FINITE GROUP ACTIONS ON KERVAIRE MANIFOLDS

DIARMUID CROWLEY AND IAN HAMBLETON

ABSTRACT. Let M3*+2 be the Kervaire manifold: a closed, piecewise linear (PL) mani-
fold with Kervaire invariant 1 and the same homology as the product S2F+1 x §2k+1 of
spheres. We show that a finite group of odd order acts freely on M%H if and only if
it acts freely on S2F+1 x S§2F+1 If M is smoothable, then each smooth structure on
Mj admits a free smooth involution. If k # 27 — 1, then M%‘?*z does not admit any
free TOP involutions. Free “exotic” (PL) involutions are constructed on M32, M%?, and
M126. Each smooth structure on M3? admits a free Z/2 x Z/2 action.

1. INTRODUCTION

One of the main themes in geometric topology is the study of smooth manifolds and
their piece-wise linear (PL) triangulations. Shortly after Milnor’s discovery [54] of exotic
smooth 7-spheres, Kervaire [39] constructed the first example (in dimension 10) of a PL-
manifold with no differentiable structure, and a new exotic smooth 9-sphere 3°.

The construction of Kervaire’s 10-dimensional manifold was generalized to all dimen-
sions of the form m = 2 (mod 4), via “plumbing” (see [36, §8]). Let P**2 denote the
smooth, parallelizable manifold of dimension 4k+2, k > 0, constructed by plumbing two
copies of the the unit tangent disc bundle of S?**!. The boundary L#+! = 9P%+2 is a
smooth homotopy sphere, now usually called the Kervaire sphere. Since X4*+1 is always
PL-homeomorphic to the standard sphere S**! (by Smale [59]), one can cone off the
boundary of P*+2 to obtain the Kervaire manifold, denoted M%f“, with its canonical
PL-structure.

By construction, M%"’” is a closed, almost parallelizable, PL-manifold with the same
homology as the product S?**1 x §2k+1 of spheres and it is simply-connected if k£ > 0.
It admits a Wu structure fx with Arf invariant one (as defined by Kervaire [39, §1],
Kervaire-Milnor [40, §8], and Browder [10, §1]). Moreover, M3 2 is minimal with respect
to these properties.

In this paper, we consider symmetries of the Kervaire manifolds.

Question 1.1. Does M%”Z admit any (PL) free orientation-preserving finite group ac-
tions ? If M**2 is smoothable, does it admit any smooth free actions ?
K y
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If I\\/JI‘}é"’Jr2 is smoothable, then the Wu structure fy is given by a framing, and the framed
manifold (M32, fx) represents an element in the stable stem 3, 4o by the Pontrjagin-
Thom isomorphism. Conversely, any element in 73} 4o is represented by a smooth, closed,
framed (4k+2)-manifold. However, Browder [10] showed the Arf invariant of such mani-
folds is zero except in the special dimensions where k = 2/ — 1, for some j > 1. Now the
Arf invariant is preserved under framed cobordism, and we use the standard notation:

S
0; Cmyie1_y

for the subset of elements represented by smooth framed manifolds with Arf invariant
one. In this notation, M2 is smoothable if and only if 641 is non-empty, implying
k=2 —1.

It is now known that the Kervaire manifolds are smoothable (or equivalently that the
Kervaire sphere is standard) in very few dimensions. Kervaire [39] showed that M}? does
not admit any smooth structure, and Browder [10] showed that X**! could only be
diffeomorphic to S**1 in the special dimensions

4k+2 =272 — 2 = dim 0,

where k = 29 — 1. Note that when the Kervaire sphere is standard, the smooth structure
resulting from attaching a (4k+2)-disk is not unique, since we may take connected sums
with homotopy spheres in ©4;.2, but all of the resulting smooth Kervaire manifolds are
stably parallelizable (by obstruction theory).

Recently Hill, Hopkins and Ravenel [33, 34] have shown that %! is not diffeomorphic
to ¥ if k=29 — 1 and j > 6. Earlier work of Barrett, Jones and Mahowald [4], [5]
showed that 4! is standard up to dimension 62 (j < 4). The 125-dimensional case is
open.

Here is a summary of the results, first for involutions.

Theorem A. Let M3¥*2 be a closed, oriented (PL) Kervaire manifold.

i) If MI4F+2 g smoothable, then every smooth manifold N with N =py, MA*+2 qdmits
K K
a smooth, free orientation-preserving involution.
i) Any smooth structure on MY admits a free, orientation-preserving smooth action
K
of the group Z./2 X Z/2.
(i) If 4k+2 # 2972 — 2 then M2 does not admit any free (TOP) involutions.

The first part of Theorem A will be proved in Theorem 2.1, where the statement
includes frame-preserving involutions, and the second part in Theorem 2.6. We remark
that the last assertion of Theorem A is an immediate consequence of a result of Brumfiel,
Madsen and Milgram [14, Theorem 1.3], which proves that M7 is an (unoriented)
topological boundary if and only if ¥ = 2/ — 1. Since a manifold which admits a free
involution bounds the unit orientation line bundle over its orbit space, even topological or
orientation-reversing involutions are ruled out except in the “Arf invariant dimensions”
4k+2 = 2771 — 2. In these cases, we have the following inductive construction.

Theorem B. Suppose that the set 0; contains an element of order two, for some j > 0.
Then MZ}?J’Q admits free, orientation-preserving (PL) involutions, for 4k+2 = dim .
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For j < 4, when the Kervaire manifolds of dimension dim 6,4, are smoothable, Theorem
A already provides a smooth, free, frame-preserving involutions. However, the construc-
tion in Theorem B produces a wide variety of non-smoothable involutions in dimensions
30 and above (see Theorem D and Theorem 8.5). Moreover, the following result (for
j =5) gives a new symmetry of the Kervaire manifold in dimension 126.

Corollary 1.2. M2 admits a free, orientation-preserving (PL) involution.

Note that M2® is not currently known to be smoothable, but 65 contains an element
of order two (see [48], [43]), and Theorem B applies. The situation for M#* is at present
unknown. Moreover, Hill, Hopkins and Ravenel [33] have shown that the sets 6; are all
empty, for 7 > 7, so the inductive construction of involutions via Theorem B cannot
continue.

Here are some remaining problems:

Question 1.3. Does the Kervaire manifold M%‘:” admits a free, orientation-preserving
(PL) involution if 4k +2 = dim 64, > 254 ? Does Z/2 x Z/2 act freely on some Kervaire
manifold of dimension greater than 30 7

In contrast, for odd order groups we have:

Theorem C. A finite group of odd order acts freely on M‘}f”, preserving the orientation,
if and only if it acts freely on S?FF1 x §2k+1,

The proof of Theorem C in Theorem 9.1 is an application of the “propagation” method
of Cappell, Davis, Loffler and Weinberger (see [18], [19]). This collection of actions in-
cludes some interesting finite groups, such as the extraspecial p-groups of rank 2 and
exponent p (see [31, 32]). We remark that the Kervaire manifolds M3¥*2 in the Arf invari-
ant dimensions 4k + 2 = dim 6; do not admit free, orientation-preserving (TOP) actions
of non-abelian p-groups, for p odd (these are ruled out by the cohomology ring structure:
see [47, Theorem A]).

We now discuss the proof of Theorem B. In Theorem 3.9, we show that the quotient
manifold M := M3"2/(r) of any free smooth (or PL) involution on a Kervaire manifold
can be decomposed as a twisted double M = WUzW. Here W = D(¢) is the disk bundle of
a suitable PL-bundle of dimension 2k+1 over RP?**! and ¢: V — V is a diffeomorphism
(or PL-homeomorphism) of V' := 0W. The bundle ¢ is called the characteristic bundle
for the involution, and & is admissible if 7 (&) = Tgor+1 under the standard projection
m: §%HL 5 RP?M! (see Proposition 4.3 for a stable recognition criterion).

In order to prove Theorem B, we construct such a twisted double decomposition, where
¢ is a PL-homeomorphism homotopic to an explicitly defined “pinch map” homotopy
equivalence p(a): V' — V (see Theorem 8.1). The proof that the pinch map p(«) is ho-
motopic to a PL-homeomorphism uses surgery theory as developed by Browder, Novikov,
Sullivan and Wall (see [67], [11]). In this way, we construct examples with any admissible
PL-bundle £ as the characteristic bundle for the involution (see Theorem 8.5).

In Section 6 we recall the main features of surgery theory for tangential normal maps,
following the work of Madsen, Taylor and Williams [51, §2]. In Section 7, we apply the
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theory of [51] to obtain a general formula for the tangential normal invariant of certain
pinch maps (see Lemma 7.4). This formula may be of independent interest.

The proof of Theorem B is completed in Section 8. The argument uses results of
Brumfiel, Madsen and Milgram [14] to analyze the image of the tangential normal invariant
nt(p(a)) € [V,SG] under the natural maps SG — G/O — G/PL. Tt follows that the
Poincaré complex Z := W Uy W is homotopy equivalent to a PL-manifold M, and by
our choice of characteristic bundle £ and pinch map p(«), we conclude that the universal
covering M is PL-homeomorphic to M3+ (see Theorem 5.1 and Proposition 8.3).

Finally, in Sections 10 and 11, we show that some of the free (PL) involutions on
Kervaire manifolds constructed in Theorem B are “exotic”, even if the characteristic
bundle is a vector bundle (an action of linear type).

Theorem D. There exist free orientation-preserving (PL) involutions of linear type on
the Kervaire manifolds M2, M%2 and M32° which are not smoothable

These actions on M2 for 4k+2 € {30,62,126} are smoothable over the (2k-+1)-
skeleton (see Lemma 11.10), but the stable PL-normal bundle vy, for the orbit space
M = M#*2/(r) does not admit a vector bundle structure (see Corollary 11.3). The
proof of Theorem D relies on a result about the Spivak normal fibrations of twisted
doubles (see Proposition 10.1) which might have other applications.

Acknowledgements. We would like to thank Bruce Williams, Jim Davis, Martin Ol-
bermann, John Klein, Mark Behrens and Wolfgang Steimle for useful information. We
would also like to thank the referee for helpful comments and suggestions.

2. THE PROOF OF THEOREM A

The first part of Theorem A has been implicit in the literature since the 1970’s (in
particular, it does not use any of the recent progress concerning the 6;). We first give a
more detailed statement of the result.

Theorem 2.1. Suppose that M%”z is smoothable. For any smooth, closed manifold
N =p;, MP2 and any framing (N, f) with Arf invariant one, (N, f) admits a smooth,
free, frame-preserving involution.

The main step is due to E. H. Brown, Jr. (based on work of N. Ray and Kahn-Priddy;
see also the remark [15, p. 664]).

Theorem 2.2 (Brown [13]). If a € 75, m > 0, then a can be represented by a smooth,
closed, framed manifold (N, f), where N admits a smooth fixed-point free involution T
which preserves the framing f. If a # 0 has 2-primary order, then (N, f) and T can be

chosen so that N is ([m/2] — 1)-connected, and (N, f)/{T) is framed cobordant to zero.

We will apply this result to the elements of 6,1, where m = 4k+2 = 2772 — 2 > 2,
Hence we assume that 4k+2 € {6,14,30,62} and possibly that 4k+2 = 126 if 65 is
non-empty. Let N be a closed oriented smooth 2k-connected (4k+2)-manifold. Since
Tok+1(BO) = Tyr42(BO) = 0, every such N admits a framing f of its stable normal
bundle and we let

K(N, f) € Z/2
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denote the Kervaire invariant of (N, f). For example, for £ = 0,1, 3, there are framings
fr of S**1 such that K(S?**1 x S%+1 i x fi) = 1. On the other hand in dimensions
30,62 and possibly 126, then K (N, f) is independent of f [40, §8].

Given an orientation-preserving diffeomorphism ¢g: Ny = N; and a framing f of Ny, we
obtain the induced framing ¢*(f) of Ny. Hence we may define the set,

KMagyz = {(N, f) | K(N, f) = 1 and x(N) = 0},

of framed diffeomorphism classes of 2k-connected closed smooth framed (4k+2)-manifolds
with Kervaire invariant one and Euler characteristic zero. A result of Freedman [21] and
its proof), leads to the following classification result for KMy 2.

Proposition 2.3 (|21, Theorem 1], [46, Theorem 4]). For all k > 0, if (No, fo) and
(N1, f1) in KMypao are framed cobordant, then they are framed diffeomorphic.

Proof. In Freedman’s notation, we take (M, &) to be the trivial bundle over a point. The
proof [21, Theorem 1], see also [46, Theorem 4], shows that (Ny, fy) and (N, f1) are
framed h-cobordant, and hence framed diffeomorphic. [l

It follows that the elements of KMy, o are in bijection with their framed cobordism
classes in 6,1 (see [40, Theorem 6.6 and §8] for surjectivity). The surface case (k = 0) is
left to the reader.

Remark 2.4. Let O, 5 denote the group of oriented h-cobordism classes of homotopy
(4k+2)-spheres as defined in [40]. By [40, Lemma 4.5 and Lemma 8.4] there is a short
exact sequence

0= Ouppr — Oy =5 7/2 50
and hence ©g.o acts freely and transitively on K~ 1(1) = 6,,1. Since my42(SO) = 0,
we may regard O 44,0 as the group of framed diffeomorphism classes of framed homotopy

spheres. By the remarks above, we see that O, also acts freely and transitively on the
set KMyy. o via connected sum of framed manifolds.

The proof of Theorem 2.1. If 0; is non-empty, then by the first sentence of Theorem 2.2
there exists a smooth, closed, framed manifold (N, f), with Arf invariant one (and di-
mension m = 4k+2 = 2772 — 2), such that N admits a smooth fixed-point free involu-
tion ¢t which preserves the framing f. By the second sentence of Theorem 2.2, which is
proven using equivariant framed surgery below the middle dimension, we may assume
that m;(IV) = 0 for i < 2k+1.

The remaining part is contained in the second author’s Ph.D thesis [26]. Since N is
highly-connected, it follows that Hog1(N;Z) is the direct sum (as a A := Z[Z/2]-module)
of a free A-module and two copies of the trivial A-module Z, .

By [26] or [25, Theorem 31], the Z[Z/2]-free summand splits off the Z/2-equivariant
intersection form of N, and supports a non-singular quadratic form

¢: Hopt(N;Z) — Q_(Z)2%) = A{v —0|v € A} 2 Z/2 & Z/2

refining the equivariant intersection form. The quadratic refinement ¢ is given by the
framing at the identity element of Z/2 = {1, 7}, and by the Browder-Livesay cohomology
operation [9, §4] at the non-trivial element 7.
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Hence we have an element of Ly (Z[Z/2],+), as discussed in [67, §5]. By [67, §13A],
there are isomorphisms via the inclusion or projection map

Luws2(Z[Z)2), +) = Ly(Z) = 7,/2.

The Arf invariant of (N, f) is the sum of the Arf invariant of the form on the A-free part,
and the Arf invariant of the hyperbolic form on Z, & Z,. We may choose the splitting of
the equivariant intersection form so that the Arf invariant on the free part is zero. Then
by equivariant framed surgery, the A-free summand can be removed. The new smooth
framed manifold (N’, f') has a smooth, free, frame-preserving involution, and (N, f’) is
framed diffeomorphic to (N, f) by Proposition 2.3. O

We now consider part (ii) of Theorem A.

Theorem 2.6. For any smooth, closed manifold N =pj, M}lﬁ“, of dimension < 30, and
any framing (N, f) with Arf invariant one, (N, f) admits a smooth, free, frame-preserving
Z]2 x Z]2 action.

Proof. The idea is similar to the above: we use the fact that the elements in 6; are in the
image of the “double transfer”

tr: mhp o (RP® ARP®) — 7 o

for j < 4 (see Lin and Mahowald [49] for 6;). The double transfer is defined geometrically
by taking the universal covering of a framed manifold (M, f) with a 2-connected reference
map f: M — RP* x RP*). The argument is the same for each of the 6;, j <4, but for
dim M%”z < 30 the Kervaire manifolds are products of spheres, with product framings, so
a direct construction can be given. Let (M, f) be a smooth, closed, framed 30-dimensional
manifold, with

G:=m(M)=72/2x1Z/2,

such that its universal covering (M , f) has Kervaire invariant one. By framed surgery

below the middle dimension, we may assume that M is 2k-connected and has a free
G-action preserving the framing.

(i) The A-module Hi5(M) is stably isomorphic to Lo @ L;, where L; is a free A-
module, and Ly is an extension of 0!7 and its dual. We remark that the
argument in [28, Prop. 2.4] generalizes to M since its universal covering is 2k-
connected.

(ii) The extension class for Ly is the image c,[M] € H3(G;Z).

(iii) cx[M] # 0 since Q'°Z has Z-rank > 1 because Z/2 x Z/2 does not have periodic
cohomology.
(iv) For every class u € HY(M;Z/2), we have u'® = 0, but u!'®> # 0.

(V) It follows that O 7£ C*[M] c H15<Z/2) (029 H15(Z/2) C Hgo(G,Z)

(vi) The fundamental class of RP' x RP! has the same image in H3o(G;Z), hence
Lo=7,®Z..

(vii) The intersection form Ay, is unimodular restricted to Ly, so it admits an orthog-
onal splitting Lo 1 L.
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We can now do equvariant framed surgery to eliminate the free summand L;, since the
surgery obstruction group Ly, 2(ZG) = 7Z/2 is again detected by the ordinary Arf invari-
ant (see [66, Theorem 3.2.2]). The resulting framed manifold (NN, f) has a smooth, free
G-action preserving the framing, and N =p; M3 by Proposition 2.3 (PL-version).

O

Remark 2.7. Minami [56] has proved that no order two element x5 € 0 lies in the image
of the double transfer, so this method of constructing Z/2 x Z/2 actions does not continue.

Remark 2.8. Computations in homotopy theory provide the list: |KMy| = |KMg| = 1,
|KM4| = 2, | KM30| = 3 and |KMgz| = 24. The values of |KMyyo| for 4k+2 = 2,6, 14
and 30 can be found in [58, Table A3.3]. To determine |KXMgs| we use [44].

For an (N, f) € XMypyo, the group H2**1(N; m9141(SO)) = Z? acts freely and transi-
tively on the homotopy classes of framings of N compatible with the orientation. Hence
there exist a large number of self-diffeomorphisms g: N = N which act on the set of
framings of N (see [45, Theorem 2] and [17, Proposition 3.1]).

3. FREE INVOLUTIONS ON HIGHLY-CONNECTED MANIFOLDS

Let M2 be a closed, oriented smooth or PL-manifold of dimension 21 > 4, with fun-
damental group m (M) = Z/2. In addition, we assume that m;(M) = 0, for 1 < i <,
and consider the classification problem for such manifolds This is equivalent to the study
of free, orientation-preserving involutions on (l—1)-connected, 2/-manifolds, by passing

to the universal covering M of M. We refer to [26, 27| and [68, 69] for earlier results
on this problem, assuming [ > 3, generalizing the classification of (I—1)-connected 2I-
manifolds given by Wall [64]. Closed, oriented 4-manifolds with fundamental group Z/2
were classified by Hambleton and Kreck [29].

Let A = Z[Z/2] denote the integral group ring, let Z/2 = (T'), and let Z, (respectively
Z_) denote the integers with 7" acting as +1 (respectively —1). We will also write Z,,
with ¢ = £1, for short.

Lemma 3.1. Let M? be a closed, oriented PL-manifold of dimension 21 > 4, with
m(M) =7Z/2. If ;(M) =0, for 1 < i <1, then m(M) = rA @ Z. ® Z. for some
r >0, with e = (—1)+1.

Proof. This is an easy consequence of the spectral sequence for the univeral covering
M — M — K(Z/2,1). O

Next we recall the equivariant intersection form Ay : m(M) x m(M) — Z, defined
by counting interesections and self-intersections equivariantly in M (see [67, Chap. 5]).
Then My is a unimodular (—1)!-symmetic bilinear form, satisfying the properties (i)
Av(z,y) = Ay (Tx, Ty), for all z,y € m(M), and (i) Ay (z,Tz) = 0 (mod 2), for all
z € m(M).

In the rest of this section, we will consider only the special case | = 2k+1 relevant to the
existence of free orientation-preserving smooth or PL-involutions on Kervaire manifolds.
More precisely:
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Definition 3.2. Let M**2 be a closed, oriented smooth or PL-manifold satisfying the
following conditions:
(i) m (M) = Z/2,
(ii) m(M) =0, for 1 <i < 2k+1, and
(lll) H2k+1(M; Z) = 7T2k+1(M) = Z+ D Z+.

We will give a geometric decomposition M = W U, W, based on the normal bundle
of a characteristic embedding f: RP?**1 — M (see Definition 3.6 and Theorem 3.9).

For convenience, we will work now in the smooth category, but with obvious changes
the discussion applies to the PL-category. Let B = {eg, e} denote a fixed symplectic
base for Hoyy1(M;7Z), so that Ap(eg,e0) = A€o, €00) = 0, and Aps(ep, e00) = 1. We
first discuss the existence and uniqueness of embeddings RP?*+1 C M.

Definition 3.3. An embedding f: RP?+1 — M represents eg € Hopir(M;Z) if,
(i) fy: m(RP#**1) — 7 (M) is an isomorphism,
(ii) f.([S?*1]) = eo for some covering f: S21 — M of f.

Proposition 3.4. Ifk > 1, there is an embedding f: RP?**1 — M representing ey, which
18 unique up to homotopy. If k > 2, the embedding is unique up to isotopy.

Proof. Existence is proved in Wells [68, Lemma 3]. For uniqueness up to homotopy, we
apply Olum [57, Corollary 16.2], and uniqueness up to isotopy follows from Haefliger
[24]. O

Corollary 3.5. If k > 1, the normal bundles in M of any two embeddings of RP?+1
representing eqg are isomorphic.

Proof. For k > 2, the embeddings are isotopic so their normal bundles are isomorphic.
If £ =1, we have f*(rp) = g*(7ar), for any two homotopic embeddings. Therefore the
normal bundles of f and g are stably isomorphic (see Fujii [22, Theorem 2]). For 3-plane
bundles over RP?, stable isomorphism implies isomorphism (by Dold-Whitney [20]). O

Definition 3.6. A characteristic embedding of RP?**! in M is an embedding which
represents eg € B C mop41(M), where B is a symplectic base for Ap;. The normal bundle
to a characteristic embedding will be denoted £ = {(M), and called the characteristic
bundle.

The following lemma implies that every characteristic bundle has a section.

Lemma 3.7. Every orientable rank 2k+1 vector bundle ¢ over RP?**1 admits a non-zero
section.

Proof. Elementary obstruction theory shows that the Euler class of (, e((), is the sole
obstruction to the existence of a non-zero section. But e(¢) € H***1(RP?**1;7Z) 2 Z has
order two by [55, Property 9.4], and so vanishes. O

For the rest of this section, we fix a characteristic embedding f: RP?**! — M and let
W C M denote a small closed tubular neighbourhood of f(RP?**!) in M, with boundary
V = 0W. Then W is diffeomorphic to D(£), the total space of the (2k+1)-disk bundle
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associated to the characteristic bundle, and V' is diffeomorphic to S(§). Let B = M —int W
denote the complement of W C M.

Lemma 3.8. F is diffeomorphic (PL-homeomorphic) to W = D(§).

Proof. By general position, we may isotope the embedding f to obtain an embedding
g: RP?**1 s M —int W. This is possible because because the normal bundle ¢ has a non-
zero section by Lemma 3.7. Then ¢ is unique up to isotopy, and we let U C £ = M —int W
denote a small closed tubular neighbourhood of g(RP?**!) in E. It is easy to check that
the region ' —int U is an h-cobordism between OU and 0F = S(£). But U = D(§), so it
follows that E is diffeomorphic to the total space of the characteristic (2k+1)-disk bundle
D(€) over RP?+1, O

We summarize:

Theorem 3.9. Suppose that M**2 is a closed, oriented smooth (PL) manifold satisfying
the condtions (3.2),and let £(M) denote the normal bundle of a characteristic embedding
of RP2k+L in M. Then there is a diffeomorphism (PL-homeomorphism) ¢: S(&) — S(€),
such that M = D(&) Uy D(E).

This result will be our guide to constructing free involutions on the Kervaire manifolds.

4. TWISTED DOUBLES AND FREE INVOLUTIONS ON KERVAIRE MANIFOLDS

We now consider the case when M is a closed oriented PL-manifold, with fundamental
group 71 (M) = Z/2 and universal cover M =p; M}#2 a Kervaire manifold. By Theorem
A, this is only possible if 4k+2 = dim 6;,, = 2dim 6, +2, for some j > 0. For convenience,
we let n = dim6; so that dimM = 2n+2. We recall a key feature of the plumbing
description for the Kervaire manifolds. If v denotes the normal bundle of an embedded
(2k-+1)-sphere in M75*? which represents a primitive homology class, then v & Tga 11 is
isomorphic to the tangent bundle of the (2k+1)-sphere. Let 7: S**1 — RP2?**! denote
the 2-fold covering projection.

By Theorem 3.9, to construct a suitable orbit manifold M := M35*?/(7), we need to
find the following:

(i) A (2k+1)-dimensional (PL) bundle & over RP?**! such that 7*(&) & 7gort1.
(ii) A PL-homeomorphism g: S(§) — S(§), so that the manifold M, == W U, W,
with W = D(¢), will have universal covering M, = M7 +2.

Note that for [ # 1, 3,7, the tangent bundle 74 is the unique non-trivial /-plane bundle
over S' which is stably trivial.

The first requirement can clearly be met by taking & = 7ppar+1. In the Arf invariant
dimensions, there is another possibility:

Theorem 4.1 (Brown [12]). Let v denote the normal bundle of a smooth immersion of
RP! in R%. Ifl # 1,3,7 and [ is odd, then 7*(v) is isomorphic to Tq if and only if
=29 —1, for some j > 3.

This choice fits well with the construction of smooth frame-preserving free involutions
in the cases where M2 is smoothable, since then W = D(¢) will be parallelizable. In



10 DIARMUID CROWLEY AND IAN HAMBLETON

general, we can take any PL-bundle £ of dimension 2k+1, with the required property for
T (8).

Definition 4.2. A PL-bundle ¢ of dimension 2k+1 over RP?*! is called an admissible
bundle if 7*(§) = Tger+1. If M has characteristic bundle £ = £(M), then we will say that
M has an involution of type &.

Here is a stable characterization of admissible bundles. Let i: RP2*1 — RP%+2 denote
the standard inclusion.

Proposition 4.3. Let £ be a PL-bundle of dimension 2k+1, for k > 4, with 7*(§) stably
trivial, and let v € K PL(RP*T) denote the stable equivalence class of €. Then 7*(§) =
Tg41 if and only if there exists 4 € K PL(RP*%2), such that i*(4) = v and wap2(¥) # 0.

We first recall some facts about PL-bundles and discuss the stable conditions.

(i) By assumption, 7*(§) is stably trivial and hence 7*(7y) is also stably trivial. Tt
follows from the cofibration sequence

KPL(§%*%?) & KPL(RP?*?) 5y K PL(RP?) I K PL(S),

that i*(§) = v, for some 4 € K PL(RP?**2). For vector bundles, KO(RP?+1) is
additively generated by the canonical line bundle 7 \, RP?**! (see Fujii [22]), so
this condition is automatic.

(ii) Any stable bundle 4 over RP?+2 admits an unstable reduction to a (2k+2)-

dimensional bundle & (see Haefliger and Wall [23]). Recall that wopo(&o) =
Wak+2(7) is the mod 2 reduction of the twisted Euler class

6(50) c H2k+2<RP2k+2;Z_).

By obstruction theory, woy,2(%) = 0 if and only if there exists a (2k+1)-dimensional
reduction & of 4.

(iii) The characteristic class woy2(y) € H?*2(RP?**2;7Z/2) is independent of the
choice of extension § with ¢*(§) = . By Adams [1], the class war2(¢) = 0
(mod 2) for a (2k+2)-bundle ¢ over S**2 since k > 4.

(iv) Since k > 4, the tangent bundle 7gzx+1 is the unique non-trivial vector bundle of
dimension 2k+1 over S?*! which is stably trivial. For PL-bundles, we use the
results of Burghelea and Lashof [16, 11, §5]. By stability [16, Proposition 5.6], we
may use PL-bundles instead of PL-block bundles. Then by [16, Theorem 5.1],
the same uniqueness statement holds for 7¢2x+1 as a PL-bundle. Hence, the stably
trivial bundle 7*(&) is either trivial or 7*(§) = Tg2r+1.

(v) Note also that 7*(¢) = 7*(¢’) for any two (2k+1)-dimensional reductions ¢ and

& of ~, since Tg2rt1 has order two. Note that & and & differ only on the top
(2k+1)-cell, and applying 7* multiplies the bundle by two.

The proof of Proposition 4.3. Suppose that ¢ is some PL-bundle of dimension 2k+1, k >
4, with stable class v € K PL(RP?**1) and 7*(€) stably trivial. If 7*(£) is actually the
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trivial bundle, then the cofibration sequence
[RP?*2 BPLy1] S [RP* 1 BP Ly 1] =[S, BP Loy

implies that i*(£) = ¢ for some (2k+1)-bundle over RP%+2. Let 4 denote the stable
class of &, so i*(§) = 7. Since £ is a (2k+1)-dimensional reduction of 4, we see that

war+2(y) = 0.

Conversely, if 7*(£) is non-trivial then 7%(§) = 7g2r+1. Let 4 be a stable PL-bundle
over RP?**2 such that i*(§) = v. Then wag2(¥) = 0 would imply that 4 has a (2k+1)-
dimensional reduction £, and hence & = i*(§) would be a (2k+1)-dimensional reduction

~

of v. But 7*(¢') = 7*(i*(&)) is trivial, and this is a contradiction since 7*(§) = 7*(¢'). O

As mentioned above, the group If(\é(RP%“) is cyclic with generator the reduced class
of the non-trivial line bundle 7 over RP?*+1,

Corollary 4.4. A (2k+1)-dimensional vector bundle & over RP**1 s admissible if and

only if its stable class v = m - n satisfies (21112) =1 mod 2.

Proof. By the Cartan formula, the total Stiefel-Whitney class of m -7 is (1 4+ )™ where
xr € HY(RP**1:7Z/2) is a generator. Now apply Proposition 4.3. O

The main step in the proof of Theorem B is based on the following important result
from homotopy theory. Let [tny1, tni1] € Tans1(S™) denote the Whitehead square.

Theorem 4.5 (Barratt-Jones-Mahowald [4, Cor. 3.2]). Let n = 27t1 — 2. There exists
an element of order two in 0; with Kervaire invariant one if and only if [tn11, tn+1] = 20,
for some a € a1 (S™).

A map « given by this result is will be said to halve the Whitehead square. If V- = S(§)
for some admissible bundle ¢, then there is a section s: RP?**! — V arising from a
non-zero section of . Note that in the notation n = dim 6;, we have 4k+2 = 2n+2.

Definition 4.6. Suppose that [t,11,tn11] = 2¢, for some a € 7o, 1(S™™), and let V =
S(€). By Lemma 3.7, the bundle V — RP?*1 admits a section s: RP?**! — V and we
define the pinch map p(a): V — V as the composite

p(a> :V—VV S2n+1 ldﬂ:—‘/v\/‘5'71+1 _id\/ﬂ; V\/RPn+1 id Vs V.

In the Sections 8 and 11, we will analyze the normal invariants of the pinch maps
p(«) constructed by halving the Whitehead square. For future use, we prove that p(«)
preserves vy, the stable normal bundle of V.

Lemma 4.7. p(a)*(vy) = vy.

Proof. 1t is enough to show that (somoa)*(vy) = a*(7*(s*(vy))) is trivial. Now V' = S(§)
is the total space of the sphere bundle of ¢, and therefore

vy = i (vrpntt) © TE(—7),
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where 7¢: V' — RP"! is the bundle projection, 7 is the stable bundle defined by ¢ and
—7 its stable inverse. Since s o 1 = idgpn+1,
S*(Vv) = Uppn+l D (—”}/),

where vgpn+1 is the stable normal bundle of RP™™. Now vgpn+1 = (n+2) -7 by [55,
Theorem 4.5, and it follows that 7*(vgpn+1) is trivial. By the definition of admissibility,
7*(7) is trivial. Hence 7*(s*(vy)) is trivial, proving the lemma. O

5. PINCH MAPS AND THE KERVAIRE MANIFOLD

We begin with the definition of a pinch map. Let X be a closed m-manifold and let
x € m,(X) be a homotopy class of degree zero. The pinch map on z is a self-homotopy
equivalence p(x) defined as the composite

plz): X —= X v sm e x|

With this notation, the map of Definition 4.6 is p(«) = p(somoa). In this section we show
that the double covering of the pinch map p(«) can be used to construct the homotopy
type of the Kervaire manifold M7 +2.

Theorem 5.1. Let W = D(§), for & an admissible PL-bundle. If [tpy1,tni1] = 2a, for
some o € oy 1(S™), then the Poincaré complex Z = W Upa) W constructed from the

pinch map p(«) has universal covering 7 ~ M2,

From its construction, it is clear that the homotopy type of the Kervaire manifold is
given by attaching a (4k+2)-cell to a wedge of two S**1-spheres:

M}léﬂ-? ~ (Sgk-f—l V. S%k—l-l) U(p D4k+2.

The homotopy class of the attaching map ¢: S*+1 — Sng v SZH1 s well known to
experts, but we did not find an explicit statement in the literature.

Lemma 5.2 (c.f. [64, Lemma 8], [7, Lemma 8.10]). Let d,i;: S*+1 — G3k+ly g2k+l
be the inclusion maps of the (2k+1)-sphere onto the indicated components of the wedge,
[io, 1] their Whitehead product and w € Tapy1(S?**1) the Whitehead square. Then

0] = [io, ir] + io(w) + i1 (w) € mapya (S5 vV S,
Proof. By the Hilton-Milnor Theorem, [70, XI, §6], we have
[p] = rlio,i1] +d0(yo) + i1 (1),

where y; € ma41(S2). The non-singularity of the cup product pairing on H+!(M3*2; Z)
ensures that » = 1. To determine the homotopy classes classes x;, we look at the collapse
map c: M3E+? — T(;) where v; is the normal bundle of S?*™ ¢ M% %2 and T'(v;) is the
Thom space of v;. From the construction of M%‘:“, we see that v; = Tger+1, and so

T(VZ) — Si2k+1 Uxi D4k+2,

where by [53, Lemma 1] z; = J(7g2r+1) and J: w9, (SO(2k+1)) — mape1(S?TL) is the
J-homomorphism of [70, XI Theorem 4.1]. Now since since the collapse map ¢ has degree
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one, y; = x; and by [37, (1.2)], x; = J(7g2r+1) = w. Hence y; = w for i = 0,1, which
completes the proof. O

Recall that W is the total space of a D**'-bundle £ over RP**" whose universal
cover W is PL-homeomorphic to the unit tangent disc bundle of S?**!. The boundary

V = W is thus the unit tangent sphere bundle of S2*+1. There is a section 5: S2+1 — V/
covering the section s: RP?**! — V. We define the plnch map p(w) := p(Sow) to be the
self-homotopy equivalence,

p(w) : V — Vv G4kt VY 7y g2kt %‘7,
and the Poincaré complex, s s
Zy =W Upy W,
obtained by gluing two copies of W together using p(w).
Lemma 5.3. There is a homotopy equivalence M%”Z ~ Zw-

Proof. To identify the homotopy type of Z,,, we compare it to the trivial double
Zid = /_W/ Uia W = S2k+1 X S2k+1.
Let Sng denote the zero section of one copy of W C Ziq and let S?**! denote a copy of

the transverse sphere constructed from two fibre (2k+1)-disks in the copies of the bundle
W — S#+1 Applying [40, Lemma 8.3] we deduce that there is a homotopy equvialence

Zig = (SgHV ST Uyay D2,

where [o(id)] = [i, i1] +i1(w). Since p(w): V 2V is a pinch map on Sow, it follows that
there is a homotopy equivalence

Z'u) ~ (S§k+1 V; 512]6—0—1) ng(w) D4k+2,

where [p(w)] = [p(id)] + io(w). Thus p(w) = [ig, i1] + i0(w) + i1(w) and so by Lemma
5.2, Z,, is homotopy equivalent to M‘}f”. 0

Lemma 5.4. The homotopy equivalence p(ct): V ~ V lifts to p(w): V ~ V.

Proof. For an oriented double cover X — X with non-identity deck transformation 7, it is
a simple matter to check that the double cover p(z): X ~ X of a pinch map p(z): X ~ X
on x, satisfies

p(z) = p(@ + 72),
where T € m,(X) 2 m,,(X) is a lift of z. The lemma follows since p(a) = p(somoa) pinches
along s(RP™"") C V and the deck transformation of the covering w: S"*!1 — RP"*! is
homotopic to the identity and so acts trivially on homotopy groups. Thus

p/(\o?) =p(somoa)=p(Eoca+3soa)=p(Eo(2a)) =p(sow)=p(w).
O

The proof of Theorem 5.1. We note that Lemma 5.3 and Lemma 5.4 imply that Z,, ~ Z,
which completes the proof. ([l
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6. TANGENTIAL SURGERY

In this section we recall the tangential surgery exact sequence and in particular the
definition of the normal invariant of a tangential degree one normal map. Our discussion
follows [51, §2, §4] closely, however our setting is for closed manifolds, whereas Madsen,
Taylor and Williams considered manifolds with boundary.

Let X be a closed m-dimensional manifold, either smooth of PL, with stable normal
bundle vy of rank k >> m. The C'AT tangential structure set of X,

Fear(X) ={(Mf,0) | f+ M = X,b: vy — vx}/ >,

consists of equivalences classes of triples (M, f,b) where f: M — X is a homotopy equiv-
alence and b: v)y — vy is a map of stable bundles. Two structures (M, fo,by) and
(M, f1,b1) are equivalent if there is an s-cobordism (U; My, My, F, B) where F': U — X
is a simple homotopy equivalence, F': vy — vy is a bundle map and these data restrict
to (Mo, go, bo) and (M, g1,b1) at the boundary of U.

Let m = m1(X). The tangential surgery exact sequence for X finishes with the following
four terms

(6.1) Lin1(Zm) == SEar(X) == Ngiap(X) = Lin(Zr),

where L, (Zm) are the surgery obstruction groups [67, Chap. 10] and A ,,(X) is the set
of tangential normal invariants of X.

Remark 6.2. The definition of A%,(X) is similar to the definition of #} ,,(X) except
that for representatives (M, f, b) we require only that f: M — X is a degree one map. The
equivalence relation, often called normal cobordism, is defined using normal cobordisms
over (X, vy). In other words, A%,7(X) is the bordism set ,,(X,vx); C Qn(X,vx) of
normal cobordism classes of normal (X, vx)-manifolds (M, f,b) as defined in [61, Chapter
I1], where in addition f: M — X has degree one.

Let T'(vx) denote the Thom-space of vy and py;: S™* — T'(v)r) denote the (canonical)
collapse map arising from a stable embedding of M™ C S™**. The Pontrjagin-Thom
isomorphism,

MUX - Qm(XaVX)gﬂ-m-i-k(T(VX)% [M7fvb] = [T(b)opM]7

identifies the bordism group of normal (X, vx)-manifolds (of any degree) with the stable
homotopy group of T'(vx). Here T(b): T(vy) — T(vx) is the map of Thom spaces
induced by the bundle map b: v); — vx. This isomorphism specialises to the bijection
px: Agar(X) = (X, vx)1 = T (T (vx))1,
where the subscript 1 indicates the the pre-image of 1 € Z under the Thom maps
Qn(X,vx) = Hp(X;Z) and 7,0k (T(vx)) = Hio(X;Z).

Spanier-Whitehead duality, henceforth S-duality, defines a contravariant functor on the
stable homotopy category of stable finite CW complexes: see, for example [11, 1.4]. Recall
that the S-dual of T'(vx) is X, the disjoint union of X and a point. Given a map

p: S™F 5 T(vy),
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the S-dual of p is a stable map D(p): X, — S° and the adjoint of D(p) is a map
ZA)(p): X — QS° where QS° = Q5% has its usual meaning. In particular, “degree”
defines a homomorphism my(QS°) = Z and we let (QS°), be the a-th component of QS°.
The space QS is an H-space under the loop product x: QS x QS° — QS° which satisfies

*! (Qso)a X (QSO>b — (QSO>a+b7

and for any space X there is a free and transitive action
*

[X,(Q5)1] x [X,(Q8%)o] = [X,(QS")1] ([¢], [a]) = [¢o] * [e].

Lemma 6.3. There is an isomorphism of abelian groups,

D: mi(T(vx)) 2 [X,Q8°,  [o] = [D(p)],
such that

(i) D(Tm k(T (vx))a) = [X, (QS°)al,
(ii) D(ux[X,id,id]) = [1], the constant map at the identity in (QS°);.

Proof. That D is an additive isomorphism follows from the properties of S-duality and
the adjoint correspondence. In particular, the loop product corresponds to the addition
of stable maps under S-duality and passing to adjoints.

(i) Let cgmix: T(vx) — S™* be the degree one collapse to the top cell of the Thom
space. Given a map p: S™"* — T(vx) the degree of cgmir o p is the degree of the
normal map corresponding to p. But the S-dual of ¢gm+r is the inclusion of the base-
point + — X, and hence the degree of cgm+r 0 p is given by the component of D(p) in
QS°.

(ii) This is an exercise is S-duality. By [11, Theorem 1.4.13], two spaces A and A’
are S-dual if and only if there is a map \: S¢ — A A A’ such that slant product with
A«([9%) induces an isomorphism H?(A) = H,_,(B) for all g. An elegant duality map for
the S-dual pair (T'(vx), X, ) is the “Atiyah duality map” as described in [41, §3]. Let
px: S™* — T(vx) be the Thom collapse map and let T(Ax): T(vx) — T(vx) A Xy by
the map of Thom spaces induced by the bundle map

Ax:vy — pff(Vx)

where pr;: X x X — X is the projection to the first factor. Then Ax := px o T(Ax) is
an m-duality map for (T'(vx), M, ).

Now let cgo: X, — S° be the collapse map collapsing X to a point and preserving
base-points. There this is a commutative diagram,

gm-tk id gm+k A GO

Ax pr/\id

id/\CSO 0

T(VX) /\ X+ T(VX) /\ S 3

and so by [11, Theorem 1.4.14], cgo is the S-dual of px = px([X,id,id]). The adjoint of
cgo is the constant map at [1] and this completes the proof. U
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By definition (QS°); = SG, the space of stable orientation-preserving self-homotopy
equivalences of the sphere. We define the tangential normal invariant to be the map

(6.4) s A (X) — [X, 5G], [M, f.8] — D(ux([M, £,0))).

By Lemma 6.3 we see that n® is a set bijection such that n*([X,id,id]) = [1]. The following
lemma is a direct consequence of the definition of 7* and Lemma 6.3.

Lemma 6.5. Let [P, h,b] € Q,,(X,vx)o with px ([P, h,b]) = pp € Tk (T(vx))o. Then
n* (X, id, id] + [P, h,0]) = [1]  D(py).

We next prove a lemma about the behaviour of the tangential normal invariant along
sub-manifolds. Let ¢: Y C X be the inclusion of a closed submanifold of codimension
a > 0 and let (f,b): M — X be a tangential degree one normal map. Taking the
transverse inverse image along Y induces a well-defined map of normal invariant sets

thy : Aur(X) = Aur(Y), M, f0] = [fTHY), fly-rvy, by @ blg-1y)]

where by,s: vg-1(yycmr — v is the canonical bundle map given by the implicit function
theorem.

Lemma 6.6. The map thy: N3,0(X) = AZ,0(Y) fits into the following commutative
diagram:

A (X)L [X, SG

e,

N (V) [V, SG).

Proof. Consider the “wrong way” map of Thom spaces j : T(vx) — T(vy) induced by the
embedding j: Y C X. It follows from the definitions of the Pontrjagin-Thom isomorphism
pux and the duality isomorphism D that there is a commutative diagram,

Ao (X) =2 (T ()1 —2 [X, 5G]

N (V) L (T () )1 —2 [Y, SG.
The lemma now follows since by definition nt = Do px and similarly for Do [y U

We conclude this section by recording the relationship between tangential surgery and
classical surgery. We assume that the reader is familiar with classical surgery as described
in [67] and in particular with the identification of the usual normal invariant set

n: Soar(X) = [X, G/CAT).
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There are natural maps from the tangential surgery exact sequence of (6.1) to the usual
surgery exact sequence

771:

(6.7) Lyps1 (Z) —2> S 4p(X) X, SG] —7—= Ly, (Zn)

LT ek

L1 (Z7) —2> Foar(X) —= [X, G/CAT) =2~ L,,,(Zx).

Here we have replaced A ,,(X) with [X, SG] using n*, and i, is the map induced by the
canonical map i: SG — G/CAT (see [51, (2.4)]).

7. THE NORMAL INVARIANTS OF PINCH MAPS

In this section we consider the normal invariants of tangential self homotopy equiva-
lences (X, p, b) covering certain pinch maps p: X ~ X. Let t: Y C X be the inclusion of
closed codimension [ > 0 submanifold Y in a closed m-manifold X, in either the smooth
or PL categories. Let 14 be the normal bundle of #(Y) C X so the stable normal bundle
of Y is given by

(71) vy =V D t*(Vx).
A key map in the following will be the collapse map
th: X = T(w)

which collapses X to the Thom space of v, T'(;), and maps + to the base-point of T'(14).
We suppose that are given a map y: S™ — Y such that the composite x =t o y,

z: 8" Ly L X,
pulls back vy trivially. Since vgm is trivial, this is equivalent to assuming the existence of

a bundle map b,: vgm — t*(vx). If b;: t*(vx) — vx is the canonical bundle map, we set
by = by o b, and consider the following diagram of bundle maps:

b
Vogm ——1*(vx) Ly

L,

gy — - X
The homotopy class p, := px([S™, z, b,]) is then given as the composite

y * T (bs
(7.2) pe = (T(b) 0 py): S™ L5 Tt (vx)) % T(v)
where p, is the homotopy class T'(by)«(psm) € Tmik(T(t*(vx))) and T'(b:) and T'(b,)
denote the induced maps of Thom spaces. Since p, has degree zero, we have the map

~

D(ps): X — (QS°)o. To analyse D(p,) we consider the S-duals of the maps in (7.2).

Lemma 7.3.
(i) The S-dual of T'(by): T(t*(vx)) — T(vx) is given by the collapse map of t;
D(T(bt)) = t'_,'_ X+ — T(Vt).
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(i) D mpan(T(t (vx))) = [T (1), (QS%)o]-
(iii) D(ps) = D(py) o t' € [X, (QS°)o)-
Proof. (i) From the bundle identity vy = vy & t*(vx) of (7.1), we have by [3, Theorem
3.3] that
D(T(t*(vx))) = T(vy ©t*(vx)) =~ T(1).
This duality can be realised as follows. Start with the bundle map A: vy — t*(vx) X 1
which covers the diagonal map ¥ — Y x Y and take the composition

Ay, i=T(A) o py: S™F = T(vy) — T(t*(vx)) AT(vy).

To verify that D(T(b;)) = t' we shall show that the following diagram commutes up to
homotopy.

Y,vg

Stk X () e Pluy) 2T (1)) A T (1)

l/\x lT(bt)/\id

T(vx) A X, AL T(vy) AT (1)

Going in either direction around the diagram gives an element of
7Tm+k(T(Vx) VAN T(I/t)) = 7Tm+k<T(I/X X I/t)) = Qm,l(X X Y; Vx X I/t)

where the last isomorphism is the Pontrjyagin-Thom isomorphism. We claim that, in
both directions, the corresponding normal (X X Y,vx X v;)-manifold is (Y,¢ x idy, by),
where by : vy — vx X 14 is the canonical bundle map defined by the bundle isomorphism
vy Z v @t (vx).

For the composition (id At') o Ax, the homotopy class Ax corresponds to the element
of Q,,(X x X;pri(vx)) given by [X, Ax,id]; here pry is the projection to the first factor
of X x X. Moreover, the map id At' corresponds to taking the transverse inverse image
of along X x Y C X x X and so maps (X, Ax,id) to (Y,t x idy, by ).

For the other composition, we start by noting that t o px = py and py is the stable
homotopy element defined by the bordism class of (Y,id,id) in Q,,_;(Y,vy). Since Ay,
is the map of Thom spaces induced by the bundle map A and b;: t*(vx) — vx is the
canonical bundle map, we see that [Y]id,id] is mapped to [Y,t X idy, by |.

(ii) This the analogue of the bijection in Lemma 6.3.

(iii) This follows immediately from the definition of the duality map D and part (i). O

Recall from Section 5 that the map x = toy: S™ — X can be used to define a
self-homotopy equivalence p(t oy): X ~ X, the pinch map on x.

Lemma 7.4. There is a bundle map b: vx — vx covering p(toy): X ~ X such that
n*([X,p(toy),b]) = 1]+ D(ps) = [1] = (D(p,) o ') € [X,SG].

Proof. Consider the degree one normal map (X, id, id)U(S™, x,b,). The connected sum of
normal (X, vy )-manifolds is a well-defined operation which preserves the (X, vx)-bordism
class. This is because we may assume that there are embedded discuss D™ C S™ and
D™ C X such that z: S™ — X maps D™ identically to D™. Performing zero surgery on
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DmuD™cC XUS™ over (X,vy), i.e. taking connected sum of normal (X, vy )-manifolds,
we see from the definition of a pinch map that
(X,1d, id)g(S™, =, b,) = (X, p(x), b),
where b: vx — vy is some bundle map covering p(z). It follows that
(X, p(x),b] = [X,id,id] + [S™, x, b.] € Q2 (X, vx)1.

Applying Lemma 6.5 proves the first equality of the lemma. The second equality follows
from Lemma 7.3 (3). O

8. THE PROOF OF THEOREM B

We first outline the ingredients involved in the proof of Theorem B, for a given dimen-
sion 4k+2 = dim ;1 = 2772 — 2. Let n = 2k = dim 0;.

(i) Let ¢ be an admissible PL-bundle of dimension n+ 1 over RP™ as in Definition
4.2. We have 7*(§) = 7gn+1. Let W = D(&) and V = 9W = S(¢).

(ii) Suppose that there exists an element z; € §;, with 2z; = 0 and Kervaire invariant
one. By Theorem 4.5, this occurs if and only if [t,11,t,41] = 20, for some
class o € g, 41(S™M!) such that z; = X(«), where X: 7,41 (S"*!) — 7% is the
suspension homomorphism.

(iii) Let p(a): V' — V denote the pinch map defined in Definition 4.6.

The main result to be proven in this section is the following:

Theorem 8.1. Suppose that [t,11,tni1] = 20, for some a € mo,y1(S™), with Y(a) =
xj € ;. Then the pinch map p(«) is homotopic to a PL-homeomorphism g: V = V.

We obtain the involutions of Theorem B by constructing their quotients. These quo-
tients are PL-twisted doubles,

(8.2) M = M(§, a, g) = D(§) Uy D(§),

where g is a PL-homeomorphism provided by Theorem 8.1 and £ and « are as above. We
must of course identify the universal cover of M and for this we have.

Proposition 8.3. The closed PL-manifold M = M (£, a, g) has universal covering PL-
homeomorphic to Mﬁ?“, with an involution of type &.

To prove Proposition 8.3 we need the following application of simply-connected surgery.

Lemma 8.4. Any homotopy equivalence f: N — M%f” from a closed PL-manifold N to
a Kervaire manifold is homotopic to a PL-homeomorphism.

Proof. Since Ly,3(Z) = 0, the PL-surgery exact sequence for M3+ 2 runs as follows:

0 = Fpr(ME?) - M, G/PL] = Lujsa(Z) — 0
From Section 5 there is a homotopy equivalence M2 ~ (S3F+! v 1) U, D¥*+2 where
: S 2L G2+ g g stably trivial map. As mopyi(G/PL) = 0, it follows that
the collapse map cy, : M — S*%+2 induces an isomorphism ¢y, : myi2(G/PL) =

[M%+2 G/PL). But oo Ch, 18 an isomorphism and 7 is injective. Hence Spr(M7ET2) has
one element which proves the lemma. O
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Proof of Proposition 8.3. By Theorem 5.1, our assumptions on § and « imply that M is
homotopy equivalent to M‘}?“. By Lemma 8.4, M is PL-homeomorphic to M}lf*?. 0

Assuming Theorem 8.1, we now have the following result, which implies Theorem B.

Theorem 8.5. Suppose that the set 0; contains an element of order two, for some j > 0.
If € is an admissible PL-bundle of dimension 2k+1 over RP?***1 with k = 29 — 1, then
M‘}f” admits a free orientation-preserving (PL) involution of type &.

Proof. Let M = M(&,,g) by the PL-manifold which we recall is the twisted double
M = D(&) U, D(f) By Proposition 8.3, there is a PL- homeomorphism f: M= M4k+2
Hence if 7: M 22 M denotes the non-trivial deck transformation of M — M, then the PL-

homeomorphism f~!o7o f: ME+? 2 M7 is free orientation-preserving PL involution
of type & on M2, O

Remark 8.6. Theorem 8.5 shows that there exist many inequivalent PL-involutions on
the Kervaire manifolds, just by varying the choice of characteristic bundle &.

The proof of Theorem 8.1. It is enough to show that the pinch map p(a): V ~ V is
equivalent to id: V ~ V in Zpr (V). Now V is an orientable manifold with m (V') = Z/2,
and by [67, §13.A] the map Loy 2(Z) — Layi2(Z][Z/2],+) is an isomorphism. Since the
L-groups of the trivial group act trivially on any PL-structure set, .#pr (V') injects into
Apr(V). So we must prove that the usual PL-normal invariant ¢ := n(p(«)): V — G/PL
vanishes.

By Lemma 4.7, there is a bundle map b: vy — vy covering p(a) and so by diagram
(6.7), o =i on*(). Now from Lemma 7.4, the normal invariant of p(«a) factors as follows

—gos V= T() 2% (s, X5 56 s G/PL.

where ¢ := io([1]x)oD(pp) and i: SG — G/PL is the canonical map. As the bundle v, has
rank n, the Thom space T'(vs) is (n—1)-connected and so ¢ vanishes on the (n—1)-skeleton
of V. It follows that the map ¢: T(vs) — G/PL lifts to a map T(vs) — G/PL(n).

Because there is an odd-primary equivalence T'(Vs) (oqq) = S**!, it will be sufficient to
work 2-locally. There are isomorphisms

[T'(vs), G/ PL{n)] = [T'(vs), G/ PL{n)|2) = [T(vs), G/ PL{n) (2]
Turning to the 2-local situation, by [50, Lemma 4.7] there are cohomology classes
Kappo € H¥2(G/PL(n); Z/2) and Ry, € H*(G/PL(n); Z)) such that the map
[T (Sakse X Ranra): G/PLG) = [ K(Z/2,4k+2) x K(Z), 4k + 4)
4k+2>6 4k+2>6

is a 2-local homotopy equivalence. It follows that [T'(vs), G/PL(n)] can be expressed as
a direct sum of cohomology groups:

[T(v,),G/PL(n)) = @ H*"(T(v.);Z/2) ® H*™(T(v); L)

4k+2>n
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Since mod 2 reduction py: H* (T (vy); Z2)) — H* (T (vs); Z/2) is an isomorphism it
will suffice to consider the cohomology classes k414 := p2 © Raprq and Kypio.

We need to show that ¢)*(ka,) = 0 for each a > n/2. Since 9 factors through the map
i: SG — G/PL, we can use a deep result of Brumfiel, Madsen and Milgram about the
induced map of mod 2 cohomology i*: H*(G/PL;Z/2) — H*(SG;Z/2).

Theorem 8.7 ([14, Corollary 3.4]). i*(ka,) = 0 if a # 2% or 28 —1 and i* (kgr 1) = i* (k3F).

Since T'(vs) is an n-connected (2n+1)-dimensional CW-complex, the first part of Theorem
8.7 implies that the only possible non-zero classes ¥*(ko,) € H*(T(vs);Z/2) are *(ky,)
and ©*(k,12). But by the second part of Theorem 8.7, 1* (kp12) = (V*(k2)) T = 0.

To show that 1*(k,) = 0, we use the surgery-theoretic definition of the x-classes. We
give the relevant formula only in the special case we need. Let X be a closed connected
(4k+2)-dimensional PL-manifold with trivial total Wu class, v(X) = 1 € H*(X;Z/2),
and let (f,b): M — X be a degree one normal map with normal invariant the map
0: X — G/PL. Then by [14, (2.6)],

(8.8) o3([M, f,b]) = (0" (Kar+2), [X]),

where oo([M, f,b]) € Z/2 is the mod 2 surgery obstruction of [M, f,b]. We shall apply this
formula to compute ¢*(k,) € H"(T(vs);Z/2) = Z/2. The generator of H"(1(vs);Z/2)
is the Thom class of T'(v) which is Poincaré dual to the fibre n-disc of the bundle v;.
It follows that the Poincaré dual of the pull-back (s')*9*(k,) = ©*(k,) is represented
by the inclusion of a fibre f: S < V. By Lemma 6.6 and the diagram (6.7), taking
the transverse inverse image along S™ defines the homomoprhism mg» in the following
commutative diagram:

Npp(V) ——[V,G/PL]
-
Npr(S") ——[S",G/PL].

We wish to understand (¢*(k,,), f«[S™]) = (f*¢*(kn),[S™]). Since n7(¢) = [V,p(a),b]
and v(S™) = 1, it suffices to compute the surgery obstruction

o2 (thsn([V, p(e), b])) € Z/2.
Recall that p(a) = p(s oo «) is the pinch map on the composition
G2+l @ gntl T, ppntl S,y

We may assume that f(S™") is disjoint from the cite of the pinching. Since s(RP"*!)
and f(S™) meet transversely in a single point v € V, it follows that p(«) is transverse to
f(S™) € V with inverse image

p(a)TH(f(S™) = f(S") U (somoa) ™ (v).

As 7 is the standard double covering, 7!(v) is a pair of antipodal points vy U v, € S™T.
We may assume that a™(vy) = a(v;) and that (soroa)™ (v) = a H(v)Ua(v)) is a
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disjoint union of diffeomorphic manifolds « 1(:170) =~ o~ !(v;) with diffeomorphic framings
Fy and F; covering the constant maps ¢;: o !(v;) = v €V, i=0,1. It follows that

a3(Msn([V, p(@), b])) = 202([071(?}0), co, Fo]) = 0.

Applying the surgery formula (8.8) we deduce that (f*¢*(k,),[S"]) = 0. It follows that
Y*(k,) = 0 and so [¢] = 0 € [T(v,),G/PL]. Since ¢ = s' o, we conclude that
n([V,p(«a),b]) = [¢] =0 € [V,G/PL] and we are done. O

9. THE PROOF OF THEOREM C

We will now compare free finite group actions on M3 and S%+! x §%+1_ Since the
Kervaire manifolds usually do not admit free involutions, we will consider odd order group
actions. Recall from Section 5 that the homotopy type of both manifolds has the form

(52k+1 v S2k+1) U D4k+2

and the attaching maps of the top cell differ only by the addition of the Whitehead square
W = [topy1, Loks1) € Targ1(S?*+1). The Whitehead square has order two and Hopf invariant
zero, so we may construct a degree four map

f. M}l(/?+2 N SQkJrl % S2k+1

by starting with a degree two map on each sphere of the wedge S%*1 Vv S?*+1 and then
extending by obstruction theory; see [70, XI: 1.16, 2.4].

The “propagation” method of Cappell, Davis, Loffler and Weinberger (see [18], [19,
Theorem 1.6]) can now be used (in favourable circumstances) to construct free finite
group actions on M7 +2 from those on S2+1 x §2k+1,

Theorem 9.1. Let (S%F1 x S2*+1 1) denote a free, PL or smooth, orientation-preserving
action of a finite odd order group mw. Then
(i) In the PL case, there exists a free action (M32 1) and a T-equivariant map
f" >~ f which is a w-equivariant degree four map.
(ii) In the smooth case, the m-action may be chosen to be smooth on some closed

manifold N Zpy, M‘}?H

Proof. We first review the propagation method. Notice that the action of an odd order
group induces the identity on homology. The first step is to construct the homotopy
pull-back diagram (where ¢ = || denotes the order of 7):

Z——Y(L) x K(m,1)

| |

X(q) —=Y(0) x K(m,1)
where X = (521 x S2#*1) /7 is the quotient space of the given free m-action, Y = M2,
and X(q), Y(1/q) and Y (0) denotes Sullivan localizations of the spaces at ¢, 1/q or
rationally (preserving the fundamental group information, as described in Taylor-Williams
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(62, §1]). For the map X(¢q) — Y (0) x K(m, 1), note that X(q)(%) ~ X (0) x K(m,1), and

the degree four map f: Y — X induces a rational homotopy equivalence Y (0) ~ X (0).
By Davis-Loffler [18, Lemma 1.4, Corollary 1.6], we may assume that Z is a finite,

oriented, simple Poincaré complex of dimension 4k+2. In addition, we obtain a (simple)

homotopy equivalence
A2
h: My — Z
to the universal covering of Z. Since X and Y are both smooth or PL-manifolds, the
local uniqueness of the Spivak normal fibration implies that there is a lifting

BCAT
/L
7. . BG

of the classifying map of the Spivak normal fibration vy, with CAT = DIFF or CAT =
PL depending on whether X is smooth or just PL. This depends on the pull-back square,
and the observation that [Y(0), G/CAT] = 0, since

m(G/0) ® Q =m(G/PL)® Q =0,

for r = 2k+1,4k+2. We now compare the surgery exact sequences

0

Foar(Z) Noar(Z) Lipso(Zm) 2 2)2 & Ly, o (Zr)

0 — Fear (M) — Aear (M) Likso(Z) 2 2/2

under the transfer induced by the universal covering Z — Z and the homotopy equivalence
h: MEt? — Z. We have substituted the well-known calculation L5, 4(Zr) = 0 for 7 of
odd order [66, §5.4], and claim that the structure set .Scar(Z) # 0.

The ordinary Arf invariant splits off L}, ,(Z) = Z/2, and the transfer map on L-
groups is an isomorphism on this summand (since 7 has odd order). The reduced L-group
L3, +o(Zm) is detected by the multi-signature invariant (see [30, Prop. 12.1].

In the PL case, we can choose a lifting of v, which agrees with the stable normal bundle
of M7¥™ under the transfer, since

Mo (M) = MUY, G/PL] = 74042(G/PL) = 2,2,

and the only non-trivial normal invariant is mapped isomorphically to Lj, ,(Z) = Z/2.
In the smooth case, we can choose any smooth normal invariant « € Ap;prp(Z) such that
the surgery obstruction of ¢r(«) is zero. In this case, the normal invariants

Nprer(MET?) = MEY?, G /O] = Tor11(G/0) ® Ta11(G/O) ® Tapy2(G/O)

are much more complicated, and any element 3 = tr(a) € Nprpp(Mi?) with surgery
obstruction zero will produce a possibly different smooth Kervaire manifold homotopy
equivalent to M2,
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Next we observe that if a € Acar(Z) is chosen so that f = tr(«) has trivial Arf

invariant, then its surgery obstruction in Zik +o(Zm) will be determined by the difference
of multi-signatures
sign,(N) — sign,_(Z)

in domain and range of a degree one normal map N — Z with normal invariant o
(see [67, §13B]). Since N is a closed PL or smooth manifold of dimension 4k+2, it has
sign_(N) = 0, and sign_(Z) = 0 since Z ~ M2, Therefore, there exists a smooth or
PL-manifold N ~ Z, whose universal covering (Kf , ) provides a free smooth or PL-action
of  on a Kervaire manifold M7¥2. O]

Remark 9.2. The roles of M3*™2 and S%*! x S?+1 can be reversed in this argument.
This proves the other direction of Theorem C, so we conclude that the same odd order
finite groups act freely on both manifolds.

10. TWISTED DOUBLES AND THE SPIVAK NORMAL FIBRATION

The main result of this section is a general result (see Proposition 10.1) about the
Spivak normal fibration of a twisted double, or “two patch space” in the sense of Jones
[38]. The statement is very natural, but we could not find it in the literature and so we
give a proof. It will be used in Section 11 for the proof of Theorem D.

Consider the following general situation: let () be a compact, smooth oriented manifold
with boundary P, and let h: P — P be an orientation-preserving homotopy equivalence
which preserves the normal bundle of P: h*(vp) = vp. We form the Poincaré duality
space

Z:=0QU,Q
by gluing two copies of ) together along h: this is a twisted double. The Spivak normal
fibration of Z may be identified with its classifying map,

Vg Z—)BG,

and vz has a vector bundle reduction if and only if B(i)ovyz: Z — BG — B(G/O) is
null-homotopic, where B(i): BG — B(G/O) is the canonical map. Since B(G/O) is an
infinite loop space [8], it defines a generalised cohomology theory and we may consider the
Mayer-Vietoris sequence for [Z, B(G/O)] associated to the decomposition Z = Q Uy, Q.
The boundary map in this sequence is a homomorphism

dz: [P,G/O] — [Z, B(G/O)].
Proposition 10.1. Let n(h) € [P, G/O] be the normal invariant of h: P ~ P. Then
[B(i) o vz] = £6z(n(h)) € [2, B(G/O)].

The proof of Proposition 10.1 relies on foundational results about the Spivak normal
fibrations of Poincaré complexes which we now recall. Let (Y, 0Y") be an oriented Poincaré
pair of formal dimension m as defined in [65]. The Spivak normal fibration of Y is the
unique spherical fibration over Y such that there is a homotopy class

py € (T (vy), T (voy))
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such that py maps to the generator of H,, (T (vy), T (vay);Z) = Z under the Hurewicz
homomorphism (see [60, Theorem A] and [65, Theorem 3.2 and Corollary 3.4]). We call
such a class py a spherical reduction for vy. If 0: mp k(T (vy), T (Vay)) = Tmak—1(T(0Y))
denotes the boundary homomorphism, then d(py ) is a spherical reduction for vgy. If X is
a closed manifold, then there is a canonical spherical reduction px for vx obtained from
embedding X C S™**. In general, a spherical reduction py is unique up to equivalence in
the following sense. Let (vy) be the group of homotopy classes of orientation-preserving
stable fibre homotopy equivalences of vy .

Theorem 10.2 ([65, Theorem 3.5]). The mapping
&) = Tn(T(x ), Tway)), €~ exlpy),

defines a bijection between E(vy) and mp k(T (vy), T (Voy)):-

Theorem 10.2 leads to an alternative definition of the normal invariant of a tangential
degree one normal map (f,b): M — X of closed manifolds as we now explain. By
Theorem 10.2 there is the unique homotopy class of fibre homotopy equivalence e, € E(vx)
such that

(eb)*(px> = MX([Mv f7 b])

Moreover, if 6 denotes the trivial stable spherical fibration, then by [11, 1.4.6], for any
stable spherical fibration £ over a space Y there is an isomorphism

Ye: E(0) = E(E), e e+ide.
We identify €(0) = [Y, SG] and define
(10.3) n*([M, f,0]) = 7,4 (e) € [X, SG].

Lemma 10.4 (See [51, (2.4)]). The normal invariant n*([M, f,b]) defined in (10.3) agrees
with the normal invariant defined in (6.4) of Section 6.

Proof. Madsen, Taylor and Williams tell us [51, p.450 above (2.4)] that the lemma can
be directly checked using the definition of S-duality. However, the authors refer to the
book [11] for the theory of Spivak fibrations, where only simply-connected Poincaré com-
plexes are considered. We therefore sketch the proof and verify that none of the relevant
statements from [11] use the assumption of simple connectivity.

The proof of [11, Corollary 1.4.18], which is Browder’s version of Theorem 10.2, contains
two diagrams which may be joined together to give the following commutative diagram,

Tvx

&(vx)

~—
=
o
=
o
——
o)l
—~—
=
AN
B
=
A
x
N

——
=
()
I
o
—
)
f—H
wn
. 3
=
<
=
——
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where € = vx @ (—vx) is the trivial bundle, 4/ is an isomorphism defined analogously to e,
T denotes the induced map on the Thom space, D denotes S-duality, lA?(p x )« and p% are
induced by composition with the stable maps px: S™ — T'(vx) and lA)(pX): T(e) — SY.
The commutativity of the above diagram relies on [11, Theorem 1.4.16] which makes no
use of simple-connectivity.

Note that taking adjoints gives an isomorphism Ad: {T'(¢),S°} = [X, SG] such that
the composition Ad o D(py)s o T o~': &(A) — [X,SG] is the canonical identification.
Note that p% o T(ey) = pux([M, f,b]) and that D(ux([M, f,b])) is the tangential normal
invariant defined in (6.4). On the other hand, v7!(ep) is the tangential normal invariant
defined in (10.3) and the commutativity of the diagram shows that the normal invariants
agree. 0

We now return to the general setting of Proposition 10.1, where Z := Q U, @ is a
Poincaré complex obtained by gluing two copies of the smooth manifold () together along
a homotopy equivalence h: P ~ P, such that there is a bundle map b: vp = vp covering
h. Using a collar of P x [0,1] C @ of the boundary P C @, we regard Z as the space

Z=QU, (P x][0,1]) Ui, Q.
We define a stable vector bundle &, over the Poincaré complex R := Q Uy, (P x [0, 1]),

fb = VQ Ub (VP X [O, 1]),

where we glue P = 0Q to P x {0} C P x [0,1]: observe that §|px(13 = vp. Next recall
that the fibre homotopy equivalence e,: vp >~ vp which is defined by the property that

(es)(pp) = pp([P, h,0]) = T(b).(pp) € Tmik(T(vp))1-
Lemma 10.5. The spherical fibration &£ = &, Ut v obtained by clutching the vector

bundles & and vg together along the fibre homotopy equivalence eb_l 1s a model for the
Spivak normal fibration of Z.

Proof. By [65, Theorem 3.2 and Corollary 3.4], it us enough to find a spherical reduction
for . We first identify a spherical reduction pg for & = vg U, (vp x [0, 1]) by gluing the
spherical class pg to the spherical class T'(b x id17)«(ppx[o,1])- Note that by construction
d(pr) = T(b).(pp), and by definition (e, ).(T(b).(pp)) = pp. Moreover, in the other copy
of @, we have J(pg) = pp and thus, after choosing a homotopy between representatives,
we may form the homotopy class

pz = prUpQ € Tm4k(§)-

Since the homotopy classes pr and pg map to generators of H,, (T (vr),T(vp); Z) and
H,i1k(T(vg), T (vp); Z) respectively, the Mayer-Vietoris sequence for the decomposition
T(&) =T(&) Uret) T'(vg) shows that py generates Hp,x(7(£);Z). Hence & is a model
for the Spivak normal fibration of Z. [l

The proof of Proposition 10.1. Let vz: Z — BSG also denote the classifying map of vy.
After the preparations above, it remains to identify the map B(i) ovy: Z — B(G/O) up
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to homotopy. Since there is a fibration sequence

BO — BG 2% B(G/o),

the homotopy class of B(i) o vz will not altered if we add a stable vector bundle to v .
For any stable vector bundle v, let —y denote its inverse and define the following stable
vector bundle over Z:

T :=(=&) Uid,,, ()

The sum of spherical fibrations £ @ Y has a decomposition
(T = (’Sb ® <_5b)) Ueb_lEBid(_VP) (VQ D (_VQ))

and is thus obtained by clutching two trivial bundles together along the fibre homotopy
equivalence

e:= (e, @id(yp) =77 (e, }) € E(0) 2 [P, SC].

It follows that there is an isomorphism of spherical fibrations

€® T = CEP(&@)?

where cgp: Z — X P is the map collapsing @ LI Q) C Z to pt U pt and &, is the spherical
fibration over ¥ P obtained by clutching two copies of the trivial spherical fibration over
the cone of P via e.

At this point we must briefly digress to discuss May’s construction of BH, the classifying
space of a topological monoid H [52, Proposition 8.7]. From this constuction we see that
there is a canonical map j};: YH — BH where ¥ H is the topological realisation of the
1-simplex of the simplicial space used to define BH. The map j}; classifies the canonical
principal H-fibration over ¥ H obtained by clutching two copies of the trivial H-fibration
over the cone of H via the identity map of H.

The isomorphism of spherical fibrations £ & T = ¢ p(&) implies that the classifying
map £ P Y: Z — BSG factors as

o1 7= yvp 29 yoa 556 gsa.
It follows that B(i) o vy = B(i) o (@ T) factors as

3 (io0e)

B(i)ovy: Z = 2P S(G/O) %0, B(G/O).

Equivalently, B(i) o vy = C*ZP((jé/O)*(E(j oe)). Now e = ¢, @id,,) = —n'(b) is the
inverse of the tangential normal invariant of (h,b): P ~ P. Hence i o e = —n(h) is the
inverse of usual normal invariant of h: P ~ P. Finally, the composition

[P,G/O] =, 2P, X(G/0)] M) [XP,B(G/O)] S, Z,B(G/O)]

is, up to sign, the definition of the boundary map dz: [P, G/O] — [EP, B(G/O)], and so
[B(i) o vz] = +£0z(n(h)). This completes the proof of Proposition 10.1. O
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11. THE PROOF OF THEOREM D

In this section we return to the setting of Theorem 8.1. Recall that n = dim §; = 271 -2
and that W = D(§) is the disc bundle of an admisable bundle &. In this section we suppose
that & is a vector bundle. In Theorem 8.1 we showed that the pinch map p(a): V — V
of Definition 4.6 is homotopic to a PL-homeomorphism g(«): V' — V', whenever « halves
the Whitehead square. In other words, x = ¥(«) is an element of order two in 6;.

In Proposition 8.3 we showed that the PL-manifold

M:=M¢ a,9) = W Ugy W

has universal cover PL-homeomorphic to M. Since £ is an admissible vector bundle, we
have an action of linear type.

Now let Z := WU, W be the Poincaré complex underlying the PL-manifold M (¢, o, g)
constructed in Proposition 8.3. Let vz denote the Spivak normal fibration of Z and let n
generate the stable 1-stem.

Theorem 11.1. Suppose that we(§) = 0. If [n- ;] # 0 € coker(J,11) = 41 (G/O), for
some x; € 0; with 2x; = 0, then vz does not admit a vector bundle reduction.

Before proving Theorem 11.1 we verify that its hypotheses are satisfied. By Corol-
lary 4.4 there are numerous admissible vector bundles ¢ over RP™ ™ with wy(£) = 0;
e.g. take £ = vgpn+1, the normal bundle of an embedding RP™"! — R*"*2 For the other
hypothesis, we have

Lemma 11.2. For j = 3,4,5 there exist x; € §; such that [n- z;] # 0 € coker(Jaj+1_1).
As a consequence of Theorem 11.1 and Lemma 11.2

Corollary 11.3. When ws(§) =0, and z; = X(«;) satisfies [n- ;] # 0 € coker(Jy+1_1),
the PL-manifolds M (€, o, g;) are not homotopy equivalent to smooth manifolds.

The proof of Lemma 11.2. For j = 3, w7, = Z/2 ® 7,/2 with generators o2 and x by [63,
p. 189]. Since o2 is represented by (S x S7, fr x f7), where f; x f; is the framing of S7
given by octonionic multiplication, we have K(0?) = 1. Now [63, p. 189] also shows that
(- k] # 0 € coker(Jy5), whereas, by [42, p.257] no? = 0. By [63, Theorem 10.3], there
is a homotopy class k7 € m(S7) which stabilises to x. On the other hand by [6] the
Kervaire invariant vanishes on the image of my;(S7) — 77, and hence K(x) = 0. Thus
x3 =K+ o € 03 has [n - x3] # 0 € coker(Jy5).

For j = 4,5 we assume that reader is familiar with using the mod 2 Adams spectral se-
quence to compute the 2-primary part of 72. Recall that by [10, Theorem 7.1], an element
Tj € Toi+1_9 has Kervaire invariant 1 if and only if it represents h]2 in the Adams spectral
sequence. Now, for j = 4,5, h1h§ is a permanent cycle in the Adams spectral sequence
with Adams filtration 3: see for example [42, Theorem 8.3.2]. Since multiplication by h;
corresponds to multiplication by n and since there are homotopy classes x4 and x5 repre-
senting h? and hZ, we may (ambiguously) denote such permanent cycles representing hy h?
by 1-x;. Since the 2-primary order of the image of Jyj+1_5 is at least 2°, [2, Theorem 1.6],.
It follows that the element of order two in Im(.Jy+1_5) has Adams filtration greater than
3 and so 7 - z; is not in the image of Jyi+1_5. In other words, [1 - z;] # 0 € coker(Jaj+1_1).
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For j = 4, the lemma also follows from [58, Table A3.3]: we take x4 = h? and then
n- x4 = hih3 # 0 € coker(Js1): here we use Tangora’s names from [58, Table A3.3]. [

We now turn to the proof of the remainder of Theorem 11.1. We first give an outline
of the proof, reducing it to Proposition 10.1 and a computational Lemma 11.5 below. We
shall apply Proposition 10.1 to the Poincaré complex Z underlying M,

Z =W Upay W,

where for V = 0W, p(«a): V ~ V is a tangential homotopy equivalence.

Let S' = RP! ¢ RP""!. Since the bundle ¢ is orientable, its restriction to S ¢ RP"*!
is trivial. Let f,: S™ x S' — V be the inclusion of this total space. Since p(«) is the
identity on f,(S™ x S1) C V, there is a commutative diagram

Dl x S« gnx gl o pntl o Gl

(11.4) l L l

w V w

which gives rise to an inclusion f,,4;: S"* x St — Z. From Proposition 10.1 and diagram
(11.4) we deduce that

Foa([B(i) o vz]) = Ggnsrxsi ([ (n(p(a)))) € [S" x S*, B(G/O)],
where dgnt1xg1: [S"x ST, G/O] =2 [S™T! x St B(G/O)] is the boundary map in the Mayer-
Vietoris sequence for the decomposition St x St = (D" x S1) Uy (D™ x S1). Let
cgnt1: S™ x St — ST be the degree one collapse map. Since the top cell stably splits
off S™ x S, the induced homomorphism ¢, : m41(G/O) — [S™ x ST, G/O] is a split
injection. Now since dgn+1yg1 is an isomorphism, to show that
[B(i) ovz] # 0 € [Z, B(G/O)],
it suffices to prove the following

Lemma 11.5. fi(n(p(a))) = ¢ ([n- 25]) € [S" x S, G/O).

We now prepare to give the proof of Lemma 11.5. The statement amounts to showing
that the diagram

snx sty
Cont1 l Ln(?(a))
n+1 [n-z;]
St ——— G/0
commutes up to homotopy. By Lemma 4.7 there is a tangential normal map (V, p(«),b)
covering p(a): V' — V and so by (6.7), n(p(«)) factorises as
n(p(a)): V 7O, s G/O,

where 7%(b) is the tangential normal invariant of (V) p(«),b) and ¢ is the canonical map.
From Definition 4.6 and the proof of Lemma 7.4, we conclude that (V, p(«), b) is normally
bordant to the disjoint union of tangential normal maps (Vid,id) U (S?"*! x,b,). To
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describe the bundle map (z,b,): vg2n+1 — vy, we fix the notation ¢ := s*(vy). Then
(b, x) factorises as in the following diagram,

be b
Vgzni1 —— 17%(() T(vy)

I TR T

« ™ S
52n+1 Sn-i—l RPn—i—l ‘/’

where bs: ( — vy is the canonical bundle map and b, : 7*(¢) — ¢ and b, : vgza+1 — 7((),
are bundle maps covering m and «a respectively. We set y := 7 o a and b, := b, o b,, and
focus on the homotopy class

py = T(by)+(psan+1) € Tonsks1(T(C))

because 1*(b) is determined by p, according to Lemma 7.4.

Giving a precise description of p, is a hard problem since the Thom space T'(¢) has
many cells and so we focus only on the top two cells of (. Let (,_1 be the restriction of
to RP" ! ¢ RP™"! and consider the map

ricor): T(C) = T(Q)/T(Goor) = ST v SR

which collapses all but the top two cells of 7'(¢). The following key computational lemma
is a consequence of the assumption wy(§) = 0 in Theorem 11.1. We defer its proof until
after the proof of Lemma 11.5.

Lemma 11.6. (cr(, 1)«(py) = (1 25,0) € Tonrr1(T(C)/T(Crn)) Z oy @ 7y

The proof of Lemma 11.5. By Lemma 7.4 and the construction of f,: S™ x ST — V' there
is a commutative diagram

(11.6) g x gt v " sq
Lcsnvsnﬂ Ls! l:
Sn oy gntl T (vs) T(l/s) D(py) G i G/O,

where cgnygnt1 is the map collapsing S?, iT(vs) is the inclusion of the bottom two cells of
the Thom space T'(vs) and we recall that f)(py) is the adjoint of the S-dual of p, defined
as in Lemma 6.3.

Since cgni1: S™ x St — S™H factors over Cgnygn+1 18 the obvious way, to prove Lemma
11.5, it will be enough to understand the map D(p,) o irg,): S™V S"*t — SG. Since
¢ = s*(vy), the S-dual of T'(vs) is T(¢) by Lemma 7.3 (1). In particular the S-dual of
i) 1S Cr(¢,_,) and there is a commutative diagram with rows of stable maps related by
S-duality:

CT(Cnfl) Py

Sy gnt T(C)

D jD D
D

Sn+1 vV Sn YT (vs) T(l/s) (py) SO.

S2n+1
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By Lemma 11.6, the composition cr, ;) © p, ignores the S"*! factor of the target
wedge and maps to S™ via 1o x;. It follows that D(p,) o ir(,) is given via projecting
to S"*! and mapping with 7 - z;. Passing to the adjoint of D(p,), ﬁ(py), it follows that
iT(vs) © lA)(py) is null homotopic when restricted to S™, and represents the homotopy class
n-x; € T (QSY) = w5, on S™™. The maps [1]x and ¢ carry this homomtopy class to
the element - ;] € m,41(G/O) = coker(J,41). The fact that n(p(a)) = ion*(p) and the

commutative diagram (11.6) now give the proof of Lemma 11.5. O

Next we turn to the proof of Lemma 11.6. Let us first establish some basic facts
about the stable bundle (. Recall from the proof of Lemma 4.7, that there is a bundle
isomorphism

(= s"(vv) = vgprtt @ (—7),
where 7 is the stable bundle defined by &.

Lemma 11.7. w;(¢) = wy(¢) = 0.

Proof. Since n+2 is a power of two and vgpnt1 = —(n+2) - n, we have the equality
wy (vgpn+1) = wa(vgpn+1) = 0. Recall that me: V' — RP™*! is the bundle projection.
Since V' is orientable and vy = 77 (vgpn+1) @ 7 (—7), it follows that w;(—v) = 0 and so
wa(—7) = wa(y) = 0, where the last equality holds by assumption. The Cartan formula
now gives w;(¢) = wi(vgpa+1) + wi(—7) = 0 and so wz(¢) = wa(vgpnr1 & (—7)) =0. O

Since ( is a stable real vector bundle over RP™*! it has an extension E to RP™*2, and
there is a homotopy equivalence

where ¢: S"TF1 — T'(() is the attaching map of the top cell of T (Z ). We shall establish
two important facts about the homotopy class of ¢ in Lemma 11.8 below. Let

1 T(Q) = T(¢)/S"

be the map collapsing the Thom cell of T'({) to a point. In the proof of Lemma 4.7 we
proved that 7*(¢) is trivial. Hence there is a homotopy equivalence T'(7*(¢)) ~ S*v.SnHrtt
and the bundle map b, : 7*(¢{) — ¢ induces a map

T(bg)/S*: S™F = T(¢)/S".

Lemma 11.8. The homotopy class [¢] € Tpx+1(T(C)) satisfies:

(i) (°)x(¢) = [T(bx)/S"] € Musna(T(C)/SY),
(ii) (c1(¢,-1))+(0) = (1,2) € Typyr (S"FF V S =2 f @ g
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Proof. (i) Let m,4o: RP"™2 — S"*2 he the covering projection so that m, s|gpri1 =
m: RP"! — §™t! The bundle maps b, and by, ,, covering m and 7,45 induce a commu-
tative diagram of map of Thom spaces with Thom cells collapsed:

T(br)/S"

T(7*(¢))/ 5" T(()/s"

L (bwn+2 )/Sk \j

(T(x*(Q))/8) U (D++2 Ly D) T (T()/S*) Uevog D442

But the inclusion T'(7*(¢)) — T (W*(E )) is homeomorphic to the standard inclusion of a
hypersphere S"+ 1 — Sn5+2 and T'(b,,,,) maps the interior of each D"™**2 homeomor-
phically onto the interior of the single D"***2 in its target. Hence T'(b,)/S* is homotopic
to ¥ o ¢.

(ii) The space T (Z) /T((n-1) is homotopy equivalent to a 3 cell complex and so there is
homotopy equivalence

T(E)/T(Cn—l) ~ (Sn+k V Sn+k+1) U Dn+k+2

CT(Cn—l)O ’

where we have use the homotopy equivalence T'(¢) /T ((n—1) == S™T* v S"TFLIf we define
Jnangr: STHE A GntktL s gntktl £ he the map collapsing S™** to a point, then the
degree of jnyx410 cp,_y) © ¢ is determined by the homology group Hn+k+2(T(E)) which
is isomorphic to Z/2 since E is non-orientable. Choosing orientations appropriately, we
have determined by the second component of (cr(c,_,))«([¢]).

We can read off the homotopy class of the second component fo cp(¢
action of Sq¢® in T(¢ )/T(Cn 1) since Sq? detects 77

The collapse map Cr(,_,): T(C) — T(C )/T(Cn 1) induces an isomorphism on mod 2

o ¢ from the

1

cohomology in dimensions n + k and n + k + 2 and hence we can work in H*(7T'(¢ O Z /2).
Let z € H'Y(RP"";Z/2) be a generator and let U be the Thom class of (. Then
H"(T((); Z/2) is generated by z"U and we compute

S¢*(2"U) = 2" U,

since n = 2941 — 2. S¢i(U) = w;()U and w;(¢) = w;(¢) = 0 for i = 1,2. This shows
that Sq¢? maps non-trivially to the top cell of T(¢)/T(¢,—1) and it follows that the second
component of (cr,_,))«(¢) is 7. O

Proof of Lemma 11.6. The map a: S*"*1 — S gtabilises to x; and since 7*(() is trivial,
the induced map on Thom complexes with Thom cells collapsed,

T(ba)/S": T(a"n*(())/S" = T(x*(¢))/S",

is identified with the k-fold suspension of o. But this map can also be identified with the
map po = 1(by)«(pgznt1) composed with the collapse of the Thom cell of T'(7*(¢)). We
recall that p, = T'(bz).(pa) and let CT(C T(¢)/S* — T(¢)/T({u-1) denote the collapse
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map, so that cp, ;) = (C e . Then applying Lemma 11.8 we have

(erca)elpy) = (@i, ) (T (br)(pa))) = (e, ) ((T(b2)/S5)u(x7))
= (er(un)«(d o) = (- 25,0).
U

Remark 11.9. Our assumption in Theorem D that W — RP™'! is a smooth fibre
bundle ensures that W is a smooth manifold with OW = V. Hence M is the twisted
double of a smooth manifold along a PL-homeomorphism, but is not smoothable. Since
M =pp, M%}”?, it is interesting to ask whether M admits a smooth structure over some
skeleton.

Lemma 11.10. The PL-manifold M admits a smooth structure over its (n+1)-skeleton.

Proof. Let us denote the copies of W used to build M by Wy and W;. If we collapse W
to a point then we obtain W, /0W;, the Thom space of £. Since £ has rank (n+1), T(€)
has a C'W-decomposition starting from S™"*! and attaching cells of dimension (n+2) and
higher. Tt follows that M has a CW-decomposition with (n+1)-skeleton RP™*1 v §n+1
where W, thickens RP""!. Up to homotopy, the remaining S"*! is represented by the
union of the fibre discs in Wy — RP™*! and W, — RP"*!. Let D}*' W} be such a
fibre and let D" x D' C W) be a tubular neighbourhood of D}t which meets O,
at D" x ST, Tt is enough to show that the PL-manifold

Wy = W() Ug (Dn+1 X D?—H)

—1
|D”lJrl x ST

admits a smooth structure. By [35, Theorem 5.3], the obstruction to extending the smooth
structure on Wy to Wy is an obstruction class

w € H" Y (Wy, Wo; m,(PL/O)) 2 Z
This obstruction is natural for coverings and w pulls back to the obstruction class w €
H" Y (Wo, Wy; m,(PL/O)) = Z* which we may identify as & = (w,w). Now M = My
and Wy C Mg is homotopy equivalent to a wedge of three (n+1)-spheres. Since M is
smoothable away from a point, it follows that w = 0 and hence that w = 0. 0
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