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IAN HAMBLETON

Abstract. Free actions of finite groups on spheres give rise to topological spherical
space forms. The existence and classification problems for space forms have a long
history in the geometry and topology of manifolds. In this article, we present a survey
of some of the main results and a guide to the literature.

1. Introduction

A Clifford-Klein space form is a closed Riemannian manifold with constant sectional
curvature. A classical result in differential geometry states that space forms are just the
quotients of the standard models Sn, Rn and Hn for spherical, Euclidean, or hyperbolic
geometry by discrete groups of isometries acting freely and properly discontinuously (see
[21, Chap. 8]). The spherical space forms have now been completely classified, answering
the original question of Killing [37] from 1890. Extensive information for both compact
and non-compact space forms is contained in Wolf [35].

In 1926, Hopf [36] determined the fundamental groups of three-dimensional spherical
space forms, and asked whether every closed, oriented 3-manifold with finite fundamental
group admits a Riemannian metric of constant positive curvature. In particular, this
topological question is a generalization of the famous Poincaré conjecture to the non-
simply connected case. By 2005, both Hopf’s question and the Poincaré conjecture were
finally answered by Perelman [8], building on the Ricci flow techniques of Hamilton [54],
in the process of veriflying the Thurston Geometrization conjecture (see [17, 25, 29, 30]).

The topological spherical space form problem [13] generalizes Hopf’s question to higher
dimensions: which finite groups can act freely on spheres via homeomorphisms or diffeo-
morphisms ? How can one classify free (smooth or topological) finite group actions on
spheres ? These questions have led to an enormous amount of research in algebraic and
geometric topology over the last hundred years, and substantial progress has been made.
However, interesting aspects of these questions are still unresolved, so we may expect
future work in this fascinating area of mathematics.

The purpose of this survey is to give an overview of the current knowledge about the
topological spherical space form problem, and to provide a reading guide to the literature.
We apologize for any errors or omissions, and note that the previous surveys listed in the
references contain much more information than can be included here (see, for example:
[2, 4, 6, 9, 10, 11, 39, 41, 13]). Some new directions are briefly described in the last section.
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2. First steps: pre-1960

The development of algebraic topology in the 1930’s led to the first necessary conditions
for a finite group π to act freely on a sphere. Since Z/2 is the only possibility for a
free action on S2k (by the Lefschetz fixed point theorem), we assume from now on that
our space forms are odd dimensional. Foundational work on group actions was done by
P. A. Smith [40, 41] in the 1940’s, who showed that, for each prime p, subgroups of order
p2 in such a group π must be cyclic. More precisely, the elementary abelian p-group
Z/p × Z/p can not act freely and simplicially on any finite simplicial complex which is
homotopy equivalent to a sphere.

We say that a finite group π such that every subgroup of order p2 is cyclic satisfies the
p2-condition. Equivalently, the p2-condition means that the p-Sylow subgroup is cyclic,
or possibly generalized quaternion (if p = 2). It now becomes a problem in group theory
to classify the finite groups π satisfying the p2-conditions for all primes. This problem
was settled by Zassenhaus [43] and Suzuki [42]: the quotient of π by the maximal normal
odd order subgroup O(π) belongs to one of six types:

I. cyclic
II. generalized quaternion 2-group

III. binary tetrahedral
IV. binary octahedral
V. SL2(p), p ≥ 5 prime,

VI. TL2(p), p ≥ 5 prime.

The groups of type I-IV are solvable, and the groups of type V-VI are non-solvable. The
notation TL2(p) indicates a certain extension of SL2(p) (see [73, p. 103] for more detail).
Zassenhaus showed that if π admits a free orthogonal action on a sphere, then every
subgroup of order pq, p and q primes, must be cyclic. Conversely, if a solvable group π
satisfies all the pq-conditions, then it admits a free orthogonal representation.

After the introduction of group cohomology by Hurewicz, Artin and Tate, an alternative
characterization was given: the finite groups satisfying the p2-conditions for all primes
are precisely the finite groups with periodic cohomology [18, Chap. XII, §11]. In this

formulation, cup product with an element g ∈ Ĥn(π;Z) gives an isomorphism Ĥk(π;A)
≈−→

Ĥn+k(π;A), k ∈ Z, for any π-module A. If n > 0, such elements g are in bijection with

generators of the cyclic group Ĥn(π;Z) ∼= Z/|π|. The degree n is called a cohomological
period, and it turns out that every period is a multiple of an even minimal period, denoted
2d(π).

Thomas and Wall [73] defined a (π, n)-polarized space, for n ≥ 3, to consist of a
pointed CW-complex X, dominated by a finite complex, together with an isomorphism

π1(X, x0) ∼= π and a homotopy equivalence of the universal covering X̃ to the sphere Sn−1.
Here are two key observations:

(i) the (polarized) homotopy type of a (π, n)-polarized space is determined, via the

first k-invariant, by a generator of Ĥn(π;Z), and



TOPOLOGICAL SPHERICAL SPACE FORMS 3

(ii) each (π, n)-polarized space X determines an obstruction (see Wall [69])

θ(X) = θ(g) ∈ K̃0(Zπ)

such that X is homotopy equivalent to a finite complex if and only if θ(g) = 0.

A smooth or topological free π action on Sn−1 leads to a closed manifold quotient X =

Sn−1/π. In this case, X is a (π, n)-polarized space, whose k-invariant g ∈ Ĥn(π;Z) has
the property θ(g) = 0. Finding such a space is the first basic obstruction to the existence
problem. We will discuss some of the delicate number theory issues involved in Section 7.

In the late 1950’s, Milnor’s dramatic discoveries revolutionized algebraic and geometric
topology. For the space form problem, the discovery of exotic spheres [38] and his update
of Hopf’s 1926 paper about 3-manifolds with finite fundamental group had the most
striking impact.

Theorem 2.1 (Milnor [39]). If π is a finite group which acts freely by homeomorphisms
on a manifold which is a mod 2 homology sphere, then every subgroup of order 2p in π is
cyclic.

After this the topological space form problem suddenly had two versions, depending on
whether one considers smooth actions on (possibly exotic) homotopy spheres, or topologi-
cal actions on the standard sphere. Moreover, Milnor had identified a new group theoretic
obstruction to existence beyond the p2-conditions obtained by P. A. Smith. For a free
π-action on Sn−1 by homeomorphisms, π must satisfy the 2p-conditions for all primes.
Equivalently, π cannot contain any dihedral subgroups or every element of order two must
be central. Milnor pointed out that the first unsolved case after this new restriction is
the non-abelian group of order 21.

For actions on the 3-sphere, π must be 4-periodic. In the same paper, Milnor [39]
set the stage for future work by listing the finite groups which satisfy all the p2 and 2p
conditions, and have period four. Among the groups in Milnor’s list, which did not appear
in Hopf’s list (arising from orthogonal spherical space forms S3/Γ, with Γ ⊂ SO(4)), were
an interesting family:

Q(8m, k, l) = {x, y, z |x2 = (xy)2 = y2m, zkl = 1, xzx−1 = zr, yzy−1 = z−1}

where 8m, k, l are pairwise relatively prime positive integers, with r ≡ −1 (mod k),
and r ≡ +1 (mod l). If l = 1 we write Q(8m, k), and if m is odd we label these group
type IIM. This family of 4-periodic groups has played a pivotal role in all the subsequent
developments.

3. Swan complexes: 1960-1970

The next big step was taken in 1960 by Swan, who established a converse to the
necessary conditions from P. A. Smith theory for simplicial actions.

Theorem 3.1 (Swan [48]). Let π be a finite group with periodic cohomology. For n ≥ 4,
the set of (polarized) homotopy types of (π, n)-polarized spaces is in bijection with the set

of generators g ∈ Ĥn(π;Z).
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From now on, we will usually refer to (π, n)-polarized spaces as Swan complexes. Notice
that π is only assumed to satisfy the p2-conditions, so dihedral subgroups present no
obstruction to the existence of Swan complexes.

Proof. Here is an outline of the proof of this fundamental result. Swan first showed that

every periodicity generator g ∈ Ĥn(π;Z) for the cohomology of π determines a periodic
projective resolution

P∗(g) : 0→ Z→ Pn−1 → Pn−2 → · · · → P1 → P0 → Z→ 0

meaning an exact sequence of Zπ-modules, where each Pi is a finitely-generated projective
module over the group ring Zπ and Z denotes the integers with trivial π-action. Given g,
the resolution P∗(g) is unique up to a chain homotopy equivalence which is the identity
on Z at both ends. The geometric realization of P∗(g) is carried out by showing that
the resolution P∗(g) may be assumed to agree in degrees i ≤ 2 with the cellular chain

complex C∗(K̃) of a finite 2-complex K with fundamental group π. Then an inductive
cell-attaching argument (due to Milnor) produces a finite-dimensional CW-complex with
a free cellular action of π. The quotient of this CW-complex by the action of π is the
desired Swan complex. �

In order to produce a finite Swan complex, it is necessary to analyze the effect of

changing the generator. If g′ = r ·g ∈ Ĥn(π;Z) is another generator, then the comparison
theorem for resolutions [27, III.6.1] gives a chain map φ : P∗(g)→ P∗(g

′)

0 // Z //

r

��

Pn−1

φ

��

// Pn−2

φ

��

// . . . // P1

φ

��

// P0
//

φ

��

Z // 0

0 // Z // P ′n−1 // P ′n−2 // . . . // P ′1 // P ′0 // Z // 0

inducing multiplication by r on the left-hand module Z. Note that r is relatively prime
to the order of π, since g and g′ are both generators.

For each generator, Swan now defined the finiteness obstruction θ(g) ∈ K̃0(Zπ) by the
Euler characteristic formula

θ(g) =
n−1∑
i=1

(−1)i[Pi] ∈ K̃0(Zπ)

where [Pi] denotes the class of Pi in the projective class group. He showed that θ(g) = 0
if and only if g can be represented by a periodic resolution of finitely-generated free Zπ-
modules. Moreover, if g′ = r · g is another generator, then θ(g′) = θ(g) + [〈N, r〉], where
〈N, r〉 denotes the ideal in Zπ generated by the sum N of all the group elements of π,
and an integer r relatively prime to |π|.

These projective ideals are usually called Swan modules, and the subgroup of K̃0(Zπ)
generated by all the Swan modules (as r varies) is called the Swan subgroup T (π) of the
projective class group. It follows that a periodic group π admits a finite (π, n)-complex if
and only if the image

θn(π) := [θ(g)] = 0 ∈ K̃0(Zπ)/T (π).
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In other words, the indeterminacy in the finiteness obstruction given by changing the
generator is precisely described by T (π).

For the minimal period dimension n = 2d(π), we obtain an invariant θ(π) := [θ(g)]
depending only on π. This turned out to be very difficult to calculate. On the other
hand, if we are willing to increase the dimension by splicing k copies of a given periodic
projective resolution P∗(g), we obtain a resolution P∗(g

k) of length nk−1. This algebraic

operation corresponds to the geometric join of k copies of X̃(g). From the definition, it

follows that θ(gk) = k · θ(g) ∈ K̃0(Zπ). In another fundamental paper, Swan [49] proved

that K̃0(Zπ) is a finite abelian group. Hence the finiteness obstruction can be eliminated
by choosing k equal to the exponent of the projective class group. In summary:

Theorem 3.2 (Swan [48]). Let π be a finite group with periodic cohomology. Then, for
some integer n = 2kd(π), there exists a finite (n− 1)-dimensional Swan complex X(π).

This result settles the “stable existence” problem for Swan complexes, but existence
in the period dimension n = 2d(π) turned out to require difficult calculations in number
theory.

4. Semicharacteristic obstructions and 3-manifolds

In the late 1960’s, Wall asked whether Milnor’s result on the necessity of the 2p-
conditions could be interpreted using the new theory of non-simply connected surgery.
Ronnie Lee [45] answered this question in 1973 by defining a “semicharacteristic” ob-
struction for the problem (see also [44, 47]). As well as recovering the previous result of
Milnor, the semicharacteristic shows that none of the groups Q(8m, k, l), m even, defined
at the end of Section 2 can act freely and topologically on a sphere S8s+3, for any s ≥ 0.
Later Thomas [52] observed that this also eliminates the family of groups O(48, 3k−1, l) in
Milnor’s list from dimensions 8s+3 because groups of this type always contain a subgroup
isomorphic to Q(16, 3k−1, 1).

In particular, the difference between Hopf’s list of orthogonal space form groups and
Milnor’s list of possible finite fundamental groups of closed 3-manifolds could now be
resolved by eliminating a single family of 4-periodic groups, namely the type IIM groups
Q(8m, k, l), with m odd. However, each of these groups contains a subgroup of the form
Q(8p, q), for distinct odd primes p and q, so it is enough to eliminate the groups Q(8p, q).
Despite claims in the literature (see [57, 58]), only Perelman’s results more than 30 years
later gave the first proof that Q(8p, q) is not a 3-manifold group.

5. Poincaré complexes

In 1967, Wall [69] defined Poincaré complexes as CW complexes with the homology
properties of closed manifolds, and it was clear that every (π, n)-polarized space X was a
Poincaré complex in this sense. Surgery theory was developed by Browder [16], Kervaire-
Milnor [63], Novikov, Sullivan and Wall [34] to study the existence and uniqueness of
manifold structures on Poincaré duality spaces. For surgery on topological manifolds one
also needs Kirby-Siebenmann [24].
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The structure set, S (X), is the set of equivalence classes of pairs (M, f), where Mm

is a closed, topological or smooth m-manifold, and f : M → X is (simple) homotopy
equivalence. The existence problem is to show S (X) 6= ∅, and surgery theory sets up a
two step process for the solution. In the first step, one must find a (topological) vector
bundle ξ ↘ X which is fibre homotopy equivalent to the Spivak normal fibre space νX
for X (see [67], [69, Chap. 3]). This bundle is a candidate for the stable normal bundle
of a manifold homotopy equivalent to X. It is classified by a lift of the classifying map
νX : X → BG to BTOP or BO. If such a bundle exists, we say that νX is reducible,
and one may vary the choice of reduction by an element in [X,G/TOP ] or [X,G/O]. A
reduction for νX provides a degree one normal map or normal invariant

νM
b //

��

ξ

��
M

f // X

which is well-defined up to normal cobordism. The second step in the surgery process is
to evaluate an obstruction

σ(f, b) ∈ Lm(Zπ)

of the normal invariant in an algebraically defined surgery obstruction group. For m ≥ 5,
this obstruction vanishes if and only if (f, b) is normally cobordant to a (simple) homotopy
equivalence. In other words, the outcome of the two step process (if successful) is the
existence of a closed TOP or smooth manifold homotopy equivalent to X.

If S (X) 6= ∅, m ≥ 5, and we fix a smooth manifold structure on X as a base-point,
the surgery exact sequence (see Wall [34, Chap. 10])

[Σ(X), G/O]
σm+1(X)−−−−−→ Lm+1(Zπ) −→ S (X) −→ [X,G/O]

σm(X)−−−−→ Lm(Zπ)

relates the classification of manifolds which are simple homotopy equivalent to X, or the
determining the set S (X), to the calculation of the surgery obstruction maps σm+1(X)
and σm(X). Here Σ(X) = (X × I)/(X × ∂I), and exactness is interpreted in the context
of pointed sets. In particular, σm(X) : [X,G/O] → Lm(Zπ) is not a homomorphism in
general, although both domain and range are abelian groups. There is a similar sequence
for topological manifolds, with [X,G/TOP ] instead of [X,G/O] and the obvious change
in the definition of the structure set.

For a suitable H-space structure on G/TOP (see [24], [28], [31]), the surgery exact
sequence becomes a sequence of abelian groups and homomorphisms. In particular, the
structure set STOP (X) inherits a natural abelian group structure in the topological case
(see Ranicki [31]).

In 1971 Ronnie Lee [64] and Petrie [66] independently showed how surgery theory could
be used to prove a new existence result.

Theorem 5.1 (Lee, Petrie). There exist free smooth actions of odd order non-abelian
metacyclic groups on spheres.
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In particular, these groups π = Z/p o Z/q are solvable but do not satisfy the pq-
conditions, so the actions constructed here gave the first examples of non-linear free
actions on spheres.

6. Surgery theory and stable existence

In the 1970’s, Madsen, Thomas and Wall combined ideas from group cohomology and
representation theory, with new methods in algebraic topology and hermitian forms, to
completely solve the stable existence problem for topological space forms.

Theorem 6.1 ([71, 72]). Let π be a finite group satisfying the p2 and 2p-conditions, for
every prime p. Then π acts freely and smoothly on Sn−1, for any n ≡ 0 (mod 2e(π)).

In the statement, e(π) is the Artin-Lam induction exponent [20]. This is the least
positive integer e such that e ·χ is expressible as a sum of rational representation induced
from cyclic subgroups of π, for each χ ∈ RQ(π). For the periodic groups e(π) = d(π) or
e(π) = 2d(π), depending on π, and the dimensional result is best possible, except possibly
for groups containing a type IIM subgroup Q(8m, k).

We can only outline the ingredients in the proof. The key idea is to choose the homotopy
type and normal invariant of the Swan complex X(π) so that its coverings X(ρ), for proper
subgroups ρ ⊂ π agree with orthogonal spherical space forms (whenever this makes sense).

To achieve this goal, one can use the fact that both group cohomology Ĥ∗(π;Z) and the
normal invariants [X(π), G/O] are described by (generalized) cohomology theories, and
hence computable by induction and restriction in terms of the Sylow subgroups. For the
normal invariant, this is major new ingredient based on the infinite loop space structure
of G/O (see Madsen and Milgram [28] for references and more information). For the
surgery step, Wall [70], [34, Chap. 13B] had shown that

(i) the surgery obstruction groups L∗(Zπ), for π finite, are computable in the sense
of Dress induction theory by restriction to the 2-hyperelementary and the odd
p-elementary subgroups of π, and

(ii) the change in the surgery obstruction by varying the normal invariant is detected
by restriction to the 2-Sylow subgroups of π.

For periodic groups satisfying the 2p-conditions, all the 2-hyperelementary and odd p-
elementary groups admit free orthogonal representations. The main existence result of
Madsen, Thomas and Wall now follows directly from these general facts and the careful
preparation of the surgery problem. Here is a summary technical statement (obtained by
combining [71, §§2-3] and [72, Theorem 2]).

Theorem 6.2 (Madsen-Thomas-Wall). Let π be a finite group with periodic cohomology.
There exist finite (π, n)-polarized Swan complexes X = X(π) such that the covering spaces
X(ρ) are homotopy equivalent to closed manifolds, for each ρ ⊆ π which has a fixed-point
free orthogonal representation. In addition, X has a smooth normal invariant which
restricts to the normal invariant of an orthogonal spherical space form for the 2-Sylow
covering X(π2).
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In this formulation, π is not assumed to satisfy the 2p-conditions and this extra gener-
ality is useful for other applications. However, as mentioned above, if π has no dihedral
subgroups then the surgery obstruction automatically vanishes for a suitable smooth nor-
mal invariant, implying that π acts freely and smoothly on a sphere.

7. The finiteness obstruction

The remaining part of the topological spherical space form problem, at least for exis-
tence, concerns actions in the period dimension n = 2d(π). Here the first major difficulty
is to produce a finite (π, 2d(π))-polarized Swan complex. The problem is made more

challenging by the fact that the projective class group K̃0(Zπ) containing the finiteness
obstructions requires (in general) all the hyperelementary subgroups for a computation
using Dress induction. An effective method of calculation was described by Wall [79] in
1979, based on a Mayer-Vietoris sequence arising from the arithmetic square:

Zπ //

��

Qπ

��

Ẑπ // Q̂π

In this sequence

· · · → K1(Ẑπ)⊕K1(Qπ)→ K1(Q̂π)
∂−→ K̃0(Zπ)→ K̃0(Ẑπ)⊕ K̃0(Qπ)→ . . .

the finiteness obstruction θ(g) for a periodic projective resolution

P∗(g) : 0→ Z→ Pn−1 → Pn−2 → · · · → P1 → P0 → Z→ 0

lies in the image of the boundary map ∂ : K1(Q̂π) → K̃0(Zπ). More precisely, we have
the formula

∂(∆̂(g)) = θ(g) ∈ K̃0(Zπ)

where ∆̂(g) ∈ K1(Q̂π) is the idelic Reidemeister torsion of the resolution, or its associated
(π, n)-polarized Swan complex. The definition of the idelic Reidemeister torsion in [79, §9]
follows the prescription in Milnor [65] for the torsion of a chain complex of free modules
with based homology. In this case, P∗(g)⊗R becomes a chain complex of free R-modules,

for R = Q or Ẑ, since projective modules over Zπ are locally free, by Swan [48]. The

complex P∗(g) is the pull-back of based chain complexes over Ẑπ and Q̂π via glueing

automorphisms over Q̂π, leading to ∆̂(g) ∈ K1(Q̂π).
The challenge was to actually carry out the calculations in specific cases. As already

explained, the main examples to consider are the 4-periodic type IIM groups. The break-
through here was made in 1981 by Milgram, who first showed that the finiteness obstruc-

tion θ(g) lies in a more tractable subgroup D(Zπ) ⊆ K̃0(Zπ) of the projective class group
(defined in [19, Chap. 6, p. 234]), and then obtained a surprising result:

Theorem 7.1 (Milgram [77]). Among the periodic groups π = Q(8p, q), for distinct odd
primes p, q, there exist groups with non-zero finiteness obstruction, and groups which can
act freely and topologically on S8s+3, for s > 0.
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After this, further concrete calculations were made by Milgram [78], [4], and Madsen
[9]. The methods were re-organized and extended by Bentzen and Madsen [76, 74, 75].
At present, it is still not known exactly which groups Q(8p, q) have non-zero finiteness
obstruction. On the other hand, assuming the Generalized Riemann Hypothesis, there
are infinitely prime pairs (p, q) for which Q(8p, q) acts freely on S8s+3, s > 0 (see Bentzen
[75, 6.6]). For the range pq < 2000, Bentzen lists

(p, q) = (3, 313), (3, 433), (3, 601) and (17, 103)

as the only pairs for which Q(8p, q) admits a free action on S8s+3. These calculations were

made possible by using reduced norms to identify the idelic torsion in K1(Q̂π) with units
in the l-adic completions of the centre fields of Qπ in the Wedderburn decomposition.

The situation for more general type IIM groups Q(8p, q) × Z/r is even more difficult,
because the finiteness obstruction is not detected on the subgroups. For example, for
π = Q(24, 313)× Z/7 the finiteness obstruction is non-zero, but θ(Q(24, 313)) = 0.

8. Space forms in the period dimension

In 1983, Madsen [104] translated the existence problem for a free Q(8p, q)-action on
a sphere S8s+3, s > 0, into explicit number theoretic conditions. In this sense, we have
a complete solution to the topological spherical space form problem for these groups.
The work cited above on the finiteness obstruction shows that effective calculations are
possible in principle, but they involve detailed knowledge of units in algebraic number
fields.

In order to give the flavour of the number theory involved, we need some definitions
(see [104, p. 195]). For any integer r, let ηr = ζr + ζ−1r , where ζr = e2πi/r is a primitive
root of unity. Let A = Z[ηp, ηq] and let F = Q(ηp, ηq) denote its fraction field. There are
reduction maps

ΦA : F (2) → (A/pq)× = (A/p)× ⊕ (A/q)×

and
ϕA : F (2) → (A/4A)×

where F (2) denotes the elements in F with even valuation at all finite primes in A.

Theorem 8.1 (Madsen [104, Theorem B]). The group Q(8p, q) acts freely on S8s+3, for
s > 0, if and only if the following conditions are satisfied:

(i) (1,−1) ∈ Image(ΦA);
(ii) (ηp − 2, ηq − 2) ∈ Image(ΦA | kerϕA);
(iii) (2, 2) ∈ Image(ΦA).

The first and third conditions imply that the “top” component of the finiteness ob-
struction is zero. The mysterious elements (ηp − 2, ηq − 2) ∈ (A/p)× ⊕ (A/q)× arise from
the idelic Reidemeister torsion of a suitable Swan complex, and the reduction map gives
the “top” component of the surgery obstruction. A crucial technical device used to iden-
tify explicit elements in algebraic K and L-theory in terms of units are Galois module
homomorphisms, as introduced by Fröhlich [23]. The proof of this existence result uses
the full calculation of surgery obstruction groups [70], [7]. Madsen’s statement included
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the assumption that the k-invariant was “almost linear”, but this turned out to be a
necessary condition (see [89]).

Remark 8.2. The vanishing of the high-dimensional obstructions for π = Q(8p, q) also
implies that π acts freely on some integral homology 3-sphere. Conversely, the non-
vanishing of the high-dimensional obstructions shows that π is not a 3-manifold funda-
mental group.

9. Topological Euclidean space forms

A free π-action on a sphere Sn−1 produces by “coning” a topological π-action on Eu-
clidean space Rn. One can ask: “which finite groups can act semi-freely on Euclidean
space Rn with one isolated fixed point ?”. More generally, “which finite groups can act
semi-freely on some Euclidean space Rn+k with (non-empty) fixed set a standardly em-
bedded Rk ?” By one-point compactification, we obtain the corresponding questions for
spheres, and then generalize to allow more isotropy:

A. Which finite groups admit a semi-free topological action on Sn+k, with fixed set
a standard Sk, k ≥ 0 ?

B. Which finite groups π can act topologically on Sn+k, freely on the complement of
a π-invariant standard sphere Sk, k ≥ 0 ?

C. Which infinite discrete groups Γ can act freely, properly discontinuously and co-
compactly on Sm × Rn ?

The complement Sn+k−Sk ≈ Sn−1×Rk+1 is homotopy equivalent to a sphere. Therefore,
any finite group π acting as in problem (A) or (B) , and any finite subgroup of Γ in problem
(C), must be a periodic group (satisfying the p2-conditions for all primes p). Problem (C)
is a natural extension of (B) to a new world of infinite discrete group actions. Examples
arise from the geometry of pseudo-Riemannian space forms (see Kulkarni [122, 123]). Wall
[79, p. 518] noted that in this setting the Farrell-Tate cohomology [113] would necessarily
be periodic (e.g. if vcd Γ < ∞), and asked whether Γ could contain any (finite) dihedral
subgroups.

Problem (A) has been completely solved (reduced to number theory). Here is a sample
result, for semi-free actions on (Rn, 0) or (Sn, S0).

Theorem 9.1 (Hambleton-Madsen [117, Theorem C]). The group Q(8p, q) acts semi-
freely on (R4l, 0), for l ≥ 0, if and only if (ηp − 2, ηq − 2) ∈ Image(ΦA | kerϕA) modulo
squares.

In the statement the ranges of both reduction maps used in Theorem 8.1 are taken
modulo squares of units. This number theoretic condition is much easier to satisfy, and
Bentzen [75] made a thorough comparison with the spherical case. For example, there
are infinitely many pairs (p, q) which satisfy the condition, and many examples where
the finiteness obstruction of Q(8p, q) is non-zero. In other words, these examples have no
invariant free π-action on a sphere S4l−1 in the complement of the isolated fixed point
{0}. The extension of surgery theory for finite groups to dimension four by Freedman [61],
[22, §11.10, p. 231] allows the statements in [117] to be extended to actions on (R4, 0).
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One-point compactification produces interesting orientation-preserving examples of semi-
free topological actions on S4 fixing two points, by finite groups which are not subgroups
of SO(5). Another general result on problem (A) is that every π with such a semi-free
action on (Sn+k, Sk) also acts semi-freely on (Sn, S0). Moreover, every such semi-free
action “desuspends” to an action on (Sn+1, S1), but not necessarily to (Sn, S0) (see [117,
p. 804]). The desuspension result was also proved in [111].

Problems (B) and (C) have led to further research, but they are still very far from
solution. In [118] these problems were studied using new methods in bounded topology,
and the role of the 2p-conditions was understood. The relevant surgery obstruction groups
were computed in [62]. It was shown that dihedral groups can occur for (B), but only in
the presence of a specific non-trivial action on the invariant sub-sphere Sk ⊂ Sn+k.

Theorem 9.2 (Hambleton-Pedersen [118, 7.11]). Let V be a linear representation of the
dihedral group π = D2p, for p an odd prime. There is a topological π-action on a sphere
Sn+k, which is free on the complement of a standard π-invariant sub-sphere, and given by
the unit sphere S(V ) on the sub-sphere, if and only if the representation V has at least
two R− summands.

The R− representation is the sign representation of D2p via its projection onto Z/2.
A similar statement [118, 8.3] was proved in the setting of problem (C), showing exactly
when the infinite discrete groups Γ = ZroαD2p can act freely, properly and co-compactly
on some product Sm × Rn, expressed in terms of the twisting map α : D2p → GLr(Z).

The classification of π-actions on (Rn+k,Rk) or (Sn+k, Sk) up to equivariant homeo-
morphism is very challenging, even for the linear actions provided by direct sums V ⊕W
of a free π-representation V with an arbitrary π-representation W . This is the famous
non-linear similarity problem of de Rham (see [119, 121]). A lot of work remains to be
done on this problem for non-cyclic periodic groups π. We remark that the version of
problem (C) without assuming co-compactness has been solved (see [110, 112]).

10. Further topics

The spherical space form problem concerns free actions of finite groups on spheres.
Here are two recent directions related to these periodic or rank one groups. Recall that
the rank of a finite group π is the largest integer k such that π contains an elementary
abelian p-group (Z/p)k for some prime p.

A. Which finite groups can act freely on a product Sn × Sn of spheres of the same
dimension ?

B. Which finite groups can act on a sphere Sn with periodic isotropy subgroups ?

The first problem has group theoretic obstructions, but the complete answer is far from
understood. For example, if π acts freely on any product of spheres, then rankπ ≤ 2. If
π acts freely on Sn × Sn, for some n, then π cannot contain the alternating group A4 as
a subgroup (see Oliver [132]). This implies that no finite simple group can act freely on
Sn × Sn. In the late 1970’s, Stein [133] proved that π = D2p × D2p can act freely and
smoothly on S4k+3 × S4k+3, for k ≥ 0, even though the dihedral group can not act freely
on a single sphere.
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Theorem 10.1 (Hambleton [124]). Let π = π1×π2 be a product of finite periodic groups.
Then π acts freely and smoothly on some product Sn × Sn.

Further work on problem (A) is contained in [127, 128], including existence results for
the extra-special p-groups of order p3, for p an odd prime. Free actions of finite groups on
arbitrary products of spheres have been extensively studied (see Adem and Smith [110]).

If a finite group acts on a sphere with periodic isotropy, then rank π ≤ 2. Orthogonal
representation spheres S(V ) provide a rich collection of examples, but there are many rank
two finite groups whch do not admit any linear action with periodic isotropy. The first
unknown case was π = S5, the symmetric group on 5 letters. Here is a recent analogue of
Swan’s theorem for this case.

Theorem 10.2 (Hambleton-Pamuk-Yalçın [126]). Let π = S5. Then there exists a finite
π-CW complex X with periodic isotropy such that X ' Sn.

Much work remains to be done on problem (B), to identify the group theoretic and
topological obstructions (see [125, 130, 92]). Recall that, by P. A. Smith theory, the fixed
sets of p-power subgroups are Z/p-homology spheres. The work of Jones [129] and Oliver
[131] points toward the richness of the classification problem for finite group actions on
spheres. In addition, Milnor’s 2p-conditions on normalizer quotients of isotropy subgroups
also appear in this setting as obstructions to smooth or topological actions. In future work,
it will be very interesting to understand how the structure of the fixed sets interacts with
the family of isotropy subgroups, in order to compare linear and non-linear actions on
spheres.
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application of the Hamilton-Perelman theory of the Ricci flow, Asian J. Math. 10 (2006), 165–492.

[18] H. Cartan and S. Eilenberg, Homological algebra, Princeton Landmarks in Mathematics, Princeton
University Press, Princeton, NJ, 1999, With an appendix by David A. Buchsbaum, Reprint of the
1956 original.

[19] C. W. Curtis and I. Reiner, Methods of representation theory. Vol. II, Pure and Applied Mathe-
matics (New York), John Wiley & Sons Inc., New York, 1987, With applications to finite groups
and orders, A Wiley-Interscience Publication.

[20] , Methods of representation theory. Vol. I, Wiley Classics Library, John Wiley & Sons Inc.,
New York, 1990, With applications to finite groups and orders, Reprint of the 1981 original, A
Wiley-Interscience Publication.

[21] M. P. do Carmo, Riemannian geometry, Mathematics: Theory & Applications, Birkhäuser Boston
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