ADDENDUM: HOMOTOPY SELF-EQUIVALENCES OF 4-MANIFOLDS
IAN HAMBLETON AND MATTHIAS KRECK

ABSTRACT. We add some details for a claim in the calculation of the braid diagram of
[1] for 4-manifolds with finite odd order fundamental group.

1. A MAP IN THE BRAID DIAGRAM

In [1, §4] we claimed that there is an exact sequence
1 — S"(M x I,0)— H(M)— Aut,(M)

where S"(M x I,9) denotes the structure group of smooth or topological manifold struc-
tures on M x I, relative to the given structure on O(M x I), and H(M) denotes the group
of h-cobordisms from M to M. In particular, the first map was claimed to be an injection
without any assumption on (M, xg).

Later we realized that this map is not injective in general, due to the existence of
elements in the structure set given by homotopy self-equivalences of (M x I,d) with non-
trivial normal invariant. The purpose of this Addendum is to supply the details for the
injectivity, under the assumption that (M) is a finite group of odd order.

Example 1.1. For M = S! x S3, consider the smoothing obtained by the pinch map to
M x IV S5 — M x I given by the identity and n? € 75(S5?). This is a non-trivial element
in the set of smoothings, as one can see by taking a codimension three Arf invariant.
However, this element goes to zero in H(M).

Our main use of this claim was to compute a certain map in our braid diagram.

Lemma 1.2 ([1, Lemma 4.1]). Suppose that w (M) is finite of odd order. There is an
injection Hy(M;Z) — H(M,ws), factoring through the map

Qs(M{ws)) — H(M, wy)
from the braid diagram.

With this result established, the diagram in the proof of [1, Lemma 4.1] now shows
that the structure set does indeed inject into H(M ), for odd order fundamental groups.
This was used in the statement of one of our main results:

Theorem 1.3 ([1, Theorem B|). Let M* be a connected, closed, oriented smooth (or
topological) manifold of dimension 4. If w1 (M, xzo) has odd order, then there is a short
exact sequence of groups:

1 — S"(M x I,0) — H(M) — Isom([ry, ma, kar, sar]) — 1
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where the normal subgroup S"(M x I,0) is abelian and is determined up to extension by
the short exact sequence

0 — Lg(Z[m (M, x0)]) — S"(M x I1,0) — H\(M;Z) — 0
of groups and homomorphisms.

In the statement of Lemma 1.2 for the spin case, the bordism groups of the normal
2-type are just the spin bordism groups Q2P (M) or Q3P"(B), where c: M — B is the
2-type of M. We first discuss this case.

Lemma 1.4. Suppose that m := 7 (M) is a finite odd order group, wo(M) = 0, and
u: M — K(m, 1) is the classifying map for the universal covering.

(i) The induced map u,: QP™(B) — QP™(K(w, 1)) is an injection.
(i) Q5™ (K (m,1)) = Hy (M) & Hs(r).
(i) QP (M) = Z/2 & H,(M).
(iv) the map QP (M) — QP"™(B) — Q2P"™(K (n,1)) is the projection onto the sub-
group Hy(M) € QP (K (n,1)).
Proof. This follows from the calculation of the bordism group via the Atiyah-Hirzebruch

spectral sequence as in [1, Proposition 4.5]. For the differential d5: Eg9 — Ej 4 note that
the map H;(m) — @{H,(C)|m — C cyclic quotient} is injective, but Hg(C') = 0. O

The proof of Lemma 1.2. According to the braid diagram, we must compute the image of
the map 7, (&,(B)) — Q57" (B) defined by sending the adjoint map h: B x S' — B, for a
representative of an element in w1 (£,(B)), to the bordism element [M x S, ho(cxid)]. We
use the null-bordant spin structure on the S* factor (see [1, p. 153]). By the Lemma above,
it is enough to consider the image of such an element in Qg” "(K(m,1)). But the reference
map composed with u: B — K(m, 1) is determined just by the map on fundamental
groups M x S' — B — K(m,1). Since the adjoint map restricted to S* V M is just
projection onto M, by the base-point preserving conditions on m;(E,(B)), we see that the
image of our element in Q7" (K (r,1)) is just [M x S*,u o py], where p;: M x S* — M
is the first fator projection. Since we have used the null-bordant spin structure on the
S'-factor, such an element is zero in Q57"(K (w,1)) and hence also in Q27" (B). O

In the non-spin case, note that the normal 1-type is K(m, 1) x BSO, so we have a
natural map u,: Q5(B{wy)) — Q9(K (7, 1)). In comparing the spectral sequences, the
map on the Fj 4 terms is multiplication by 16, and hence an isomorphism on H;(M).

REFERENCES

[1] I. Hambleton and M. Kreck, Homotopy self-equivalences of 4-manifolds, Math. Z. 248 (2004), 147-172;
Erratum: Math. Z. 262 (2009), 473-474.

DEPARTMENT OF MATHEMATICS & STATISTICS
MCMASTER UNIVERSITY
Hamirron, ON L8S 4K1, CANADA

MATHEMATISCHES INSTITUT
UNIVERSITAT BONN
D-53115 BONN, GERMANY



