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Suppose G is a p-hyperelementary group and R is a commutative ring such that the order of
G is a unit in R. Suppose J is either one of Quillen’s K-theory functors or one of Wall’s oriented
L-theory functors. We show that J(RG) can be detected by applying J(R?) to the subquotients
of G such that all normal abelian subgroups are cyclic. In 3.A.6 we show that such subquotients
have a quite simple structure.

We also show how to detect more general L-theory functors, in particular uporiented ones and
those that arise in the study of codimension one submanifolds.

Introduction

Let &, denote the class of p-hyperelementary finite groups. The groups in &,
are semi-direct products, G=C X P, where C is a normal cyclic subgroup of order
prime to p, and P is a p-group. Inside the class #¢=J #, of all hyperelementary
groups we consider the class of basic groups:

B ={G e | all normal abelian subgroups of G are cyclic}

whose structure is much simpler (see 3.A.6).

Recall that Swan [24], Lam [15] and Dress [6] have shown that when a K-theory
or an L-theory functor is applied to a finite group G, it can be detected by using
the hyperelementary subgroups of G. This means that the direct sum of the restric-
tion maps from G to the subgroups of G in &¢ induces an injection. In this paper
we show that many of these functors can be detected by using subquotients of G
which belong to & (see 1.A.12, 1.B.8 and 1.C.7). These detection results have other
applications such as [4] and [13].
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Several of the sections in this paper are divided into subsections. A subsection A
indicates that we are considering the linear case, the case which applies to K-theory.
A label of B indicates that we are doing a quadratic version which applies to the
ordinary L-theory as in [6]. The C subsections apply to a more esoteric quadratic
theory that comes up in L-theory with arbitrary antistructures as in [26]. Those
readers interested only in the linear theory may safely skip any B or C subsection.
Those interested only in ordinary L-theory can safely skip any C subsection.

1. Background and statement of results
1.A. The linear case

Let R be a commutative ring. For any R-algebra A, we let 4% denote the category
of finitely generated projective left A-modules. If 4 and B are R-algebras, we let
g PM 4 denote the category of B-A-bimodules P such that

(i) P is finitely generated projective as a left B-module, and

@ii) rx=xr for all reR and all xe P.

Direct sum makes g#4 4 into a symmetric monoidal category. In [19, p. 37-39],
Oliver introduced the following category:

1.A.1. Definition. R-Morita is the category with objects R-algebras and
Hom g poritalA, B) = Ko gPtt 4).
Composition is given by tensor product. We also add a zero object to make R-
Morita into an additive category.
If M is an object in z#.4 4, then the functor
M@y - 4P~ &
induces a homomorphism
M@, -:K,(A)~ K, (B)

where K, is Quillen K-theory (see [20]). It is easy to check that the functor K, fac-
tors as follows:

R-Algebras Abelian Groups

NS

R-Morita

where w(4)=A and w(f:4— B)=zB, with bimodule structure b;-b-a=
b, b- f(a).
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Another of Quillen’s functors, G,(A)=K, (4% ), where 4. is the category of
finitely generated, left A4A-modules, factors through the category where the mor-
phisms are K, of the category of bimodules which are finitely generated on the left
and projective on the right.

Any Morita equivalence in the classical sense (see [1, Theorem 3.5, p. 65]) yields
an isomorphism in R-Morita, and in this other category.

For working with finite groups, we find a different category convenient, but
before describing it we recall the following category theory:

1.A.2. Ab-categories and the Add construction. A category € is an Ab-category [17,
p. 28] if each Hom-set has an abelian group structure on it so that composition is
bilinear. Associated to an Ab-category & we have the free additive category Add(€)
[17, p. 194, Exercise 6(a)], whose objects are n-tuples, n=0,1,..., of objects of &
and whose morphisms are matrices of morphisms in #. The O-tuple is defined so as
to be a 0-object. Juxtaposition defines the biproduct. To avoid proliferation of
names we will often name the Add construction of an Ab-category and then think
of the Ab-category as the subcategory of 1-tuples.

A functor F: .« — % between two Ab-categories is additive if the associated map
Hom (A, A;) > Hom g(F(A,), F(A,)) is a group homomorphism for all objects
A, Aye . The Add construction on € is free in the sense that given an additive
category «« and an additive functor F: & — ./, there exists a natural extension to
an additive functor Add(F): Add(C) — .«#. We will often use the remark that if an
additive functor F'is an embedding (the induced map on hom-sets is injective), then
so is Add(F).

Next we recall some terminology from the theory of group actions on sets.

Given two groups, H, and H,, an H,-H, biset is a set X on which H, acts on the
left, H, acts on the right and A,(xh,)=(h,x)h, for all xe X, h,e H|, h,e H,. For
each point xe X we have two isotropy groups: gI(x)={heH, [ hx=x} and
Iy (x)={heH,|xh=x}. Given an H;-H, biset X and an H,-H, biset Y, recall
XXy, Y is defined as X X Y modulo the relations (x, »)~(xh™1, hy) for all xe X,
yeYand he H,. Clearly XX, Y is an H;-H, biset. Note that he 4 I(x, y) iff we
can find h,e H, such that A-x=x-h;' and y=h,-y. These equations define a
group homomorphism

(LA3) g 06 )/ I (%) = i I (D) Uy (X) O g, 1(3))

which is an injection. The coset of an element ke g, I(y) comes from g I(x, y) iff
X+ h is in the same H;-orbit as x.

1.A.4. Definition. We define a category RG-Morita as the Add construction applied
to the following Ab-category. The objects are the finite groups A which are isomor-
phic to some subquotient of G. Define Homgg.mona(H1, H,) as the following
Grothendieck construction:
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Take the collection of isomorphism classes of finite H,-H, bisets X, for which
|iI(x)| is a unit in R for all xe X. Disjoint union makes this collection into a
monoid. Form formal differences and set X equivalent to X’ if RX is isomorphic
to RX' as RH,-RH, bimodules.

Define the composition

Hom zg.morita(H2, H3) X Hom g moritalH 1, H2) = Homgg morita(Fy, H3)

by sending g, Xy, X 5, Yy, to X Xg, Y as defined above. Note that (1.A.3) implies
that composition is defined.

Remark. The requirement that X is equivalent to X’ if RX is isomorphic to RX" as
RH,-RH, bimodules is perhaps less natural than requiring that X be isomorphic to
X’ as bisets, but in Section 4 we will want our morphism group to be a subgroup
of the corresponding morphism group of R-Morita.

1.A.5. Remark. A generating set for Homgg monialH, H>) is easily found. An
H,-H, biset is the same thing as a left A, x H;®P set. Such a set is just a disjoint
union of coset spaces of H, x H{®, and these are described by conjugacy classes of
subgroups of H,x Hy®. For all our serious work |H, x H{®?| will be a unit in R, so
the morphism group will be generated by the collection of all these bisets.

1.A.6. Definition. The functor which sends H to the R-algebra RH and sends an
H,-H, biset X to the bimodule RX, is an additive functor into R-Morita, and hence
extends to a functor from RG-Morita to R-Morita. We call this functor the R-group
ring functor.

1.A.7. Remark. Clearly the map is well defined and note that R[ XX, Y]=
RX ®gp, RY so the map preserves compositions. We need to see that RX is pro-
jective as a left RH;-module. Since the orders of all the left isotropy subgroups are
invertible in R, this is a standard averaging trick.

In the sequel we will write RH both for an object in R-Morita and for an object
in RG-Morita since the notation displays both the group and the ring.

1.A.8. Generalized induction and restriction maps. Let H,CH, be finite
groups. Then H,, considered as a finite H,-H; biset, gives an element in
Hompg g moria(H 1, H3) called a (generalized) induction and written Indgf; H, con-
sidered as a finite H;-H, biset yields a map in Hompg moia(Fo, H) called a
(generalized) restriction map and written Resglz.

If H— H/N is a quotient map, H/N considered as a finite H/N-H biset yields
a generalized restriction map, written Resg/NeHomRG_Morita(H, H/N); H/N con-
sidered as a finite H-H/N biset yields a generalized induction map, written
Ind}},, € Homgg morita(H/N, H), provided |N| is a unit in R.

If we have a subquotient H/N with HC K, we can compose the two maps above
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to get a generalized restriction Respy,n € Homgg mora(K, H/N). 1f [N|eR*, we
have a generalized induction Indf, ,n € Homgg moria(H/N, K). Notice that the
generalized restriction goes from the group of larger order to the group of smaller
order and the generalized induction goes the other way.

1.A.9. Remark. We can now give a different generating set for Homgg.morica(H > H>)
than the one we gave in 1.A.5. The map f:H,xH?— H,x H,; defined by
S(hy, hy) = (hy, h{Y) defines a biset bijection between (Hyx H{®)/S and H, x4 H,,
where S is a subgroup of H,x H,. Hence a generating set for Hom gg moria(F1» Hs)
consists of the bisets associated to a generalized restriction followed by a generalized
induction H, < S— H,. Such a composite is in RG-Morita iff the order of the
kernel of S— H; is a unit in R.

1.A.10. Definition. A hyperclementary group is basic if all its normal abelian sub-
groups are cyclic. We classify these groups in 3.A.6.

1.A.11. Theorem. Let G be a p-hyperelementary group, and let R be a commutative
ring such that |G| is a unit in R. Then, in RG-Morita,
(i) (The Linear Detection Theorem) the sum of the generalized restriction maps

Res: R[G]— @ {R[H/N]: H/N is a basic subquotient of G}

is a split injection, and
(ii) (The Linear Generation Theorem) the sum of the generalized induction maps

Ind: @ {R[H/N): H/N is a basic subquotient of G}~ R[G]
is a split surjection.
A more refined version of this result is stated and proved in Theorem 4.A.8. The
result itself is proved in 4.A.9.
1.A.12. Applications. With G p-hyperelementary and |G|e R*, we suppose
J:RG-Morita —
is an additive functor. Then
Res: J(R[G]) » (P J(R[H/NY)
is a split injection, and
Ind: @ J(R[H/N]) - J(R[G])

is a split surjection in .«. For example, set J(R[G]) equal to
(i) K,(R[G]), Quillen K-theory for finitely generated projective modules,
(ii) KV,(R[G]), Karoubi-Villamayor K-theory (see [14,29]),
(iii) K,(R[G]) = G,(R[G]), Quillen K-theory for the exact category of finitely
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generated R[G]-modules,

(iv) Nil(R[G]) (see [8]),

W) K,(Z[1/m)G - §,,G) £ K,(ZG — Z,,G), where m=|G/; recall that there is
an exact sequence

> K(Z2G)~ K (Z,G)~ K, (ZG~Z,,G)~ -,

(vi) HH,,(R[G]), Hochschild homology, [5, Acknowledgements],
(vii) HC,(R[GY)), cyclic homology, [16, Corollary 1.7].

1.A.13. Remark. All the functors except (iii) are functors out of R-Morita, and
hence out of RG-Morita. Even functor (iii) is a functor out of RG-Morita.

1.A.14. Example. Recall that Wh(G)=KI(ZG)/(J_rGab). Group homomorphisms
and transfers associated to group inclusions induce maps of Wh. Composites of
these maps generate the morphism groups in ZG-Morita. Since K, is a functor
defined on Z-Morita it is easy to check that Wh is a functor on ZG-Morita. It seems
unlikely that Wh is a functor on Z-Morita.

1.A.15. Non-example. In (1.A.11) we cannot drop the assumption that |G| is a unit
in R. For example, K(Z[C(2) x C(4)] is not detected by basic subquotients, where
C(k) denotes the cyclic group of order k.

In some situations we are interested in computing (rather than just detecting) functors
out of RG-Morita. Call a 5-term sequence 0 > A 5 BLcoo split exact provided
that there exists a map f: C— B such that Sof=1, the identity of C; foa =0, the
zero map from A to C; and a® f: A @ C— B is an isomorphism.

The following theorem is proved in Section 5:

1.A.16. Theorem. Let R be a commutative ring and G a p-hyperelementary group

with |G| a unit in R. Assume that G has a normal subgroup K=C(p)x C(p). Let

Co, Cys ..., C, be the distinct cyclic subgroups of K. Let 3(G) denote the center of G.
() If K is central, then the following sequence is split exact in RG-Morita:

oot
0 RG —5 R[G/Cy] X RIG/C1] % -+ X R[G/C,] 2, RIG/K)? 0.

(il) If K is not central, we may assume that KN 3(G)=C,. Let G, denote the
centralizer of K in G. Then the following sequence is split exact in RG-Morita:

Proj x Res

0~ RG——— R[G/Cy]l X R[G,/C)] —&R[GO/K] - 0.

The maps £ are defined in Section 5: case (i) in 5.A.1. and case (ii) in 5.A.3. We
will see that they live in ZG-Morita, and the sequences in Theorem 1.A.16 are
0-sequences in ZG-Morita which become split exact in RG-Morita whenever |G| is
a unit in R. They are definitely not exact in ZG-Morita by Non-example 1.A.15.
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1.B. The Hermitian case

We begin with a discussion of quadratic form theory over a pair of rings with anti-
structure. We want to develop a ‘bi’-version of the usual theory so that there will
be pairings mimicing those in the linear case. The concepts introduced below are just
‘bi’ analogues of the standard concepts in Wall’s theory of quadratic forms [26,27],
and the formulae seem to be forced by the desired pairings. It seems best to just pre-
sent the answers and some checks, with the rest left to the diligent reader.

Recall that a ring with antistructure, (A, a, u), is a ring A, an anti-automorphism
a:A— A, and a unit ¥ € A4 such that

a’(x)=u"'xu for all xe A, a@)=u"".

If (A, o, u) and (B, B, v) are rings with antistructure, then an (4, «, u)-(B, f,v) form
is a pair (3M,4, ) with gM, € 3P M 4 and A : M ® 4 M' — B is a B-B bimodule map.
Here M' refers to an A-B bimodule structure on M obtained from the B-A bi-
module structure using « and g via the formula

aeme b=Pp3(b) - m- ala).

(We use M " below to denote M with the A-B bimodule structure obtained from
B-A bimodule structure using &~ and g~'.) We will also refer to A as a biform.
We say that the form is bi-hermitian if the following diagram commutes:

M®,M! B
T T
M®,M B

where T(m, ® my)=m, @ u~'em; and T(b)=v"'B~'(b). Note that T*=1d.
Given a (A4, a, u)-(B, B, v) form (M, 1), we define a new form, T(4), on M following
[26] by
T(A)(my, my)=v "' B~ (A(my, my - w)).

Note that T(T(A))=4, T(A)=A iff 1 is bihermitian, and T(A)=ToAoT.
Given any (A4, o, u)-(B, B, v) form, (M, 1) there is a map of B-A bimodules
ad(A): M~ Homgz(M, B)' '
defined by
ad(A)(m,)(my) = A(my, m1y).

We say that a form is nonsingular if ad(d) is an isomorphism.
We define the orthogonal sum of forms as usual: if (M, 1) and (V, u) are two
(A4, a, u)-(B, B,v) forms, then A L u is defined by
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A Lp)m @ ny,my @ ny) = A(my, my) +p(ng, ny).

Note that A L u is nonsingular iff A and u are.

Another notion of sum starts with two (4, «, u)-(B, §,v) forms on M, say u and
A. Define (M, u + A) by the formula (u + A)(m,, m,) = u(m,, my) + A(my, m,). The set
of (A, o, u)-(B, B,v) forms on M is an abelian group, denoted Sesq(M). The involu-
tion T acts on Sesq(M).

As an example, we compute this group for the free B-A bimodule.

1.B.1. Example. Let R be a commutative ring with involution r — F and suppose A4
and B are R-algebras such that g¢(r-1)=7-1and g(r-1)=7r-1. If F=B®pg A is the
free B-A bimodule, then the map @ : Sesq(F) —~ Homg (A, B) defined by @(1)(a) =
A1®a,1®1) defines a Z/2Z-equivariant isomorphism, where Z/2Z acts on
Hompg(A, B) by defining T(f)@)=v '8 7'(fu'a™'(a))) for all ac A.

Next we define the notion of a metabolic form. Given an (A, a, ul)—(B, B, v) form
(gM,4, 4), define a form, denoted Meta(A), on M @ Homg(M, B)' by

Meta(D)[(my, f), (M, f)l = A0my, my) + folmy) + 0™ B fi(my - u ™).

A metabolic form is any form that is isometric to Meta(4) for some A. A hyperbolic
form is just a metabolic form with A =0. Any metabolic form is nonsingular and
T(Meta(A)) =Meta(T(1)). Hence, the form 4 is bihermitian iff Meta(l) is.

Next we define Lagrangians. Given an (A4, o, ¥)—(B, §,v) form (zM,4, 1) we say
that a bi-summand L CM is a Lagrangian if the form restricted to L is O and if the
inclusion of L into its perpendicular subspace is an isomorphism. Suppose 4 is non-
singular, M=P® L as B-A bimodules and L is a Lagranglan Then A =Meta(A | p)
where the isometry is given by F: P@® L > P@® Homg(P, B)'  defined by F(p,m)=
(p, ad(A)(m)) for all p e Pand m € L. In particular, if A is nonsingular, (M, 1) L (M, —1)
is isomorphic to Meta(l) since the diagonal copy of M is a Lagrangian.

We have the usual equation

Meta(l) L Meta(A + y) =Meta(d) L Meta(y)

where A and y are biforms on the same module M. If M*=Homg(M, B)‘vl, the
isometry is given by FFM®M*®OMPM*> MO M*®O MDD M* defined by
F(m, f,n,g)=(m+n, f,n,g—f—ad(A)(m)). In particular, in any Grothendieck-type
construction, all metabolics on the same module are equivalent.

Not all metabolics however are isometric, and we explore the relationship. Recall
that Z/2Z acts on Sesq(M) via T. Any bihermitian form, A, on M determines an
element

[M1e A%Z/2Z; Sesq(M))

and [4,]=[A,] implies that Meta(4;) and Meta()lz) are isometric. Indeed if A,=
A+ ¢+ T(¢), the map F: M@ Hompg(M, By —+M® Homg (M, B)t defined by
F(m, )= (m, f—ad(¢)(m)) satisfies
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Meta(d,)(F(my, f1), F(my, f2)) = Meta(d, )((my, f1), (M, 1))

The following properties are easily checked:
(@) [A;+ A0 =141+ [4,];
(i) H%Z/2Z; SesqM ® N))=H%Z/2Z; Sesq(M)) @ H%Z/2Z; Sesq(N));
(Giii) [A, L A,1=([1,], [4;]) under the decomposition in (ii).
Given an (A4, a, u)-(B, B, v) form (zM 4, 1), and a (B, B, v)-(C, y, w) form (N, u),

define the tensor product biform
(U®A): (NR®pM)®4(NRQgM) —C
by the formula

(4@ A)(ny & my,ny @ my)=p(ny - A(m,, my), ny).

Note that T(u® ) =T() @ T(A); (L) QA= QAL QA p@ @Ay LA)=
U A Lu® Ay, 1t puis bihermitian nonsingular, then 4 & Meta(4) is 1sometric to
Meta(u @ A); and if A is bihermitian nonsingular, then Meta(u) ® A is isomorphic
to Meta(u ® A). The isomeiry between Meta(u) ® A and Meta{u &® A) is given by
I[d®F:NQgM D NQgHomg(M, B)‘f1 > N@gM D (Homo(N®gM, C))t" where

F is defined by F(n & Nn. X ) =ad(DMn. - £f(m), The map
S aeimed oy Fin@Q ) om)=aclu)yn)n; - Jjm)). 1ne map

G: (Hom(N, C)) Q@M — (Homeo(N®zM,C) '

defined by G(f ® m)(n ® m,)=f(n-ad(A)(m)(m,)) can be used as above to define
an isometry between u & Meta(d) and Meta(u & A).

From these results it follows that if 4 and A are bihermitian, thensois u ® A, and
by reducing to the metabolic case it follows that the tensor product of any two bi-
hermitian nonsingular biforms is nonsingular.

With these definitions it is straightforward to extend our linear Morita theory to
the quadratic case. See aiso {9, 10, 12].

2oalel T+ D
Ui, LCL IN

algebra and
a(ra)=ra(a) for all ae A and ail reR;
- maps: if (A,a,u) and (B, §,v) are (R, -)-algebras, then
Homg ) morita{(A4, , 4), (B, S, v))

is the Grothendieck group, using orthogonal sum, of all nonsingular, bihermitian
(A, a, u)-(B, §,v) forms. Composition is given by the tensor product of forms. As
usual we add a zero object to make (R, -)-Morita into an additive category. The
identity morphism in Homg ) morita((A4, &, 4), (A, &, 1)) is given by the class of the

biform u: AR A'—> A defined by ula, Qa)=a,o Ya,)
p#:ARA — A defined by ula, @ a;) =010 (a3).
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The final choice of morphisms, non-singular bihermitian biforms, is dictated by
our desire to have our category act on as many ‘quadratic’ functors as possible. See
1.B.8 for some examples.

For use below, we remark that we have quadratic (B, 5, v)~(A, o, u) forms by
mimicking [26], and that these form a symmetric monoidal category under or-
thogonal sum, denoted Quad((B, 8, v)-(A4, a, u)).

Define a functor from the category of (R, -)-algebras and antistructure preserving
R-algebra maps to (R, -)-Morita by sending an R-algebra with antistructure, (A4, a, ©)
to itself and sending f:(4,a,u)— (B, B,v) to the form A:B® B'— B defined by
Ah; ® by)=b, - ﬂ‘l(bz). The Quillen K-theory of Quad((B, B, v)-(R, -, 1)) is a func-
tor on the category of (R, -)-algebras and R-algebras maps which factors through
(R, -)-Morita via this functor.

The antistructures that we wish to deal with in the finite group case are of a very
special type. We define a geometric antistructure on G as a 4-tuple (G, w, 6, b), where
w e Hom(G, 1), 8 Aut(G) and b e G satisfy the relations

@) wbh(g)=w(g) for all ged,
(ii) 8%(g)=b""gb for all geGC,
(iii) f(by=b and w(b)=+1.
The associated anti-automorphism on RG is defined by the formula

a(Y r,g)=Y F,o()8(e™).

An orientation for a geometric antistructure is a unit €€ R such that £€=¢ !. The
associated antistructure on RG consists of the associated anti-automorphism and
the unit

u=g¢-b.

The case in which 8 is the identity and b is the identity element in the group,
denoted e, is the most important case in ordinary surgery theory, but other geo-
metric antistructures arise in codimension 1 splitting problems (see e.g. [12, p. 55
and p. 110]).

Before defining the quadratic analogue of RG-Morita we need to introduce a her-
mitian structure on finite bisets. Let H, and H, be finite groups, each with a geo-
metric antistructure, (6y,, @, by,) and (O, wpy,, by,). Let a; (resp. ;) denote the
associated anti-homomorphism on RH, (resp. RH,). Fix an orientation ¢e R and
let u;=¢- by, (resp. uy=¢- by,). Define a biset form on a finite H,~H; biset X as
a pair consisting of a bijection 8 : X — X and a set map wy : X — +1 which satisfy

i) wxkxh) = wg(K)wx(X)wy (k) for all ke H,, all xe X, and all he H,
(i1) O (kxh) = O, (k)0 x () By, () for all ke H,, all xe X, and all he H;,

(iii) 0% (x)=brxby, for all xe X.
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Associated to each biset form is a bihermitian, nonsingular (RH,, &, t3)-
(RH}, o, u;) form whenever X satisfies the condition that |z /(x){eR* for all
x € X. The formula is a bit complicated but the underlying principle is easy. We want
distinct orbits to be orthogonal so we can reduce to irreducible bisets. On one of
these we are looking at a composition of a transfer and a projection. If the reader
writes out the biform associated to each of these, the formula should follow, but
once again it seems easier for exposition to just produce the formula and check the
properties. To define it, first define a set map

A: XxX- RH,
where we define A(x},x,) as follows. Let 1(x2)=bH29X(x2)b;,|1.
0 if /(x,) and x, are not in the same H,-orbit,
A(x, X5) = w(xy)
[l )|

where we sum over the set of all ke H, such that k- /(x,) =Xx;. Note that this set is
a coset of . 1(x)).

We can extend A to RX X RX using sesquilinearity, and it is straightforward to
check that we get a bihermitian (RH,, §, by,)-(RH,, o, by,) form

Ax:RX ®gy, RX — RH,.

Y k otherwise,

Note that Ay is independent of the choice of orientation &. Also note that (w, 6, b)
gives a biset form on G considered as a G-G biset. The associated form on RG is
the form which gives the identity morphism in (R, -)-Morita.

To check that A is nonsingular, first choose a set {x;} of one x; from each
H-orbit of X. For each x; define an RH; module map J,,: RX — RH, by

0 if i#j,
W= 1 Yk if i=j.
| el ()]
where we sum over k€, I(x;). It is easy to see that the set {J,;} is a basis for
Homygg,(RX, RH,) as an RH,-module. Since ad(/l)(b,}zlijﬂl)=w(xj)6xj, A is non-
singular.

The set of biset forms is a monoid under disjoint union and the (RH,, &;, )~
(RH,, o, u;) form associated to the disjoint union of two biset forms is just the
orthogonal sum of the (RH,, o, u,)-(RH,, o), u;) forms associated to the two biset
forms.

Given an H,-H, biset form (X, 8y,wy) and an H,-H; biset form (Y, 8y, wy),
define the composite biset form to be the H|-H; biset form (Z,6,,w,), where
Z=XXm Y, 0706 ¥)=(0x00), 0y(¥) and wz(x, ¥)=wx () wy(»).

A useful point to check is that the form on the composite of two biset forms is
equal to the composite of the forms. With notation as in the last paragraph, we need
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to verify the equation

Az ((xp, ¥1), (X2, ¥2)) = Ax (X Ay (¥, ¥2) X2).

Check that /(x,, y,)=((x,),/(y;)), and recall (1.A.3). If y, is not in the same
H,-orbit as /(y,) then Ay(yy, ¥,)=0. But then /(x,, y,) is not in the same Hj-orbit
as (xy, »1), so both sides of our equation are 0. If /(y,) is in the same FH,-orbit
as y;, then Ay(yy, y») is a multiple of ¥ & where the sum runs over all ke H,
for which k-/(y,)=y,. Fix one such k, say k&. Then Ay(x;- Ay (¥, V1), X,) is a
multiple of Y, ,Ax(x;- h-k,x;) where I=y I(yy). This in turn is a multiple of
Y Ay(x,- k- Kk x,) where now we sum over one representative from each coset of
A1)/ €)M g I(p1)). This is non-zero iff x;-k and /(x,) are in the same
Hj-orbit iff (x, y,) and /(x,, y,) are in the same H;-orbit, so at least both sides of
our equation vanish or not together. We leave it to the reader to keep track of multi-
plicities and complete the proof.

1.B.3. Definition. Let (6, w, b) be a geometric antistructure and let (R, -) be a com-
mutative ring with involution. Define a category (RG, 6, w, b)-Morita as the Add
construction applied to the following category. The objects are finite groups H with
geometric antistructure (6, wg, by) when H is isomorphic to a subquotient K/N
of G with K a #-invariant subgroup of G; N a f-invariant subgroup of G, normal
in K, with NCker w; and b € K. The geometric antistructure on G induces one on
K/N and we require the isomorphism between H and K/N to take one geometric
antistructure to the other.

The morphism group

Hom zg, g, e, by-Morita(F 15 Oprys Wryys B g )y (Ho, Oy 01y b))

is defined by a Grothendieck construction: take the set of isomorphism classes of
finite biset forms, X, such that |, 7(x)| € R* for all xe X. This set is a monoid under
disjoint union. Form formal differences, and set (X, 8y, wy) equal to (Y, 8y, wy)
provided (RX, Ax) is isomorphic to (RY, 1y) as (RH), 0,, by,)-(RH|, ay, by,) forms.

In the case that @ is the identity and b=e, we denote the above category by
(RG, w)-Morita.

1.B.4. Remark. Each orientation ¢ defines a functor, the R-group ring functor,
from (RG, 6, w, b)-Morita to (R, -)-Morita.

1.B.5. Quadratic generalized induction and restriction maps. The generalized induc-
tion and restriction maps defined in the linear case in (1.A.8) have quadratic
analogues. If H is a #-invariant subgroup of K with b e H, then the 6 and the w for
K give us an obvious biset form on K considered as either a K-H biset or an H-K
biset. Hence we have induction and restriction maps which we denote as before, sup-
pressing the biset form data in our notation.
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If Nis a normal subgroup of K which is -invariant and contained in ker w, then
K/N has an obvious geometric antistructure which also gives K/N a biset form both
as a K-K/N biset and as a K/N-K biset. Hence we get generalized induction and
restriction maps in (RG, 6, w, b)-Morita whenever |N|e R*.

In (RG, w)-Morita the only conditions we need are that NCker w and |[N|e R*.
If w is trivial, then we have generalized restriction maps in (RG, w)-Morita whenever
we have them in RG-Morita. These two categories are not isomorphic since the
forms need not be isomorphic just because the underlying modules are.

To obtain a good structure theorem for the ‘basic’ groups, we restrict attention
in this section to detection and generation theorems for the category (RG, w)-Morita.

1.B.6. Definition. Suppose that G is a p-hyperelementary group equipped with an
orientation character w: G — {+1}. Then G is w-basic if all abelian subgroups of
ker o which are normal in G are cyclic. (See (3.B.2) for a classification of these
groups.)

1.B.7. Theorem. Let (G, w) be a hyperelementary group with an orientation char-
acter, and let R be a commutative ring with involution -, such that |G| is a unit in
R. Then, in (RG, w)-Morita,

(i) (The Quadratic Detection Theorem) the sum of the generalized restriction maps

Res: R[G]~ @ {R[H/N]: H/N is an w-basic
subquotient of G with w trivial on N}
is a split injection, and
(ii) (The Quadratic Generation Theorem) the sum of the generalized induction
maps
Ind: @ {R[H/N]: H/N is an w-basic
subquotient of G with w trivial on N} — R[G]
is a split surjection.

A more explicit version is available (see 4.B.7). The result itself is proved in 4.B.8.

1.B.8. Applications. We can apply 1.B.7 to any additive functor
J: (RG, w)-Morita — .«

whenever |G|e R*. As examples, set J(R[G], a,, 1) equal to:
G A (2/2Z; K, (RG)) where the action of Z/2Z on K,(RG) is induced by the
functor
ay, RGP 7 RGP

where a,, applied to the finitely generated, projective left module P, is just the
module (Homgg(P, RG))',
(ii) LYYRG, w) (where for j=2,1,0 these are just LS, LX (as in [27]), and LD,
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i) L5Z[1/mG - 0,,G,w) ELY(ZG— Z,,G,w) where m=|G|, and Y=
{iGab, SK;} (recall that we have an exact sequence

= LYZG w)~ LY(Z,G w)—~ LY (26~ Z,G w)—

and these are the L,{ groups studied in [28]),

(iv) LXz11/m\G- 0,,G, w) & L{ZG - Z,,G, w) where X, denotes the torsion
subgroup of K, and the rest of the notation is the same as in (iii),

(v) K,(Quad(RG, e, €)), the Quillen K-theory of the symmetric monoidal
category of quadratic (RG, a,, &£)-(R, -, €) forms, where e R” is central and £=g¢,

(vi) GW(G, R), GU(G, R), or Y(G, R) which are defined in [6].

To see that the functors L,(,j)(RG, w) factor through (R,-)-Morita, recall the
definition of these functors in [26]. We see that the L”(RG, w) are the homology
groups of a chain complex where the chain groups are sesquilinear forms and the
boundary maps are of the form 1+ 7. Via tensor product, these complexes are acted
on by bi-hermitian bi-forms, and hence (R, -)-Morita acts on L?(RG, w). The re-
maining L,(lj)(RG, w) are defined [31,32] in a sufficiently functorial manner that
(R, -)-Morita continues to act. This factorization is also discussed in [11] and [10].

Likewise the functors in (iii) and (iv) are functors out of (R, -)-Morita. The func-
tors in (vi) can be checked by hand to factor through (RG, w)-Morita.

1.C. The Witt case

In this section we explain our results for general geometric antistructures. In order
to obtain a good description of the associated ‘basic’ groups, two changes are needed.
First of all, we restrict attention to the case of 2-hyperelementary groups. Then we
only get information in the Witt categories associated to the quadratic Morita
categories as explained below.

We begin by defining some new maps.

1.C.1. Definition. Let (A4, ¢, ¥) be a ring with antistructure, and let c€ A be a unit
in A. Define a new antistructure on 4 by scaling by c as follows. The new anti-
automorphism is ¢ and the new unit is #‘© defined by

a(@=c 'a(@c for all ae A, 19 =ua(c He.

There is a (A, ¢ u‘N—(4, @, u) biform defining an isomorphism in (R, -)-Morita
between (A4, o, 1) and (A4, o, u') called the scaling isomorphism given by

Ma, ® ay) = a0 (ay)a ' (c).

We apply this to the oriented geometric antistructure case. Let (G, 6, w, b,€) be a
group with geometric antistructure, and let (@, u) denote the associated antistruc-
ture. Let ce G be an element. Define a new oriented geometric antistructure
(05w, b e by
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0¢(g)=c"'0(g)c for all geG,
bO=bo(c)e, £9=wl(c)-e.

Notice that the antistructure associated to the scaled oriented geometric antistruc-
ture is the scale by ¢ of (a, b).

Given a map from (4, ¢, u‘?) to (B, f,v), we get a twisted map from (A4, o, u) to
(B, 5, v) by composing with the scaling isomorphism on A4 using c. This construction
yields a twisted restriction map. Given a map from (A4, a, u) to (B, B¢, v©), we get
a twisted map from (A4, a, u) to (B, B, v) by composing with the scaling isomorphism
on B using ¢ !. This construction yields a generalized induction map.

We have twisted generalized induction and restriction maps from this procedure
whenever we have subgroups N<H of G and a ce G such that  and N are 6
invariant, »© € H, NCker w, and |N| is a unit in R in the induction case.

We also need a new category.

1.C.2. Definition. Define a category (R, -)-Witt as the category with the same ob-
jects as (R, -)-Morita and with

_)_Wm((A- o, u), (B, f,v))=Hom,

1 Nin : A, 0L U, s 1)
5 %5 5 V7 = SENEK, —j-ioTitas 5 s H b

where § is the subgroup generated by the metabolic forms in Hom g _y morita((4, @, %),
(B, B, v)). Composition is defined since A ® Meta(u) =Meta(A ® u) and Meta(A) @ u=
Meta(A @ u) for nonsingular, bihermitian forms.

Notice that there is an obvious forgetful functor from (R, -)-Morita to (R, -)-Witt,
so we have generalized induction and restriction maps. Furthermore, we also have
twisted induction and restriction maps.

Our first result is a detection/generation theorem in (R, -)-Morita that uses fewer
isomorphism classes of groups but twisted maps (compare 1.B.7).

1.C.3. Theorem. Let G be a 2-hyperelementary group with orientation w. Then

. Res
') (RG, w) — @ (R[H/N1], 6 w, b, w(c))

is a split injection in (R, -)}-Morita, where we sum over subquotients H/N of G such
that NCXker w and H/N is either basic with 6 trivial or of the form ((index 2 in a
basic) x C(2)") with 6 acting non-trivially on the C(2)".

Ind
(i) @ (RIH/N), 6 0,5, w(c) —— (RG, w)
is a split surjection in (R,-)-Morita, where we sum over the same subquotients as

in (i).

Remark. A more precise theorem is available at the end of Section 4.C where we
also explain how to pick the c associated to each subquotient.
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1.C.4. Definition. A 2-hyperelementary group G with geometric antistructure is
called Witt-basic provided all abelian normal subgroups of G which are #-invariant
and contained in ker w are cyclic. These are classified in Theorem 3.C.1.

1.C.5. Theorem. Let G be a 2-hyperelementary group with geometric antistructure
(6, w, b) and orientation ¢. Assume that |G|eR*. Then
(i) (The Twisted Detection Theorem) the sum of the twisted restriction maps

Res: (R[G], 8, w, b,e)— @ (R[H/N], 0w, b'se’)

is a split injection in (R, -)-Witt, and
(ii) (The Twisted Generation Theorem) the sum of the twisted induction maps

Ind: @ (R[H/N), 6, w" b’ e") > (RIG], 6, w, b, £)

is a split surjection in (R,-)-Witt,
where in both cases we sum over triples (H, N, c) with H/N Witt-basic and for which
the twisted restriction and induction maps are defined.

As usual, a more precise version is available, 4.C.4.
The functors in (1.B.8)(1), (ii), (iii) and (iv) all factor through (R, -)-Witt.

1.C.6. Non-example. L(Z[C(2)x C(4)]) is not detected by Witt-basic subquo-
tients, so we need |G| to be a unit in R.

In Sections 6 and 7 we introduce methods for proving detection theorems for
functors that do not satisfy the assumption that |G| is a unit in R. The following
theorems are applications of this method. Other applications have appeared in [13].

1.C.7. Theorem. Suppose G is a finite 2-group. Then the sum of the generalized
restriction maps is an injection
Res:LP(ZG)~ @ LZ(ZIH/N))
N=HCG
where we sum over all basic subquotients of G.

1.C.8. Theorem. Suppose G is a finite 2-group with orientation character w. Then
the sum of the generalized restriction maps is an injection
Res: LP(ZG,w)~ @ LP(Z[H/N),w)
NasHCG
where we sum over all subquotients for which w is trivial on N, and for which H/N
is isomorphic to
(i) an w-basic subquotient, or

(i) C(2) x C(4) with w non-trivial, but trivial on all elements of order 2 (we will
denote this as CQ)x C(4)"), or

(i) <to, 11,8 | fg=ti =g =e, gt1g7" =1y, glog ' =1otf, lto, ] =e), and w(ty)=
w(@=1, w()=-1

The group in (iii) is just a semidirect product (C(2) X C(4)") X C(2) and is also
the central product over C(2) of D8 and C(4)”. We denote it hereafter by M.
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2. Representations of finite groups

The first goal of this section is to define imprimitive induction and identify a
special case in which it always occurs. Then we study the representation theory of
basic groups, leading to a definition of the basic representation of a basic group.
Finally we prove that any irreducible rational representation of a p-hyperelementary
group G can be induced from some basic subquotient of G.

Let k be a field of characteristic zero. For any irreducible k-representation
2: G~ GL(V) of a finite group G we let D, =End,; (V) be the associated division
ring.

Suppose gq: H— GL(W) is a k-representation for a subgroup H, such that
kG @y W=V is an irreducible k-representation of G. Then we get an injective
ring map

Id,c ®_ :Dg0 =End; (W)= Endy(V)=D,.

2.1. Lemma. With the notation above, if V | y contains just one copy of W, then
Id,g ®_ is an isomorphism.

Proof. Let ¢:kG® V |, ~ V be the evaluation map. Consider the commutative
diagram

Ex
Homy, (W, V | ) —— Hom(kG ® W,kG ® V' |,;) —— Hom(kG® W, V)

a B

D, =Hom (W, W) Hom(kG ® W,kG® W)=D,

where the vertical maps « and § are induced by the inclusion of Win V| 5> and p,
J are induced by Id,; ®_. The hypotheses imply that ¢ is an isomorphism. By
Frobenius reciprocity (see [3, 10.8]), the composite ¢, oy is an isomorphism. Since
kG ® W=V is irreducible, the composite ¢, is also an isomorphism. Thus & is
an isomorphism. [

2.2. Definition. Let o be an irreducible rational representation of a finite group G.
We say that ¢ is imprimitive if there exists a subgroup H and a rational representa-
tion n# of H such that }G=g and the map Idys ®_ is an isomorphism. In this
situation, we say that o is imprimitively induced from H and that o is imprimitively
induced from n. If ¢ is not imprimitive, then it is primitive.

In Section 1 we defined a generalized induction for an irreducible rational
representation on a subquotient H/N of G. First we pull back the representation on
H/N to one on H, and then we induce the representation on 4 up to G. We say
that a generalized induction is imprimitive whenever the induction stage is imprimi-
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tive. Usually we will just say induction even if we mean generalized induction. By
examining the starting group, the reader can deduce which one is meant.
The following variant of Clifford’s theorem will be useful to us:

2.3. Theorem. Let ¢ be an irreducible Q-representation of a finite group G, and let
N be a normal subgroup. Then

Q’Nzl‘(’?1+"‘+’7r)

where the n; are all distinct irreducible Q-representations. The group G acts on the
vector space V,, and must permute the N-invariant subspaces [- n; transitively.

Let H be the isotropy subgroup of I-n,. Then NCH and |G: H|=r. Further-
more, there is a Q-representation, 1, of H with 7, \N=l~ ny; and i ‘G =p. This in-
duction is always imprimitive.

Proof. All but the last two lines are a statement of the standard Clifford theorem
(see [3, 11.1, p. 259]). That the induction is imprimitive follows immediately from
Lemma 2.1. O

Our next result is essentially due to Witt [30].

2.4. Theorem. Let G be a finite group which has an abelian, normal subgroup which
is not cyclic and a faithful, irreducible Q-representation 0. Then there is a normal
elemeniary abelian p-group A, for some prime p, of rank =2. Given any such A
there is an index p subgroup E of A, such that E is not normal in G and such that
o is induced imprimitively from the normalizer of E.

Proof. For some prime p the subgroup of elements of order < p in the promised nor-
mal abelian subgroup of G which is not cyclic will be elementary abelian of rank
=2. Fix such a p and note that this subgroup is an elementary abelian subgroup of
rank =2 which is normal in G.

Let A denote any noncyclic normal elementary abelian subgroup of G. Recall that
the irreducible Q-representations of A4 are determined by their kernels. The possible
kernels are all of A and any index p subgroup.

Apply Theorem 2.3 and let o |A =[-(x,+--+x,). Since ¢ is faithful and A4 is
normal, the kernel of x; can not be all of A, and so it is some index p subgroup
E. The same argument shows that F is not normal in G. Since kernels determine
representations for A, the H constructed in Theorem 2.3 is just the normalizer of
E in G. By 2.3 again, the induction is imprimitive. [

As we will be working with p-hyperelementary groups, we recall some facts about
their structure. First, G=C X P with C cyclic of order prime to p and P a p-group.
Let w: P— Aut(C) denote the action map.
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2.5. Let H be a proper subgroup of G with index a power of p. Then the normalizer
of H is strictly larger than H.

2.6. A p-subgroup H is normal in G iff HCker w and H is normal in P. If H is non-
trivial and normal in G, then it contains a central element of order p.

2.7. Proposition. Let G be a p-hyperelementary group with an abelian normal sub-
group which is not cyclic. Then G contains a subgroup K= C(p) X C(p) which is
normal in G.

If G, denotes the centralizer of K in G, then

(i) either G=G, or

(ii) Gy has index p in G and the conjugation action of G/Gy on the cyclic sub-
groups of K fixes one of them and is transitive on the remaining ones.

Proof. Let E be the subgroup of elements of order <p in the normal, non-cyclic
abelian subgroup of G. By 2.6, E contains a subgroup Cy=C(p), central in G.
Apply the same argument to E/C, in G/Cy and let K be the inverse image in G of
this C(p) in G/C,. Note KCE so it is a rank 2 elementary abelian p-group, which
is normal in G.

Since K is normal in G, so is G,. Note C centralizes K since both are normal,
hence the index of G, in G is a pth power. Consider the conjugation action of G/G
on K. Since K has rank 2, Aut(K)=GL(2,F,) and |GL(2,F,)|=(p— D(p*-p), so
G/G, is trivial or C(p). In the first case there is nothing to prove, and the result
in the second case is a standard result on the action of Aut(X) on the cyclic sub-
groups of K. I

We return to representation theory for p-hyperelementary groups. Theorem 2.4
and Proposition 2.7 suggest that we should study induction when we have a normal
C(p) X C(p) subgroup. Let Irry(G) denote the set of irreducible rational represen-
tations of G; if NCH are subgroups of G, let Ier(G)NC,,={QeIer(G)|N:
keroNH}.

2.8. Theorem. Let G be a non-basic p-hyperelementary group, and consider any
normal subgroup K=C(p) X C(p). Let C,,...,C, denote the cyclic subgroups and
arrange notation so that C, is central. Let Gy denote the centralizer of K in G.
Consider any ¢ € lrrg(G).

(i) If K is central in G then o |x=1-¢ and KNkerg=ker ¢ =K, Cy, Cy, ..., oOr
Cp. Hence rrg(G) =1Irrg (G)gc g LIt (G) gy g L -+ Wrrg(G) e, c k-

(i) If K is not central then KNkero=K, C,, or {e}. If KNker o={e}, then

and each KNker ¢* is a different C; where 1 <i<p. Hence Irry(G)= Irrp(G)gcx L
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Irro(G)eycx Wit (Go)e,cx, where the embedding of Irrg(Go)e,ck in Irrg(G)
sends o, to Qg |G, which is always an imprimitive induction.

Proof. Let ¢ denote the irreducible Q-representation of K with kernel E, and
recall that the choices for E are K, Cy, C), ..., C,,.

Apply Clifford’s theorem (2.3) to ¢ and K. If K is central, then no two distinct
representations of K are conjugate, so ¢ |, =/+ ¢ for some E. Hence KNker o =E
and the result follows.

If K is not central, then the distinct representations which are conjugate are just
the ones whose kernels are C; for i with 1 <i<p. Hence ¢ |K= I- ¢ where ¢ is either
ok (ff KNker 0 =K); ¢, (Gff KNker o0=Cp); or ¢ =Y7 | ¢¢, (ff KNker 0= {e}).

If KNkero={e}, let ¢ denote an irreducible constituent of Q|GO. Frobenius
reciprocity implies that ¢ |, and Y’ | #c, have a common constituent. Since Gy
has a central C(p) X C(p), apply part (i) to ¢ to see that KNker p=C,, ..., or C,.

Now apply 2.3 to o restricted to G,. By 2.5, the conjugates of ¢ have different
kernels and so are distinct. Hence 0|5, =/ L, ¢, ®" and an easy degree argu-
ment shows that /=1. [

Finally, we take up the representation theory of basic groups. As we will see short-
ly, basic groups are contained in the broader class defined next.

2.9. Definition. A group G is an F-group if it contains a self-centralizing cyclic sub-
group A, i.e. A is normal and the map G/A — Aut(A) induced by conjugation is
injective.

The first result, observed by Fontaine [7, Lemma 3, p. 153] is
2.10. Lemma. Any basic p-hyperelementary group is an F-group.

Proof. To fix notation, let G=C X P with C cyclic of order prime to p, and P a p-
group. Let A be a maximal element of the set of normal cyclic subgroups of G con-
taining C (ordered by inclusion). Note that G/A is a p-group, and consider the
kernel of the action map G/A — Aut(A). If it is non-trivial, let E be a cyclic sub-
group of it. Let BC G denote the inverse image of EC G/A in G. Then B is clearly
normal; it is abelian since any extension of a cyclic by a C(p) with trivial action is
abelian, and it is non-cyclic by maximality. This contradicts the fact that G is basic.

O

Hence we study representations of F-groups. The key step involves the relation-
ship between complex representations, rational representations, and Galois groups
which we quickly review (or see [23, Chapter 12)).

Let w be an irreducible representation of G over the complex numbers C. The
values of the character of y on the elements of G are algebraic integers, and we let
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Q() denote the finite extension field of the rationals Q, generated by these values.
If teGal(Q(w)/Q), then ™ will denote the Galois conjugate representation, i.e.
the representation whose character is just 7 applied to the value of the character for
w. The orthogonality relations for complex characters show that 7 is an irreducible
representation and the w® for different 7 are distinct. Form the representation
Yie Gal(QWw)/0) w’. This has a rational character but may not be the complexifica-
tion of a rational representation. There does exist a minimal integer, m,, >0, called
the Schur index, so that

m, -

Te GalQ(w)/Q)
is the complexification of an irreducible Q-representation, and every irreducible Q-
representation arises in this fashion. Finally, the division algebra D,, associated to
w has center Q() and index m,,, so dimQ(Du,)zmuz, - dimg (Q(w)).

Let A denote a cyclic group of some order. It has ¢(|A4]) faithful irreducible com-
plex representations, all of which are Galois conjugate. Let «€ A be a generator,
and let £, denote the faithful irreducible complex representation which sends a to
exp(2mi/|A]). The sum of these is the complexification of a rational representation
so A has a unique irreducible faithful rational representation, denoted g,. More-
over, the automorphism group of 4, Aut(A4), acts simply transitively on the faithful
irreducible complex representations of A, and there is a unique isomorphism
Aut(A4) - Gal(Q({,,)/Q) which identifies the two actions on £,,.

We apply these remarks to prove

2.11. Theorem. Let G be an F-group with AC G a self-centralizing cyclic subgroup.
There exists a unique faithful irreducible Q-representation o5 of G and g is the
only irreducible Q-representation of G which is faithful on A.

Moreover, g satisfies the equation 9 | A=m- 04, where m is the Schur index of
any irreducible complex constituent of o .

Proof. Pick a generator ae A. Let k =¢,, ‘G. By the Mackey irreducibility criterion
[23, Section 7.4 Corollary], x is irreducible provided all the conjugates of &, are
distinct. But G/A embeds in Aut(A4) via the action map, and the action of Aut(A4)
on the irreducible faithful complex representations of A is faithful. Hence « is ir-
reducible. Moreover, Q(x) is the subfield of Q(&,,) fixed by G/A considered as a
subgroup of the Galois group of Q(&{a)) over Q via the above identifications.
Hence Gal{Q(«)/Q) is naturally identified with Aut(A4)/(G/A).

This means that the Galois average of x has a rational valued character and that
this representation restricted to A is just the complexification of g4. Let o5 denote
the associated irreducible Q-representation. Frobenius reciprocity shows that

G/A|

QAIG: * 06>
m
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and hence gg | ,=m-0,.

Let x be any irreducible Q-representation of G and apply Theorem 2.3 to ¥ | 4
On A, no two distinct irreducible Q-representations can be conjugate, so x | 4=l
for some irreducible Q-representation y of A. If yw+#¢,, then x has a non-trivial
kernel. If w=p,, then x =0, and hence o is the unique faithful irreducible Q-
representation of G. [

2.12. Definition. Let G be a basic p-hyperelementary group. By Lemma 2.10,
Theorem 2.11 applies to G. We call the representation g, whose existence and uni-
queness was proved in Theorem 2.11, the basic representation of G.

The major result in the representation theory of p-hyperelementary groups that
we need is

2.13. Theorem. Let G be a p-hyperelementary group and let o be an irreducible
rational representation of G. Then there exist subgroups N,<H, of G such that
the index of H, in G is a pth power; H,/N, is a basic group; and ¢ can be induced
imprimitively from the basic representation of H,/N,.

Proof. Since imprimitive generalized induction is transitive, it is easy to see that we
can induct on the subquotient structure of G, i.e. we can assume the result for all
proper subquotients of G and we need only show that ¢ can be pulled back from
a quotient group of G or else it can be imprimitively induced from a subgroup of
prime power index.

If o is not faithful, then it can be induced from a quotient group, so we may as
well assume that o is faithful.

If G is not basic, then there is a normal abelian non-cyclic subgroup. But in this
case Theorem 2.8 shows that there is a subgroup A of index p from which we can
imprimitively induce.

If G is basic and g is faithful, then g =94 by 2.11, and 1 is a pth power. [

Remark. In Theorem 2.13, H,/N,={e} iff ¢ is trivial and H,=N,=G.

We will need some results later about the sorts of subgroups H of G from which
an imprimitive induction can take place.

2.14. Proposition. Let G be a p-hyperelementary group and let o be an irreducible
Q-representation. Suppose that H is a subgroup from which o can be imprimitively
induced. Then there exists a sequence of subgroups H=H,C ---CH,= G with each
H; of index p in the next.

Proof. The result follows from 2.5 if we can show that the index of Hin G is a pth
power.
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Let V, denote the vector space for g, and recall that Vyisa free module over the
associated division algebra D,. From 2.11, it follows that dimgy V, = p’-dimy D, .

Let x be an irreducible Q-representation of H. The last argument shows that
dimg V, = p’-dimgy D, . If x is a representation from which ¢ can be induced im-
primitively, dimgD,=dimyD,. Since dimg V,=|G:H|-dimy V,, we see that
|G:H|=p"°. O

2.15. Proposition. Let G be a p-hyperelementary F-group, and let N be an index
p subgroup from which 9g can be induced imprimitively. Then N contains a
C(p) x C(p) which is normal in G.

Proof. For notation, let G=CxP, with P a p-group and C cyclic of order prime
to p. Let A be a self-centralizing cyclic subgroup of G, and let Aj=NNA=
ker(A — G/N). Note that either A=A, or |A: Ay =p. By Theorem 2.3, ¢ |, =
ny+ - +n,, where the #; are distinct and conjugate. By Theorem 2.11, g4 \G isa
multiple of ¢ and Frobenius reciprocity forces 04, \N to contain each of the 7;.

Let L denote the centralizer of A, in N. Since Ay is normal in G, so is L.

First we show that L #A4,. Suppose that A, were self-centralizing in N. Then by
Theorem 2.11, g4, ]N would be a multiple of gy and the #; could not be distinct.
Hence A, is not self-centralizing in N. It follows that Ay#A, so |4 : Ay|=p and
N/Ay,— G/A is an isomorphism. Hence N/A, injects into Aut(A), so it is easy to
see that |L: Ay =p.

From this it follows that L is abelian, and we conclude by showing that L is not
cyclic. Notice that L does not centralize 4, and so A does not centralize L. Consider
the action map G/L — Aut(L). By projecting to Aut(A4,), we see that N/L — Aut(L)
is injective. While A does not centralize L, it does centralize A,. This means that
A/A, injects into Aut(L) but its image goes to 0 in Aut(A4).

Hence, if L is cyclic, it is self-centralizing in G. The argument above that NN.A + A
did not depend on which self-centralizing cyclic subgroup of G we began with, so
repeat the argument with L. A contradiction ensues since NN L =L, and so L is not
cyclic. [

2.16. Corollary. The basic representation of a p-hyperelementary basic group is
primitive.

3. Structure of basic groups, w-basic groups and Witt-basic groups

The goal of this section is to classify the basic groups and their quadratic relatives.
We also do some quadratic representation theory that is easier to explain after we
have the classification in hand. Qur first goal is the classification theorem 3.A.6
below, but we begin with some lemmas.
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3.A. The linear case

3.A.1. Proposition. Let T be a finite p-group. If [T, T] is not cyclic, then [T, T'] con-
tains a subgroup K= C(p)x C(p) such that K is normal in T.

Proof. There exists CoC [T, TIN F(T) where Cy=C(p). Let A be a maximal
member of the following set of subgroups:

{BCIT, T]| Cyc B, B«T, B is cyclic}.

Consider
0 — A T T/A4 0
0 A (7,T] [T/A, T/A] 0.

Since [T, 11 is not cyclic, [T/A, T/A] + {e}. Since 7/A is a p-group, we can find
C, clT/A, T/AIN F(T/A)

where C;=C(p).
Let BC[T, T} be a subgroup such that

0-A—B—>C >0

is exact. Since C,<T/A, B<T. Consider the action map 7/4 — Aut(A4). Since

Aut(A4) is abelian, C, is in the kernel, i.e. C; acts trivially on A. Hence B is abelian.

By the maximality of 4, B is not cyclic. Hence there exists K= C(p) x C(p) C B.
Since K is unique in B and B« T, K<T. Since BC[T,T], KC[T,T]. [

3.A.2. Proposition. Suppose we have a diagram of groups
[P,PICACTCP

where P is a p-group and A=C(p") is self-centralizing in T. Assume that T con-
tains no subgroup K= C(p) X C(p) which is normal in P.

() If p is odd, the group T is cyclic.

(i) If p=2, the group T must be isomorphic to one of the following groups:

c@h, iz0; Q@) i=3; SD@), iz4 D), iz3.

3.A.3. Remark. The list in 3.A.2(ii) contains one 2-group which is not basic, namely
D(8). Notice that if

1

P=D(16)=(x, y|x¥=y*=1, yxy ' =x7h,

then D(8)=<(x> »), A =(x?) is self-centralizing in <x? y), and [P, P}=(x?). Thus
D(8) must be included in the list.
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The proof of 3.A.2 uses the following two lemmas:

3.A.4. Lemma. Suppose A is a p-group which is a subgroup of U=(Z/p"Z)*. Let
a=1+p" 'eU, and assume that a ¢ A. If p is odd, then A=(1). [fp=2and n<?2,
then A={1). If p=2 and n>2, then A is (1), {(—1)=C(2), or (-1 +2"_I)EC(2).

Proof. Let ,U={Be U |p’=1}. If p is odd, then U is cyclic and ,U=(1+p" ")
Ifp=2andn=1,then U=(1). If p=2and n=2, then U={(-1). If p=2 and n>2,
then U=C(2)x CQ2"™?),

LU=(L =1, —1+p" L1+p" 1y,
and UPN,U=(1+p" 1. O

3.A.5. Lemma. Suppose B is a nontrivial element of order p in (Z/p"Z)* (note that
n>1). This describes an action of Z/pZ on Z/p"Z. Then

227 ifp=2and f=-1,

2 . n -~
Hy(2/pZ; 2/p"2)= {(1) otherwise.

The group Hj(Z/pZ s Z/p"Z) classifies extensions of Z/p"Z by Z/pZ with given
action. If n> 1, the extension 0~ Z/2"Z - Q2" "'y > Z/2Z — 0 represents the non-
trivial element in Hj(Z/ZZ; Z/2"Z), where f=—1.

Proof. Consult [2] for the classification of group extensions and for the calculation
of H/?(Z/pZ; Z/p"Z). If p is odd, the action given by S fixes no elements, so the
result is clear. If p=2 and S+ —1, then compute by hand that the fixed elements
are all norms. If p=2 and f= -1, both the calculation and the claim about the
extension are straightforward. [J

Proof of 3.A.2. If p=2 and n=1 or 2, the result is clear. Hence, if p=2, we can
assume n>2.

Claim. There does not exist an element xe T such that xax '=a'*P""' Sor all

acA.
Proof of Claim. Suppose x exists an let A={A4,x). Then 3.A.5 implies that 4 =
AXZ/pZ. If v is a generator of A, then
K=?" '\ xy={aed|a"=1}=C(p)x C(p).
Since [P, P]CA, A is normal in P. Since K is characteristic in 4, we get that K is

normal in P and x does not exist. [

To finish the proof of 3.A.2 note
(i) p odd: Lemma 3.A.4 implies A =T.
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(i) p=2: Lemma 3.A.4 implies that if 4+ 7, then either T7/A=(~1+2""") or
T/A=(-1). Lemma 3.A.5 then implies that if 7/4=(-1+2""'), then T=
SD(2"+1) and if 7/4A =(-1), then TED(Z"‘H) or Q(2n+1)‘ ]

We can now classify the basic p-hyperelementary groups.

3.A.6. Theorem (Classification of basic p-hyperelementary groups). Suppose G =
CX P is a p-hyperelementary group, where P is a p-group, C cyclic, with p prime
to |C|. Let w:P— Aut(C) be the map induced by conjugation.
(i) If p is odd, then the group G is basic if and only if ker y is cyclic.
(i) If p=2, the group G is basic if and only if ker y is
(a) (cyclic)

CRY=(x|x¥=e), i=0;

(b) (quaternionic)

@)=y |x? =, yr=x¥ Tyl =xh, iz

(¢) (semidihedral)
SDQR) =(x ¥ |x¥ '=yt=e, py =Yy, iz

(d) (dihedral)

DRY=(xy|x¥ =yi=e, pxyTl=xl, iz4;
or

© DB =y|xt=y’=e pxy'=x"1
and the map
P— Out(D®))=CQ)

induced by conjugation is onto.
The special case of 3.A.5 where G is a p-group is due to Roquette [22].

Proof. Let T=ker y.

(=) If G is basic, then T contains no subgroup K= C(p) X C(p) such that K< P.
Since Aut(C) is abelian, [P, P] Cker(y). Thus 3.1 implies [P, P] is contained in a
maximal normal cyclic subgroup A of 7. Then A is self-centralizing in 7. Apply
3.A.2. Notice that if T= D(8) and P— Out(D(8)), is not onto, then 7 contains a sub-
group isomorphic to C(2) X C(2) which is normal in P.

(=) If G is not basic, then 2.7 implies that G contains a normal subgroup isomor-
phic to C(p) x C(p). This implies that 7 contains a subgroup K= C(p) X C(p) which
is normal in P. It is easily verified that this is impossible for each of the groups listed
in 3.A.6. [J
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3.A.7. Theorem. If a 2—hyperelementqry group G'is an index 2 subg(“oup of a basic
group, then ker y is C(2"), i=0; Q2°), i=3; D(2"), i=3; and SDQ2"), i=4. In par-
ticular, any such group is an F-group.

Remark. Note that the only non-basic groups on this list are a few cases in which
ker y=D(8).

Proof. If G is an index 2 subgroup of a 2-hyperelementary group G, then either
ker w=ker 7, or else ker i has index 2 in ker . The only case requiring comment
is the ker y index 2 in ker 7 case. It is easy to list the index 2 subgroups of the cyclic,
quaternionic, dihedral and semidihedral groups and to see that the only trouble
could come from an index 2 subgroup of a group G of type (e) above. But as G is
normal in G, ker w C D(8) must be invariant under the map P— Out(D(8)) and so
ker w=C(4).

The cyclic, quaternionic, dihedral and semidihedral groups each have a self-
centralizing cyclic normal subgroup D. Let A C G be the subgroup generated by the
normal cyclic of order prime to 2, C, and a normal cyclic subgroup of order 2’, D.
It is easy to check that A is self-centralizing cyclic. [

3.B. The quadratic case

Before beginning the classification theorem we introduce a construction we will
need.

3.B.1. Lemma. Let G be a group with a normal subgroup K=C(2)x C(2) and a
homomorphism w: G — {£1} such that w is non-trivial on K. Then G=G* X C(2)
where G =ker w.

Let <z)=KNG?™. Then there is a homomorphism, ¢: G* — +1 such that ae
Aut(G), the automorphism used to define the semi-direct product, is of the form

_(h ifeth)=1,
= {z- hoif eh)=—1,
for all he G*. The element z is central. The centralizer of K in G is ker e x C(2);
ker € is normal in G.

Proof. It is clear that G=G* xC(2) where the homomorphism « is given by con-
jugation by an element y € K with y+#z or e. Note that a(h~'isin K and in G*.
Since KNG =(z), a(h)=h or zh. Define ¢: G* — {x1} by setting e(h)=—1 iff
a(h) = zh. Since (z) is normal, z is central so it is not hard to check that ¢ is a homo-
morphism.

The remaining results are clear. [

Notation. For any pair (G,w), let G*'=ker(w: G— {£1}) and let kery™ =
G Nker v where y can be any homomorphism defined on G.
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Recall that (G, w) is w-basic provided that no non-cyclic abelian subgroup of G*
is normal in G.

3.B.2. Theorem (Classification of w-basic p-hyperelementary groups).
(i) If p is odd, a p-hyperelementary group is w-basic if and only if it is basic.
(ii) A 2-hyperelementary group (G, w) is w-basic if and only if either
(@) G is basic; or
(b) G is not basic, but G=G* X C()” as in 3.B.1. Furthermore G™ is non-
trivial and basic.

Proof. It is clear from the definitions that basic groups are w-basic, so we classify
the w-basic groups (G, w) that are not basic. Definition 1.B.6 and Proposition 2.7
imply that G contains a normal subgroup K= C(p) x C(p) which is not contained
in G*. This means that p=2 and w | is split onto, so we are done with part (i) and
in the case p=2 we may apply Lemma 3.B.1. Write G=G ™ X C(2) with a central
7€ G and automorphism a e Aut(G*) with a(h)=h or zh. Furthermore, G* is
non-empty. We are done if we can show that G* is basic, which we do by con-
tradiction. Let LC G be a C(2) x C(2) which is normal in G*. We derive a con-
tradiction by using L to construct a C(2) x C(2) in G* which is normal in G. From
2.6, L contains a central (in G*) element x of order 2. If x=z, then L is the desired
subgroup. If x#z, then (z x) is the desired subgroup. [J

The next result is an w-analogue of 2.11. Let w:G— {1} be an orientation
character. We can also view w as a Q-representation of G via the inclusion
{+1} = GL(Q). For any Q-representation ¢ of G, we let ¢“ denote ¢ ® w.

3.B.3. Definition. A Q-representation ¢ is w-invariant if o=0“. It is w-irreducible
if it is w-invariant and it cannot be expressed as a sum of nontrivial w-invariant Q-
representations. We say that an w-irreducible Q-representation is of type (I) if it is
irreducible as a Q-representation and type (IT) otherwise (in which case o =¢ + 9 “).

Given a subgroup H of G and w-irreducible Q-representations # of H and g of
G with 5 \GEQ, we say that the induction is w-imprimitive if either

(i) # and o both have type (I) and the induction is imprimitive, or

(i) = x +x“ and the induction y |G is imprimitive (in which case so is the induc-
tion x |%).
We say that an w-invariant Q-representation g is w-primitive if it is faithful and
cannot be induced w-imprimitively from a proper subgroup.

3.B.4. Proposition. Let G be a group, w: G— C(2) a homomorphism, and KCG
a normal C(2) x C(2) with w |1< surjective. Write G=H X C(Q2) with H=Xer w. Fur-
ther assume that H is an F-group. If G has a faithful irreducible Q-representation,
it is unique. If there is not a faithful irreducible representation, then G=H X C(2)
and G has precisely two irreducible Q-representations which are faithful when
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restricted to H. These are the only irreducible Q-representations of G which are
Jaithful when restricted to A, a self-centralizing cyclic in H.

Proof. Note that Lemma 3.B.1 applies so that the automorphism « of H giving the
semi-direct product is rather special. Let z denote the element in H which is central
in G and gives the automorphism « as (k) =h or zh for all #e H. First we show
that G does not have an irreducible faithful Q-representation iff G=H x C(2). Con-
sider oy IG, which is faithful, and let ¥ be an irreducible constituent of it. By
Frobenius reciprocity | y has oy as a constituent, so HNker y ={¢e}, and hence H
and ker y commute. If ker x # {e}, then G = H x C(2) (where the C(2) is ker x). Con-
versely, if ker y={e}, then x is a faithful irreducible Q-representation of G.

Next consider the uniqueness assertions. Let y be an irreducible Q-representation
of G, and assume that y is faithful when restricted to 4, where 4 is any self-
centralizing subgroup of H. Let ¢ be an irreducible constitutent of y | 5+ Begin
with the case G=H x C(2), and apply 2.3. Since the conjugation action is trivial in
this case, |H=l- ¢ and so ¢ |A is faithful. By 2.11, ¢ =94, and we are done with
the product case since gy has exactly two extensions to H X C(2).

To do the other case, notice that, since A is self-centralizing, z€ 4, and hence A4
is normal in G. Let ¢ be an irreducible constituent of y |,. Because A4 is a normal
cyclic group, all the conjugates of ¢ have the same kernel when restricted to A, and
so ¢ must be faithful when restricted to 4. Theorem 2.11 implies that g =04. A
similar argument applies to any conjugate of ¢, so from 2.3 it follows that
W \ p=1-0y. We are done if we can show that gy |G is irreducible or is twice an ir-
reducible.

Let x denote an irreducible constituent of gy |°. If oy |“ is Q-irreducible, then
x=x%- If 05 |° is reducible, then g | is x + x*, and we are done if we can show
that y =x®. If ker y # {e}, we saw above that G= H x C(2) and G could not have
a faithful irreducible representation. Hence we can assume that x is faithful.

Let B be the kernel of the action map G — Aut(A4). Note that A C B with cokernel
at most a C(2), so B is abelian. If B is cyclic, then B is self-centralizing and G is
an F-group. By 2.11, y=x® since both are faithful irreducible Q-representations
of G.

If B is not cyclic, there is a K=C(2) X C(2) in B which is normal in G. Since
ker y ={e}, K cannot be central in G, so let G, denote the centralizer of K in G.
Note that Gy=Hyx C(2), and observe that A CH,, so Hy is an F-group with
faithful irreducible representation og,. Let y be an extension of this representa-
tion to Gy. The argument in the product case shows that the only two irreducible
representations of G, which are faithful on A4, are y and w®.

Now apply 2.8. Since y is faithful, y |GO=¢+¢X, where xe G— G,; ¢~ denotes
the conjugation of ¢ by x; and ¢ #¢*. Both ¢ and ¢* must be faithful on A, since
their sum is. Hence ¢ is one of w or w® and ¢~ is the other. So ¢*=¢“. 3

3.B.5. Definition. Each w-basic group has an w-irreducible Q-representation, called
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the w-basic representation, and written g . It is the unique faithful w-irreducible
Q-representation of G. It is of type (II) iff G=ker w x C(2) .

Remark. The necessary existence and uniqueness results have already been verified.
If G is basic, the needed result follows from 2.10 and 2.11. For the groups in
3.A.6(ii)(b), Proposition 3.B.4 applies by 2.10.

3.B.6. Remark. There is no danger in writing g, since if G is an w-basic F-group,
the g, defined in 2.11 is clearly also the w-basic representation.

3.B.7. Remark. We leave it to the reader to show that g is w-primitive.

The following result implies the analogue of 2.13, namely that w-irreducible
representations can be induced up nicely from w-basic subquotients.

3.B.8. Theorem. Let G be a p-hyperelementary group equipped with an orientation
character w: G- {x1}. Let o be w-irreducible. Then there are subgroups N< H of
G with NCker w such that H/N is w-basic and g is w-imprimitively induced from
Ou/n- The index of H in G is a pth power.

Proof. We induct by assuming the result for all proper subquotients of G.

Since ¢ is w-invariant, ker o Cker w. If ker # {e}, ¢ can be pulled back from an
w-irreducible Q-representation of G/(ker @), so by our inductive hypothesis we are
done.

The case where ker o = {e} proceeds as follows. If G is w-basic, then ¢ =g by
3.B.4 and we are done again. If G is not w-basic, then select a K in G™ which is
normal in G. Let ¥ be an irreducible Q-constituent of o. Since ¢ is faithful and K
isin G, it follows easily from 2.8 that K cannot be central. Theorem 2.8(ii) further
implies that y | G =¥+ w*, where xe G- G, G, is the centralizer of K in G, and
w#w”; indeed KNker w#KNker w*. Since K is in G*, KNker w=KNker y®,
so wr=w®. If y=p, the type (I) case, then g=0%, so w“=y and we can
w-imprimitively induce ¢ from G,. If ¢ # x, the type (II) case, then v # ¥ so again
we can w-imprimitively induce ¢ from G,. [l

3.C. The Witt case

Recall (1.C.4) that a Witt-basic group is a 2-hyperelementary group in which all
abelian normal subgroups that are f-invariant are cyclic. In particular, a 2-hyper-
elementary group with geometric antistructure is Witt-basic iff it has no normal 8-
invariant C(2) x C(2)’s in ker w. Hence the next result classifies the Witt-basic
2-hyperelementary groups.

3.C.1. Theorem (Classification of Witt-basic 2-hyperelementary groups). Let
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(G, 0, w, b) be a 2-hyperelementary group with geometric antistructure.
(1) There are no normal B-invariant C(2) X C(2)’s in G iff either
(a) G is basic, or
(b) G is not basic, but ker =D(8), and 0 acts on D(8) as a non-trivial outer
automorphism.
(i) There are normal 6-invariant C(2) X C(2) in G but none of them are contained
in ker(w) iff G=G"xCQ)" as in 3.B.1 and G* has no normal 6-invariant
CQ)x C(2)’s.

Proof. Define a new group G=<(G,x | xgx~'=0(g) for ge G, x>=b"!). Note that
GCG is of index 2. Let &: G~ {+1} be the homomorphism with ker & = G.

We begin by producing the G which do not have an #-invariant normal C(2) x C(2).
Clearly these are the groups G for which (G, @) is @-basic. By the classification of
w-basics, G is an index 2 subgroup of a 2-hyperelementary basic group, which are
listed in 3.A.7. Hence G is basic, or ker w=D(8). If ker w = D(8), then G still has
no f-invariant normal C(2) x C(2)’s if G is basic, or if 8 acts as a non-trivial outer
automorphism on D(8). These are the groups satisfying (i) above.

Now suppose that there are #-invariant C(2) X C(2)’s in G, none of which are
in G*. Pick a #-invariant C(2)x C(2) and apply Lemma 3.B.1. Note that the
corresponding z satisfies #(z)=z. We need to see why G* has no 6@-invariant
C(2) x C(2)’s. We proceed by contradiction, so suppose that E is a C(2) x C(2), 8-
invariant and normal in G*. By 2.6 there are central (in G*) elements of order 2
in E. We can easily find a central xe E with 6(x)=x. If x=z we are done. If not,
the group {x,z) is a central #-invariant C(2) x C(2) in G* which is normal in G, so
we are done in either case. To do the converse, return for a moment to the groups
with no f-invariant normal C(2) X C(2)’s. From the classification of basics (3.A.6)
we see that these groups have a unique element z of order 2 in their centers, which
must then satisfy 8(z) =z. Hence if G=G" xC(2)” with the automorphism o built
as in 3.1 with G* having no f-invariant normal C(2) X C(2)’s, then there is a 6-
invariant normal CQ2)x C(2) in G. [

3.C.2. Definition. A Q-representation ¢ is a group homomorphism G : = GL(V,),
so we can define ¢% by precomposing this homomorphism with 6. Define %=
(ga)w. A Q-representation is called a-invariant provided 0% =g.

3.C.3. Theorem. Each Witt-basic group has an irreducible Q-representation which
is faithful and which is a-invariant. This representation is unique unless G=
G X CQ2) in which case there are precisely two.

Remark. We write g, for the representation when it is unique, and call it the Wits-
basic representation. We write o4 and gg for the two representations when there
are two. We call them the Witt-basic representations. Note (0)°=p5 and
vice-versa.
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Proof. If G is an index 2 subgroup of a basic group, then it is an F-group by 3.A.7.
Hence Witt-basic groups satisfying 3.C.1(i) have a unique faithful by 2.11. For case
(i), note that Proposition 3.B.4 applies. []

3.C.4. Theorem. Let ¢ be an irreducible Q-representation of a 2-hyperelementary
group G, with a geometric antistructure (6, w, b). Suppose that o is a-invariant.
Then, there exist subgroups N,<1H, of G with N,Cker w, and an element c,€ G
such that H, and N, are 8-invariant. The scale by c, of the given antistructure on
G restricts to an antistructure on H,/N, and a twisted induction and a twisted
restriction are defined. Furthermore, H,/N, with its geometric antistructure is a
Witt-basic group.

If 0=0%, then H,/N, has a unique Witt-basic representation which induces up
imprimitively to give 9.

If o#0®, then H,/N, has two Witt-basic representations. One of them induces
up imprimitively to give o and the other induces up imprimitively to give 0®.

Proof. We say that an induction from y on H to ¢ on G is Witt-imprimitive iff
0“ =p, there is a ¢ € G such that the geometric antistructure on G, when twisted by
¢, restricts to a geometric antistructure on H, and y*=y.

As usual, we can assume the result for proper subquotients of G. Fix an a-
invariant irreducible Q-representation o of G.

First we do the case in which o“ =p. If ker ¢ # {e}, it is easy to see that ker ¢ is
a G-invariant subgroup of G, and so we can pull ¢ back from the quotient
G/(ker p), which has a geometric antistructure so that the map G— G/(ker o) is a
map of groups with geometric antistructure. Suppose ker o = {e}, and that G is not
Witt-basic. Then by 2.8 we can induce ¢ imprimitively from an index 2 subgroup,
the centralizer, G, of some K= C(2) X C(2). Since K is f-invariant, be G, and G,
is f-invariant. Let w be one of the two irreducible Q-representations of G, which
induce up to give . If yw“=y, then an ordinary induction is Witt-imprimitive. If
w®+ y, then %=y * for some x € G. If we scale by x we now get a Witt-imprimitive
induction. Notice that K is §*-invariant, so 5" € G,. Since K is in G*, w® and y
have the same kernels when restricted to K. Since 0“ =g, it is not hard to check
that w“=w.

Now we do the case 0“ #0. Let y =0 + 0®. Suppose that the #-invariant K in G*
were central. Then K Nker o # {e} by 2.8, and KNker o =KNker o® since KCG*.
Hence x has a kernel. If we assume that ker x # {e}, then this subgroup is a normal,
f-invariant subgroup of G* so we can pass to a quotient as above. Hence, we may
as well assume that ker y = {e} and that K is not central in G. Let G, be the cen-
tralizer of K in G. Just as in the last paragraph, we can induce ¢ Witt-imprimitively
from a representation ¥ on G,. It follows that ¢ is induced from ¥ “ using exactly
the same twist. [
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4. The detection and generation theorems

We review the usual idempotent decomposition of QG. The simple factors of QG
are in one to one correspondence with the irreducible rational representations of G,
and the central simple idempotent associated to a o € Irro(G) is given by the formula

9

Y tre(g™) ¢

e,=—
¢ IGI geG

where a, is the complex dimension of an irreducible constituent of the complex-
ification of o, and tr(e(g™")) is just the character of o applied to g7 ! (see [33, p.
4, Proposition 1.1]).

Notice that, if |G|e R™, then e, e RG, and

RG= @ e,RG.
0¢€lrrg(G)

In R-Morita we also get a decomposition. Let [e,] represent the RG~-RG bi-
module e,RG in R-Morita, so

lep] € Hom g yorita(RG, RG).

We have the usual idempotent equations:

) ] _ 0 if oy,

M le)-ley] {[%] if gy

(i1) Igg= X lel
geler(G)

There are two standard maps in R-Morita: the diagonal map A : A — @ A and the
fold, or sum map @A - A.

We can rephrase (ii) as

(iii) The following diagram commutes:

A
RG ®RG
lrg @ le,]
z
RG @ RG.

4.A. The linear case

The first goal is to prove that the maps [e,] which are defined to be in R-Morita
have natural lifts to RG-Morita, Theorem 4.A.5. After some initial technical discus-
sion, we prove a key commutativity result, Proposition 4.A.4. The promised strong
forms of the linear detection and generation theorems then follow fairly easily.
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4.A.1. Lemma. If |G| e R™, then the R-group ring functor RG-Morita — R-Morita
is injective.

Proof. Injective means that Hom ge moriealH 15 H2) = Hompg poria(RH,, RH,) is injec-
tive. By Bass [1, Proposition 1.3, p. 346], RX and RX’ are equal in
Hom g pon(RH;, RH,) iff there is an RH,-RH, bimodule, C, which is projective as
an RH,-module, such that RX® C=RX' ® C as RH,-RH; bimodules.

Since R[H,] ® R[H,]°" is a free bimodule, we can find a bimodule surjection
fi1(RIH,) ® R[H,]°?)" - C for some finite n. Since |H,|-|H,| is a unit in R, C is
projective as a bimodule since it is projective as an R-module and we can average
any R module splitting of f to a bimodule splitting. Hence we can assume that the
C above is free. But the free bimodule is just our functor applied to the H,-H,
biset H, ® H,, and so X and X’ were already equivalent in RG-Morita. [

We introduce some terminology to enable us to deal efficiently with all our
various notions of irreducibility.

4.A.2. Definition. A Q-representation g of a finite group G is called unita/ if, when-
ever we write 0 =Y w;, w;#w, unless i =j. A collection of unital Q-representations
{0,} is called complete iff every irreducible Q-representation of G occurs in exactly
one of the g;.

4.A.3. Extensions of notation and terminology. If o=} w; is unital, then define
e,=). e, €RG; [e,]=Y [e,,] and a representing bimodule is @e,,,,.RG:egRGC
RG. We say that o is imprimitively induced from y on HCG, provided y =Y ¢,
and each y; is induced imprimitively from ¢;. (Note that x |G=Q.) Extend the
notion of imprimitive induction to subquotients as we did in the irreducible case.

Notice that an w-irreducible representation is unital, and an w-imprimitive induc-
tion is imprimitive.

The proofs of the next two lemmas have the same form. We leave it to the reader
to check that the defined map really is a bimodule map as claimed. Moreover, since
®Z[1/m] R preserves isomorphisms, it suffices to prove the result for R=Z[1/m]
where m=|G|. First we show that the defined map is onto; then we show that the
domain of the map is torsion-free; and then we show that the two ranks are the
same.

4.A.4. Lemma. Let N<H be groups, and let ¢ be a unital Q-representation of H
that is pulled back from a Q-representation g on H/N. Then the map of R[H/N]-
R[H/N] bimodules

f:R[H/N] @ e,RH @ R[H/N]— ¢, R[H/N]
RH RH
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defined by f(h, ® e,hy ® hy)=hye,n(hy)h; for all hy,hye H/N and all hye H (n
denotes the projection n: H— H/N) is an isomorphism whenever |H| e R*.

Proof. Clearly the map is onto. Since e, RH is a summand of RH as an RH-RH bi-
module, the domain of our map is a summand of R[H/N] Qry RH Qpy R[H/N]1=
R[H/N] and so is torsion-free.

Define o : R[H/N]— RH by

1
oB)=1; Y h

where the sum runs over the elements in # in the coset of 4. The map ¢ is a ring map
which splits the projection and which takes e, RH isomorphically onto e, R[H/N].
But it is easy to see that the map e, RH — R[H/N] @gye, RH ®gp R[H/N] which
takese,- hto 1 ®e, - h® 1 induces a surjection, s0 R[H/N] ®gp e, RH®gy R[H/N]
and e, R[H/N] have the same rank. L[]

4.A.5. Lemma. Let H be a normal subgroup of G and let o be a unital Q-representa-
tion of G which is induced imprimitively from n on H. Then the natural RG-RG
bimodule map

I"RG® e,,RH® RG —¢,RG
RH RH
defined by i(g, ® e,h @ g;)=e, g, ¢, h- g, Is an isomorphism whenever |[H| e R*.

Proof. From 2.3 we have the idempotent equation
r
&= Y e
j=1
where {x;€ G} are a set of coset representatives for G/H and r=|G/H|. Note that
_ -1
e,y =X;e,X; , SO
- 1
Y it®e,®x '0)=¢, &
j=1

for all ge G, and our map is onto.
Next note RG= P x;,RH=J RHXx;, so

RG ® e,RH @ RG= @ x,RH ® e,RH @ RHx; as R modules
RH RH i RH RH
= @ x,»®e,,RH®xj.
hJ

This shows that RG Qgye, RH ®ryRG is torsion-free, and that its rank is
r?- rank r €, RH. Imprimitive induction implies rankg e, RG = r?. rank, e,RH. L[]

4.A.6. Proposition. Let N<H with HC G where G is p-hyperelementary: suppose
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that o is a unital Q-representation of G that is induced imprimitively from y on
H/N. Suppose |H| e R*. Then, in R-Morita, the following diagram commutes:

le,]

RG

RG

H/N H/N
Resg Ind;

le,]
R[H/N] R[H/N].

Proof. Begin by assuming that o is Q-irreducible. We can factor the restriction and
induction maps as maps from H/N to H and then from H to G. Since the induction
is imprimitive, we can further factor the inclusion HC G into a sequence of normal
inclusions by 2.14.

Hence it suffices to prove that the diagram commutes for two special cases: namely
a quotient group, G/N of G and a normal subgroup, H of G. The way that we tell
that our diagrams commute in R-Morita is to write down the bimodules representing
the two different sequences of compositions and see that the two resulting bimodules
are isomorphic. For the quotient group case, this is just Lemma 4.A.4 and for the
normal subgroup case it is just Lemma 4.A.5.

Since the diagram commutes for irreducible g it is easy to extend to the case of
a sum of different irreducibles. [

4.A.7. Theorem. Let G be a p-hyperelementary group, and let ¢ be a unital Q-
representation of it. Let |G| e R*. Then there is a unique map in RG-Motrita which
hits [e,] in R-Morita. We will denote this map in RG-Morita also by [e,].

Proof. Since |G| € R™, the R-group ring functor embeds RG-Morita into R-Morita
by Lemma 4.A.1, so the uniqueness result is clear. To prove existence, it suffices
to do the irreducible case. We can assume that the result holds for all groups which
are proper subquotients of G. If ¢ has a kernel, then from Proposition 4.A.4 it
follows that the composite RGﬂR[G/N]ﬁ»R[G/N] = RG is just [e,]. Since
the first and last maps in the composite are naturally in RG-Morita, so is [e,]. A
similar argument holds if ¢ can be imprimitively induced from a proper subgroup
using Lemma 4.A.5.

In the case where g is faithful and cannot be induced imprimitively from a proper
subgroup, then G is basic and ¢ =0 by Theorem 2.13. The [e, ] for all the repre-
sentations of G except g can be assumed to be in RG-Morita, and 15; comes from
the G-G biset G and so is in RG-Morita. Since the sum of all the [e,]’s is 1z in
R-Morita we can define [e,] in RG-Morita so that the sum of all the [e, ]’s is 15 in
RG-Morita. 0O

4.A.8. Linear detection and generation theorem. Ler G be a p-hyperelementary
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group, and assume that |G| is a unit in R. Suppose given a complete set of unital
representations of G, say {o0;}. Suppose further that we are given subguotients
{H;/N,;} with Q-representations w,; and suppose that each g, is imprimitively induced
from ;. Then, in RG-Morita, the following composite is the identity:

Res Xley ] Ind
RG—— @ R[H;/N;] — @ R[H;/N;] — RG.

Proof. The result follows easily in R-Morita from the idempotent equation (equation
(iii) in the introduction to Section 4) and Proposition 4.A.6. It then holds in RG-
Morita by Lemma 4.A.1 and Theorem 4.A.7. O

4.A.9. Proof of Theorem 1.A.11. By 2.13, for each irreducible Q-representation o
we can find subquotients H,/N, which are basic groups and so that ¢ is induced
imprimitively from the basic representation. Apply 4.A.8 to this collection. O

The last result in this section translates some of the idempotent results from above
into RG-Morita.

4.A.10. Theorem. Proposition 4.A.6 holds in RG-Morita. Moreover, suppose given
subgroups N<H of G; ¢elrrg(G) and a unital representation n on H/N. The
composition

le,]

Res le,]
RG—— RG—— R[H/N]—— R[H/N]

is trivial in RG-Morita if o is not a constituent of Indg/N(n).

Proof. The maps in Proposition 4.A.6 are in RG-Morita by 4.A.7 and the diagram
commutes in RG-Morita by 4.A.1 and 4.A.6.

For the last result we may assume that # is irreducible and that we are working
in R-Morita. Let ¢ on H be the pullback of the representation 5. A representing bi-
module for our map is e, R[H/N] ®rpe,RG. By 4.A 4, e; RH ®ppe, RG surjects
onto it, so we prove e,RH Qrye,RG=0.

It follows from the construction of the idempotent decompositions that the
composite e, RHC RHCRG — ¢,RG is the 0-map under our hypotheses, so, in the
ring RG, e,-e,=0. But e,RH @rye,RG is an RH-RG bimodule summand of
RH ®grpe,RG=¢,RG and the image is generated by e, e, =e, e, e,=0. L]

4.B. The quadratic case
The goals and the strategy are the same as for the linear case.
4.B.1. Lemma. If |G| € R*, then the R-group ring functor (RG, w)-Morita— (R, -)-

Morita is injective. If in addition 2 is a unit in R, then the R-group ring functor
(RG, 6, w, b)-Morita — (R, -)-Morita is injective.
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Proof. As in the linear case, it is no trouble to prove that if (RX, Ay) is equivalent

to (RY, Ay) in (R, -)-Morita, then there is a metabolic form on a free bimodule, say

(C, ), so that (RX,Ax)L(C, 1) is isomorphic to (RY,1y) L(C,A). The problem is

that the metabolic form on the free bimodule may not come from a biset form.
One biset form on the rank 1 free H,-H, biset, X =H, X H, is defined by

Ox (k, h) = (0,(K)b s, by, Oy, (M)
and
wx{k, h) = wg,(k) - wg,(h).

The only other one just takes w to be minus the w above. The orthogonal sum of
these two forms is a metabolic form, denoted Meta(d;..). We can define another
biset form on X 11X as follows: Oy, x(x}, X2) = (Ox(x2), Ox(x1)) and wy,, (X1, %) =
wx (X)) wx(x;), where 6y and wy are the ones constructed above. In the associated
form on RX @ RX, each copy of RX is a Lagrangian, so this form is hyperbolic.

If |G| is odd, and the antistructures are standard, use 1.B.1 to compute that
A%Z/2Z; Homg(RH,,RH,))=Z/2Z and that [Atrec] is the generator. It follows
easily from the formulae (i), (ii) and (iii) below 1.B.1 that any metabolic on a free
bimodule is equivalent to one coming from a free biset form.

If 2 is a unit in R, then all metabolics are hyperbolic and we are done again. [

4.B.2. Definition. We can associate to each group G with oriented geometric anti-
structure the biset form on G which is the identity in our category. The associated
form is defined by

Mg, g)=w(gy) g0 (&)

We can restrict this form to any of the e,RG. If g is a-invariant, then we get a
nonsingular bihermitian form on e,RG. If ¢ #0%, then we get a nonsingular biher-
mitian form on e, , ,« RH which is easily seen be hyperbolic.

The proofs of the next two lemmas consist of verifying that an explicit map
preserves an explicit form. They are omitted.

4.B.3. Lemma. Let N<1 H be groups, and let o be a unital a-irreducible Q-representa-
tion of H that is pulled back from a Q-representation ¢ on H/N. Suppose that
NCker w and that N is 6-invariant. Then the map of R[H/N]-R{H/N bimodules
f defined in Lemma 4.A.4. is an isometry whenever |H| e R™.

4.B.4. Lemma. Let H be a O-invariant, normal subgroup of G with be H, G p-
hyperelementary and let ¢ be a unital a-invariant Q-representation of G which is in-
duced imprimitively from n on H with n a-invariant. The RG-RG bimodule map
f defined in Lemma 4.A.5 is an isometry whenever |H| e R™.

4.B.5. Proposition. Let N<H with HCG where G is p-hyperelementary. Let
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(6, w, b) be a geometric antistructure and suppose that H and N are 8-invariant and
NCker w. Suppose that o is an a-invariant unital Q-representation of G that is in-
duced imprimitively from w on H/N. Suppose be H, so there is an induced geo-
metric antistructure on H/N and suppose that y is a-invariant. Suppose |H| e R*.
Then, in (R, -)-Morita, the following diagram commutes:

[e,]

RG RG

H/N

H/N
Resg dg

In

le, ]
R[H/N} R[H/N].

Proof. The proof is much the same as in the linear case (Proposition 4.A.6). Of
course we use Lemmas 4.B.3 and 4.B.4 instead of their linear versions. By Proposi-
tion 2.14 we can find a sequence of subgroups between H and G, each normal in
the next, but we need to have them #-invariant as well. If H, is f-invariant and nor-
mal in H,, then consider the group generated by H, and #(H,). This group is cer-
tainly f-invariant, and H, is still normal in it. Finish as in the linear case. [

4.B.6. Theorem. Let G be a p-hyperelementary group with a geometric antistruc-
ture, for which 8 is the identity. Let o be an w-invariant unital Q-representation of
it. Let |G|e R™. In (RG, w)-Morita there is a unique map which hits [e,] in (R, -)-
Morita. We will denote this map in (RG, w)-Morita also by [e,].

Proof. By Lemma 4.B.1, the R-group ring functor is an embedding, so the unique-
ness result is clear. As in the linear case (Theorem 4.A.7) we can reduce to the case
in which g is w-irreducible. We can further assume that the result holds for all
groups which are proper subquotients of G. If ¢ has a kernel, or can be induced
imprimitively from a proper subgroup, use Proposition 4.B.5 and finish as in the
linear case.

In the case where g is faithful and cannot be induced imprimitively from a proper
subgroup, then G is w-basic and ¢ =g by Definition 3.B.5. The [e,] for all the
representations of G except o can be assumed to be in (RG, w)-Morita, and 1,5
comes from the G-G biset form G and so is in (RG, w)-Morita. Since the sum of
all the [e, ]’s in 1z in (R, -)-Morita we can define [e,] in (RG, w)-Morita so that the
sum of all the [e,]’s is 15 in (RG, w)-Morita. [

4.B.7. Quadratic detection and generation theorem. Let G be a p-hyperelementary
group, and assume that |G| is a unit in R. Suppose given a geometric antistructure
in which @ is the identity. Let {0;} be a complete collection of w-invariant unital
Q-representations. Let {N;<H;} be a collection of subquotients of G with N;Cker w
Jor all i. Assume that o; is induced imprimitively from an w-invariant unital repre-
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sentation y;. Then, in (RG,w)-Morita, the following composite is the identity:

@D le,]

R Ind
RG—= @ R[H,/N;] @ R[H,/N,] —= RG.
Proof. The corresponding result in (R, -)-Morita follows easily from the idempotent
equation (equation (iii) in the introduction to Section 4) and Proposition 4.B.5. By
Theorem 4.B.6 and Lemma 4.B.1 the result also holds in (RG, 6, w, b)-Morita. [

4.B.8. Proof of Theorem 1.B.7. By Theorem 3.B.8 each w-irreducible Q-representa-
tion can be induced from the w-basic Q-representation on an w-basic subquotient
by an imprimitive induction. Apply Theorem 4.B.7. [

4.C. The Witt case

Our first goal is the proof of the detection/generation theorem, 1.C.5, but we
begin with some definitions and lemmas.

4.C.1. Definition. We call a ring with antistructure, (4, &, u), hyperbolic provided
A=A;xA, as rings, and a(A4,;x0)=0xA4,.

4.C.2. Lemma. If (A, o, u) is a hyperbolic ring with antistructure and (B, B,v) is any
ring with antistructure, then any B-A or A-B nonsingular, bihermitian biform is
hyperbolic.

Proof. Let A : M ®zM"'~ A be an A-B nonsingular, bihermitian biform. Define
M,;=(1,00M and M,=(0,1)M. Note M=M, DM, since M\NM,={0}. This is
because (1, 0) acts as the identity on M, and as 0 on M,.

Next note that A |M1 is trivial. Indeed, A(my,m;)=4((1,0)- m,(1,0)- )=
A((1,0) - my, my ¢ (0,1)) =(1,0)A(m, m,)(©0,1)=0. A similar argument shows that
A |y, is trivial.

Contemplation of the isomorphism ad(4) shows that 4 is hyperbolic with respect
to M; and M,.

A similar argument works for the B-A case. []

4.C.3. Lemma. Let G be a 2-hyperelementary group with oriented geometric anti-
structure (6, w, b, €). Suppose that |G| e R*. Let y be a unital Q-representation of
G such that w*=. Assume that every irreducible Q-representation @ of G which
satisfies 0% =g is a constituent of y. Then, in (R,-)-Witt,

LrG, 6,0, ,6) =€y ]

Proof. Given the hypotheses, it is easy to find a unital representation y, such that
w+x+x% is unital and contains every irreducible Q-representation of G. Then
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RG=e,RGXe,RG xe,«RG. The ring e, RGxe,«RG is hyperbolic in the induced
antistructure, so the result follows from Lemma 4.C.2. [

We have our usual theorem.

4.C.4. Theorem. Let G be a 2-hyperelementary group with oriented geometric anti-
structure (8, w, b, ). Suppose that |G|e R*. Let y; be a collection of unital Q-
representations of G such that yj = ;. Suppose there are subgroups N;<H; of G
with Q-representations ¢; such that y, is induced imprimitively from ¢;. Suppose
that N;Cker w. Suppose that for each i there is a c;e G such that H; and N; are
0 =0,-invariant and ¢; is a;-invariant. Suppose b;=b“De H,. Finally, suppose
that each irreducible Q-representation ¢ of G which is a-invariant occurs in exactly
one ;.
Then, in (R,-)-Witt, the following composite is the identity:

R
(RG, 6, w, b, e) ——— @ (R[H;/N;1, 6, , by, &)

xley,) Ind
—_— @(R[HI/N,], 9,’, w, bi’ 8,‘) E— (RG, 9, w, b, 8)

where a subscript i indicates that we have changed the antistructure by scaling by
c; before restricting to the subquotient.

Proof. The proof by now should be clear. [
4.C.5. Proof of 1.C.5. The proof of 1.C.5 follows from 3.C.4 and 4.C.4. [

We conclude this section with a proof of 1.C.3, as well as a remark about 4.C.4.

Notice that both the w-basics and the Witt-basics come in three types:
(i) basic groups,
(i) basic groups X C(2),

(iii) the rest.

Any type (iii) group G has a unique faithful Q-representation g, which can be
induced imprimitively from a representation y on an index 2 subgroup of the form
Hx C(Q2)~, where H is an index 2-subgroup of a basic group. The reason that G is
still on our list is that x®# x. There is an element ¢ € G however, so that if we scale
by ¢, x is «-invariant.

To prove 1.C.3, we first apply the (RG, w)-Morita theorem, 1.B.7, and then use
the above observation to eliminate type (iii) groups at the expense of introducing
twisted maps.

Notice that in 4.C.4 we could also eliminate the type (iti) groups. A further
simplification occurs in (R, -)-Witt. Notice that some of the type (ii) groups are
hyperbolic and hence can also be eliminated. This occurs whenever the 8 associated
to the group acts trivially on the central C(2) x C(2).
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5. Some split exact sequences in Morita categories

In this section we want to prove that the 5-term sequences in 1.A.16 are split
exact. We will do this by showing that they are contractible. Given a sequence in
an additive category

0-4%B5 Ccoo0,

it is a 0-sequence if poa=0. It is contractible provided there exist maps f: C— B
and g: B— A such that

(5.0) (i) gof=0, (i) Bof=1lc, (i) goa=1,, (V) acg+fofi=1p.

It is an easy exercise to check that contractible implies split exact (and even
vice-versa).

5.A. The linear case

We are going to prove Theorem 1.A.16. The proof divides into two cases depen-
ding on whether the K is central or not. We begin with the central case.

In our 5-term sequence for this case, A=RG, B= @f’:OR[G/C,-] and C=
(R[G/K])*. The map «: RG~ @l’.’zoR[G/Ci] is just the product of the individual
projections G — G/C;. We define the map .

5.A.1. Definition. Define §: @f’:oR[G/Ci] - (R[G/K])? as follows: for 1=<i<p,
B | ricsc;) is just the projection: to define B | ki6/cy We define its negative to be the
composite R[G/Cy] = RIG/K] ~ (R[G/K])?, where the first map is the projection
and the second map is the diagonal.

Notice that g is defined in ZG-Morita and that foa =0 even in ZG-Morita.

Next we define f:(R[G/K])’ = @P_, RIG/C;] by describing its projection to
each factor R[G/C;]. The projection to R[G/Cy] is the 0-map, and for 1 <i<p the
projection to R[G/C;] is the composite (R[G/K])” = R[G/K}— R[G/C;] where the
first map is projection onto the ith factor and the second map is generalized induc-
tion associated to the projection. (Note that this map is only defined if p is a unit
in R.)

The definition of g: @I’?:OR[G/C,-] — RG is next. We define it as the sum of
maps g;: R[G/C;] = RG: g, is the generalized induction map; for 1=i=<p, g; is the
composite R[G/C;]1% R[G/C;] — RG where the second map is the generalized in-
duction associated to the projection and where e is 1gs,c, minus the composite
R[G/C;) = R[G/K]— R[G/C;] of the projection and the corresponding generalized
induction. Notice that all the g; are defined whenever p is a unit in R, and equation
5.0(1) holds.

5.A.2. Lemma. Let G be a finite group and N a normal subgroup. Then the follow-
ing diagram commutes in RG-Morita whenever |N| € R™:
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1
RI[G/N1—XM, RIG/N)
Proj Ind

1
RG X RG.

Proof. The proof is sufficiently similar to the proof of Lemma 4.A.4 that it is omit-
ted. O

Using the definitions of the maps and the lemma, it is easy to check that equations
5.0(ii) and (iv) hold whenever p is a unit in R.

Finally, we assume that |G| is a unit in R. It is not hard to check that goa=1,
using 2.8(i) and 4.A.6.

We turn now to the case in which K is not central in G. Our 5-term sequence for
this case has A=R[G], B=R[G/Cy]l ® R[Gy/C|] and C=R[G,/K]. The map
a:A— B is the sum of the projection map RG— R[G/C,] and the generalized
restriction RG — R[G,/C,]. We define g.

5.A.3. Definition. Define a map f#: R[G/Cy] ® R[{Gy/C,] = R[G,/K] as the sum of
two maps: R[Gy/Cy] = R[Gy/K] is the projection and the map R [G/Cy] — R{Gy/K]
is the negative of the composite R[G/C,y] 2 R[G,/Cy] % R[Gy/K].

Notice that £ is defined in ZG-Morita.

5.A.4. Lemma. Let H be a subgroup of G, and let NCH be normal in G. Then,
in ZG-Morita, the following diagram commutes:

Res
RG RH
Proj Proj
Res
R[G/N]——— R[H/N].

Proof. The proof consists of showing that the projection map, R[H/N] @z RG —
R[H/N] ®gia/ny RIG/N], is an isomorphism. It is left to the reader. 0

Using Lemma 5.A.4 it is easy to see that foa =0 in ZG-Morita as we claim.

Next we define the map f: R[Gy/K1— R[G/Cy] ® R[G,/C;] as the sum of two
maps. The map from R[G,/K]— R[G,/C,] is just the projection, and the other
map is the 0-map. The map g: R[G/Cy] ® R[Gy/C;] — RG is the sum of two maps.
The map R[G/Cy] = RG is the induction associated to the projection, and the map
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R[G,/C;]1~ RG is the following composite: R[Gy/C;] % R[Gy/C1% R[Gy] 24 RG
where e is lg(G,/c,) minus the composite R[Gy/C] Proi, R[Gy/K15 R[Gy/Cy]
where g and g are the inductions associated to the obvious projections. Notice that
to define f and g it is only necessary to invert p. With just p inverted, it is easy to
check that (5.0)(@i), (i) and (iv) hold.

Finally, by inverting |G|, we can use 2.8 and Proposition 4.A.6 to check (5.0)(ii).

5.B. The gquadratic case

5.B.1. Theorem. Let G be a 2-hyperelementary group with oriented geometric anti-
structure (0, w, b, €). Let K= C(2) x C(2) be a 8-invariant normal subgroup of G such
that KCker w. Let Cy, Cy, C, denote the cyclic subgroups of K.

(ia) If K is central and 8 acts as the identity on it, then the following sequence
is split exact in (RG, 6, w, b)-Morita

Proj ~ — ~ —
0— (RG,0,w,b,¢) -, (R[G/Cy),0,,b,8) ®(RIG/C\],0,m,b,) D

(RIG/C;), 8, b, e) > (RIG/K), B, @, B, € 0.

(ib) If K is central and 0 does not act as the identity on it, let Cy denote the sub-
group fixed by 6. Then

(RG,0,w,b,8) = (RIG/Cy), 0, @, b, €)

ia an equivalence in (R, -)-Witt.

(iia) If K is not central, we may assume that KN F(G)=C,. Let G, denote the
centralizer of K in G. Assume that 0 acts trivially on K. Then the following sequence
is split exact in (RG, 6, w, b)-Morita:

Proj ® Res ~ _ ~ _
0 - (RG, 67 W, b7 8) - (R[G/COL H’ (D’ b9 8) @ (R [GO/C] ]s 0, c‘_)) ba 8)

L, (R[Gy/K1, B, B, )~ 0.

(iib) Assume that K is not central and that 0 acts non-trivially on K. Then Cy=
KN 3(G) is G-invariant, and there is a c€ G such that conjugation by ¢ permutes
C, and C,. The following sequence is split exact in (R, -)-Morita:

0—-(RG, 0, w,b,¢)

Proj @ Res - e - 70
— > (R[G/Cyl, 0,0, b,6) @ (R[Gy/C 1], 0 @, ', w(c)- €)

2 (RIGy/K, 8, ,5,6)— 0

where a bar over a symbol indicates that it is the natural restriction of the correspon-
ding symbol on G to the subquotient.
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The maps g are described below. As in 1.A.16, all the displayed maps are defined
in (ZG, 6, w, b)-Morita and the sequences are 0-sequences. They just may not be exact
until |G| is inverted as Non-example 1.C.6 shows.

Proof. The proof here divides into four cases. Recall that the R-group ring functor
defines a functor from RG-Morita to R-Morita, so we have the linear diagrams in
R-Morita as well. Also recall that all our groups are 2-hyperelementary.

Case (ia). In this case each C; is f-invariant, so each of the maps that we wrote
down in the linear case (i) is also naturally a map in (RG, 6, w, b)-Morita, and the
proof is similar to the linear case: prove the quadratic version of Lemma 5.A.2
whenever N is a f-invariant subgroup in ker w and then finish exactly as we did for
the linear case.

Case (ib). This is the case that forces us to move out of (RG, w)-Morita. It is
possible to define twisted biforms and work in an ‘RG-Witt’ category, but it does
not seem worth the effort.

The point is that the all the representations in Irry(G)c,cx are taken to repre-
sentations in Irrg(G)e,ck, 50 in (R, -)-Witt they can be ignored. By 2.8, the pro-
jection map G — G/C, induces an isomorphism on the remaining factors.

Case (iia). Once again, all the maps we wrote down in the linear case (ii) are
naturally maps in (RG, 6, w, b)-Morita and so the proof goes just as before.

Case (iib). To explain the problem here note that the map RG — R[G,/C,] is not
a quadratic map because C, is not #-invariant. However, C; is not normal either,
so we can find ¢ € G such that conjugation by c interchanges C, and C,, and hence
f¢ leaves C, fixed, and indeed, 6 acts as the identity on K. Hence we can apply
Case (iia) to the oriented geometric antistructure (6% w, b, ) where ¢ ) = w(c) - €.
Since

Proj _ _ Proj _ _
(RG, 0, w, b, ) ————— (R[G/C,], 8, @, b, ¢) o L (RIG/K),B.@,b,¢)
twist twist twist
Proj Proj

(RG, 6 0,09, ")

(R[G/Cy), 8% @, 59,

(RIG/K],8% @, 5, &)

commutes, we easily derive the required results.

6. On the computation of the restriction map

We want to define a partial ordering on the set of irreducible Q-representations
of a p-hyperelementary group. We say that ¢ <o if ker oCXker ¢ and one of the
following holds:
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(i) deg x,<deg x,, where x denotes an irreducible complex constituent of the
subscript, or

(i) deg x,=deg x, and Q(x,) is properly contained in Q(x,).

The following result is useful for computing some generalized restriction maps:

6.1. Theorem. Suppose that o € Irro(G) is such that there is a subquotient S of G,
which has an n € Irro(S) such that o is induced imprimitively Jromn. Let ¢ € Irro(G)
and telrrg(S) be arbitrary elements. Suppose the composite RG 1), RG Res,
RS, RS is non-trivial. We have the Sfollowing two results:

() If T=n, then ¢ =0.
() If T<n, then ¢<o.

Proof. Begin by assuming that t=#. There is a basic subquotient F of S so that ¢
is imprimitively induced from gr. But then F is also a subquotient of G and ¢ is
induced imprimitively from gg. Part (i) now follows from 4.A.10. It also follows
from 4.A.10 that RG ¢, RG R, RS %), RS is trivial unless 7|¢ contains ¢ as
a constituent.

We now assume that 7<z. Part (ii) will be shown to follow from the result that
T |G contains ¢ as a constituent. To fix notation, let HC G be the subgroup mapping
onto S. Since we know the kernel of an induced representation in terms of the kernel
of the original representation, we see that ker o =ker 7 |%Cker 7|° But, if 7|¢
contains ¢ as a constituent, ker t IGCker ¢, and we have a first part of what we
must prove.

Let x, be an irreducible constituent of 7, and similarly we have x,, x, and x,.
If x.| is reducible, then clearly ¢ <o (indeed deg x,=degx, |°=|G: H|deg x,=
|G : H|deg x,=deg x, |G and deg x, |G>deg Xs)- Hence we need only consider the
case for which y, |G=x¢. If deg x,<deg x, then again ¢ <o.

Hence we may as well assume that y, |G =Xy and deg x.=deg x,. The first equa-
tion implies that Q(x,)2Q(x,). Since deg x,=degx,, we must have Q(x.) is
properly contained in Q(x,). Since Q(x,)=Q(x,), once again p<p. ]

This result can be applied in several places to prove absolute detection theorems.
We begin by proving a general detection theorem and then discussing several situa-
tions. First we introduce some notation.

Given two unital representations ¢ and ¢ of G, we say ¢ <o provided each ir-
reducible rational constituent of ¢ is less than each irreducible rational constituent
of o.

Let F, be a additive functor defined on (Z{1/m]G, w)-Morita into an abelian
category . Let F, be a functor defined on the category (ZG, w)-Morita into . (I
need not be additive.) Consider F; also to be defined on (ZG, w)-Morita, and let
d : F, — F, be a natural transformation. Let N <t H be subgroups of G with NCker w.
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Fix an w-invariant unital representation # of H/N. We say the triple (H,N, ) is
d-good iff

ker 0 CF(Z[1/m}[H/N], w) ﬁ*Fl(Z[l/m][H/N], w)

is injective, where 7 is the maximal unital representation with t<#. (Note that 7 is
w-invariant.)

6.2. Image detection theorem. With notation as above, fix a p-hyperelementary
group G, and let m=|G|. Let K denote a normal subgroup of G with K C ker w, and
let m:G— G/K be the projection. Let ¥ be a complete (Definition 4.A.2) set of
unital representations of G, each of which is w-invariant. Suppose there is one
representation, ok € &, which contains precisely the irreducible Q-representations
of G whose kernels contain K. For every other ¢ € & suppose given a subquotient
N,<H, and a unital representation n=n, such that ¢ is imprimitively induced
Jrom n. Finally, suppose that for each o #0g, the triple (H,, N,,n,) is 3-good.
Consider the commutative square

d

Fi(G,w)

F(G/K,w) ® @ Fi(H,/N,, w)

a

d
Fy(G, w)——— Fy{(G/K, 0) ® @ Fy(H,/N,, w).

Finally, assume
(i) = : ker (F|(G, w) = Fy(G, w)) = ker(F|(G/K, w) = F,(G/K, w)) is onto.

Then d, |\, , is one to one.

Addendum. We may replace & in the above sum by the subset &’ where (H,, Ny)
is in &' iff Fi(le,]) does not induce the 0-map on F\(Z[1/m]H,/N,).

Proof. We may as well assume we are working in a subcategory of the category of
abelian groups. Let xeker(d;)NImd, and select ye Fi(G) with d(y)=x. The
assumption on the map 7 between the kernels means that one can select y such that
it maps to 0 in F1(G/K). We will show that this y is 0 which proves the theorem.

Let 2 be the set of w-irreducible representations of G. We can use the quadratic
detection theorem 1.B.7(i) to write

y= @ Yo
pe2
where y, =Fi([e,])(»), and y =0 iff each y,=0. The proof that y=0 is by contra-

diction. Choose a ¢ € 2 such that y,#0 and if y € 2 with y <¢, then Y4=0. This
we can clearly do.
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Let o€ & be the unique representation which has ¢ as a constitutent, and
note g#gg. Let Y, be the image of y in F|(R[H,/N,],w). From 4.A.8,
Fl(Inde /Ng)(Fl([e,,])(YQ )= @¢ Y, where the sum runs over the constituents of o.
In particular, Fi([e,])(Y,)+0.

Hence g €&’ and therefore (HQ,NQ, n) is 8-good. Since Y, e ker d, this means
Fi([e.])(Y,)#0. But Y, Fl(ResH /N, ¥ ») by definition, so there exists a weQ
such that Fi([e, ])(Fl(ResH IN )(yw))th Hence y,, #0 and from Proposition 4.A.10
and 6.1 we see that y<¢. ThlS is a contradiction. [

We give two examples based on the two functors F((G)=L"(ZG— Z,G,w)=
L%Z1116~ 0,G) (see [12, 1.]) and Fy(G)=L?(ZG, w) for finite 2-groups. If w is
trivial, we take K= G and let & be a set of basic subquotients, one for each represen-
tation which is not trivial. It follows easily from [12, p. 115, Example 1] that all
basic 2-groups are d-good for the corresponding basic representation, except for the
trivial group. Since {e} never occurs as a quotient group for the elements in &, all
the H,/N,’s in & are d-good. Since L%(Z,G)— LP(Z,[G/K]) is an isomorphism, (i)
is clearly satisfied, and the map

» %
LP(ZG)— LP(Z)® @ LP(Z{H,/N,))

is a monomorphism.

If w is not trivial, take K =[G, G]. By [12, p. 115, Example 2], all w-basic groups
which are not basic except C(4)™ are d-good. If C(4)” appears in a set of w-basic
subquotients where the corresponding H is a proper subgroup of G, we can induce
the corresponding representation from a subquotient of order 16. This group of
order 16 has a C(4)” subquotient for which the faithful irreducible Q-representation
on C(4) induces up imprimitively. The only group of order 16 with this property is
the group M of 1.C.8. It is also not hard to check that L?(ZG“", w) is detected
by C(2) x C(4)~ quotients so we see that L?(ZG, w) is detected by w-basic subquo-
tients which are not C(4)~ plus one C(2) x C(4)™ quotient for each ‘C(4)” quotient
representation’ and one subquotient M, for each remaining ‘C(4)” representation’.

Finally, we correct the proof of [13, Theorem 5.4], which is wrong for the case
i=2. Here again we take K to be [G, G], and note that [13, Theorem 4.5 and Lemma
5.2] imply that the collection &%’ above consists of dihedral subquotients, which are
d-good. Theorem 6.2 supplies the necessary result to reduce to a routine diagram
chase.

7. Another approach to detection theorems
The idea in this section is to prove detection theorems in situations in which the

order of G is not a unit in R. Let W be a functor out of (RG, w)-Morita into an
abelian category. In general, one wants to produce a list of 2-hyperelementary
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groups, G, such that, if G is not on the list, then the sum of the generalized restric-
tion maps
W(RG, w)— @ W(R[H/N], ®)

is injective, where the product runs over all proper subquotients of G.
In this generality it is difficult to make further progress. One way to proceed is
to assume that our functor fits into a long exact sequence

Wy
. n+1 w, Xy Y, Wn—l

If G is not w-basic, then we can apply W,, X, and Y, to either the 0-sequence in
5.B.1(ia) or the one in 5.B.1(iia). We get a commutative diagram like that in the next
lemma with 4, ,=W,, B, ,=X, and C, ,=Y,. The vertical maps v, in 7.1 will
be sums of maps vy, : X,,— Y, above.

7.1. Long snake lemma. Suppose given a commutative diagram in an abelian category

) Ju &n
Al,n A2n ﬁA},n
0 ﬁBl n BZ,n B3n >0
Wn Yn Y
0 Ci,n Gy n Cyp—0
v
fn—l En-1
Alnfl A2,nfl A3n—1

where the vertical columns are long exact sequences, each B and each C row is exact
and each A row is a O-sequence (for all ne Z). Then there is a connecting homo-
morphism 0,,: Ay , = A\ ,_1 Such that
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is a long exact sequence.
If B; ,— C; , is injective or B, ,— C, , Is trivial, then J, is trivial.

Proof. A diagram chase. []

Remark. Notice that when &, is trivial, we detect W, (RG, w) by proper sub-
quotients,

7.2. Example. Take W,(ZG,w)=L2ZG w), X, (ZG,w)=L*(Z,G,w) and
Y (ZG, w) = L2(ZG — Z,G, w). Let G be a 2-group. The C row is exact by Applica-
tion 1.B.8(iv) and Theorem 5.B.1(ia) or (iia).

Davis and Milgram [4] applied these techniques to the following example:

7.3. Example. Take W,(ZG,w)=LNQG,w), X,(ZG,w)=LX""(QG,w) and
Y, (ZG, w) =L,{(_ (QG, w). Let G be a 2-group. This W, is a functor out of (ZG, w)-
Morita because the modules defining the maps have the required freeness [11, Pro-
position 5.6]. The C row is exact by Theorem 5.B.1(ia) or (iia) plus the fact that the
round L-theory is a functor out of (QG, w)-Morita.

The functors used in both of these examples have an additional feature. We say
that a functor F satisfies Condition 7.4 provided

7.4. Condition. Any projection map G — G/N where NCker w induces an isomor-
phism F(RG, w)— F(R[G/N], w).

7.5. Lemma. If a functor F satisfies Condition 7.4, then the sequence obtained by
applying F to the O-sequence in 5.B.1(ia) or (iia) is exact.

Proof. Easy. [J

7.6. Remark. In both Example 7.2 and 7.3, the X functor satisfies Condition 7.4.
For Example 7.2, see [12,12]. For Example 7.3, see [11, Proposition 3.2].

7.7. Proof of Theorem 1.C.7. Consider Example 7.2 with w trivial. By [12, Example
1, p. 115], the map vy, is trivial (n#0 (mod 4)) or is injective (n=0 (mod 4)). Then
by Lemma 7.1, 8, ,, is trivial. []

For other applications we produce a refinement of this technique.
7.8. Theorem. Let G be a finite 2-group and let --- > W,— X, —> Y, — - be a long

exact sequence of functors out of (ZG, -)-Morita. Suppose that Y applied to the se-
quence in 5.B.1(ia) or (iia) is exact, and suppose that X satisfies Condition 7.4.
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Finally, suppose that the map vy, is injective if w factors through C(4)” and is
0 otherwise. Then 0, is trivial unless G is w-basic, G=CQ)x C(4)~, or M.

Proof. We can begin by assuming that G is not w-basic. The proof divides into two
cases, as in Section 5. Begin with the case in which G has a central K= C(2) x C(2)
contained in G*.

The goal here is to prove that either d,,, is trivial or G=CQ2)x C4)". If wg/x
factors through C(4)7, then Lemma 6.1 implies &, is trivial. If G is abelian of
rank =3, then it is possible to choose a central K so that wg factors through
C(4)". So hereafter assume wg g does not factor through C(4)” and that, if G is
abelian it is of rank 2.

If at least two of the wg/,c, do not factor through C(4)", then a diagram chase
shows that J,,, ; is trivial. (It is helpful to recall the definition of the map # from
Section 5.A.1.)

We henceforth assume that wg/x does not factor through C(4)™ and that at least
two of the wg,c, do. If G is non-abelian, then let C,C KN[G, G]. Choose C; so
that wg, ¢, does factor through C(4)™. Since CyC{G, G], wgk also factors through
C(4)~, which is a contradiction.

If G is abelian, it is of rank 2 and hence of the form C(2’) x C(2°)~. Note that
i<?2 since wg,x does not factor through C(4)”. Next note that i=2 and j=1 since
otherwise at most one of the wg,¢, factors through C(4)~.

The remaining case is the one in which we have a normal K, but no central one.
If wg,x factors through C(4)~, then Lemma 6.1 implies 9, is trivial, so hence-
forth assume that wg,x does not factor through C(4)". If wg, /¢, does not factor
through C(4)", then another diagram chase shows that &, is trivial, so we now
assume wg,,c, does factor through C(4)".

Note that F,(Gp)=K, since if 3,(G,) were larger, there would be an E=
C(2) X C(2)C 7,(Gy) which would be central in G. If E were not in G, then G,
would be G x C(2)~ which is impossible.

We wish to argue that G, must be abelian. Note first that $5(G)N G4 = C, since
there are no central C(2) x C(2)’s in G*. It follows that [Gg, G410 52(G) = C,. But
this is not possible since then wg,,x would factor through C(4)".

Now we know that Gy is a rank 2 abelian. We know that wg,,c, does factor
through C(4)". The conjugation action of G on G, gives an isomorphism between
G,/C; and Gy/C, which preserves the w’s. As in the central case, it now follows
that Go=C(2)x C@4)".

Now G is an extension of C(2)x C(4)” by a C(2). Consider the subgroup G*
which is easily seen to be a non-abelian group of order 8 with a normal C(2) x C(2),
hence it is D(8). It is easy to show that the extension for G is semi-direct and we
can choose an element ge G* of order 2 giving the splitting.

Finally, we determine the action map: a(h)=g-h-g~! for all he C(2Q)x C(4)".
Let f, and #; be generators for C(2) X C(4)” with w(#)=—1 so ¢, has order 4 and
we choose #, to have order 2 and be in ker w. Note a(t?) = t2, so a(ty) =1t,- ¢, since
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the action is nontrivial on the C(2)x C(2)C C(2)x C(4)~. Clearly a(t;)=t" or
to- !, This second possibility cannot occur since & has order 2 on C(2) x C(4)™. If
a(t,)=t; !, then we an replace t, with #,- ¢; on which « acts trivially. 0

7.9. Proof of 1.C.8. The vy, , |, maps for the functors in Example 7.2 are described
in [12, Example 2, p. 115]. If n+1%0 (mod 4), then Lemma 7.1 proves the result.
If n+1=0 (mod 4), then Theorem 7.8 finishes the proof. [

Remark. The Davis-Milgram example, Example 7.3, also follows from Lemma 7.1
and Theorem 7.8.
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