Summary of Special Functions

Hermite

Chebyshev

ODE

y' —2zy + 20y =0
x € (—o00,0)

(1—2?)y" —ay +v*y =0

z € [-1,1]

Sturm-Liouville

ey} +2ve ™y = 0

Form
Polynomial Hy(z), v=mn To(x), v=mn
Solutions n=0,1,2,... n=0,1,2,
Rodrigues’ 5 d" ) (—1)ny/7(1 — 22)1/2 qn .
Formula Hn(l’) - ( 1) eif dxn (6 v ) Tn('r) - 2”(71 — 1/2)‘ dxm (1 x )n
Normalization o0 3 1
Constant | p@i@e i =rnvE | [ L@@ - e =2, 021
oo .
. 1—2u
Generating oru—u? > H,(z) n T
Function - ZO ol v 1—2zu+u? Z
n=
Recurltence H,y1 = 2zH,—2nH,_; Tooy— 22T, + Tyq =0
Relations H' = 2nH, ;




Legendre

Associated Legendre

ODE

(1 —22)y" —2zy' + Ay =0

x e (—1,1)

2wy —|—{

€ (= 1,1)

(1—a%)y” -

EXPRr

Sturm-Liouville

[(1—2%)y) — 25y + Ay =0

Form
Polynomial Py(x), A=£(l+1) pm 2vmy2d" Pr()
z)=1—-2 _—
Solutions £=0,1,2,.. (@) = ( ) dz™
Rodrigues’ 1 ¢ 1 Jt+m
L
Formula, Py(x) = 2%!@( 2-1) P (x) = 2T£!(1 - )m/Qd (@ = 1)
Normalization 1 2 ! 2 (L+m)!
- m m — °
Constant /_1 Py(x)Py(z) de = 1 /_1 P (x)P"(x)dx = W1 —m)
Generating (2m)!(1 — 22)m/2 "
Function V1—27u+ a2 Z 2mml(1 — 2zu 4 u2)m+1/2 Z P +m(
2mx
P, Py+2xP, — P)_ prntl — 2% pm 1) — m—1
Recurrence P€+1 _ ; 1 Pé PE’ ! " WP” +m(m —1) =n(n+1)]P
Relations 1 = (E+ 1P+ P pmtl _ pm+l
P, I o pr = _—ntl




Laguerre

Associated Laguerre

ODE

zy" +(1—2)y +vy=0
x € [0,00)

'+ (m+1—2)y +vy=0
x € [0,00)

Sturm-Liouville

[ze "y] + ve "y =0

[:Em—&-le—;vy/]/ 4 mee—acy =0

Form
Polynomial Ln(z), v=m m m 4"
—(—)m L p
Solutions n=0,1,2,... @) =1 dx™ i (@)
Rodrigues’ L — iﬂ n_ — m _ emx—m dn n+m _—x
Formula n(®) n! dx” (z"e™) L'(x) = n! dm”( )
o0
Normalization / Lo(x)Ly(z)e ®dx =1 o0 _ (n+m)!
Constant o " /0 L' (z) Ly (@)a™e ™" dv = n!
—zu/(1—u) o0 —zu/(1—u) o0
Generating ¢ =Y Ly(z)u” = Ly (@)u”
Function L —wu T;) " (1 —u)m+t nz:;] "
Loy = f(x;2n) . n L. om B flz;:2n4+m) .. n4+m .
n - n n— = — .
Recurrence (n+1) (n+1) e (n+1) " (n41) !
Relations xL), = nL,—nL, (L7 = nL’—(n+m)L,

ftk) = k+1-t

flt;k) = kE+1—t¢




