figure 2 shows that
this action is not ruled out just by the rotation numbers and the singular set in the moduli
space.

Example 6.4. Before finding the general argument presented above, we worked out a
particular infinite family of examples. Here is a way to simultaneously diagonalize all
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their intersection forms. Let (Mk, π) denote the canonical negative definite resolution of

Σk = Σ(3, 3kp+ 1, 6(3kp+ 1) + 3kp+ 2)

together with a π = Z/p action extending the standard free π-action on Σk via equivariant
plumbing. If the action also extends to a smooth action on a contractible 4-manifold W

Γk =

•−3 •−1 •−4 •︸ ︷︷ ︸
s−1

−2 −2•

•

−s−1

−3

•

−4•

−2•

Figure 4. The canonical negative definite resolution plumbing diagram for
Σ(3, 3s+ 1, 6(3s+ 1) + 3s+ 2), where k = sp.

then Xk = Mk ∪ −W is a simply connected, negative definite 4-manifold with a smooth,
homologically trivial π-action. The intersection form of Xk is given by the symmetric
matrix indexed by k (of size depending on s = kp):

QXk
=



−1 1 1 0 0 0 1 0 0 0 0 0 · · ·
1 −3 0 0 0 0 0 0 0 0 0 0 · · ·
1 0 −3 1 0 0 0 0 0 0 0 0 · · ·
0 0 1 −s− 1 1 0 0 0 0 0 0 0 · · ·
0 0 0 1 −4 1 0 0 0 0 0 0 · · ·
0 0 0 0 1 −2 1 0 0 0 0 0 · · ·
1 0 0 0 0 1 −4 0 0 0 0 0 · · ·
0 0 0 0 0 0 0 −2 1 0 0 0 · · ·
0 0 0 0 0 0 0 1 −2 1 0 0 · · ·
0 0 0 0 0 0 0 0 1 −2 1 0 · · ·
0 0 0 0 0 0 0 0 0 1 −2 1 · · ·
0 0 0 0 0 0 0 0 0 0 1 −2 · · ·
...

...
...

...
...

...
...

...
...

...
...

...
. . .


We now claim that the matrix C−1 in CtQXk

C = −I is given in terms of a diagonal basis
by the following expressions. Those which do not depend on the parameter are given by:

F1 = e1, F2 = −e1 − e2 + e3, F3 = −e1 + e2 + e4, F5 = −e2 − e3 + e4 + e6,

F6 = −e6 − e7, F7 = −e1 − e3 − e4 + e8, F8 = −e8 + e9

and the rest of the basis is obtained inductively by:

F4 = −e4 + e5 − e8 − e9 − e10 · · · − en, Fn = −e5 − en Fn−1 = −en−1 + en

where n = 6 + s, with s ≥ 3. Once again, the point is that there is no consistent choice
of sign in the expression of all the [Fi], and moreover one cannot achieve such consistency
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by an automorphism of the standard form. Thus the actions in Theorem B for r = 3 and
s = 5 do not extend smoothly.

The proof of Corollary C. If Σ = Σ(a, b, c) is a Brieskorn homology 3-sphere which bounds
a smooth contractible 4-manifold W , then the manifold N = W ∪Σ (−W ) is a smooth
homotopy 4-sphere in which Σ(a, b, c) is a smoothly embedded submanifold. Now the
examples of Theorem B provide a locally linear extension of the free π = Z/p actions to
N with two isolated fixed points. Conversely, suppose that (N, π) is a smooth π-action
on a homotopy 4-sphere. Then if (Σ, π) embeds smoothly and equivariantly into N , it
follows that the action on N has two isolated fixed points, and that N = W ∪Σ W

′ is a
smooth equivariant decomposition of N as the union of compact 4-manifolds W and W ′

with boundary Σ. By the van Kampen Theorem, the image of π1(Σ) normally generates
π1(W ), so we obtain a contradiction by Theorem 4.4. �
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[4] P. J. Braam and G. Matić, The Smith conjecture in dimension four and equivariant gauge theory,

Forum Math. 5 (1993), 299–311.
[5] A. J. Casson and J. L. Harer, Some homology lens spaces which bound rational homology balls, Pacific

J. Math. 96 (1981), 23–36.
[6] S. K. Donaldson, Connections, cohomology and the intersection forms of 4-manifolds, J. Differential

Geom. 24 (1986), 275–341.
[7] S. K. Donaldson and P. B. Kronheimer, The geometry of four-manifolds, Oxford Mathematical

Monographs, The Clarendon Press Oxford University Press, New York, 1990, Oxford Science Pub-
lications.

[8] A. L. Edmonds, Construction of group actions on four-manifolds, Trans. Amer. Math. Soc. 299
(1987), 155–170.

[9] , Aspects of group actions on four-manifolds, Topology and its Applications 31 (1989), 109–
124.

[10] D. Eisenbud and W. Neumann, Three-dimensional link theory and invariants of plane curve singu-
larities, Annals of Mathematics Studies, vol. 110, Princeton University Press, Princeton, NJ, 1985.

[11] H. C. Fickle, Knots, Z-homology 3-spheres and contractible 4-manifolds, Houston J. Math. 10 (1984),
467–493.

[12] R. Fintushel, Circle actions on simply connected 4-manifolds, Trans. Amer. Math. Soc. 230 (1977),
147–171.

[13] R. Fintushel and R. J. Stern, Pseudofree orbifolds, Ann. of Math. (2) 122 (1985), 335–364.
[14] , Instanton homology of Seifert fibred homology three spheres, Proc. London Math. Soc. (3)

61 (1990), 109–137.
[15] , Homotopy K3 surfaces containing Σ(2, 3, 7), J. Differential Geom. 34 (1991), 255–265.
[16] M. H. Freedman, The topology of four-dimensional manifolds, J. Differential Geom. 17 (1982), 357–

453.
[17] I. Hambleton and R. Lee, Perturbation of equivariant moduli spaces, Math. Ann. 293 (1992), 17–37.
[18] , Smooth group actions on definite 4-manifolds and moduli spaces, Duke Math. J. 78 (1995),

715–732.
[19] I. Hambleton and M. Tanase, Permutations, isotropy and smooth cyclic group actions on definite

4-manifolds, Geom. Topol. 8 (2004), 475–509.



18 NIMA ANVARI AND IAN HAMBLETON

[20] S. Kwasik and T. Lawson, Nonsmoothable Zp actions on contractible 4-manifolds, J. Reine Angew.
Math. 437 (1993), 29–54.

[21] S. Kwasik and P. Vogel, Asymmetric four-dimensional manifolds, Duke Math. J. 53 (1986), 759–764.
[22] T. Lawson, Invariants for families of Brieskorn varieties, Proc. Amer. Math. Soc. 99 (1987), 187–

192.
[23] E. Luft and D. Sjerve, On regular coverings of 3-manifolds by homology 3-spheres, Pacific J. Math.

152 (1992), 151–163.
[24] W. D. Neumann and F. Raymond, Seifert manifolds, plumbing, µ-invariant and orientation reversing

maps, Algebraic and Geometric Topology, Springer, 1978, pp. 163–196.
[25] W. D. Neumann and D. Zagier, A note on an invariant of Fintushel and Stern, Geometry and

topology (College Park, Md., 1983/84), Lecture Notes in Math., vol. 1167, Springer, Berlin, 1985,
pp. 241–244.

[26] P. Orlik, Seifert manifolds, Lecture Notes in Mathematics, Vol. 291, Springer-Verlag, Berlin, 1972.
[27] N. Saveliev, Invariants for homology 3-spheres, Encyclopaedia of Mathematical Sciences, vol. 140,

Springer-Verlag, Berlin, 2002, Low-Dimensional Topology, I.
[28] R. J. Stern, Some more Brieskorn spheres which bound contractible manifolds, Notices Amer. Math

Soc., vol. 25 (A448), Amer. Math. Soc., Providence, RI, 1978.

Department of Mathematics & Statistics
McMaster University
Hamilton, ON L8S 4K1, Canada
E-mail address: hambleton@mcmaster.ca

Department of Mathematics & Statistics
McMaster University
Hamilton, ON L8S 4K1, Canada
E-mail address: anvarin@math.mcmaster.ca


