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ABSTRACT. For certain 3-manifolds M with finite fundamental group, we construct
smooth, negative definite 4-manifolds, with boundary containing M and some orthog-
onal spherical spaces forms. This allows a translation of the existence problem for
finite fundamental groups of 3-manifolds into a problem in equivariant gauge theory.

1. INTRODUCTION

A well-known problem in three dimensional topology is to list all the finite groups
which occur as the fundamental group of some closed 3-manifold. So far, all the
known examples come from the finite subgroups I' € SO(4) which operate freely
on the 3-sphere. The associated 3-manifolds S3/ T admit Riemannian metrics of
constant positive curvature, and are known as the (orthogonal) spherical space
forms. This paper is the first installment of a project whose goal is to show that
these examples exhibit all the finite fundamental groups of closed 3-manifolds.

The classification of orthogonal spherical space forms up to isometry [21] was
first proposed by Killing in 1891, and the problem attracted the attention of famous
mathematicians of the time, such as Clifford, Hopf, Klein, and Poincaré. According
to H. Hopf’s 1925 paper [7], the following is a list of all finite fixed-point free
subgroups of SO(4):

(1.1) The cyclic group C(n), the generalized quaternion group Q(4n), the binary
tetrahedral group 7*(24), the binary octahedral group O*(48), and the bi-
nary icosahedral group I*(120).

(1.2) The semidirect product C(2n + 1) x C(2*) of an odd order cyclic group
with a cyclic 2-group. More explicitly C'(2n + 1) x C(2%) is given by the
presentation {4, B : A2 = gt = 1,ABA! = B!} where k > 2,n > 1.

(1.3) A semidirect product Q(8) x C(3*) of the quaternion group Q(8) with a
cyclic 3-group. More explicitly, Q(8) x C(3F) is given by the presentation
(P,Q,X : P2 = (PQ)? = Q* X* =1, XPX' = Q, XQX ! = PQ}
where k > 1. For k = 1, this is the binary tetrahedral group 7*(24).

(1.4) The product of any of the above groups in (1.1)-(1.3) with a cyclic group of
coprime order.
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At first glance, the above list may appear to be random. In the forties and fifties,
efforts were made to interpret Hopf’s list using group cohomology [1] and it was
discovered that all these groups have periodic Tate cohomology of period four.
In general, a finite group has periodic cohomology if and only if it satisfies the p2-
conditions (“any subgroup of order p? is cyclic”) for all primes p. From the viewpoint
of group theory, this condition means that the odd Sylow subgroup is cyclic and
the 2-Sylow subgroup is cyclic or generalized quaternion. If the cohomology has
period four then, in addition, the pg-conditions hold (“every subgroup of order pq
is cyclic”) for p and ¢ distinct odd primes.

The necessity of the 2¢-conditions was established by J. Milnor [13] in 1957,
when he showed that the dihedral group of order 2¢g cannot operate freely on any
Z/2-homology sphere despite the fact that it has periodic cohomology of period 4.
In [13] Milnor also compiled the following list of all finite groups, not in Hopf’s list
(1.1)-(1.4), but satisfying the restrictions known at the time on fundamental groups
of 3-manifolds.

(1.5) The semidirect product Q(8n,k,l) of the odd cyclic group C(kl) with the
generalized quaternion group Q(8n). More explicitly, Q(8n, k, [) has the pre-
sentation: {X,Y,Z: X2 =Y?" = (XY)?, ZNM =1, XZX ' =2Z", YZY =
Z~1}. Here n,k,l are all odd integers and relatively prime to each other,
n>k>1>1, and r satisfies r = —1 (mod k), r =1 (mod l). If [ =1, we
set Q(8n, k) = Q(n,k,1).

(1.6) The group Q(8n,k,l) with the same presentation as (1.5), but with n even.

(1.7) An extension O(48; 3571 1) of the odd order cyclic group C'(3*711), 311, by
the binary octahedral group O*(48). More precisely, O(48;3%~1 1) has five
generators X, P, @, R, A and the following relations:

X3k —pt_ gl — 1,P2=Q2=R2, PQP ' =Q!
XPX 1=Q, XQX '=PQ,RXR ' =X"! RPR™ ' =QP
RQR'=Q7 !, AP=PA, AQ=QA, RAR"' = A~ L.

(1.8) The product of any of the above groups in (1.5)-(1.7) with a cyclic group of
coprime order.

Thus to eliminate all the groups not on Hopf’s list, it is enough to prove that
groups in the above list (1.5)-(1.8) do not act freely on homotopy 3-spheres.

In the late sixties, C. T. C. Wall asked whether Milnor’s result could be in-
terpreted using the new theory of nonsimply connected surgery. Ronnie Lee [9]
answered this question in 1973 by defining a “semicharacteristic” obstruction for
the problem. As well as recovering the previous result of Milnor, the semicharacter-
istic rules out the family of groups Q(8n,k,1), n even, in (1.6). Later in [17], C. B.
Thomas observed that this also eliminates the family of groups O(48,3%~1,1) in (1.7)
because groups of this type always contain a subgroup isomorphic to Q(16,3%~1, 1).
These results leave undecided only the groups Q(8n, k,1), n odd, in (1.5) and their
products with cyclic groups of coprime order in (1.8) from Milnor’s original list.

A positive answer to Hopf’s question is now equivalent to settling:

Conjecture. For any distinct odd primes p, q, the group Q(8p,q) does not operate
freely on any homotopy 3-sphere.

Notice that a group Q(8n,k, 1) in the family (1.5) always contains a subgroup of
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the form Q(8p, q). Hence ruling out the groups Q(8p,q) also eliminates the family
(1.7) in Milnor’s list and the corresponding products in (1.8).

In this paper, we assume that an exotic 3-dimensional space form ¥/ Q(8p,q)
exists, and show how to construct a smooth, negative definite 4-manifold with
boundary components involving the exotic space form and associated 3-manifolds.
A 4-manifold with boundary has a negative semi-definite intersection form if b5 = 0.
This is a key condition for the use of gauge theory. The main result is:

Theorem A. Let ¥/ G be a nonlinear space form for G = Q(8p, q). Then there ex-
ists a smooth, compact, connected, oriented 4-manifold (Y,0Y) such thatm (Y) =G
and the equivariant intersection form of Y is negative semi-definite. The boundary
components of Y consist of two copies of ¥/ G, together with at least two spher-
ical space forms S®/ Q(4pq) and some (almost) space forms associated to proper
subgroups of G.

By an almost space form S’/T we mean the quotient of an integral homology
sphere S’ by a free action of a proper subgroup I' C G (if I' = 1 we allow an even
more general 3-manifold). For a more precise statement of the properties of (Y, 9Y"),
see Theorem 8.8.

The construction of the above cobordism Y starts with a framed cobordism
(U,0U) — BG with boundary some appropriate collection of linear and nonlinear
space forms £ /G, and S3?/T for T' = Q(4pq), Q(8p), Q(8q), or C(2pq). By re-
attaching the top dimensional cell, we can modify U to a 4-dimensional Poincaré
complex V with 9V = 9U such that the cup product pairing on H?(V,dV;ZQG)
is negative definite. In this step, we use the description of Z[Q(8p, ¢)]-hermitian
forms by means of the “arithmetic square” [19]. Associated to (V,0V), there is a
surgery problem whose surgery obstruction group L4(ZG) has been computed by
Madsen [10]. Using this result, we describe in §§7-8 how to eliminate the surgery
obstruction. We modify V' to construct a new Poincaré complex W, together with
a new surgery problem X — W where some of the boundary components are
changed to almost spherical space forms S’/Q(8p), S"/Q(8q), or S'/C(2pq). The
domain of the surgery problem is a compact, smooth, 4-manifold (X,0X), such
that 0X — OW is an integral homology equivalence.

Since the surgery obstruction is zero, the intersection pairing on Ha(X;ZG) is
the orthogonal direct sum of the pairing on W and some free hyperbolic summands.
In dimension four we may not be able to complete the smooth surgeries suggested
by this algebraic data. Instead, to get rid of the excess hyperbolic summands we
use the techniques of Freedman [3], [4] to represent these hyperbolic summands by
a suitable collection of smoothly immersed 2-spheres in the interior of X. Then we
let Y’ be a closed, smooth, regular neighbourhood of these immersed 2-spheres in X
with Y’ = N, and define Y = X \ int(Y”’) to be the complement. By construction,
the manifold Y has 9Y = 0pY U N where 9y = dX. In addition, the intersection
pairing Hy(Y; ZG) (modulo its null space) is negative definite as required.

We conclude this introduction by mentioning some of the extensive work which
has been done on the analogous spherical space form problem in higher dimensions:
namely, the classification of finite group actions (£2"~! &) on homotopy spheres
27— of dimension 2n — 1, n > 3. This problem was both a motivation and an
important test case for the techniques of algebraic and geometric topology developed
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in the period 1960-1985. P. A. Smith had already shown in 1944 that the p?
conditions were necessary for a G-action on any homology sphere. Conversely, Swan
[16] proved that every group with periodic cohomology acts freely and simplicially
on a CW complex homotopy equivalent to a sphere, and asked whether there was
always a finite simplicial action. Throughout the 1970’s remarkable progress was
made on the higher dimensional space form problem, culminating in the paper
of Madsen, Thomas and Wall [11]. They used the surgery theory of Browder,
Novikov, Sullivan and Wall to show that any finite group G satisfying the p? and 2p
conditions (for all primes p) acts freely and smoothly on a homotopy sphere of some
odd dimension 2n — 1 > 3. The precise dimensional bounds were not determined,
although for G of period 2d they show that n = 2d is always realizable (n = d is
best possible).

The next big step forward was the explicit calculation by Milgram [12] in 1979
of the finiteness obstruction for some of the period 4 groups G = Q(8p, q), following
the method of [20]. In particular, Milgram showed that some of these groups are
not fundamental groups of 3-manifolds. After this followed a sequence of papers by
Milgram (see the survey in [2]), and independently by Madsen [10], aiming at the
calculation of the relevant surgery obstruction. Here the problem is to determine
which of the groups Q(8p, q) act freely on ¥8%+3  for k > 0, since they act linearly
on S®+7 for all k > 0. It turned out that the answer is computable in principle,
but depends sporadically on the number theory of the primes p, g. Note that the
vanishing of the high-dimensional obstruction is equivalent to the existence of a free
action of the corresponding group Q(8p, ¢) on an integral homology 3-sphere.

Despite these spectacular breakthroughs in high dimensions, virtually no further
progress was made using these methods on the space form problem in dimension
3. In a future paper, we hope to show how new 4-dimensional techniques from
equivariant Yang-Mills gauge theory can be applied to eliminate all of the groups

Q(8p, q)-
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2. A FRAMED COBORDISM

We will now start to change the 3-dimensional spherical space form problem into
a 4-dimensional problem. We begin by assuming the existence of a free Q(8p, q)-
action (3, Q(8p,q)) on a homotopy 3-sphere ¥ where p and ¢ are two distinct odd
primes.
The group Q(8p, ¢) has the following presentation:
AP =B1=1,X2=Y2=(XY)?, XAX 1 =A"1
21 Q@pa= <A’B’X’Y' XBX-1=B,YAY-!= 4, 3(/33/)*i =B-1A,B]=1 >

In other words, Q(8p,q) is a semidirect product C(pg) x Q(8) of the cyclic group
C(pgq) with the quaternion group Q(8). Here the characteristic homomorphism
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©:Q(8) = Aut(C(pq)) =Z/p—1xZ/q — 1 is given in the following table.

Zlp=1|Z/q—1

X -1 1
(2.2) v 1 1
XY -1 -1

From this description, we see the following three maximal subgroups:
Q(8p) = (X,Y,A), Q(8q) = (X,Y,B), Q(4pq) = (XY, A, B).

Moreover, by sending the elements X, Y, XY to appropriate quaternions in {i, j, k},
we see that Q(8p), Q(8p), Q(4pq) respectively are isomorphic to the following sub-
groups of the unit quaternions S3:

Q(8p) = (£ 1,4+, £k, *™/P)
Q(8q) = (+1,+i,+j, £k, */7)
Q(4pq) = { + k, e*™i/Pa).

In particular, there exist free linear actions (52, Q(8p)), (S3,Q(8¢)), (53, Q(4pq)) on
the 3-sphere S® and hence spherical space forms S3/ Q(8p), S3/ Q(8q), S3/ Q(4pq).

For our application, we also need the maximal cyclic subgroup C(2pq) generated
by the elements A,B, and (XY)2. By identifying C(2pq) with the cyclic subgroup
(£e2m/Pa) in SU(2), we obtain the free linear action (C(2pq), S®) on S which has
the lens space L(2pgq, 1) = S3/ C(2pq) as quotient space.

Proposition 2.3. Assume the existence of a nonlinear space form %/ Q(8p,q).
Then there exists a framed, compact, 4-manifold U with the following properties:

(i) m(U) =Q(8p,q).

(ii) The boundary OU of U consists of two copies of ¥/ Q(8p,q) with oppo-
site orientation, a copies of S3/ Q(4pq), b copies of S?/ Q(8p), c copies
of S3/ Q(8p), and d copies of S3/ C(2pq) where a,b,c,d are all non-zero
and divisible by 48.

(iii) The induced homomorphism w1 (0U) — w1 (U) on the fundamental groups

sends m1(3/ Q(8p,q)) or mi(S%/ H) for H = Q(4pq), Q(8p), Q(8q), C(2pq)
to the corresponding subgroups Q(8p,q) or H C Q(8p,q).

Proof. As is well-known, the tangent bundle of an oriented 3-manifold is trivial
and hence can be provided with a framing. In particular, we can choose a framed
manifold structure for each of the linear and nonlinear space forms: 3/ Q(8p,q),
S3/ Q(4pq), S/ Q(8p), S3/ Q(8q), S3/ C(2pq). As a result, we can view the expres-
sion for QU in terms of these space forms as the following relation in the framed
bordism group QgT(BQ(Sp, q)):

(24)  a[S%/ Q4pg)] + b[S?/ Q(8p)] + c[S%/ Q(8q)] + d[S%/ C(2pg)] = 0
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since the terms [X/ Q(8p,q)] — [£/ Q(8p, ¢)] cancel out. If we can find a solution of
(2.4) by nonzero integers a, b, c,d with a =b=c=d =0 (mod 48), then it follows
that there exists a framed 4-manifold U’ satisfying:
(iv) 9U' =%/ Q(8p,q) U—2/Q(8p, q) UaS?/ Q(4pg) UbS?/ Q(8p) UcS?/ Q(8¢) U
ds°%/ C(2pq)
(v) the classifying map c:U" — BQ(8p,q) restricted to dU’ gives the corre-
sponding classifying map on each of the boundary components.

Note that cy:m U’ — Q(8p, q) is a surjection. By framed surgery, we can kill the
kernel of ¢4 and obtain a framed 4-manifold U satisfying (2.3) (i)-(iii).

To solve (2.4), we compute QgT(BG) using the spectral sequence with Fy term
given by
Ef; = Hi(G; Q).

The coefficient groups are Q{T =7,7/2,72/2,7/24 for i = 0,1, 2,3 respectively.
We first study the image of our relation under the Hurewicz map

(2.5) Qf"(BQ(8p, q)) — Hs(Q(8p,q); Z).

Since H3(Q(8p,q);Z) equals Z/|Q(8p, q)| = Z/8pq, we have a congruence equation
in Z/8pq. In fact, by considering ¥/ Q(8p, q) as the 3-skeleton of the classifying space
BQ(8p, q), we can deform the classifying maps for ¥/Q(8p, q),5%/ Q(8p), S3/ Q(8q),
S3/ Q(4pq), and S3/ C(2pq) to factor through ¥/ Q(8p, q):

fa: 5% Q(4pq) — E/Q(Sp q
f:8%/Q(8p) — 2/Q(8p

fe: %/ Q(8q) (
fa: 5%/ C(2pq) — E/6»2(819

Then the contribution of [S3/ Q(4pq)], [S?/ Q(8p)], [S?/ Q(8¢)], [/ C(2pq)] to the
factor H3(Q(8p,q);Z) amounts to counting the degrees of the mappings deg f,,
deg f, deg f., and deg f; modulo 8pgq.

From the theory of covering spaces, the maps f, and f. factor through the cov-

erings ¥/ Q(8p) — X/ Q(8p,q), X/ Q(8q) — X/ Q(8p,q).

£ Q(8p) 5 5/ Q(8p) = 5/ Q(8p. )
£2:5% Q(8q) 25 £/ Q(8q) = 5/ Q(8p.q)

Hence we have

deg fy = deg f; - degm, = qdeg f;
deg f. = deg f; - degmy = pdeg f,.

On the other hand, deg f] and deg f! can be taken to be units (mod 8pgq) [16]. Since
(p,q) = 1, there exist integers r and s such that 1 = rqgdeg f; + spdeg f.. From
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this last equation it follows that given nonzero numbers a’, d’ there exist non-zero
integers b’ and ¢’ such that the expression

(2.6) a'[S%/ Q(4pa)] + V'[S%/ Q(8p)] + ¢'[S°/ Q(8q)] + d'[S%/ C(2pq)] = 0

and so gives no contribution in H3(Q(8p,q)).
The El2 5_,; terms of the spectral sequence for ¢ = 1,2 are given by:

Hy(Q(8p,q): ") = Hy(Q(8p, q); Z/2) = 7.)2 & 72,
Hi(Q(8p,q); Q") = Hi(Q(8p.q); Z/2) = Z/2 & Z/2,

and there is a splitting Q" (BG) = Q" (BG) @ Qf". Since Q" = 7,/24 and the first
summand is annihilated by 16, we obtain a solution of the bordism equation (2.4)
from (2.6) after multiplying the coefficients by 48. This completes the proof. [

Later we will need some information about the multisignature of our framed
bordism.

Corollary 2.7. The Z[Q(8p, q)|-hermitian intersection pairing

h: Ho(U; Z[Q(8p, q)]) x H2(U; Z[Q(8p, q)]) — Z[Q(8p, q)]

has signature divisible by 16 at each simple factor of QG.

Proof. We form a closed, oriented 4-manifold M by (i) identifying the copies of
Y./ G with opposite orientation, and (ii) attaching copies of bounding manifolds for
the other space form boundary components. Let v be a characteristic element for
the intersection form by; of M. Now the ordinary signature of this 4-manifold M
is divisible by 16 from the Rochlin congruence

sign(M) = bps(v,v) (mod 16)

since the non-spin part of M comes in multiples of 16. Furthermore, since M is
closed, the multisignature of M is just a multiple of the regular representation,
hence is divisible by 16 at each simple factor of QG. By additivity of signatures,
we see that each component of the multisignature of U differs from that of M by a
multiple of 16. [

3. A POINCARE COMPLEX
Let (U,0U) be a 4-dimensional, framed, cobordism satisfying Proposition 2.3
(i)-(iii). Let G = Q(8p, ¢) and let
b: H*(U,0U; ZG) x H*(U,0U; ZG) — 7

denote the non-singular, symmetric, bilinear form induced by cup product and
evaluation against the fundamental class. Notice that b is a G-invariant form:
b(gx, gy) = b(z,y) for all g € G and all z,y € H?(U,0U; ZG).
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In this section we show how to modify U by removing a cell e* in the interior of
U and then re-attaching this cell e* by a map f:9e* — U — e*. The result is a CW
complex
V=(U-e"u; e

which contains OU as a subcomplex, denoted by V.

Variation of the attaching map of the top cell does not change the 3-skeleton,
and hence has no effect on the fundamental group and homology in dimensions < 2.
By Poincaré duality,

H?*(U,0U;ZG) = H*(V,0V; ZG)

so we can identify these two groups.
The main result of this section is:

Proposition 3.1. Let V': H*>(U,0U; ZG) x H*(U,0U; ZG) — Z be a non-singular,
G-invariant, symmetric bilinear form, with b’ = b (mod |G|). Then there exists
an attaching map f such that the pair (V,0V) is an oriented, finite, 4-dimensional
Poincaré pair with m (V) = G and cup product form b’.

We will first give a description of Hy(U;ZG) as a ZG-module. Note that the
framed cobordism U is not uniquely determined by (2.4) (i)-(iii). We can, for
example, alter the cobordism U by taking the connected sum with copies of S? x 52
away from OU. This has the effect of changing Ho(U;ZG) by taking a sum with
a free ZG-module of even rank, and we will refer to this as “stabilization” of the
cobordism U. _

Let (U,0U) be the universal covering space of (U,0U). On U, there is a free ac-
tion of Q(8p, ¢) and hence an induced action on its homology H 2((7 ). By definition,
the ZG-module structure on Hy(U) is the same as Ho(U; ZG).

Note that U consists of a collection of homotopy 3-spheres. For each of these 3-
spheres, we form a cone and extend the G-action to the cone in an obvious manner.

In this way, we obtain a 4-dimensional Poincaré complex U’ ,
U' =UU (cones over boundary spheres)

where the action of GG is no longer free. In fact, for each of the cone points a, we
have an isotropy subgroup Gy C G. The cone points, denoted by ag, a1, over the
components (X, G), (-2, G) are somewhat special because they are G-fixed points.

The above construction of U’ can be compared with the following. Let 3 x [
denote the product of ¥ with the interval I = [0,1]. Then on the two boundary
components ¥ x 0, ¥ x 1, we can attach two cones to get the suspension S A Y of
Y. The action of G on ¥ x I can be extended naturally to S' A ¥ with the upper
and lower cone points as fixed points. From equivariant obstruction theory, there
exists a degree 1, G-equivariant map

o:U — S'AS

which sends the free orbits to free orbits, ag to the lower cone point and all other
ay to the upper cone point.
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Let K.(p) denote the kernel of the natural homorphism
K.(¢) = Ker{o,: H,(U') — H,(S' A %)}
Then from the degree 1 property of ¢ there is an exact sequence
0— K.(p) — Ho(U') = H.(S'AZ) — 0

of ZG-modules. From this sequence it is easy to see that K,(¢) = 0 for all but the
middle homology K2(p). Since adding points or deleting points does not affect the
seond homology, we have

Ky () = Ho(U') = Ha(U).

Thus we can shift the calculation of the homology Ho(U; ZG) to K2(p) which has the
advantage of being the only nonzero homology group of the relative chain complex

Ci(p).
The relative chain complex

C.(p) = Ker{p,:C,.(U") — C,(S' A %)}

can be calculated by taking equivariant triangulations on U’ and S'AY and cellular
maps between them. Since the cone points can be taken to be the vertices and
the action are free away form these points, we see that C.(y) consists of finitely
generated free ZG-modules for * £ 0 and

Co(p) =F & €P Indg, (2)
A#£0,1

for some finitely generated free ZG-module F. Here ImdgA (Z) = Z ®z¢, ZG =
Z|G/G)y] stands for the induced representation from the trivial G y-representation
7Z to G, and the indices in the sum go through all the cone points a) except for the
G-fixed points ag, a;.

Proposition 3.2. After stabilization, there is an isomorphism:

Hy(U;2G) = (ZG)" & @5 9°Indg, (Z).
A#£0,1

Here we use notation Q2L to denote the first term in an exact sequence:
0—-0°L—>F—>F —>L—0

of finitely generated ZG-modules with Fy, Fy free over ZG. Since tensoring with
Z.G over Z(G ), preserves exactness, we have a stable isomorphism

0’Indg (Z) = Indg (Q°Z).

A standard argument in homological algebra proves that the ()-construction is well-
defined up to stabilizing by free ZG-modules.
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Corollary 3.3. After stabilization, the rank of Ho(U; QG) is divisible by 16 at each
simple factor of QG.

Proof of (3.3). After replacing U by a connected sum with copies of S2 x S? if
necessary, we may assume that the » = 0 (mod 16) in the given expression for
Hy(U;ZG). Since the number of boundary components is divisible by 16, the Q-
summands also have ranks =0 (mod 16). O

Proof of (3.2). We have an exact sequence of ZG-modules

(3.4) 0 — Za(p) = Calp) = Ci(p) = F& @ MdG,Z —0
A£0,1

so it follows that

Za(p) @ (2G)" = (2G)' & P *Indg, (Z).
A#£0,1
On the other hand, C, () with fundamental class [U’] can be viewed as a PD chain
complex. Using the same argument as in [10, p. 199], since K;(¢) = H;(Ci(¢)) =0
for i > 3 we can contract this complex down to a complex C (¢) concentrated in
dimensions * < 2 without changing the homology. Then

Ka(p) ® (2G)" = (2G)" & @ 9*d§ ().
A#£0,1

Since Ks(p) = Hy(U; ZG), this proves (3.2). O

Proof of Proposition 3.1. We must see how the symmetric bilinear form b’ leads to
a suitable choice for the re-attaching map f. First we note that the conditions

Hs(V;ZG) = H3(V,0V; ZQ)
H,(V;0V;ZG) =7

and the non-singularity of the cup-product form are necessary for (V,9V') to be a
Poincaré complex.

Re-attaching maps may constructed as follows. First we map de?* to a wedge of
two 3-spheres Oe* — S2 Vv S2 by collapsing the boundary of a 3-cell in S3 = de? to
a point. Then we map S2 V S2 by sending the copy S V * by the inclusion map
v:0e* — U — e* and sending the copy * V S by a map §:5% — U® from S to
the 2-skeleton U?) = (U — e*)(?) C (U — e*). In other words, f is the composite
mapping

f:0e* — 83 v S3 MALNY s PR

The choice § = 0 just gives the original complex (U, 9U).

Since H3(U ), ZG) = 0, it follows that 0 has no effect on homology and, so as
far as homology is concerned, f is the same as the original attaching map. As a
result, for any such map f the complex (V,0V) is a finite Poincaré pair provided
that the cup-product form is non-singular.
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Variation of the map 0 has an effect on the cap product by the fundamental
class [V,0V] which in turn changes the cup product pairing b: H?(U, OU; ZG) x
H?(U,0U;ZG) — 7. From the exact sequence in (3.4) we have

Hy(UPZG) = 2a(gp).

Comparing with the expression for Ho(U; ZG) = H?(U,0U; ZG) obtained in (3.2),
we obtain
Hy(U®:ZG) = F & Hy(U; ZG),

where F' is a free ZG-module given by the image of the boundary operator from the
complex C,(¢), 0: C3(p) — Ca(p). Note that

m(UP) = Hy(UP,ZG) = F & Hyo (U ZG),

and by a theorem of Whitehead 73(U(?) is just the space of symmetric pairings
on Homy(mo(U),Z). In particular, we can interpret ¢ as a symmetric pairing on
F @ H*(U,0U; ZG).

For any such pairing, the original cup product form

b: H*(U,0U; ZG) x H*(U,0U;ZG) — Z
is changed by re-attaching the 4-cell to
(b+ > g"0): H*(V,0V; ZG) x H*(V,0V;ZG) — Z

(see [18, pp. 240-241], [5,81]). Here ¢g*0 is the translate of the symmetric pairing ¢
by the action of the group element g € G, ¢g*6(z,y) = d(gz, gy), and Y g*d is the
sum of these translates as we go through all the group elements in G. Given b’ in
the statement of Proposition 3.1, we need to find d so that &’ —b=>_ g*d.

Let H denote the ZG-module H?(U, OU; ZG), and Sym(H) the space of symmet-
ric pairings on H. Then b’ —b is an element in Sym(H) which is invariant under the
induced group action. However, the quotient of the group of G-invariant pairings,
by those of the form > ¢*0 is just the Tate cohomology }AIO(G; Sym(H)), which is
a torsion group of exponent 8pg = |G|. But b': H x H — Z on H has the additional
property that ¥ = b (mod |G|). Therefore we can write b’ = b+ ) ¢g*d for some
symmetric pairing §. We then use the associated map f = v V 4, to construct a
Poincaré complex (V,0V) with b’ as its cup product pairing. O

4. HERMITIAN MODULES

In this section we will consider the patching construction for Z[Q(8p, ¢)]-hermitian
modules by means of the arithmetic square:

7G —— QG

(4.1) l l

7G —— QG
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Here Z@ is the product I Z4G of the l-adic group rings and QG the corresponding
weak product of group algebras. Applying the homology functor H,(U;—) to the
above diagram, we have

(4.2) ... = H.(U;ZG) — H.(U;2G) & H.(U;QG) — H.(U;QG) —

To simplify our notation, we denote by H(ZG), H(QG), H(ZG), H(QG) the degree
2 homology of U with the corresponding coefficients in ZG, QG, ZG, or QG. In
particular, we can view the module H(ZG) as patching H(ZG) = H(ZG) ® Z and
H(QG) = H(ZG)®Q together over H(QG) = H(ZG)®Q, with some isomorphisms

(4.3) H(ZG)®Q — H(QG) «— H(QG) ® Z.
In the same manner, we can describe the ZG-hermitian intersection pairing
h: HU;ZG) x H{U;ZG) — ZG

as a pull-back. There are intersection pairings over H(ZG), H(QG), H(QG) by the
pull-back

hy:H(ZG) x H(ZG) — LG

H(QG) x H(QG) — QG
ho:H(QG) x H(QG) — QG

and they are patched together by isometries

(4.4) (H(2G),hz) ®Q % (H(QG), hg) <> (H(QG), hg) ® 2.

We want to use this description later in Proposition 5.1 to construct a new interec-
tion pairing on the same module H(ZG). Our strategy is to keep the pairing and
isometry

(H(ZG), hz) © Q % (H(QG), hy)

on the left of (4.4) unchanged, vary the pairing (H(QG), hg) to a negative defi-
nite one (H(QG), hg), and then use local classification theory to patch everything
together by a new isometry ¢’

(4.5) (H(ZG),hy) ® Q - (H(QG), hy) < (H(QG, hp) @ Z.

The new pairing (H(ZG),h') on H(ZG) is obtained by means of the pull back
diagram as in [19] or [10].
The first step involves only the rational intersection form.

Proposition 4.6. Let (H(QG), hqg) be a non-singular form with hyperbolic rank
> 8, rank H(QG) = 0 (mod 16), and sign hg =0 (mod 16) at every simple factor
of QG. Then there exists a hermitian pairing (H(QG), hg) such that

(i) hg is negative definite at all of the real representations of QG,

(i) (H(QG),hy) ®Z = (H(QG),hg) @ Z over QG,
(iii) det hg = det hg at each simple factor of QG, and
(iv) (H(QG),hg) contains (—1) as an orthogonal summand.
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The assumptions of Proposition 4.6 are satisfied for the intersection form of U by
Corollary 2.7 and Corollary 3.3, after stabilization again with S? x S$?’s if necessary
to increase the hyperbolic rank. The proof follows from well-known techniques in
quadratic forms (see [15, Ch. 10] for the existence of global forms with prescribed
local invariants). First, we recall that S = Q[Q(8p, q)] is a semi-simple algebra and
hence can be decomposed into a product [[ (QG)y of simple algebras (QG), where
x goes through all the irreducibles of GG. Since

Q[C(pg)] = Q x Q(¢p) x Q(¢g) x Q(Cpg)
it follows that S =[], S(d) where

S(d) = Q(¢a)'[X, Y | X? =V? = (XY)?]

is a twisted group algebra. From the presentation of G = Q(8p, ¢) given in (2.1) we
see that the element X2 = (XY)? = Y2 is central of order two, so the group algebra
S = Q[Q(8p, q)] contains the central idempotent %(1 + X?) and splits into a product
of two simple algebras S = Sy x S_. The first factor S, = Q[D(2p) x D(2q)] is the
group algebra of the product of the two dihedral groups subgroups D(2p) = (A, X)
and D(2q) = (B,Y). From the representation theory of these groups, it follows
that

Q[D(2p)] = Q4 x Q- x Ma[Q(¢p + ¢ )]

4.7) QID(24)] = Qs x Q_ x M[Q(Cq + 1))
Therefore
S1)+ =Qry x Qo xQy xQ__

while

S(p)+ = Ma[Q(Cp + ¢ M) ® Qg x Ma[Q(¢p + ¢ )] © Qe

S(q)+ = M2[Q(Cq + ¢ N ® Qi x Ma[Q(Gg + ¢, M) @ Qg
and
(4.8) S(pg)+ = Ma[Q(G + ¢ 1 G + ¢ 1]

The subscripts 4, —, indicate the appropriate sign representations of Q(8p,q) and
(¢p, ¢, are respectively primitive p* roots and ¢'" roots of unity (see [10, p. 211]).
There is a similar decomposition for the second factor S_ into simple algebras which
are non-split at all the real places:

(49) S(l)* :Q[Zvjvk]v S<p)* :Q(Cp)t[zvjvk] B o )
S(q)- = Q)i g k] S(pa)- = Ma(Q(Cpg + Gy )'[is J: )

It is easy to see that all the factors in the above decomposition are preserved under
the canonical involution a:)_ azg — > azg~' of the group algebra QG. As an
algebra with involution, all the factors in S belong to the type OK (R) while the
factors in S_ belong to the type SpD(H). Here we use the classification of [6, p.
549]. A simple algebra (D, a) of dimension n? over its centre £ has type O (resp.
Sp) if E is fixed by o and the fixed set of & on D has dimension 3(n? + n) (resp.
1(n? —n)) over E. We further divide into

(i) type OK(R) if (D, «) has type O, D = E and E has a real imbedding, or

(ii) type SpD(H) if (D, «) has type Sp, D # E, and D is nonsplit at infinite

primes.



14 IAN HAMBLETON AND RONNIE LEE

We wish to reconstruct the pairing on (H(QG), hg) so that it becomes negative
definite. In view of the decomposition above, it is enough to construct a negative
definite pairing over each of the simple factors (H(QG)y, h}) with the prescribed
local data (H(QG)y, hy).

For simple factors of type OK we will use the Hasse-Minkowski Theorem. Its
proof can be found in many textbooks on quadratic forms (e.g. [15, p. 225]).

Theorem 4.10. Let E be a global field. For each prime spot £ of E let an n-
dimensional form 1y over E; be given. Then there exists a form ¢ over E with
¢ =y for all £ if and only if the following conditions are satisfied:

(i) There exists d € EX with d = det(yy) in E; /E}? for all L.
(ii) The number of ¢ for which s(1y) = —1 is finite and even.

For the remaining simple factors, of type SpD(H), we have the following version
of the local to global correspondence:

Theorem 4.11. Let D be an quaternion skew field with centre E, and let (D, x)
be the canonical involution which fizes exactly the elements of E. Given a (D, x*)-
hermitian form h:V x V' — D over the vector space V, the formula x — h(z,x)
defines a quadratic form known as the trace form qn:V — K of h

(i) Two hermitian forms over (D,x*) are isometric if and only if their trace
forms are isometric.
(ii) If E is a l-adic field, then non-degenerate hermitian forms over D are clas-
sifted by their dimension.
(iii) If E is an algebraic number field then non-degenerate hermitian forms over
D are classified by their dimension and their signatures at the real places
where D 1is definite.

Proof. The proof of (i) is in [15, Thm 10.1.7] and [15, 10.1.8(iii)]. Recall that the
canonical involution on Q[i, 7, k] is the one which is type Sp (see [15, p.75]). As is
well known, a nondegenerate quadratic form ¢ over an algebraic number field E is
completely determined by its rank, dim(q), determinant det(q), Hasse symbols s(q),
and signatures sign(q,) at all real places. For h = (o, ... ,ay), its trace form gy, is
of the form

qn = By, —a;a, —ayb, a;ab)

where a, b are elements in F with D = (a,b). From this it is easy to see that

dim(qp) =4dimh, det(qy) =1, sign(qy) = 4sign(h).

These invariants are determined by the dimension and signature, and a short com-

putation shows that
~(a,b\" (=1, (=1)"
i = () (7)

so the Hasse invariants are also determined . O

Proof of Proposition 4.6. We will begin with the type OK factors (QG), and explain
the method by working out the simplest case. Let x be the trivial representation
and (QG)y = Q44+ = Q. Since the involution is trivial, the hermitian pairing
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(H(Q4+),ho,,) = (H(Q),b) is nothing but a non-singular symmetric bilinear form
over the rational vector space H(Q).

We will construct a new bilinear form (H(Q),b") with the same localizations
(H(Qp),be), £ =2,3,... ,00 as the given form (H(Q),b). Over the real place, the
form (H(Qu),bo) = (H(R),bg) is not necessarily negative definite but its rank
and signature are multiples of 16. As a result, we see that

s(bg) = (~1)°¢"V2 =1

since s = 0 (mod 8) is the number of negatives in a diagonal form equivalent to bg.
It follows that
det(bg) =1 in R*/R*Z

If we replace bg by a negative definite form bj, then the same equations are satisfied:
det(bg) = det(br), s(bg) = s(br).

For the rest of the primes, we let b} equal by. Then the collection {b5,... ,b } with
d = det b satisfies the conditions of Theorem 4.10 to be the local data for a global
form. It follows that we have a bilinear form (H(Q),b’) which is negative definite
at the real place and is the same as (H(Qg),b,) for all other primes.

For the other simple factors (QG),, of type OK , the modification of the hermitian
pairing (H(QG)y, hY,) to a negative definite one can be achieved in the same manner,
after applying Morita equivalence to translate from forms over Ms(FE) to forms over
E.

Next we consider the case of simple factor of type SpD(H), and we begin again
with the simplest case when (QG), is a division ring. To reconstruct (H(QGy),h)
we first express h as a diagonal form (a1,... ,ay) over the division ring D = QG
and define b’ = (—1,... ,—1) where A’ has the same rank as h. By Theorem 4.11(ii),
the forms hy = hj, at all finite primes ¢. On the other hand, A’ is negative definite
at the real places.

For a general type SpD(H)-factors, we have a matrix ring My (D, ) over a division
algebra (D, *) with an involution defined by the transpose-conjugation operation:

(aij) — (a};).

By Morita equivalence, the classification of hermitian forms over such simple fac-
tors can be reduced to the classification over D,. As a result the reconstruction
problem of (H(QGY,),h,) can be treated as the corresponding problem over D,,
which we have just considered. We complete the proof of parts (i)-(iii) by putting
all the modified hermitian forms (H(QG),h} ) together. For part (iv), we use the
assumption that form (H(QG),h) contains a hyperbolic form of rank > 8, and a
special case of the above construction: let L = (QG)'6, take b the hyperbolic form,
and b the diagonal (—1) form of rank 16. Then (L,b) ® Z 2 (L,V) ® Z. O

5. STRONG APPROXIMATION

In Proposition 4.6, we constructed a negative definite hermitian form (H (QG), hg)
such that its completion (H(QG),hg) ® 7 is isometric to the adelic completion
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H(QG), hs) of the original hermitian form. In particular, this implies det h, =
Q
det hg € K1(QG). Each choice of isometry

(H(QG, hp) @ Z 2 (H(QG), hy)

gives rise to a form (H’,h’) on some module over ZG by pull-back, but there are
many possible choices.

Proposition 5.1. Let H = H?(U;ZG) and h denote the ZG-hermitian cup product
pairing h: H x H — ZG. Then there exists an isometry ¢": (H(QG,hg) ® Z —
(H(QG), hy) and a hermitian pairing h': H x H — ZG such that
(i) A is the pull-back (hy, ¢', hey)
(ii)) A’ =h (mod |G|), and
(iii) A’ is negative definite at all of the real representations of QG.

When h' has the properties listed in Proposition 5.1, we can use the method
explained in Section 3 to construct a finite Poincaré pair (V,9V) with negative
definite intersection form.

Proposition 5.2. There exists an attaching map f for V.= (U — e*) Uy e* such
that the pair (V,0V) is an oriented, finite, weakly simple, 4-dimensional Poincaré
pair with m (V) = G and orientation class [V| € Hy(V,0V;ZG). Moreover the
non-singular ZG-hermitian pairing

H?*(V,0V;ZG) x H*(V,0V;ZG) — ZG

induced by cup product and the evaluation against the fundamental cycle [V] is
negative definite.

The condition “weakly simple” means that the Whitehead torsion of the Poincaré
duality map is zero measured in Wh'(ZG) = Im(Wh(ZG) — Wh(QG)). This is
automatically true for manifolds and we will preserve this property in our construc-
tion of V' from U using (4.6)(iv).

Over each simple factor of QG or QG, every module is a direct sum of copies
of an irreducible simple module, so we can choose a basis (see [10, §2]), and then
compute the determinant of an isometry. Over non-commutative factors, the de-
terminant must be interpreted as the reduced norm. An isometry of based forms
with determinant 1 is called a simple isometry, and such forms are then called
SU-equivalent.

The manifold (U,0U) has a basis for its chain complex given by its associated
piecewise smooth triangulation. To express the Whitehead torsion of its simple
Poincaré duality map in terms of Reidemeister torsions, it is necessary to base the
homology groups. Let b = {e;} denote a basis of H (ZG) ® Q. Using the given
isomorphism

o H(2G)® Q - H(QG) 2> HQG)® Z
we have a corresponding basis ®(b) = {®(e;)} on H(QG) ® Z) under ®. In par-

ticular, ® is a simple isometry of the given hermitian forms with respect to these
bases.
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Lemma 5.3. There exists an isometry

A~

¢':(H(QG), hy) © Z = (H(QG), hy)
such that the composite

o H(ZG) 2 Q % HOG) Y5 HOQG) o7

is a simple isometry with respect to the bases b and ®(b).

Proof. Tt follows from Proposition 4.6 (iv) that (H(QG), hg) contains the form (—1)
on some basis element e € H(QG), in the given basis. This allows us to pre-compose
any ¢’ with an isometry of the form e — we, where u € QG and u@i = 1. This realizes
all possible values of the reduced norm for an isometry since det hg = det hg. U

Proof of Proposition 5.2. Our new form (H(ZG),h’) is constructed in Proposition
5.1 by pull-back using the simple isometry ¢’ in Lemma 5.3. We then apply Propo-
sition 3.1 to construct V from U. It follows that the based chain complex used to
compute the adelic Reidemeister torsion of (V,9V) is simple chain homotopy equiv-
alent to the one for (U, 0U). Therefore the image of the Whitehead torsion 7(V, 9V)
is zero in Wh(QG) and the Poincaré complex (V, V) is weakly simple. [

To prove Proposition 5.1 we will need the following:
Lemma 5.4. There exist isomorphisms
Y1 H(ZG) — H(ZQ)
¥2: H(QG) — H(QG)
such that ® = (Yo ®id) "1 o @ o (Y1 @ id).

Lemma 5.5. For every divisor ¢ of |G|, the reduction of 11 modulo ¢
U1 H(ZG) @ /0 — H(ZG) @ L)1

is an isometry of the hermitian module (H(ZG), hs) ® Z]L.

Proof of Proposition 5.1. Assuming these two assertions (5.4) and (5.5), we can
complete the proof of Proposition 5.1. Let (H’, h’') be the pull-back of our original
(-adic form (H(ZG),h) @ Z = (H(ZQ), h;) and the new rational form (H(QG), hg)
given by Proposition 4.6, pulled back using the isometry ¢’ of Lemma 5.3. This form
will satisfy (5.1)(i) and (5.1)(iii) once we prove that H' = H(ZG) as a ZG-module.
The remaining property (5.1)(ii) will follow from Lemma 5.5.

Recall from (4.3) that the module H(ZG) is obtained by forming the pull-back
of the diagram:

H(ZG) — H(ZG) ® Q -2 H(QG) ® Z «— H(QG).
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Lemma 5.4 gives us a commutative diagram:

H(2G) —— H(1G)®Q —2— H(QG)®7Z «—— H(QG)
(5.6) lwl lzm@id l#’z@id lwz
H(2G) —— H(2G)©Q —¥— H(QG)® 7 —— H(QG)

From this, it follows that there exists an isomorphism
U: H(ZG) — H(ZG)'

between the pullback H(ZG) of the top row in (5.6) and the corresponding pullback
H(ZG)' of the bottom row. Furthermore, this isomorphism ¥ is compatible with
1y after taking the completion

(5.7) yy lwl

Now the pullback diagram

A~ ~

(H(ZG), hy) — (H(ZG),h;) © Q 25 (H(QG), hly) © Z — (H(QG), hly)

gives rise to the desired hermitian pairing (H(ZG)',h') over H(ZG)'. In addition,
we have a hermitian pairing (H(ZG)',h') ® Z/|G| after taking the tensor product
with Z/|G].

From (5.7), we have a commutative diagram:

~
~

(H(ZG),h)® Z)|G| —=— (H(ZG),h;) ® Z/|G|
l\p (mod |G|) lwl (mod |G])
(H(ZG) W)@ Z)|G] —— (H(ZG),h;) ® Z/|G|

where the two horizontal arrows are isometries. Since 1, (mod |G|) is an isometry
by Lemma 5.5, it follows that the isomorphism W is an isometry after reduction mod-
ulo |G|. Or in other words, the pullback hermitian pairing ¥*(h’) = h (mod |G|).
This proves (5.1) (ii) and the proof of (5.1) is complete. [

To prove (5.4) and (5.5), we need the following version of the Strong Approxima-
tion Theorem for special linear groups due to Eichler and Kneser (see [15, 10.5.1]).
Let R be a Dedekind domain with the global field K as quotient field. Let D be a
finite-dimensional skew field with centre K and A = M,,(D) and let " be an R-order
on A. The special linear group SL(I") is the subgroup of SL(n, D) preserving I'.
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Theorem 5.8. Let P be a finite set of non-archimedean primes , T € SL(n, ﬁ)
and € > 0. Then there exists T € SL(n,D) and S € SL(T') such that T =T oS~ 1,
and ||Sy — Id||, < € for all p € P.

Proof. Consider the element 7 = {T, : S, € SL(n,ﬁp)} in the adelic special
linear group SL(n, ﬁ) Then, by definition, for all but finitely many primes By =
{p1,... ,px} the component T}, € SL(fp) for p # p1,...,pr. We enlarge B if
necessary to assume that it contains all primes p € Py.
Using [15, 10.5.1] (with q one of the infinite primes), and any given 6 > 0 we
have T' € SL(n, D) such that
1T =Tyl <6

for p; € {p1,... ,px} and T € SL(f‘p) elsewhere. In particular, by choosing § small
enough we can ensure that Tp_il oT is in any given e-neighborhood of the identity.
Since SL(fpi) is open in SL(n,ﬁp)), it follows that for § > 0 sufficiently small
Tyt oT =S, isin SL(Ty,) . Define S, = T,' - T for the other primes as well.
Then S = {S,} is an integral adele, S € SL(T'), and 7 =T o S~. [

Proof of Lemma 5.4. To apply the above, we recall that ®' o ®~! is a simple auto-
morphism of the vector space H(QG) ® Z. Note that H(QG) ® Z is decomposed as
a product [] H(QG,) ® Z of simple modules over each of the simple factors (QG),
of QG. In each factor we will take I'y to be the image of ZG in (QG),. Since we
can apply the above theorem to each of these factors and multiply them together,
we will not distinguish between H(QG) ® Z and its factors.

For all but a finite set of primes B = {pi1,...,px}, the automorphism &’ o
®~! preserves the lattice H (ZG) By enlarging this set B if necessary, we can
assume that it contains all the prime divisors of |G|. By (5.8), there exist simple
automorphisms ¢, of H(ZG) and 5 of H(QG) such that

D od = (Yy@id) oo (Y @id) "t od L.

As usual “simplicity” of 11, 15 is measured by reduced norms with respect to our
fixed bases, after tensoring to H(ZG)®Q or H(QG) ®Z. This establishes (5.4). O

Proof of Lemma 5.5. Since ® and ¥’ are isometries between the hermitian forms,
by choosing € > 0 small enough we can conclude that ¢,: H(ZG) — H(ZG) induces
an isometry of the hermitian form (H(ZG), h;) modulo |G|. Thus condition (5.5)
is also satisfied. [

In Section 8, we will need to vary the construction of (V,0V). Recall that the
attaching map f for V. = (U — e*) Uy e* is determined by the hermitian form
(H(ZG), '), which is a pull-back of forms over H(QG) and H(ZG) identified by
the simple isometry ¢’ given in Lemma 5.3.

Proposition 5.9. Let ¢' be a simple isometry as in (5.3). For any unitary auto-
morphism (3 € SU(H(QG),h@), the Poincaré complex (Vz,0Vg) constructed from
¢,ﬁ = B o ¢ is also weakly simple and has negative definite intersection form.

Proof. The image of the Whitehead torsion 7(V,8V) in Wh(QG) is computed by
reduced norms. By construction, these values are the same as those for 7(U, 9U).
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Now we can repeat the proof of Proposition 5.2 using ®; = o (¢')~* o 37! to
construct a hermitian form h’ﬁ, and then re-attach the top cell to get V. [

6. FOUR-DIMENSIONAL SURGERY

In Sections 2-5 we constructed a collection of weakly simple Poincaré complexes
(V,0V) with m1(V) = G and negative definite intersection forms. The boundary
0V = OU is the disjoint union of linear and non-linear space forms. These complexes
are parametrized by elements 8 € SU(H (@G),h@), but this dependence will be
suppressed for the moment. In this section, we will show that each of these Poincaré
complexes admits a degree 1 normal map from a smooth 4-manifold. We then begin
to study the surgery obstruction.

Proposition 6.1. The Spivak normal fiber space & — V is trivial. There exists a
trivialization p: E(§) — R, £ = dim ¢ + 1, and an associated degree 1 normal map
f1(X,0X) — (V,0V), b:vx — &, such that
(i) (X,0X) is a compact, smooth, oriented 4-manifold with 71(X) = G,
(ii) 0X =9V and (f,b)|0X =id,
(iii) sign(X) = sign(V'), and
(iv) the surgery obstruction A(f,b) lies in the “weakly simple” surgery obstruction
group Ly(ZG).

Proof. Note that OV = 9U is a union of framed manifolds. Hence £ | OV has a vector
bundle reduction and in fact a framed structure over V. This smooth structure
can be extended to give a vector bundle reduction for £ over V since the first exotic
spherical characteristic class is zero on oriented 4-dimensional Poincaré complexes.
Then since wo(V) = w3(V) = 0 and V' is homotopy equivalent to a 3-complex,
we conclude that £ is the trivial bundle. We fix a trivialization of £ to serve as a
base-point for normal invariants.

Let p: E(¢) — RY, £ = dim& + 1 >> 0, be any fibre homotopy trivialization of
¢ extending the given trivialization of £|0V. By making p transverse to 0 € R?, we
obtain a compact, smooth 4-manifold X, with X, = OV and a degree 1 normal
map fe : X¢ — V covered by a bundle map be : v(X¢) — &

(6.2) l l

Xg L %4
and (fg, bg)‘((’)Xg = id.

By varying within the normal cobordism class of (f¢,b¢) if necessary, we may
assume that fe induces an isomorphism of fundamental groups, so m(X¢) = G.
Furthermore, since (V,9V') is a weakly simple Poincaré pair, the surgery obstruction
A(fe, be) for (6.2) lies in group L{(ZG) computed in [19]. As a simply connected
surgery problem, (6.2) has an obstruction given by the difference sign(X¢) —sign(V)
of two signatures. However we can get rid of this obstruction by the following
modification.
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Consider a degree 1 map ¢ : V/9V — S*. From [8], it is known that m4(G/PL) =
7 and its generator is represented by a vector bundle n over S* with a homotopy
trivialization p : E(n) — R’ and ip;(n)[S*] = —16. Pulling back this G/PL-
structure to V' via ¢, we can add this to £ to get a new G/P L-structure & f¢*n.
Note that the relative Pontrjagin class 3pi(£f¢*n)[V/OV] = 3pi(n)[S?] = —16
with respect to our base-point trivialization on &. Therefore by repeating this
construction k-times, k = sign(V')/16, we arrive at a G /P L-structure &’ over V/0V
with %pl(f’ ) = —sign(V). Using &’ instead of £, we obtain a corresponding surgery
problem:

ber
v(Xg) —— ¢

! !

Xe ey

Since we have
sign(Xe) = 31(r(Xe)[Xe/0Xe] = —31(€)[V/OV] = sign(V)

it follows that the simply connected surgery obstruction equals zero. [J

There are other surgery obstructions for our problem (f,b) : X — V| indepen-
dent of the simply-connected signature obstruction. In fact, the relevant surgery
obstruction group L{(ZQ(8p,q)) has been computed by Madsen in [10] following
the methods of Wall [19].

As in [10, p. 208], let

LY (ZG,a,1) for n =0 (mod 2),and

L};(ZG,a,l)/(iol (1)> forn=1 (mod 2),

Ly, (2G) = {
where the decoration Y = SK;(ZG) ® (x£g|g € G).

Theorem 6.3. There is a natural splitting:

LY (zG) =Y (LY (2G)(d) : d | pq}

such that

(i) for d # 1,LY(ZG)(d) = LX(ZG)(d) where the decoration X stands for
SK,(ZG).
(i) Ly (ZG)(d) = Ly (Z[Z/d % Q(8)])(d)

(iii) for each d | pq, there is a long exact sequence:

= CLY L (S(d)) — LY (2G)(d) — LY (T(d)) & [[ LX (Re(d)) - ..
od

where
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and

CLX(S(d)) = LY (S(d) — 5(d) & T(d))

(iv) The K-theory decorations are given by

X(S(d)) = X(T(d)) = X (Re(d)) = {0}, (¢ odd).

Since the calculations of LY (ZG))(d) for different d | pq are quite similar, Madsen
concentrated on the most difficult case when d = pq. For this he proved the following
[10, Thm. 4.16]:

Theorem 6.4. There is an exact sequence
0 — Cokeryf — LF (ZG)(pq) — Keryf — 0,

where Keril' is the free abelian group detected by the signature invariants cor-
responding to real places of F' = Q[(, + Cp_17Cq + Cq_l]. The term Cokeryf is
determined by the exact sequence

(6.5) 0— Kerd! — F@/F*2 o HO((A/pq)*) — Cokerypf — HO(D(F)) — 0,

where A = Z[Gy+ G0 G+ Gy F = QUG+ G G+, T(F) = I(F)/F* s the
ideal class group of F, I(F) = FX/EX - A% is the ideal class group, and F?) C F*
consists of elements with even evaluation at all finite primes.

For a geometric surgery problem (f,b), the image of the surgery obstruction
A(f,b) in the group Ker 1)y can be interpreted as the difference sign, (V') —sign, (X)
between the multi-signatures of X and V.

Proof of Theorem 6.4. The exact sequence of (6.4) comes from the calculation of
L-groups [19]: we substitute

TT LX) = [ HO(47) x A2,

Upq Lpq

and Ly (F) = H°(FX) together with C L (F) = H°(C(F)) into the commutative
diagram

[upg HO(AZ) x AJ2 x HOF) —2s HO(C(F))

ety LY (A0) ¥ L (Fo)  ——— CLF(F)

where C(F) = F /F* is the idéle class group and the vertical maps are induced by
the “change of decoration” Rothenberg sequences in L-theory comparing L* with
L¥ . In describing the cokernel of f", it is convenient to compare with the natural
homomorphism

HO(AX) x HY(FX) x HY(F*) — HO(FY)
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which has kernel F(®)/F*2? and cokernel H°(I'(F)). Putting this information to-
gether we have the commutative diagram:

0 — Kerypf — HO(A;,) x HO(FX) x HO(F*) — HO(FZ) — Cokerypf — 0

l l I l

(6.6) 0 — FR/F*2 — HO(AX) x HO(FX) x HO(FX) — H(EFY) — HO('(F)) — 0

l l

0 — HOAY) = HO(AX)

Here HO(AX) = [Lepq HO(AX) and HO(AY) = [Tetpq HO(AY). The snake lemma
and the isomorphism Coker I = Coker ¢! yields the exact sequence in (6.5). [

We will now apply these calculations to study the surgery obstructions which
lie in Coker;. Let SU,(QG) denote the group of unitary automorphisms of the
hyperbolic form of rank r over QG.

Lemma 6.7. There is a natural projection SUT(QG) — Cokeriy, forr > 3.
We will denote the image of 8 € SU, (QG) under this projection by [A].

Proof. Since
CLY(5(d)) = Ly (S(d) — S(d) & T(d))

is actually a quotient of L5(S(d) @ T(d)) by [19,1.2] and L5 (T(d)) = 0, we see
that C'L7(S(d)) and hence Coker v, is a quotient of L7 (S(d)). However, by defini-
tion L7 (QG) is a quotient of the stablized special unitary group SU(QG) and the
projection

SU-(QG)/RU,(QG) — L7 (QG)
is an epimorphism for r > 3. [

Recall from (5.9) that we can vary our Poincaré complex (V,0V) to (Vg,0V3)
for any 3 € SU(H(@G), h(@). Exactly the same process can be used to vary any
algebraic quadratic Poincaré complex (as defined in [14]).

Any 4-dimensional quadratic ZG Poincaré complex C(1)) can be stabilized by
adding a hyperbolic form H(q(r)) = H(ZG)" of rank r over ZG (considered as a 4-
complex concentrated in the middle dimension). This is just the algebraic analogue
of adding copies of S? x S? to the domain of a geometric surgery problem. Now
if C(y(r)) = C(v) @ H(q(r)) is the r-stabilization of C'(¥) and § € SU,(QG), we
can construct a new quadratic Poincaré complex C(1g(r)) by pulling back using
the same rational and f-adic pieces as C(t) @ H(q(r)). The identification over QG
is altered by composing with 3 (just as in Proposition 5.9).

Lemma 6.8. For any B € SUT(QG), r > 3, and any 4-dimensional quadratic
Poincaré complex C(v) over ZG, the surgery obstruction A(C(v3(r))) € Ly(ZG) is
independent of r and given by AN(C(v3(r))) = MC(¥))) + [5].

Proof. Stabilization does not change the surgery obstruction of C(1)) so
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Similarly, A(C(1g(r))) is independent of r since r > 3. We can also assume that
the patching over QG used to construct C (1), and the action of /3, take place in
orthogonal direct summands of C(¢(r)). Therefore

C(¥p(r)) = C(¥(r)) © H(gs(r)).

Since the surgery obstruction is just the algebraic Poincaré cobordism class of
C(vp(r)), and A(H(gg(r))) = [5] by definition, the given formula holds. O

7. INDUCTION MAPS

This section contains an algebraic result we will need to handle the multisignature
surgery obstruction. Let R(G) denote the real representation ring of G, and recall
that there is a natural transformation [19, 2.2] of Mackey functors

oc: Ly(ZG) — R(G)

given by diagonalizing a hermitian form (H, h) over each irreducible representation
a of RG (see [19, §2.2]) and then taking the formal difference sign, (H,h) of the
maximal positive and negative definite G-invariant subspaces.

In particular, the homomorphisms op: L{(ZH) — R(H) for H = Q(8p),Q(8q),
and C(2pq) are compatible with the induction maps between the surgery obstruction
groups, and the corresponding induction homomorphisms:

i1t R(Q(8p)) — R(Q(8p,q))
ize 1 R(Q(8q)) — R(Q(8p,q))
iz« : R(C(2pq)) — R(Q(8p,q)).

The reduced representation ring R(G) = ker(R(G) — R(1)) is generated by ele-
ments of the form (o — dima - 1) for all real G-representations «. This ideal of
R(QG) is closed under induction and restriction. The transformation o induces

o: L)\(ZG) — R(G),
which is again compatible with the Mackey structure, and we have the commutative
diagram

Ly(Q(8p)) & Ly(Q(8q)) © Ly(C(2pq)) 2221, [ (z.a)
R(Q(8p)) ® R(Q(8q)) ® R(C(2pg)) 228 R(@).

The main result of this section is:

Proposition 7.1. The image of o: L},(ZG) — R(G) restricted to Im (I, ® I, ®1s,)
contains the subgroup 16 - R(G).

We will describe the splitting used in [19, §4] and Theorem 6.3, in order to study
the induction homomorphisms between these groups.
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Lemma 7.2. The map og has a direct sum decomposition o = @d\pqa(d) where
o(d): Li(ZG)(d) — R(G)(d). A similar splitting exists for the subgroup C(2pq), and
the induction map Is: L{(ZC(2pq)) — Li(ZG) preserves the components.

Proof. Note that the group algebra Q[C'(2pq)] decomposes into the product of four
different fields Q, Q(¢p), Q(¢,), and Q((pq). This induces a corresponding decom-
position on QG = Q[C(2pq)]'Q(8) and hence on every functor of QG. In fact,
for every covariant functor A(—) from finite subgroups of G to abelian groups, an
analogous decomposition exists for A(G). Let f,, f; : C(2pq) — C(2pq) denote
the endomorphisms which project onto C'(p) and C(q) respectively. They extend
to endomorphisms f,, f, of Q(8p,q) by setting f, |Q(8) = f,| Q(8) = id. Since
fg = fp, qu = fq, we obtain idempotent endomorphisms F, = ( fp)* and F, = ( fq)*
of A(G). Hence there is a decomposition

A(G) = A(G)(1) @ A(G)(p) @ A(G)(q) © A(G)(pg)

where
A(G)(1) = FpFo(A(G))
A(G)(p) = Fp(1 - Fy)(A(G))
A(G)(q) = Fo(1 - F,)(A(G))
A(G)(pg) = (1 = Fp)(1 = Fy)(A(G))

Applying this splitting to the surgery obstruction group L{(ZG), we have
Lo(ZG) = Ly (ZG)(1) & Lo(ZG)(p) ® Lo(ZG)(q) @ Lo(ZG)(pg)-
Similarly for R(G), we have
R(G) = R(G)(1) ® R(G)(p) ® R(G)(q) & R(G)(pq)-

Since the splittings are given by idempotents, we get a corresponding direct sum
decomposition for o.

The idempotent endomorphisms fp, fq also exist on the subgroup C(2pq) and
hence give the corresponding decompositions on Lg(C(2pq)) and R(C(2pq)). The
commutativity of the following diagram (d | pq)

LH(ZC(2pg))(d) —— R(C(2pq))(d)

(73) l[:),* li?p«
Ly(ZG)(d) —"—  R(G)(d)
means that the induction maps from C(2pq) preserve the components. [

There is one more functorial fact which simplifies our computation. Both Q(8p, q)
and C(2pq) contain a unique order 2 element X2 = Y? = (XVY)? in the centre. By
Schur’s lemma the action of this element on the irreducible are either +1 or —1.
Accordingly the representation rings decompose into two components:

R(Q(8p,q))(pq) = R(Q(8p,q))(rq) + ® R(Q(8p,q))(pq) -
R(C(2pq))(pq) = R(C(2pq))(pq)+ © R(C(2pq))(pq) -

and the homomorphism %3, preserves these decompositions.
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Proposition 7.4. On the (—1)-component the homomorphism

(i3)« = R(C(2pq))(pg) - — R(Q(8p,q))(pq) -

is surjective, and on the (+1)-component the image of the homomorphism
(i3)« : R(C(2pq))(pa)+ — R(Q(8p,q))(pq)+

equals 2 - R(Q(8p, q))(pq) +

Proof. Recall that the splittings on R(C'(2pq)) and R(Q(8p, q)) can be achieved by
first applying the splittings to the group algebras Q[C(2pq)], Q[Q(8p, q)]. By (4.8)
and (4.9) we see that the rational representations in the top components S(pq)
and S(pq)_ are induced up from Q[C(2pq)], and become the twisted group algebras
Q(¢pg)t[X, Y4 which have dimension 4(p —1)(¢— 1). In the regular representation
of QG, this factor decomposes as the direct sum of 4 copies (respectively 2 copies)
of the simple module for S(pq)y = My(F') (resp. S(pq)—- = Ms(D)). Note that
Q(¢pq) ®R splits into (p—1)(g—1)/2 copies of the complex numbers C, and the centre
field FF = Q(¢p +¢, ', ¢g +¢; ") splits into (p—1)(g—1)/4 copies of R. By counting
dimensions (over R), we see that each one of these irreducible representations C
of C'(2pq) induces up to a real 8-dimensional representation. Since the irreducible
module L4 for a simple factor of My(F) ® R (resp. Ms(D) ® R) has real dimension
4 (resp. 8), we conclude that the induced real representations is Ly & Ly in the
(4+1)-component and L_ in the (—1)-component. [

Proof of Proposition 7.1. The endomorphism fp factors through the subgroup Q(8p),
and we have the inclusion Im F,, C Im4;,. On the other hand, because fp 0ty =11,
we have (Fj,—1)Imi;, = 0. Similar relations hold for F, and is,. From the definition
of the summands R(G)(d) in terms of these idempotents, it follows that

(7.5) R(G)(1) ® R(G)(p) ® R(G)(q) = Im (i1.) + Im (i2.).
On the other hand, by Proposition 7.4, we have
2 R(G)(pq) C Tm (i3.)
and we can conclude that
2 R(G) CIm (i14 @ i2x B ize) C R(G).

Moveover, it follows from the results of [6], [19,2.2.1] on the divisibility of the
signature invariants, that
o Ly(ZH) — R(H)

has image containing the subgroup 8 - R(H) for H = Q(8p), Q(8¢), or C(2pq). By
naturality of o,

16 - R(G) C o¢(Im (I, & I, & I5,)) C R(G). O
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8. ALMOST SPHERICAL SPACE FORMS

We are now ready to consider the surgery obstructions of the degree 1 normal
maps constructed in Proposition 6.1.

Proposition 8.1. Let f¢:(X,0X) — (V,0V), be:vx — & be a degree 1 normal

map satisfying the conditions in (6.1). Then there exists an element € SU,(QG),

tht?), and a degree 1 normal map f{ 5: (X', 0X") — (Vg,0Vp), b g1vx: — & such
a

(1) f¢z|0X" is an integral homology equivalence, and
(i) A(FL Ve 5) = 0 € LH(ZG).

After giving the proof of this result, we will use it to construct the smooth 4-
manifold (Y, dY") described in the Introduction.

Proof. We will first consider the multisignature obstruction sign, (V') — sign, (X¢)
given by irreducible real representations o, o # 1, of G = Q(8p,q). Note that
this set of surgery obstructions generates the group Kery and so if sign, (V) —
signa (X¢) = 0 for all a then A(f¢,be) € Coker ).

We begin with the p-invariant p,(N) of a 3-manifold N with a unitary represen-
tation a : 1 (N) — U(n). Suppose N = 0M and « extends to a representation of
m1(M). Then

pa(N) =mn-sign(M) — sign, (M).

As a consequence of this formula, we have

signg (V) — signg (X) = signe (V) — [n - sign(X) — pa (0X)]
= signa (V) — [n - sign(V) — pa(0X)]

or, in other words, the vanishing of the obstruction sign, (V') —sign, (X) is the same
as requiring that the following equation

(8.2) Pa(0X) =n-sign(V) — sign, (V)

be satisfied by the domain (X,0X) of our degree one normal map. Note that
this equation, and the fact that sign X = signV, implies that the multisignature
difference depends only on X = 9V.

In general, equation (8.2) may not be satisfied and so these are nontrivial ob-
structions for our surgery problem. To get rid of these obstructions, the idea is to
replace copies of the spherical space forms S/ Q(8p), S3/ Q(8q), or S3/ C(pq) on
the boundary 0X by almost spherical space forms S’/Q(8p), S'/Q(8q), S'/C(2pq)
and therefore change the p-invariants. After this process, our new normal map will
no longer restrict to the identity on the boundary, but just to an integral homology
equivalence.

One way to construct an almost space form S’/H is to start with an element
o € L{(ZH) and apply the Wall realization theorem to construct a degree 1 normal
map

(f,b): (M*, 0o M*, 0, M*) — (S3/ H x 1,53/ H x 0,5% H x 1)

such that A(f,b) = 0. More explicitly, this surgery problem is constructed by rep-
resenting o by a quadratic form on a free ZH-module and using this algebraic data
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as a prescription for attaching 2-handles to S3/ H x I. By construction, the lower
boundary component yM* = S3/ H and the restriction of (f,b) is the identity.
The upper boundary component 9; M4 = S'/H is an almost space form. On this
boundary component the restriction f:S’/H — S3/ H is just an integral homology
equivalence, and a surjection on fundamental groups. The fact that we have lost
some control of 71 (S’/H) is a typical problem with surgery in dimension 3, but at
least S’ is an integral homology sphere.

Now suppose that we start with o1, o2, and o3 in L{(Q(8¢q)), Ly(Q(8¢)), and
Ly (C(2pq)) respectively. Then we construct 4-manifolds M, My, M3 whose bound-
ary components are the spherical space forms S3/ H; and the almost space forms
S"/H; with H; = Q(8p), Q(8q), or C(2pq) for i = 1,2 or 3. Let g;: S’ /H; — S3/ H;,
1 < ¢ < 3, denote the integral homology equivalence obtained by restricting the
degree 1 normal map (f;,b;) used to construct (M;,0M;) to the top boundary com-
ponent.

Next we attach these surgery problems (f;, b;) to our degree 1 normal map X — V
along the appropriate boundary components of 0.X = 9V. More precisely, we
attach the 4-manifold M; to a component of X with boundary $3/ H; and extend
the degree 1 map by using the normal maps (f;,b;) to collars S3/ H; x I on the
same component of 9V. This produces a new degree 1 normal map (which we will
consider to be a relative surgery problem):

(8.3) (fe,be): (X', 0X") — (V,0V),

where the domain is
X' =X UM, UM,yU Ms,

and fé restricted to 90X’ is an integral homology equivalence.
_ Moreover, if we choose 0,02, 03 to lie in the reduced surgery obstruction groups
Ly(Q(8p)), Ly(Q(8q)), or Li(C(2pq)), then the simply-connected signature invari-
ants sign(M;) =0 for i = 1,2 and 3. It follows that sign(X'’) = sign(V).

We can now compute the effect on the multi-signature obstruction

(8.4) signg (V) — signg (X') = pa(0X') — n - sign(V) + sign, (V).
We have changed the p-invariants on the boundary by the formula:
(8.5) Pa(0X") = pa(0X) + signa[I1.(01) + Iz (02) + (I3:(03)]-

Here I1., I, I3, are the induction homomorphisms between the surgery obstruction
groups:

Lt Ly(Q(8p)) — Lo(Q(8p,q))

L. : Ly(Q(8q)) — Lo(Q(8p,q))

I3« Lo(C(2pq)) — Lo(Q(8p, q))

already used in Section 7. Substituting (8.5) into (8.4), we have the equation

(8.6) pa(0X)+ > signa[(In.(ow)] = n - sign(V) — signg (V)
1<k<3
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as the requirement for vanishing of the multisignature obstruction for the surgery
problem of ( fé, b’g) Therefore our goal is to choose o1, 02,03 in such a manner that
the expression (8.6) is satisfied.

The nonsingular hermitian pairing (H, h) for H = Ho(V'; ZQG) gives us an element
in R(G), whose a-component is sign, (V). Therefore we can interpret the expression
n - sign(V) — sign,(V), n = dime, in (8.2) as the a-component of an element
o(V) € R(G). Similarly, we have 0(X) € R(G). In addition, from the construction
of (V,0V') both ¢(V) and o(X) are divisible by 16, or in other words

o(V) —o(X) €16- R(G) C R(G).

Since po,(0X) = n -sign(X) — signy (X), we can rewrite (8.6) as an equation in the
reduced representation ring:

(8.7)  oa(I1s(01) + Iou(03) + Isu(03)) = o(V) — o(X) € 16 - R(G) C R(G)

where

oc: Ly(ZG) — R(Q)

is the multisignature natural transformation from Section 7. But the main result
of that section, Proposition 7.1, states that equation (8.6) has a solution oy, o9,
o03. We may therefore use these elements to construct a degree 1 normal map
(f&,be): (X', 0X") — (V,0V) as in (8.3) with A(f{,b;) € Coker;. Since the mul-
tisignature vanishes, this surgery obstruction is independent of the choice of normal
map (i.e. depends only on the range (V,0V)).

To complete the proof of Proposition 8.1, we pick 3 € SUT(@G), for r > 3,
projecting to A(f¢,b;) € Cokert;. This is possible by Lemma 6.7 (note that the
obstructions are now 2-torsion). We then consider the new Poincaré pair (Vg,0V3)
as constructed in Proposition 5.9. By construction, the boundary 0Vz = 0V and
the multisignature of (Vj3,0Vj3) equals that of (V,0V). It follows from Proposition
6.1 that there is a degree 1 normal map (fe g,beg) onto (Vj,0Vs) which is the
identity on the boundary. Since 0V = 0V

signa (fe,5,be,5) = signa(fe, be)

and we may use the same elements o1, 05,03 to construct a modified normal map
(f¢ s bt ), inducing an integral homology equivalence on the boundary, with zero
multisignature obstruction

The surgery obstruction A(f{ 5,0z 5) is determined by the induced quadratic
structure [14] on the mapping cone complex C.(f{ 5):

0 — Cu(X{5) = CulViep) = Culflg) = 0.

This sequence can be analysed as in §4 by means of the arithmetic square. Again by
stabilizing our Poincaré complexes, we can assume that the new identification over
QG given by 3 takes place on some hyperbolic factors of (H (@G), hQ) orthogonal
to those summand used in constructing the map fé 5- The new Poincaré complex



30 IAN HAMBLETON AND RONNIE LEE

is normally Poincaré bordant to the original (relative to the boundary) with bundle
data induced by a trivialization of the Spivak normal fibre space (6.1).

Now by taking a transverse pre-image we obtain a degree one normal map
(F, B) with domain a smooth manifold triad, whose boundaries are just ( fé, b’g) and
(fe3:be,3). From the usual cobordism interpretation of the Ranicki-Rothenberg
sequences, the difference of surgery obstructions

is given by the Whitehead torsion of the quadratic mapping cone C,(F, B). How-
ever, the quadratic Poincaré complex C,( fé ﬁ) can be constructed from the exact
sequence of chain complexes

0— Cu(X") = Cul(Ve) = Culf0) = 0

by re-mixing the complexes C,(Ve) and C( fé) simulaneously with § to produce
Ci(Ve,p) = Ci(f{ g)- From Lemma 6.8, it follows that

A(fé g be,s) = M fésbe) +[6] =0

and the proof is complete. [

The final result of our construction is a precise version of Theorem A, which
was stated in the Introduction. The proof is an application of (8.1) and topological
4-manifold techniques due to Freedman [3], [4].

Theorem 8.8. Let X/ G be a nonlinear space form for G = Q(8p,q), and let k, |
be mon-zero integers such that kp +1lq = —1. Choose a spherical space form S3/T
for each of the subgroups I' = Q(4pq), Q(8p), Q(8q), and C(2pq). Then there is a
framed, compact, connected, oriented 4-manifold Y with the following properties:
(i) The boundary 0Y = N U 0yY, where N is a connected 3-manifold with
H{(N;Z) torsion-free.
(i) There is a reference map ¢:Y — BG so that cy:m (V) —= G is an isomor-
phism and the composite N — Y —— BG is null-homotopic.
(iii) The boundary components 0oY of Y consists of two copies of ¥/ G with
opposite orientation, a positive number of copies of the spherical space form
S3/ Q(4pq), at least |k| copies of S3/ Q(8q), at least |I| copies of S3/ Q(8p),
and some almost space forms S'/H for H = Q(8p), Q(8q), or C(2pq).
(iv) The induced homomorphism m1(0Y) — m(Y) — G on the fundamen-
tal groups sends w1 (X/G), m1(S%/ Q(4pq)), and 71 (S'/H) for H = Q(8p),
Q(8q), or C(2pq) onto the corresponding subgroups Q(8p,q), Q(4pq) or

H C Q(8p,q).
(v) the induced Q(8p, q)-hermitian intersection pairing

h: Hy(Y;ZG) x Hy(Y;; ZG) — ZG

has radical Im (Ho(N;ZG) — Hy(Y;ZG)) and is negative definite on the
orthogonal complement of this submodule.
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Proof of (8.8). In Proposition 8.1 we have constructed a surgery problem
(f,0): (X,0X) — (W, 0W)

with A(f,b) = 0, where we take (W,0W) = (V3,0V3), X = Xg7§ and f = féf.
The assertions in (iii) about the boundary components hold for X by making
appropriate choices for U in Section 2. Certain congruences must be satisfied but
the numbers of boundary components can be made as large as necessary. The
manifold Y will be a closed submanifold of X with dpY = 90X. Let e: X — BG
denote the classifying map of the universal covering of X, so that c4:m (X) =aq
fixes an identification of the fundamental group. We will use the same notation ¢
for its restriction to Y C X.

Since the surgery obstruction (f,b) is zero, the intersection form on Hs(X;ZQ)
may be identified with the orthogonal direct sum of the negative definite form
(Hy(W;ZG),h) and a hyperbolic form H((ZG)") on a free ZG module of some
rank 2r. By [3], [4, 2.9] we can represent this hyperbolic form geometrically by
a smooth immersion of 2-spheres in the interior of X such (i) that the algebraic
intersection numbers between different spheres are realized geometrically, and (ii)
the spheres are immersed transversely (with only ordinary double points) and -
null in the sense of [4, p.50]. In particular, these immersed 2-spheres do not intersect
those giving a basis for the complementary summand Hy(W;ZG). Let Y denote
the complement of a smooth, open regular neighbourhood Y’ of these immersed
2-spheres, so that X =Y UY”’ and Y = 9yY UN where 9pY = X and N = 9Y".
Note that 71 (N) — 71 (Y) is trivial by construction of the immersion, and hence
m1(Y) = m(X), so that cy:m (V) =5 G is an isomorphism.

We also have a surjection from Hy(Y;ZG) onto the summand Ho(W;ZG) C
Hy(X;Z@G), and the Mayer-Vietoris sequence then gives

H\(N;ZG) = H\(Y;ZG) ® H,(Y'; ZG).

Since w1 (N) — m1(Y”) is surjective, the classifying map ¢ composed with the the
inclusion of Y in X is also null-homotopic. Therefore, the induced G-covering over
Y’ is just a disjoint union of copies of the base, and H1(Y";ZG) = ZG®y H,1(Y';Z).
But H1(Y;ZG) =0 so

Hy(N;ZG) = Hy(Y'; ZG) = ZG @z, Hy (Y'; Z).

Since Y’ is a regular neighbourhood of a collection of immersed 2-spheres with at
most double point singularities, the homology H;(Y’;Z) is a torsion-free abelian
group.

Finally, note that the inclusion induces an injection Ho(N;ZG) — Ho(Y;ZG).
The subspace N = Im (Hy(N; ZG) — H2(Y;ZG)) is the null space or radical of the
intersection form on Hs(Y; ZG) and the induced form on the quotient Ho (Y; ZG) /N
is isometric to (Ha(W;ZG), h), hence is negative definite. [

Remark 8.9. We are indebted to Peter Teichner for the above argument. He
pointed out how to improve our original construction of Y to obtain m(Y) = G
(instead of H1(Y;RG) = 0) by a more sophisticated use of Freedman’s work.
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