
Summary of Special Functions

Hermite Chebyshev

ODE
y′′ − 2xy′ + 2νy = 0

x ∈ (−∞,∞)
(1− x2)y′′ − xy′ + ν2y = 0

x ∈ [−1, 1]

Sturm-Liouville
Form

[e−x
2
y′]′ + 2νe−x

2
y = 0 [(1− x2)1/2y′]′ + ν(1− x2)−1/2y = 0

Polynomial
Solutions

Hn(x), ν = n
n = 0, 1, 2, . . .

Tn(x), ν = n
n = 0, 1, 2, . . .

Rodrigues’
Formula Hn(x) = (−1)nex2 dn

dxn
(e−x

2
) Tn(x) =

(−1)n
√
π(1− x2)1/2

2n(n− 1/2)!

dn

dxn
(1− x2)n−1/2

Normalization
Constant

∫ ∞
−∞

Hn(x)Hn(x)e
−x2

dx = 2nn!
√
π

∫ 1

−1
Tn(x)Tn(x)(1− x2)−1/2 dx = π/2, n ≥ 1

Generating
Function

e2xu−u
2
=
∞∑
n=0

Hn(x)

n!
un

1− xu
1− 2xu+ u2

=

∞∑
n=0

Tn(x)u
n

Recurrence
Relations

Hn+1 = 2xHn − 2nHn−1

H ′n = 2nHn−1
Tn+1 − 2xTn + Tn−1 = 0
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Legendre Associated Legendre

ODE
(1− x2)y′′ − 2xy′ + λy = 0

x ∈ (−1, 1)
(1− x2)y′′ − 2xy′ +

[
λ− m2

1−x2

]
y = 0

x ∈ (−1, 1)

Sturm-Liouville
Form

[(1− x2)y′]′ + λy = 0 [(1− x2)y′]′ − m
1−x2 y + λy = 0

Polynomial
Solutions

P`(x), λ = `(`+ 1)
` = 0, 1, 2, . . .

Pm
` (x) = (1− x2)m/2d

mP`(x)

dxm

Rodrigues’
Formula P`(x) =

1

2``!

d`

dx`
(x2 − 1)` Pm

` (x) =
1

2``!
(1− x2)m/2 d

`+m

dx`+m
(x2 − 1)`

Normalization
Constant

∫ 1

−1
P`(x)P`(x) dx =

2

2`+ 1

∫ 1

−1
Pm
` (x)Pm

` (x) dx =
2

2`+ 1

(`+m)!

(`−m)!

Generating
Function

1√
1− 2xu+ u2

=

∞∑
n=0

Pn(x)u
n (2m)!(1− x2)m/2

2mm!(1− 2xu+ u2)m+1/2
=

∞∑
n=0

Pm
n +m(x)un

Recurrence
Relations

P ′`+1 = P` + 2xP ′` − P ′`−1
P ′`+1 = (`+ 1)P` + xP ′`

P ′`−1 = −`P` + xP ′`

Pm+1
n =

2mx√
1− x2

Pm
n + [m(m− 1)− n(n+ 1)]Pm−1

n

Pm
n =

Pm+1
n+1 − P

m+1
n−1

(2n+ 1)
√
1− x2
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Laguerre Associated Laguerre

ODE
xy′′ + (1− x)y′ + νy = 0

x ∈ [0,∞)
xy′′ + (m+ 1− x)y′ + νy = 0

x ∈ [0,∞)

Sturm-Liouville
Form

[xe−xy′]′ + νe−xy = 0 [xm+1e−xy′]′ + νxme−xy = 0

Polynomial
Solutions

Ln(x), ν = n
n = 0, 1, 2, . . .

Lm
n (x) = (−1)m dm

dxm
Ln+m(x)

Rodrigues’
Formula

Ln(x) =
ex

n!

dn

dxn
(xne−x) Lm

n (x) =
exx−m

n!

dn

dxn
(xn+me−x)

Normalization
Constant

∫ ∞
0

Ln(x)Ln(x)e
−x dx = 1

∫ ∞
0

Lm
n (x)Lm

n (x)xme−x dx =
(n+m)!

n!

Generating
Function

e−xu/(1−u)

1− u
=

∞∑
n=0

Ln(x)u
n e−xu/(1−u)

(1− u)m+1
=

∞∑
n=0

Lm
n (x)un

Recurrence
Relations

Ln+1 =
f(x; 2n)

(n+ 1)
Ln −

n

(n+ 1)
Ln−1

xL′n = nLn − nLn−1

f(t; k) = k + 1− t

Lm
n+1 =

f(x; 2n+m)

(n+ 1)
Lm
n −

n+m

(n+ 1)
Lm
n−1

x(Lm
n )′ = nLm

n − (n+m)Lm
n−1

f(t; k) = k + 1− t
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