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Abstract

This is a review of how, when linear distortions are applied to turbulent velocity
fields, certain changes to some or all components of the turbulence can be calculated us-
ing linear theory. Important examples of such distortions are mean and random straining
motions, body forces, interactions with other flows (eg. waves). This theory is usually
known as Rapid Distortion Theory (RDT) because it is valid for all kinds of rapidly
changing turbulent flows (RCT), when the distortion is applied for a time (defined in a
Lagrangian frame) TD that is short compared to the ‘turn-over’ or decorrelation time
scales TL or τD(k) of the energy containing eddies or smaller eddies of scale k−1, respec-
tively. However, for certain kinds of distortion the theory is also applicable to slowly
changing turbulence (SCT) where TD is of the order or greater than TL.

New insight about the structure of slowly changing turbulence has been derived
from RDT by considering different strain rates, initial conditions and time scales. RDT
calculations show that in shear flows, whatever the initial form of the energy spectrum
E(k) (provided it decreases with wavenumber k faster than k−2) or of the anisotropy,
for a long enough period of strain, E(k) always tends to the limiting form where it is
proportional to k−2 for the small scales. Other statistical properties, such as ratios of
Reynolds stresses, are also insensitive to the initial conditions. By contrast RDT shows
how turbulent flows without mean strain or with irrotational strain are significantly
more sensitive to initial and external conditions. These conclusions are consistent with
those drawn from Direct Numerical Simulations (DNS) and experiments at moderate
Reynolds numbers.

The eddy structure of small scale turbulence can be studied by calculating the dis-
tortion of random Fourier components in a velocity field caused by different kinds of
large scale straining motions. This method is used here in conjunction with an analysis
of how the different types of straining motions in different regions of the small-scale
turbulence are affected by the distortion. Interestingly, linear analysis shows that the
vorticity vector tends to become aligned with the middle eigenvector of the rate of strain
tensor, which is consistent with DNS for turbulent flows having a continuous spectrum.

At sufficiently high values of the Reynolds number, even in homogeneous and in-
homogeneous distorted turbulence (mean straining flows, body forces and boundaries),
the nonlinear processes act over a wide enough spectrum to ensure that at small scales
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the energy spectrum E(k) has an approximately universal form (as proposed by Kol-
mogorov). However, at the same time different components of the spectrum have an
anisotropic structure. This can be estimated by applying RDT to each wavenumber
component of the spectrum and taking the time of distortion to be approximately equal
to the turnover time t(k) appropriate to the value of k.

1 Introduction

Turbulence is a recognisable state of nature but it has no rigid definition; it is rather like
certain diseases which are defined by a collection of symptoms called a syndrome. In
the case of turbulence these ‘symptoms’ include randomness with a finite probability
density function, strong vorticity, a complex highly three-dimensional velocity field,
motion over a large and continuous range of length scales, and greatly increased effective
values of viscosity and diffusivity. Many ‘chaotic’ flows, such as particular kinds of
thermal convection, have some, but not all, of these ‘symptoms’. The transition to
turbulence only occurs when the Reynolds number (which is the ratio of inertial to
viscous forces) or, in some cases the imposed disturbance, exceeds certain thresholds.

The conclusion from much recent research is that turbulence, even on the smallest
scales, does not have a general statistical structure that is quite independent of initial
and boundary conditions. Only for certain aspects of turbulence and in certain classes
of flow does it appear that the eddy structure and statistical properties are insensi-
tive to external conditions and large-scale motion. For example, Kolmogorov’s inertial
range theory is a good first approximation for the two-point second moments of the
small scales and spectra in all turbulent flows at sufficiently high Reynolds number,
but the higher order moments certainly do not have a universal structure (Hunt & Vas-
silicos 1991, Frisch 1991). The intermediate or energy containing scales of turbulence
and the Reynolds shear stresses do not generally have a universal structure, but in a
wide class of shear flows similar eddy structures and statistical properties are found for
these scales of motion (Townsend 1975, Hussain 1986). However, even in these flows,
the largest scales that span the shear flow (such as wakes and jets) are quite specific
to the particular mean flow profile and the history of the turbulence (Bevilaqua &
Lykoudis 1978, Mungal & Hollingsworth; see review by Hunt 1992).

Flow visualisation and, more recently, computational studies have shown that
within most turbulent velocity fields there are large eddy ‘structures’, within which
the local distribution of velocity persists over time and space, and which have a re-
peatable flow pattern. These ‘eddies’ can be defined mathematically in a number of
different ways, but most criteria for different types of eddies are based on a local strain
rate or local variation of velocity (Wray & Hunt 1990, Adrian & Moin 1988, Mum-
ford 1982). The structures of interest range in scale from very small scale vortical
eddies that may be present in almost all high Reynolds number flows (eg. Hunt &
Vassilicos 1991) to large scale ‘coherent structures’ that span the entire width of shear
flows and have characteristics peculiar to those flows (Hussain 1985).

Both quantitative models and qualitative analyses have shown how the salient fea-
tures of the dynamics and kinematics of the whole flow, both instantaneously and
statistically, can be explained in terms of the local dynamics and kinematics of these
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eddies (eg. Falco 1991, Hunt 1992, Townsend 1956). This approach is a more physically
based and scientifically more fruitful method for studying the essential nonlinear and
multi-scale dynamics of turbulence than that of developing complex statistical models
based on uncertain mathematical approximation and hypotheses that are difficult to
justify by physical arguments.

The primary aims of this review are to show how analyses of the linearised equations
of motion, in the framework of Rapid Distortion Theory (RDT), can be used to explain
some of the significant kinematical and dynamical aspects of the statistical properties
and eddy structures in turbulence. (The aspects explained in this paper are briefly
described in the summary.) Recent reviews have been written by Cambon 1992 and
Hunt 1992b.

RDT uses linearised equations to describe the changes to a given velocity field
u0(x, t) when it is subject to a distortion. Usually the given or initial velocity field is
defined in terms of Fourier or other appropriate series, where amplitudes and phases
are random. Then the problem reduces to calculating the ‘transfer function’ Min

which determines how the amplitudes and phase of each component changes during
the distortion. Once the transfer function is known (as in linear control theory) it is
straight forward to calculate how the same distortion affects a wide range of initial
turbulent velocity fields. For example some kinds of distortion are highly sensitive
to the variation in initial conditions and others are not; the implications of this are
discussed later.

Note that, although the methods of RDT are more general than those of linear
hydrodynamic stability theory (HST), in fact these two types of calculation using the
linearised solution of the equations of motion, are aimed at exploring quite different
phenomena. Most HST calculations focus on solutions that grow exponentially in space
and/or time, ie. solutions of the form u ∝ exp(−i(αx+σt)), where the imaginary parts
of α and σ are positive. Experimentally, these are found to correspond to large-scale
modes that span the whole mean flow; these are the modes that initially grow and
determine the transition to turbulence. In a fully turbulent flow, the linearised modes
of HST where Im σ = 0 (considered to be perturbations on the mean flow ignoring the
fluctuations) correspond approximately to the largest scale eddy motion (Barcilon et
al. 1974). RDT calculations may grow exponentially (as shown in §3), but usually they
are applied to flows or parts of flows, or scales of eddy motion, where the disturbances
do not grow exponentially fast (eg. Townsend 1976).

The idea of using linearised equations to describe how an initially prescribed velocity
field is distorted by a shear or a straining flow began with Kelvin (1887). (His solution
can be generalised to the nonlinear case Craik & Criminale 1985.) The same mathe-
matical formalism was first applied to distortions to turbulence by Taylor (1935) and
was subsequently developed by Batchelor (1953), Batchelor & Proudman (1954) and
Townsend (1976). The original application of RDT was to calculate second order statis-
tics such as changes in the intensities, correlations and (longitudinal one-dimensional)
energy spectra resulting from the homogeneous distortion of homogeneous isotropic
turbulence. The predictions of RDT were found to be satisfactory when compared
to experimental results from a wind tunnel with a sudden contraction (eg. Tucker &
Reynolds 1968).
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RDT has since been extended and applied to other flows where the turbulence is
undergoing inhomogeneous distortion, eg. around bluff bodies (Hunt et al. 1991), large
scale flow in distorted ducts and non-isentropic compressible flow (Goldstein 1978),
flow over hills and waves (Carruthers & Hunt 1990), and flow in internal combustion
engines (Reynolds 1980).

A less obvious extension of RDT has been its use as a way of analysing the structure
of turbulence. In this case RDT is used to model individual realisations, instead of
statistics averaged over many realizations. Recently Lee, Kim & Moin (1990) have
shown that an RDT shear calculation for slowly changing turbulence is able to produce
the characteristic long, streaky structures observed in experiments on the turbulent
boundary layer.

Another way in which RDT may be used to investigate the structure of turbulence is
to divide the Fourier transform of the velocity into separate large-scale and small-scale
parts and to model the interaction of the two scales as a rapid distortion of the small
scales by the large scales (Kida & Hunt 1989). By dividing the flow into a number
of structure types and applying a variety of large scale distortions (corresponding to
specific large scale structures) it is possible to see how various types of interaction
affect the structure of the small scales and hence the properties of the turbulence.
Dynamical quantities, such as vorticity production, can also be measured as a function
of distortion to determine if the simple dynamics of this model can produce properties
observed in experiments and Direct Numerical simulation (eg. the concentration of
high intensity vorticity into thin filaments). The results of such an investigation will
be presented in this paper.

The two-scale interaction model described above satisfies the usual condition of
RDT, namely that it is valid for short times, because it considers local regions of the flow
where it is assumed that each local small-scale region will only be subject to distortion
by a given large-scale structure for a short time. One might also imagine trying to use
RDT to analyse an entire flow over long times. The nonlinearity and independence
from initial conditions which characterise turbulent flow make such a linear analysis
seem unjustified. There is, however, the possibility that for some initial conditions
and some types of strain the linear RDT solution reaches a steady ‘eigensolution’ that
is independent of the initial conditions, or a ‘statistical eigensolution’ which is only
weakly dependent on initial conditions, after averaging.

An example of such an ‘eigenflow’ was given by Hunt & Carruthers (1990). They
showed that for shear distortion of flows with energy spectra initially decreasing faster
than O(k−2) the energy spectrum reaches a limiting form of E(χ) ∝ χ−2, where χ is
the local (distorted) wavenumber. This means, for example, that a flow with initial
energy spectrum E(k) ∝ exp(−k2) will change to a power law spectrum. This is
exactly what is observed in Direct Numerical Simulations where the initial sharply
peaked spectrum broadens to a steady power law spectrum after the turbulence has
experienced significant straining by a shear flow.

Only turbulent flows (or components of such flows) that are independent of initial
and boundary conditions can reasonably considered to be demonstrations of a ‘universal
nature of turbulence’ (such as the small scale equilibrium theory of Kolmogorov 1941).
Hence, the above example of eigensolutions in turbulent flows is important because
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of the evidence it provides as to what sort of turbulent flows may have universal
characteristics. In this case, the mean shear imposes a certain statistical property
and structure. This explains why many models of turbulence structure which neglect
the effects of initial conditions are quite satisfactory for shear flows, but not for other
kinds of distorted flows.

Although RDT is not itself a theory of turbulence, it can be used in conjunction
with turbulence theories as guide to the modelling of dynamical terms. For example,
in the closure theory EDQNM (Eddy Damped Quasi Normal Markovian) compressible
RDT has recently been used to give the form of the pressure-dilatation term (Durbin
& Zeman 1992). These models may also be tested by comparing their results for
rapid distortions with those predicted by RDT. Numerical experiments often produce
surprising results, but cannot, of course, explain them. The other role of RDT in
relation to models and simulations of turbulence is to help explain their results, eg.
the alignment of vorticity and eigenvectors of the rate of strain which is presented in
this paper.

2 Formulation of RDT for homogeneous flows

In this section we derive the equations for incompressible RDT and the criteria for their
validity, starting from the Navier-Stokes equation. For a treatment of compressible
RDT see, for example, Goldstein (1978). We focus here on homogeneous flows where
the integral scale of the turbulence, Lx is much less than the length scale H over which
the mean flow or the statistical properties of the turbulence vary. We consider the
turbulence evolving in time; the results describe the distortion of turbulence along the
mean streamlines in a statistically steady flow.

2.1 Derivation of RDT equations

Consider the turbulent velocity, u∗(x, t), pressure, p∗(x, t), and vorticity, ω∗(x, t).
Let u∗(x, t), p∗(x, t), and ω∗(x, t) be divided into mean and fluctuating components:
u∗(x, t) = U(x, t)+u(x, t), p∗(x, t) = P (x, t)+p(x, t), and ω∗(x, t) = Ω(x, t)+ω(x, t),
and substitute into the Navier-Stokes equations for incompressible flow,

∂ui

∂t
+ Ul

∂ui

∂xl

+ ulαil + ul
∂ui

∂xl

= − ∂p

∂xi

+ ν
∂2ui

∂xl
2
, (1)

∂uj

∂xj

= 0, (2)

ωi = εijk
∂uk

∂xj

, (3)

where

− ∂2p

∂xl
2

= 2αlm
∂um

∂xl

+
∂ul

∂xm

∂um

∂xl

, (4)
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and where αij is the deformation tensor, ∂Ui/∂xj. If the input turbulence is homoge-
neous one may replace ui(x, t) by its Fourier transform,

ûi(χ, t) =
1

(2π)3

∫
ui(x, t) exp[−iχ · x] dx, (5)

and obtain equations for the evolution of the Fourier transform of the velocity,

dûi(χ, t)

d
t = −χ2ûi(χ, t)− αilûl(χ, t) + 2χiχl

χ2 αlmûm(χ, t)

−i χiPlm(χ, t)
∫

ûl(χ
′, t)ûm(χ− χ′, t) dχ′, (6)

where Plm(χ, t) is the projection operator (projects a vector into the plane perpendic-
ular to χ),

Plm(χ, t) = δlm −
χlχm

χ2
. (7)

In order that equation (6) is homogeneous, it is necessary that the wave number χ
changes according to the equation,

dχ

di
t = −χjαji. (8)

This is equivalent to an equation for the conservation of wavefronts and shows that the
motion of allowed wavenumbers in Fourier space is solenoidal. The Fourier transform
of the vorticity, ω̂(χ, t), is related to ui(χ, t) by the equation,

ω̂i(χ, t) = −i εijkχjûk(χ, t). (9)

Note that in cases where the input velocity is not homogeneous the Fourier rep-
resentation cannot be used, and so the velocity must be represented as a sum of a
set of orthogonal basis functions calculated specifically for the initial flow. These
functions are usually determined by the method of proper orthogonal decomposition
(Lumley 1965). If the turbulence is homogeneous in only one or two directions the
Fourier transform may be applied in those directions.

The first three terms in equation (6) are linear in the fluctuating component and
represent changes in ûi(χ, t) due to viscous stresses and the interaction between the
fluctuating and mean components. The last term on the right hand side of equa-
tion (6) represents changes due to interactions between fluctuating components of dif-
ferent wavenumbers. The rapid distortion approximation consists in assuming that
this nonlinear term is negligible during the course of the distortion. Thus, the RDT
approximation is equivalent to assuming that the fluctuating components do not in-
teract with themselves and are only affected by the mean strain during the distortion
(note that equation (8) for the evolution of the wavenumber is the same in both the
linear and nonlinear cases). Expressed in terms of energy exchange, the RDT approx-
imation takes into account transfer of energy from the mean flow to the fluctuating
components, and redistribution of energy in χ-space, but not the nonlinear exchange
of energy between Fourier amplitudes of different wavenumber. Usually the viscous
term is ignored since it merely adds an exponential decay factor to the solutions.
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If the initial values of the Fourier transform of the velocity field are known one can
calculate the distorted Fourier transforms of velocity and vorticity using RDT and then
transform back to physical space to find the distorted velocity and vorticity fields. It is
also possible to find directly a number of useful spectral quantities such as the energy
spectrum tensor, Φij(χ, t),

Φij(χ, t) =
1

2
(û∗i (χ, t)ûj(χ, t) + ûi(χ, t)û∗j(χ, t)). (10)

Note that if the turbulence is initially isotropic the initial energy spectrum tensor may
be calculated from the initial energy spectrum and initial wavenumbers,

Φij(k, t) =
1

4πk4
(δijk

2 − kikj)E(k, 0). (11)

Where χ(t = 0) = k.
The energy spectrum tensor is the three-dimensional Fourier transform of the cor-

relation function, Rij(x,x + r; t),

Rij(x,x + r; t) = ui(x, t)uj(x + r, t), (12)

It is usually convenient to consider the integrated spectrum function, Eij(χ, t),

Eij(χ, t) =
1

2

∫
|χ|=χ

Φij(χ, t) dS(χ), (13)

where the integral is over a sphere of radius χ in wavenumber space, so that, Eij(χ, t)
gives the contribution to uiuj from length scales of magnitude χ−1. Thus, for example,
E11 gives the energy of the x-component of velocity as a function of time, and Eii(χ, t)
(or E(χ, t)) gives the total energy contribution from length scale χ−1. E(χ, t) may be
integrated once more to give the total energy of the distorted flow, u2

i (t),

1

2
u2

i (t) =
∫ ∞

0
E(χ, t) dχ. (14)

Similar quantities may be defined and calculated for vorticity (Batchelor 1953, chap. 3).
Simple solutions to the RDT equations exist for pure rotational distortion, pure ir-

rotational straining and pure shear (Townsend 1976). For example, Townsend’s analyt-
ical solutions for simple shear (magnitudes of plane irrotational straining and rotational
distortion are equal) of inviscid turbulence, U1 = αx3, are:

û1(k, t) =
k2

k2
1 + k2

2

Q1û3(k, 0) + û1(k, 0) (15)

û2(k, t) =
k1k2

k2
1 + k2

2

Q2û3(k, 0) + û2(k, 0) (16)

û3(k, t) =
k2

k2 − 2βk1k3 + β2k2
1

û3(k, 0) (17)
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where k = (k1, k2, k3) is the initial wavevector, χ = (k1, k2, k3 − βk1) is the distorted
wavevector, and,

Q1 = − k2
2

k1(k2
1 + k2

2)
1/2

arctan

(
βk1(k

2
1 + k2

2)
1/2

k2 − βk1k3

)

+
βk2

1(k
2 − 2k2

3 + βk1k3)

k2(k2 − 2βk1k3 + β2k2
1)

(18)

Q2 =
k2

k1(k2
1 + k2

2)
1/2

arctan

(
βk1(k

2
1 + k2

2)
1/2

k2 − βk1k3

)

+
β(k2 − 2k2

3 + βk1k3)

k2 − 2βk1k3 + β2k2
1

(19)

β = αt (20)

Note that for homogeneous three-dimensional distortions consisting of arbitrary pro-
portions of irrotational and rotational straining over finite times even the linearised
RDT equations cannot be solved in closed form for arbitrary initial conditions (Craik
& Criminale 1986), and so one must resort to asymptotic methods.

Thus, we have seen that RDT provides a straightforward method for calculating
changes in turbulent velocity and vorticity fields and their second order moments given
the initial velocity (or vorticity) field and the distorting field, specified in terms of a
deformation tensor. The next question to be addressed is under which conditions the
RDT linearisation is justified.

2.2 Criteria for the RDT linearisation

As suggested by its name, the usual criterion for the application of RDT is that the
distortion takes place so rapidly that the inertial forces of the distorted turbulence have
no effect, ie.,

TD
u(l)

l
� 1, (21)

where l is the length-scale of the distorted turbulence and TD is the time-scale of the
distortion. Another criterion is that the magnitude of the nonlinear turbulent terms
be small compared with the distorting terms,

u2(l)/l

u(l)U/LD

� 1, (22)

where LD is the length-scale of the distorting velocity field. The nonlinear terms will
lead to significant transfer of vorticity into directions away from that of the maximum
applied straining (linear analysis says that vorticity will only be transferred to the
direction of maximum applied straining).

Thus, equation (22) must be modified to take into account the nonlinear rotation
of vorticity if RDT is to be valid for all components of velocity and vorticity:

u2(l)/l

θ(TD)u(l)U/LD

� 1 (23)
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where θ(TD) = exp((λmin−λmax)TD) and λmin and λmax are the moduli of the minimum
and maximum values of the principal strains of the deformation tensor. This means
that if the strain is strong and isotropic the nonlinear terms may be neglected for all
time (Batchelor 1955). The value of θ(TD) will depend on the typical eddy structures
making up the turbulent flow. Combining criteria (21) and (23) we have the general
conditions on velocity, lengths and times for applying the RDT linearisation:

u(l)

l
� max

(
U

LD

θ(TD),
1

TD

)
(24)

These conditions may be summarised as follows: RDT is always valid as long as
either the strain rate is large enough (taking into account nonlinear rotation effects),
or the period of the distortion, TD, is short enough. Note that this does not imply that
the time-scale of the large eddies must be less than the time-scale of the small eddies.
In certain circumstances, considered below, RDT (despite its name) may actually be
applied over long periods of time (ie. it may be used to analyse slowly changing
turbulence) if the nonlinear term remains small compared to the linear terms.

The criteria derived above for the application of RDT to a turbulent velocity field
all arise from an analysis of the turbulent Navier-Stokes equations in physical space,
before the Fourier transform has been taken. These criteria are based on the relating
acceleration to magnitudes of velocity by assuming that the motions are similar to
oscillatory wave motion. They do not take into account the actual spatial structure of
the turbulence.

An alternative new way of looking at the conditions under which RDT is valid
is to retain the nonlinear terms and examine their magnitude in Fourier space. The
nonlinear term in equation (6) is the nonlinear one and is seen to be responsible for the
nonlinear exchange of energy between wavenumbers in spectral space, and is essentially
the nonlinear transfer term, T (χ) in the energy evolution equation for a distorted
turbulent flow,

∂E(χ)

∂t
= −2νχ2E(χ)− 2αij

∫
|χ|=χ

Φij(χ) dS(χ)

+αij
∂

∂χ

∫
|χ|=χ

χiχj

χ
Φll(χ) dS(χ)− T (χ). (25)

The first term on the right hand side is the decay of energy due to viscosity, the
second is the transfer of energy from the distorting flow to the distorted flow, and the
third is the redistribution of energy in Fourier space caused by the deformation of the
distorted flow and T (χ) is the transfer of energy from all wavenumbers of magnitude
less than χ to all wavenumbers of magnitude greater than χ.

It is clear from inspection of the equations in Fourier space that the neglect of the
nonlinear terms required by RDT is equivalent to assuming that during the distortion
no energy is being transferred between length-scales except due to deformation of the
velocity field. This means that an alternate RDT criterion based on the organisation
of the distorted velocity field may be given: RDT may be applied for long times and
for any level of strain as long as the transfers of energy between length-scales due to
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the distortion are much larger than the nonlinear transfer of energy, ie.,

|T (χ)| � min

(
2αij

∫
|χ|=χ

Φij(χ) dS(χ), αij
∂

∂χ

∫
|χ|=χ

χiχj

χ
Φll(χ) dS(χ)

)
(26)

Different turbulent flows will have different forms for T (χ) depending mainly on
the type and distribution of structures they contain. Indeed for some special flows (eg.
the symmetric ‘error function’ eddy, uθ(r) = r exp(−1

2
α2r2), or the potential spiral

vortex, u(r, θ) = −(cr
1
α
−1)r̂ − (c/r)θ̂) it can be shown that T (χ) is identically zero.

In that case the nonlinear inertial terms are initially zero and the RDT form of the
equations is exact. However, in most subseqent distortions these terms will cease to
be zero and the RDT solution will only be approximate. Thus the criteria for the
validity of RDT should be based on the organisation of the velocity field, as well as its
magnitude. Incidentally, this approach helps us understand the RDT approximation in
terms of energy dynamics instead of inertial forces and time-scales. The organisational
and energetic basis of this criterion makes it extremely useful when RDT is used as a
way of exploring the structures of turbulence.

2.3 Initial and boundary conditions in RDT

An aspect of RDT that distinguishes it from models of turbulence such as EDQNM
(Eddy Damped Quasi-Normal Markovian) is that the initial conditions may be non-
statistical. This would suggest that RDT is unsuitable for investigating characteristic
structures of nonlinear turbulence, which because of its nonlinearity quickly becomes
uncorrelated with its initial conditions and often reaches a ‘universal’ form. Models
such as EDQNM are best suited for use with turbulent flows having a universal statisti-
cal form (eg. shear flows). An RDT analysis should be useful for other, non-universal,
flows. RDT should also be valuable in analysing flow which vary slowly with time and
are weakly dependent on initial conditions—these are characteristic ‘eigensolutions’ or
‘statistical eigensolutions’. In such cases the form of the energy spectrum (though not
its magnitude) reaches a statistically steady state if RDT is be applied over a long
time. (This does not necessarily imply that it is valid over a long time though ex-
perimentally it is found that the predicted form of E(k) is correct.) This is another
example of an energy and organisationally based criterion for the application of RDT.
An example of such an ‘eigenflow’ will be given in §3.2 below. Since the various types of
turbulent flow show different degrees of correlation with initial conditions, the models
of turbulence are not all equally effective at predicting their flow properties. Table 1
below compares the effectiveness of various models for different flows (defined by time
scales) and indicates which flows can be treated using RDT. Table 1 shows that RDT
gives better results than the 1-point eddy viscosity and second order Reynolds stress
transport models for certain quantities in many types of flows, and is comparable to the
more complex 2-point EDQNM closure model. This is perhaps surprising considering
that RDT is a linear theory and was originally intended for flows with TD/TL � 1.

In RDT and in DNS the boundary conditions can be applied before any statistical
averaging is performed. This contrasts with the Reynolds stress models where the
boundary conditions can only be specified in terms of the moments or other statistical
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Property of flow Observations or num- 1-P models 2-P models
erical simulations Time scales EVM 2RST RDT EDQNM

(i)
uiuj

K
,

p∂ui/∂xj

KS
TLS ≤ 1 Y (Sh), N Y (G) Y (P) Y (G)

N (NSh), N
TLS � 1 N Y (P) Y (G) Y (G)

(ii) Correct sensitivity of None TD/TL � 1 Y Y Y Y
property (i) to the Some TD/TL ∼ 1 N N Y Y
initial E(k) None (Sh) TD/TL � 1 Y (Sh) Y (Sh) Y Y

Some (NSh) TLS ≥ 1 N (NSh) N (NSh) Y Y

(iii) Correct sensitivity of Some TD/TL � 1 N Y (approx.) Y Y
property (i) to the initial Weak TD/TL ∼ 1 N Y Y (?) Y
anisotropy bij , cij None (Sh) TD/TL � 1 Y (Sh) Y (Sh) N (Sh) N

Some (NSh) N (NSh) Y (NSh) Y (NSh) Y

(iv) Correlation of ui(x) Strong TD/TL < 1 N N Y (G) Y (?)
with initial (or boundary) Weak TD/TL ≥ 1 Y (P) Y
turbulence

Table 1: Comparative merits of 1-point (1-PM) and 2-point (2-PM) models for different
flow properties and turbulent flows (defined by time-scales) in homogeneous strains
with shear (Sh) and without shear (NSh) away from rigid boundaries or other interfaces.
TL is the time-scale of the turbulence, TD is the imposed time-scale of the distortion,
and S is the applied strain rate, and K is the kinetic energy per unit mass. EVM
= Eddy Viscosity Models; 2RST = Second Order Reynolds Stress Transport; RDT
= Rapid Distortion Theory; EDQNM = Eddy Damped Quasi-Normal Markovian. Y
= Yes, can be computed or is correct in principle; N = No, (G) = Good Model in
practice; (P) = Poor Model in practice. (From Hunt 1992).
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quantities. This involves some serious assumptions near the boundary (Hunt 1992a).
For the RDT or DNS computations on a rigid boundary layer of thickness lδ for an
eddy of length-scale l at high Reynolds number u(l)l/ν � 1 the boundary conditions
are,

n < lδ u = 0 on n = 0

n > lδ u · n = 0 on n = 0, (27)

where n is the distance from the wall, and lδ is the viscous layer generated on the wall by
the eddy moving over wall. (For typical laboratory scale turbulence where ul/ν ∼ ω2,
lδ ∼ (lδν/u(l))1/2.). Typically, if n � 2l the wall boundary condition is irrelevant for
an eddy of scale l. This is why in shear boundary layers where Lx ∼ (1/2)n, the direct
effects of the wall on eddies is small, whereas in shear free boundary layers Lx ∼ n,
the direct effects are large.

3 Turbulent structures and statistical models of tur-

bulence

3.1 RDT and other methods of calculation

In this section we discuss how RDT has been used in the investigation of turbulent
structures and present some new results on structural and dynamical changes in turbu-
lence undergoing arbitrary two-dimensional distortions. This distortion is considered
as a model of some of the dynamics of the interaction between the large-scales and
small-scales of turbulence. We also examine the phenomenon of turbulent ‘eigenflows’
which were discovered by Hunt & Carruthers (1990) on the basis of an RDT analysis
of turbulent shear flows. This result suggests why similar forms of spectra are found
in turbulent shear flows at values of the Reynolds number (Re) too small to produce
the universal structure predicted by Kolmogorov’s nonlinear cascade model. At these
values of Re RDT and experiments show that no universal form exists for unsheared
turbulence, which explains the success of statistical turbulence models in predicting
moments and a wide range of spectra in shear flows, but not in unsheared flows.

RDT was originally developed to predict changes in the statistics of rapidly dis-
torted turbulent flows, its application to the analysis of structures in turbulence is new.
However, it is also suited to the analysis of eddy structure of turbulence, which is not
possible with purely statistical models such as eddy viscosity or K−ε. The only require-
ments for the application of RDT are that one of the sets of criteria for the application
of RDT be satisfied in order that the linearisation be valid. Even if the criteria are not
met an RDT analysis may still be valuable since, by comparing the dynamics produced
by the linear RDT theory with corresponding results from experiment or Direct Nu-
merical Simulation (DNS), the degree of dependence of particular dynamical quantities
(such as vorticity production) on nonlinear processes may be gauged.

In order not to prejudice the result the exploration of the eddy structure of tur-
bulence using RDT is to begin by considering an isotropic, homogeneous turbulent
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velocity field (either from experiment, Direct Numerical Simulation, or randomly gen-
erated with prescribed energy spectrum) and then applying to it a distortion typical
of the flow to be examined (eg. apply a strong shear to investigate turbulent bound-
ary layers). After the distortion has been applied the flow is analysed to look for any
changes in the number and distribution of various structure types.

3.2 RDT and statistical turbulent ‘eigenflows’

In this section we briefly review the results of Hunt & Carruthers (1990) who used
Townsend’s (1976) RDT analysis of sheared turbulence to look for universal features
in the spectra of the small-scale turbulence in shear flow.

Consider a uniform shear U = (αx2, 0, 0) rapidly distorting an initially homoge-
neous and isotropic turbulent velocity field u. The Fourier components of u will evolve
as given by equations (15), (16), (17). The spectra will be expressed in terms of the
local wavenumber, χ, (which is what is actually measured),

χ2 = k2
1 + (k2 − k1β)2 + k2

3, (28)

where β = αt. Since the input velocity field is assumed to be isotropic the components
of Eii(χ) may be calculated from equation (11),

E11(χ, t) =
∫
|χ|=χ

E(k, 0)

4πk2

{
k2

(k2
1 + k2

3)
(a + b)

(
(a + b)− 2k1k2

k2

)

+
(k2

2 + k2
3)

k2

}
dA(k), (29)

E22(χ, t) =
∫
|χ|=χ

E(k, 0)(k2
1 + k2

3)

4πχ4
dA(k), (30)

E33(χ, t) =
∫
|χ|=χ

E(k, 0)

4πk2

 k2
1k

2
3

k2(k2
1 + k2

3)

(
−k2

k2
3

a +
k2

k2
1

b

)2

− 2k1k2k
2
3

k2(k2
1 + k2

2)

(
−k2

k2
3

a +
k2

k2
1

b

)
+

(k2
2 + k2

3)

k2

}
dA(k), (31)

where,

a =
−k2

3

k1(k2
1 + k2

2)

{
arctan

(
k2

(k2
1 + k2

3)
1/2

)
− arctan

(
k2 − βk1

(k2
1 + k2

3)
1/2

)}
, (32)

b = βk2
1(k

2 − 2k2
2 + βk1k3)/k

2χ2, (33)

k2 = χ2
1 + (χ2 + βχ1)

2 + χ2
3. (34)

We consider initial spectra of Gaussian and power law and forms,

E(k, 0) = u2
0(kL)N exp(−k2L2) where N is an integer and N ≥ 0, (35)

E(k, 0) =
u2

0L

(1 + k2L2)P
, where 1 < P. (36)
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The integrals for the Eii(χ, t) can then be evaluated for β � 1 by asymptotic
analysis. It is found that in the range 1 � χL � β E11 is much larger than the others,
so E(χ, t) ≈ E11(χ, t) and,

E(χ, t) ∝ 1

k2

∫
|χ|=χ

β2E(kL, 0) dA(k). (37)

The major contribution to this integral comes from the region |θ̂| � 1 and |φ| � 1,
where θ̂ = 1

2
π + (1− θ)/β. So for β � 1 the integral (37) becomes,

E(χ, t) ∝
∫ ∞

−∞

∫ ∞

−∞

βE([χ2L2/β2 + χ2L2(θ̂2 + φ2)]1/2)

χ2L2
d(θ̂χL) d(φχL). (38)

Thus, if 1 � χL � β if E(k, 0) = ◦(k−2) when kL � 1,

E(χ, t) = β
(∫ ∞

0
k̂E(k̂, 0) dk̂

)
/χ2L2. (39)

Therefore for large enough strain as long as the initial energy spectrum decreases faster
than k−2 the energy spectrum of sheared turbulence will tend to the limiting form of

E(χ, t) ∝ βχ−2. (40)

Note that this result will hold for a broader class of initial spectra than considered
above, any spectrum with a falloff faster than k−2 will suffice.

Figure 3 shows spectra from a number of experiments and simulations of shear
flows. These results show a tendency towards a χ−2 region at large wavenumbers for
large values shear. The result (39) means that also if the Reynolds number is moderate
a shear flow will tend to maintain the k−5/3 spectrum of very high Reynolds number
turbulence, as has been observed in experiment (Monin & Yaglom 1971 and reviewed
by Hunt & Vassilicos 1991).

This analysis has provided two very important pieces of information. First, it has
shown that the form of the large wavenumber spectra in sheared turbulent flows (eg.
turbulent boundary layers) may be determined by linear distortion by the mean shear,
rather than by any complex nonlinear effects. Since k−2 is close to k−5/3 the spectra
of shear flows are often discussed in terms of the spectral predictions of Kolmogorov
theory which is based on a nonlinear cascade of energy to small scales! Secondly, the
fact that the spectrum tends to the χ−2 form gives an indication of the type of structure
one would expect in turbulent shear flows.

The energy spectrum, E(χ, t), of a function is proportional to the square of the
modulus of the complex coefficients, an, of the Fourier series of u(x),

E(χ, t) ∝ |an(t)|2 where u(x) =
∑
n

an(t) exp(iχn(t)x). (41)

If u(x) and all its derivatives are piecewise continuous then,

|an| = O(n−p) as n →∞, (42)

E(χ, t) = O(χ−2p) as χ →∞, (43)
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Figure 1: Schematic diagram showing how a spherical surface in the Fourier space of
the local distorted wavenumber in a shear flow originates from a highly distorted region
of wavenumber space at t = 0. (a) Spherical shell in Fourier space at t = T , (b) shape
of region in Fourier space of initial wavevectors which are mapped to the spherical shell
by the shear distortion.

Figure 2: Schematic diagram of the change in energy spectra upon the application of
strong shear, (a) before shear, (b) after shear.
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Figure 3: Changes in the energy spectra resulting from shear. (a) One dimensional
spectrum measured by Champagne et al. (1970) in shear flow at two positions down-
stream. (b) χ2E(χ, t) and χ2Eii(χ, t) in Direct Numerical Simulations of Rogallo (1981)
of homogeneous turbulence in uniform shear (Reλ ≈ 80).
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where p− 1 is the lowest order continuous derivative (Courant & Hilbert 1953, p. 73).
Thus, if the velocity is discontinuous E(χ, t) ∝ χ−2 as χ → ∞, but the converse is
not necessarily true. All that can be said is that if, as in a shear flow E(χ, t) ∝ χ−2,
there will be singularities in the velocity, but not necessarily simple discontinuities.
These singularities could also be an accumulating oscillation where the frequency of
oscillation becomes singular (Hunt & Vassilicos 1991). These singularities (actually
sharp gradients when viscosity is included) in the velocity would be associated with
elongated eddy structures, and just such ‘stretched’ eddies are seen in both DNS and
experiments of shear flows.

3.3 Turbulent structure

RDT has been used to calculate the effect of uniform plane shear upon homogeneous,
isotropic velocity field computed ‘cheaply’ using the method of Kinematic Simulation
(KS) (Lee et al. 1990, Carruthers et al. 1991). In KS a turbulent-like 3-dimensional
velocity field is generated from a truncated 3-dimensional Fourier series (usually about
38 terms is sufficient). The series is constructed so that the velocity field satisfies
continuity. The magnitudes of the Fourier coefficients are chosen so that the velocity
field has a prescribed energy spectrum, while the phases are chosen randomly from
a set distributed isotropically on the unit sphere. KS produces accurate first and
second order statistics (Fung et al. 1991) and allows quantities such as pressure and
derivatives of velocity to be calculated exactly directly from the Fourier representation
of the velocity. KS is also ideally suited for use with RDT since RDT calculates the
evolution of Fourier coefficients. The velocity field produced using this combination
of KS and RDT is shown in figure 4 below and compared with experimental, and
Direct Numerical Simulation (DNS) results. Figure 4 shows good qualitative agreement
between the RDT+KS results, the experiment and DNS. All three plots show extremely
elongated eddy structures which lead to extreme gradients of velocity in the y-direction,
consistent with the RDT analysis based on the asymptotic energy spectra of sheared
turbulence. This is a case where the linear RDT analysis has captured all the essential
dynamics, and has provided a simple structural explanation of the phenomenon.

3.4 Perturbations to small scale high Reynolds number tur-
bulence caused by the effect of shear and stratification

In turbulent flows at very high Reynolds number, even if they are inhomogeneous and
distorted, the small scales are approximately isotropic, as hypothesised in the universal
equilibrium theory of Kolmogorov and as observed in many oceanic and atmospheric
experiments (reviewed by Hunt & Vassilicos 1991, Gibson 1991, Van Atta 1991). How-
ever, observations also show that there are systematic departures from isotropy that
depend on the nature of the mean straining flow, the large scale motions and the ef-
fects of body forces. RDT can be applied to estimate these effects, because over a short
enough time (defined later) the change caused by any mean strain or linear fluctuating
body force on the fluctuating velocity field is larger than the changes caused by the
nonlinear interactions of the turbulence (from the analysis in §3.2).
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Figure 4: Comparison of the effect of uniform shear upon turbulent flow, diagrams
show contours of streamwise velocity. (a) Experiment on turbulent channel flow (Lee,
Kim & Moin 1990) β = 8, α = 35.1, (b) Direct Numerical Simulation (Lee, Kim &
Moin 1990) β = 8, α = 33.6, (c) RDT + KS, β = 10, α = 50, Von Karman energy
spectrum, E(k, 0) = 1.196k4/(0.558 + k2)17/6.
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The novel aspect of this analysis is that we analyse a statistically steady process
by performing an unsteady calculation of the changes to the turbulence over a certain
range of length scales of order k−1 that occur over a finite ‘relaxation time scale’ τ(k)
whose magnitude depends on k. In high Reynolds number turbulence the relaxation
time is determined by the nonlinear interactions between eddy motions on the same
scale leading to τ(k) ∼ ε−1/3k−2/3 whereas at low or moderate Reynolds numbers the
large scale motions determine the relaxation time scale for all scales , τ(k) ∼ Lx/u0.
This approach is standard in statistical physics (for example in calculating the effect
of polymers in fluids).

First consider the effect of mean shear on the high wavenumber spectrum. It follows
from equations (15) to (20) that changes in the Fourier components when t < τk and
when k is large enough that τk is small (i.e. k � ε−1/2α3/2) are given by

û1(k, t) = û1(k, 0)−
(

1− k1k2

k2

)
αtû3(k, 0) (44)

û2(k, t) = û2(k, 0)− k1k3

k2
αtû3(k, 0) (45)

û3(k, t) = û3(k, 0)− k1k2

k2
αtû3(k, 0) (46)

Thence
1

2
(û∗1û3 + û1û∗3) = Φ13(k, t) = −

(
k1k3

k2
+

(
1− k2

1

k2

))
αtΦ33(k) (47)

Assuming the turbulence is initially isotropic this leads to a change in Reynolds stress
in a developing flow

−u1u3 = 2/5αtu2
3(t = 0) (48)

The one-dimensional cospectrum Θ13(k, t) can be obtained from (47) by substituting
τ(k) to t and integrating over k-space in the region K1 (eg. k = 1/3K1 to 3K1) to
obtain

Θ13(k, t) = Cαε2/3K
−7/3
1 (49)

where C is of order 1.0. This result was first obtained experimentally, supported by
physical and dimensional arguments by Wyngard & Coté (1972). It has been rederived
in several ways using approximate statistical models such as EDQNM (Bertoglio 1979).
However, this analysis can be extended to derive the corrections to Θ11, Θ33; namely

Θ11 = Θ11 (isotropic)
(
1−O(α2τ 2)

)
(50)

Θ11 = αKε2/3K
−5/3
1 −O

(
α2εK−3

1

)
(51)

Θ33 =
4

3
αKε2/3K

−5/3
1 −O

(
α2εK−3

1

)
(52)

Note that the correction to the normal stress is much smaller than that to the Reynolds
shear stress cospectra, which is consistent with the experiments.

Derbyshire & Hunt (1992) have used the same approach to consider the combined
effects of stable stratification and mean shear on the turbulence spectrum and thence
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explain why such large differences have been observed between the effects of stratifi-
cation on low Reynolds number laboratory turbulence and on high Reynolds number
atmospheric turbulence. From the study of Komori et al. (1983) and Hunt et al. (1988),
the Reynolds shear stress and vertical variance in a developing shear flow with stable
stratification determined by the buoyancy frequency N are given by:

−u1u3 =
2

5
(αt)u2

3(t = 0)− 2

15
(αt)u2

3(t = 0)t2N2 . . . , (53)

u2
3(t) =

(
1−

(
4

35
α2 +

4

5
N2t2

))
u2

3(t = 0). (54)

Using the same argument as in (50) the correction of the spectrum caused by stable
stratification can be found by including both the RDT shear and buoyancy terms of
(53),

Θ13(K1) ∼ −Θ33αε−1/3K
−2/3
1

(
1−O(ε−2/3K

−4/3
1 N2)

)
(55)

Now, from (54) the shear and buoyancy correction to the isotropic value of Θ33(K1) is,

Θ33(K1) ∼
4

3
αKε2/3K

−5/3
1

[
1−O

(
ε−2/3K

−4/3
1

(
α2 + N2

))]
, (56)

which is of the same order as the correction to Θ13. Here αK is the Kolmogorov constant
' 1.5.

A different analysis is necessary for low Reynolds number turbulence whose strain
spectrum (∝ K2

1Θ13(K1)) decreases with K1 in this range. In this case the largest
strain rate and therefore the characteristic time scale τ(k) is determined by the large
scales and not the small scales, i.e. τ(K) (∼ L/u0) is independent of K where u = 0
is the rms turbulence. Then from (53) as the Richardson number increases |Θ13(K1)|
decreases over the whole range of K1, ie.,

Θ13(K1) ∼ Θ13(K1)(Ri = 0)−O
[
(L/u0)

3αN2
]
Θ33(K1) (57)

Comparing (55) and (57) shows that since the corrections for high Reynolds number

in (55) are small for Ri
<∼ 0.2, the shear stress ratio (−u1u3)/u

2
3 is expected to vary

slowly for high Reynolds number turbulence over this range of Ri. The low Reynolds
number correction in (54), however, is larger than the respective high Reynolds num-
ber correction and so the shear stress ratio decreases significantly in the typical ‘low’
Reynolds number turbulence found in the laboratory and computed with D.N.S. (eg.
Van Atta 1991). To the extent that stable stratification does affect the high wavenum-
ber spectrum in high Reynolds number turbulence, the greater correction to Θ13 in
(55) than to Θ33 in (56) explains why the shear stress ratio decreases when Ri

>∼ 0.2.
Thus we have seen that in moderately stratified turbulent flows at high Reynolds

numbers (with Ri
<∼ 0.25) the structure of the turbulent velocity field (eg. the shear

stress ratio) is controlled by shear, although the velocity profiles and statistics will vary.
We have also seen that under certain conditions (i.e. t dU/ dz ∼ 4 and Ri ∼ 0.25) the
effects of shear and buoyancy effectively cancel and the shear stress uw becomes zero.
Note that in this case the structure of density fluctuations are controlled primarily by
density forces.

This is another example of how RDT analysis has given insight into the structure
of turbulent flows using simple hypotheses, and analytical methods.
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4 Structures and dynamics in distorted turbulence

In this section we model the interaction between the large-scales and small-scales of
turbulence as a rapid distortion of the small-scales by the large-scales. The results
presented include changes in dynamical quantities and a structural analysis.

Three-dimensional homogeneous, isotropic turbulence generated using KS is sub-
jected to combinations of rotational and irrotational plane distortions ranging from
pure rotation through pure shear to pure irrotational strain. The type of distortion ex-
perienced by an eddy is, in practice, related to the type of large-scale structure which is
distorting the small-scales. For example, a large-scale eddy would induce a rotational
distortion, whereas the regions between eddies would induce irrotational distortions
and an intermediate position around an eddy would usually lead to a combination of
these effects, i.e. a shear distortion. The picture of turbulence we put forward is one
where the small-scale eddies are advected past the large-scale eddies thereby passing
through regions producing a variety of distortions. The effect of these distortions was
calculated using RDT. For arbitrary combinations of rotational and irrotational distor-
tion the RDT equations cannot be solved analytically for general initial conditions, so
the equations were solved numerically using an adjustable step-size method. A variety
of dynamical quantities (eg. vorticity production, alignment of eigenvectors of rate of
strain with vorticity, angle between velocity and vorticity) were measured before and
after the distortions.

The purpose of this investigation is to determine which aspects of the dynamics
of turbulence can be accounted for by the simple linear dynamics of RDT. Or, more
specifically, what aspects of ‘real’ turbulence that are not seen in random or Gaussian
turbulence may be seen when Gaussian turbulence (generated by KS) is subjected to a
rapid distortion? An important case where the origin of a dynamical effect is unclear
is the alignment of the middle eigenvector (associated with the middle eigenvalue) of
the rate of strain tensor with the vorticity. This alignment is not seen in Gaussian
or random turbulence (Shtilman et al. 1992). Ashurst et al. (1987) and Vincent &
Meneguzzi (1991) have observed such an alignment in Direct Numerical Simulations
and believed it to arise from poorly understood nonlinear effects.

The flow is also divided into different structure types using an algorithm we devel-
oped based on values of pressure, speed and the parameter Σ defined as,

Σ =
S2

ij − Ω2
ij

S2
ij + Ω2

ij

, (58)

where Sij is the rate of strain tensor, and Ωij is the vorticity tensor. The five basic
structure types are: eddy—Σ < −1/3 and p < 0; donor eddies—Σ < −1/3 and
p > 0; shear—−1/3 ≤ Σ ≤ 1/3; convergence—Σ > 1/3 and p > 0; and streaming—
|u| > uRMS and |Ω| < 1

2
|Ω|RMS, |S| < 1

2
|S|RMS. (Note that for all regions except

streams the level of strain must be above a certain threshold, i.e. |Ω| ≥ 1
2
|Ω|RMS,

|S| ≥ 1
2
|S|RMS.) Thus eddies are regions of high vorticity with closed streamlines about

a low pressure core; donor eddies are regions of high vorticity and positive pressure
fluctuation without closed streamlines, shear structures are regions of shear straining;
convergence structures are regions of irrotational straining characterised by converging
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Figure 5: Schematic diagram of the five structure types. (a) Eddy, (b) donor eddy,
(c) shear, (d) convergence, (e) streaming.

streamlines and positive pressure fluctuation; and stream structures are regions of low
deformation and high kinetic energy. This algorithm identifies about 80% of the initial
flow. This approach differs from that suggested by Wray & Hunt (1990) in that the
conditions are absolute, based on the dimensionless parameter Σ (apart from a lower
limit of 1/2 RMS values of S and Ω) which means that similar regions of different
flows will be identified as the same structure type; donor regions are recognized; the
two cases of small second invariant are distinguished (i.e. shear when the S and Ω
are both large, but approximately equal, and unstructured or stream when S and Ω
are both small). These differences mean that the identifications correspond well with
a qualitative visual classification of the flow, and that about 50% more of the flow is
classified than in the Wray & Hunt (1990) algorithm.

Dividing a flow into different structures is a way of characterizing the flow. Each
structure has specific properties (eg. eddies trap particles, convergence region increase
the efficiency of mixing) and by seeing how the number of these regions changes with
the type of applied distortion one can understand how the overall properties of the flow
changes.

Jets of turbulent water are sometimes used to control dust, and turbulence is often
used to accelerate mixing. If the types of distortions that increase eddy and convergence
regions can be found then these distortions could be applied to increase the efficiency
of the working fluids in dust control and mixing respectively.

Distortions with large-scale S + Ω = 20.0 and t = 0.1 (giving a ‘β’ of 2.0) were
applied to initial KS flow with both the Von Karman spectra,

E(k, 0) = 1.196k4/(0.558 + k2)17/6, (59)

and exponential spectra,
E(k, 0) = k2 exp(−0.75k2). (60)
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Figure 6: PDF showing the alignment of vorticity with the intermediate eigenvector of
the small-scale rate of strain tensor. (a) Before distortion (Gaussian profile), (b) after
distortion, (SL−S − ΩL−S)/(SL−S + ΩL−S) = 0.8, t = 0.10.

It was found that the vorticity aligned with the intermediate eigenvector of the small-
scale rate of strain matrix, but with the largest eigenvector of the large-scale (applied)
strain (see figure 6). This alignment increased with the proportion of irrotational
straining in the applied distortion. The alignment with the largest eigenvector of the
applied strain is clearly expected from an examination of the vorticity equation,

Dω

Dt
= ω · (SS−S + SL−S)− (U · ∇)ω, (61)

where SS−S is the small-scale rate of strain tensor and SL−S is the large-scale rate of
strain tensor. The less obvious alignment with the small-scale rate of strain tensor can
be shown to increase exponentially with time using an RDT analysis for large time.

This result shows that the alignment of vorticity with the local intermediate eigen-
vector of the rate of strain observed in DNS is not caused by any particular nonlinear
effects, but largely arises simply from irrotational straining. This irrotational straining
also tends to produce the long ‘worm-like’ vortex tubes containing most of the high
intensity vorticity also seen in DNS (Vincent & Meneguzzi 1991). Thus, irrotational
straining could lead both to the creation of long, thin vortex tubes and associated with
this, the alignment between vorticity and the intermediate eigenvector of the rate of
strain tensor.

Local vorticity production was measured by calculating ωiωjSij which is the source
term in the enstrophy equation,

D(1
2
ω2)

Dt
= ωiωjSij − ν

(
∂ωi

∂xj

)2

. (62)
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Figure 7: PDF’s of vorticity production, ωiωjSij. (a) Initially (Gaussian profile), (b) af-
ter large-scale irrotational distortion ((SL−S − ΩL−S)/(SL−S + ΩL−S) = 0.8, t = 0.10.

Initially there is no net vorticity production (Gaussian PDF), and no distortion pro-
duced any overall vorticity production. It is found, however, that vorticity production
is dramatically increased under high applied irrotational distortion in regions with a
positive intermediate eigenvalue (note that because of incompressibility the sum of the
eigenvalues is zero) of the small scale rate of strain tensor, and vorticity was destroyed
in regions with a negative intermediate eigenvalue. This result was essentially predicted
by Betchov (1956).

Figure 7 shows the positively skewed PDF of ωiωjSij (indicating net production of
vorticity) under high applied irrotational strain in these ‘Betchov’ regions. It can be
shown using an RDT calculation for large times that this production (or destruction)
becomes exponentially large with time under irrotational strain,

〈ωiωjSij〉 = 〈b ω2
10〉 exp(2SL−St) as t →∞, (63)

where SL−S is the large-scale strain, ω10 is the initial velocity in the direction of the pos-
itive eigenvector of applied strain, and b is the intermediate small-scale eigenvalue. This
destruction of vorticity in some strained regions and its production in other strained
regions (depending on local values of the eigenvalues of the rate of strain tensor) will
eventually lead to highly intermittent vorticity. Thus, in a turbulent flow where the
vorticity is initially evenly distributed, linear straining effects will tend to lead to the
concentration of vorticity in small regions– -thin vortex tubes. Again, we see linear ef-
fects largely responsible for a fundamental aspect of turbulence, the highly intermittent
distribution of vorticity.

The alignment between velocity and vorticity retained its Gaussian PDF for all
distortions and within all structure types. The number of ‘cigar’ regions (negative
intermediate eigenvalue) and ‘pancake’ (positive intermediate eigenvalue) regions re-
mained roughly constant at 50% each under all distortions.
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Figure 8: Percentage change in number of structures as a function of type of applied
distortion. Σ = (S−Ω)/(S +Ω). (a) Eddies, (b) donor eddies, (c) convergence regions,
(d) shear regions, (e) stream regions.

The change in the relative proportion of each of the structures with different types
of large-scale distortion is shown in figure 8. Figure 8 shows that the percentage of
eddies, convergence and shear regions increased with the proportion of rotational dis-
tortion, while the percentage of streams and donor eddies increased with proportion
of irrotational distortion. The average percentage of eddies over the range of distor-
tions about equals the initial value, while convergence, shear and donor regions are
suppressed relative to the initial amount for all, but high rotational distortion. Stream
regions, on the other hand, are increased relative to the initial value for all distortions
except at high rotational distortion. An interesting point is that for eddies and shear
regions a pure shear distortion does not change their number. Changes in percentage
of convergence regions mirrors the changes in eddy regions. This is expected since con-
vergence regions are associated with the area between eddies. Shear regions underwent
the greatest overall change (30%). These results indicate one should apply rotational
distortion to the turbulence used in dust curtains and mixing fluids!

All results in this section except the change in the percentage of the different struc-
ture types were independent of the energy spectrum (Von Karman or exponential) used.
The changes in the number of structure types with applied distortion was significantly
less, but qualitatively the same, for the Von Karman spectrum. There is much more
energy in the large wavenumber part of the spectrum in the Von Karman spectrum,
indicating most of the structural effects are due to changes in the small-wavenumber
(large-scale) part of the spectrum.
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5 Conclusions

As explained in the introduction and in §2 Rapid Distortion Theory is formally a
method of calculating turbulent flows changing from a defined state under the influence
of a linear distortion that has a stronger effect on the inertial term than on the nonlinear
interactions of the turbulence. Most of the literature of RDT is concerned with such
problems, which may be quite complex in inhomogeneous distortion, boundaries, etc.

However, starting with studies of Townsend (1976), it has long been recognised
that this linear theory also gives some insight into the structure of turbulence even
when it is slowly changing and approximately independent of initial or boundary con-
ditions. This is the aspect of RDT that has been emphasised in this review. RDT has
demonstrated how, only if the mean flow is approximately like a shear flow, do the
energy containing eddies become approximately independent of their initial conditions
and that the turbulence tends to a constant form of self-similar spectrum. We have
not proved that the linear theory demonstrates this property, the nonlinear turbulence
must also exhibit the same property; but it is likely on physical grounds and it is
observed. RDT has also provided a straight forward method for estimating the cor-
rections to isotropic high Reynolds number turbulence for different kinds of distortion.
This approach could be developed further with more detailed calculation and different
hypotheses about the relaxation. More detailed comparison with other models such as
EDQNM could be interesting. The results are sufficiently interesting to stimulate new
experimental measurement.

Thirdly, RDT now provides an interesting method for simulating how the eddy
structure of turbulence evolves both under the action of mean distortion, (following
Lee et al. 1990), and even during the mutual random interaction of eddy motion be-
tween different scales. The preliminary results presented here show that this kind of
interaction explains some of the salient nonlinear processes in fully developed turbu-
lence and indicates how different types of eddy motion evolve. Clearly further analysis
in this direction is possible.
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