Virtual and welded periods of classical knots

Hans U. Boden and Andrew J. Nicas

ABSTRACT. We show that any virtual or welded period of a classical knot K can be
realized as a classical period. A direct consequence is that a classical knot admits
only finitely many virtual or welded periods.

In [Fox62|, Fox gave an overview of the then unresolved Smith Conjecture con-
cerning periodic transformations of the 3-sphere preserving a simple closed curve.
Question 7 of [Fox62| deals with the periodic symmetries of a knot, which he observed
come in eight different varieties. Of special interest are the two cases corresponding
to knots admitting a “free period” or a “cyclic period”, respectively. A symmetry of a
(tame) knot K < S is a diffeomorphism ¢: S* — S? of finite order p (the period of
¢) such that p(K) = K. A knot K is said to be:

e freely periodic if there is a fixed point free, orientation preserving symmetry
of K,

e (cyclically) periodic if there is an orientation preserving symmetry of K whose
fixed point set is non-empty and disjoint from K.

In the second case, the solution of the Smith Conjecture [MB84] implies that the
fixed point set is an unknotted circle and that the symmetry is conjugate in the
diffeomorphism group of S? to a rotation about an axis in S3. A fundamental result
of E. Flapan asserts that a nontrivial classical knot admits only finitely many periods
(see |[Fla85|, where she also shows that any knot, other than a torus knot, admits
only finitely many free periods).

Virtual knots and links were defined by Kauffman in [Kau99| as equivalence classes
of virtual knot diagrams by the extended Reidemeister moves. Very briefly, a virtual
knot diagram is a 4-valent graph in the plane with two types of crossings, classical
and virtual crossings. Classical crossings are depicted with over and under-crossings as
usual, and virtual crossings are circled. A diagram without virtual crossings is called
classical because it represents a classical knot or link. In [GPVO00|, it is shown that
for classical knots, equivalence through virtual knot diagrams implies equivalence as
classical knots, and thus virtual knot theory is an extension of classical knot theory.
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Allowing the first forbidden move (see [Kau99|) leads to the coarser notion of
welded knots. Satoh showed that welded knots represent ribbon knotted tori in S*
[Sat00|. Two classical knots that are equivalent as welded knots are equivalent as
classical knots, and so classical knot theory embeds into the theory of welded knots.
In this paper, we are concerned with symmetries of classical knots that arise from
periodic virtual knot diagrams, which were first introduced by S.Y. Lee in |Leel2|
and which are extended here to include welded knots.

DEFINITION 1. Let p be a positive integer. A virtual knot diagram that misses
the origin is said to be p-periodic if it is invariant under a rotation about the origin in
the plane by an angle of 27/p. A virtual or welded knot is said to be p-periodic if it
admits a p-periodic virtual knot diagram, and in that case, we say that p is a virtual
period or welded period for the virtual or welded knot K.

S.Y. Lee asked whether classical knots or links can admit “exotic” virtual periods,
cf. [Leel2, Question 4], and we rephrase his question to include welded knots as
follows.

QUESTION 2. Can a classical knot K admit virtual or welded periods which are
different from its classical periods?

The following theorem answers this question and is our main result.

THEOREM 3. If K is a classical knot admitting a p-periodic virtual or welded knot
diagram then it admits a p-periodic classical knot diagram. The sets of virtual and
welded periods of a given classical knot K are the same as its set of classical (cyclic)
periods. In particular, a classical knot admits only finitely many virtual and welded
periods.

Let N(K) be a regular neighborhood of a knot K < S®. The exterior of K is the
compact manifold with torus boundary: Ex = S\ Int(N(K)). Let Mcg(Fx) denote
the mapping class group of Fx, that is, the group of diffeomorphisms of Ex modulo
the subgroup of diffeomorphisms isotopic to the identity. Let Gx = m(Ek) denote
knot group of K.

The proof of Theorem [3] will be presented in We sketch the argument in
the special case where K is a hyperbolic knot, that is, Int(Ex) admits a complete
hyperbolic metric of finite volume. Let Out(Gg) be the group of outer automorphisms
of Gk (see and let Isom(FEk) be the group of isometries of the complete hyperbolic
metric of finite volume.

THEOREM 4 (see Theorem 10.5.3 |[Kaw96|). If K is a hyperbolic knot then there
are isomorphisms Mcg(Ef) = Out(Gg) = Isom(Ek).

In Theorem[4] the isomorphism is Mcg(Er) = Out(G ) is a special case of [Wal68|
Corollary 7.5], and the isomorphism Out(Gg) = Isom(FEx) makes use of Mostow’s
rigidity theorem |[Mos68|, as extended to complete, finite volume hyperbolic manifolds
by Prasad |Pra73|.

Assume that K admits a p-periodic virtual knot diagram. Such a diagram gives
rise to an automorphism ¢: Gxg — G which, by Proposition |5, must have order
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p. The fundamental group of any complete, finite volume hyperbolic manifold is
torsion free and has trivial center and so G, when K is a hyperbolic knot, has these
properties. This observation allows us to conclude that the image of ¢ in Out(Gk)
also has order p, and Theorem 4] applies to show that ¢ corresponds to an isometry
s € Isom(Ef) of order p. There is a flat torus 7" obtained as a cross section of the
cusp associated to the hyperbolic structure on Int(Fx) and a compact submanifold
Er < Int(Ek), with T = 0E}, that is also an exterior for K and is invariant under ¢,.
By [Luo92, Theorem 2|, (¢,)|g, extends to an order p diffeomorphism @, : 5% — S
preserving K. (Alternatively, one can conclude this from the main theorem of [GL89)|
as follows. The diffeomorphism (. )|z, : Ex — Ej maps a meridian of K to another
meridian for K, and any p-periodic diffeomorphism defined on the boundary torus 0V
of a solid torus V' which sends a meridian to another meridian can be extended to
a p-periodic diffeomorphism of V.) Furthermore, Proposition |§] can be used to show
@, 1s orientation preserving. While this argument produces an orientation preserving
symmetry of K of order p, it does not immediately exclude the possibility that @,
could be a free symmetry. That exclusion is accomplished using our Theorem [15] as
in the proof of Theorem [3] given in 5]

§1. Periodic virtual knots and Wirtinger presentations. If K is a virtual
knot, let Gk denote its knot group. Given a virtual knot diagram for K, we obtain
a Wirtinger presentation for G, and the isomorphism class of G and its peripheral
structure Py are invariants of the underlying welded equivalence class of K |[KimO0O].
If K is classical, then Gx = m(Ek), the fundamental group of the exterior of the knot
Erx = S\ Int(N(K)), and Py is the conjugacy class of the image of the fundamental
group of 0Ef in Gk.

Suppose K is a classical or virtual knot and D is a p-periodic virtual knot diagram
representing K. The periodic transformation of the diagram induces an automorphism
p: Gg — Gk as follows. Recall that virtual knots can be represented as knots in
thickened surfaces > x I. From this point of view, the knot group is the fundamental
group of the complement of K in the cone space C(X x I) = ¥ x I/~ obtained by
identifying (x,1) ~ (y, 1) for all z,y € 3. Notice that the periodic transformation of
the diagram defines a homeomorphism of C(X x I) fixing the cone point, which we
take to be the base point in the fundamental group.

Using symmetry, it follows that D must have np real crossings and also np arcs,
which are paths from one real undercrossing to the next undercrossing, ignoring virtual
crossings. We denote the quotient knot by Ky, it is represented by the diagram Dy
obtained by taking the quotient of D by the Z/p action. Notice that D has n real
crossings. Let

€1,0,---7Cn0,C115---5,Cn1y- - 701,[)—17 s 7CTL,p—1

denote the undercrossings of D in the order in which they are encountered as one
travels around the knot, and let ¢;; denote the writhe of ¢;; for 1 < 7 < n and
0 < j < p— 1. Notice that by symmetry, ¢;; = €41 for 0 < j < p— 1. We can
assume that ¢ acts on the diagram D by sending ¢; ; to ¢; j4+1, where 1 <4 < n and
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0<j<p-—1andj+1istaken mod p (i.e., if j = p—1, then j + 1 is taken to equal
0).
Using this setup, we can label the arcs of the diagram D

a1,0y--+5n0,A115---5,0n1,---,A1p—15---,np—1

so that the arc a;; starts at the crossing c¢;_;; and ends at the crossing c;; for
i=2,...,n. (Incase i = 1, the arc ay ; starts at ¢, ;_; and ends at ¢; ;.) The auto-
morphism acts on the arcs by sending a; ; to a; ;41 for 1 <i<nand 0<j<p-1
with j taken mod p as above.

With these assumptions, the Wirtinger relation of the crossing c; ; is given by

rig = (are) 7 a5 (age)™ (aiery) ™"
fori =1,...,n—1and 7 = 0,...,p— 1. When ¢ = n, we get the relation r, ; =

(are) ™ ay, j (are)*(ar;) "
The resulting Wirtinger presentation of the p-periodic virtual knot K is then

(1) G ={aij | rij),

where 1 < i < n, 0 < j < p— 1. This presentation admits a Z/p symmetry, and
the Wirtinger presentation for the knot group of the quotient knot K is obtained

by adding the relations a;o = a;;7 = -+ = a;,—1 for 1 < 7 < n, which gives the
presentation for the quotient group

(2) Gr, ={a1,...,ay | 71,..., ),

where a; refers to the equivalence class {a;p,...,a;,—1} of generators and r; is the

relation (ay)™% a, (az)% (a;y1)~" with i + 1 taken mod n.
Let 7: Gx — Gk, denote the quotient map.
For an abstract group G, we use Aut(G) to denote its group of automorphisms.

PROPOSITION 5. Suppose K is a virtual knot with meridian-longitude pair p, A €
Gk such that X\ is nontrivial. If K admits a p-periodic virtual knot diagram D, then
the corresponding automorphism ¢ € Aut(Gg) has order p and preserves the peripheral
system Px. In fact, o(u) = gug™" and p(\) = gAg™" for some g € Gk.

PROOF. Clearly ¢? = id, so it suffices to show that ¢ # id for any 1 < k < p.
We first claim that ¢ # id. We show this by contradiction. Assuming that ¢ = 1,
it follows that the generators and the relations for G in the presentation satisfy
a;; = a; ;41 and r;; = r; ;41 for 1 <4 < n. These observations reveal that if ¢ = id,
then the quotient map 7: G — G, is an isomorphism of groups.

On the other hand, choose a meridian g and longitude A for K as follows. Let
i = ar € Gk, and starting on the arc a; o and going once around the knot, let w be
the word obtained by recording the overcrossing arc (ay)®* according to its writhe ¢; at
each undercrossing ¢; ;. We then set A = w (a;1,0) ™", where m denotes the exponential
sum of w. Notice that the homology classes of u, A € G can be represented by curves
in7T? < (X x I \Int(N(K))) with [u]-[A\] = 1. We can choose a compatible meridian
and longitude p*, \* € Gk, for Ky such that w(u) = p* and 7(\) = (A\*)P.
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However, since 7 is an isomorphism, there is an element ( € G with 7(¢) = A*
and (¢)? = A. Thus A\ admits a p-th root. In that case, [u]-[A] = p[u]-[(] is a multiple
of p, which contradicts the fact that [u] - [A\] = 1.

Now suppose ¢ € Aut(Gg) has order k for some 1 < k < p. If k is relatively prime
to p, then writing 1 = ¢k + mp, it follows that ¢ = id, which is a contradiction. The
only other possibility is if p = ¢k for some £. In this case, notice that K is ¢-periodic,
and set ¢’ = ©*. Arguing as before shows that ¢’ # id, and it follows that ¢ cannot
have order k. OJ

The hypothesis in Proposition [5| that the longitude is nontrivial is essential. There
are nontrivial virtual knots K with G =~ Z. In that case, the longitude is trivial and
the automorphism arising from a periodic diagram is also trivial, see Figure [1] for a
specific example.

FIGURE 1. The Kishino knot (pictured) is 2-periodic and has infinite
cyclic knot group.

QUESTION 6. Does there exist a periodic virtual or welded (non-classical) knot
with “nontrivial” knot group, that is G 2 7Z, and trivial longitude for which the
induced automorphism ¢: G — G is the identity?

S.-G. Kim has shown that any classical knot group is the group of a (non-classical)
virtual knot with trivial longitude, see [Kim00, Corollary 7].

QUESTION 7. Does there exist a periodic virtual or welded knot whose knot group
is isomorphic to that of a classical knot such that the induced automorphism is not
conjugate to any automorphism arising from a symmetry of the classical knot?

Note that any automorphism of the knot group of a prime classical knot pre-
serves its peripheral structure, (see [Tsa88, Corollary 4.1]), and so the knot group in
Question [7] should be that of a composite classical knot.

§2. The Group of Outer Automorphisms. Given a group G, an inner au-
tomorphism is an element of Aut(G) of the form ¢;: G — G, where g € G and
cy(x) = grg~! for all z € G (conjugation by g). The subset of all inner automorphisms,
Inn(G), is a normal subgroup of Aut(G) and the group of outer automorphisms of G is
defined as the quotient group Out(G) = Aut(G)/Inn(G). There is an exact sequence

1 — Z(G) —— ¢ —“5 Im(G) —— 1
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where Z(G) = {x € G | gz = xg for all g € G} is the center of G, i: Z(G) — G is
inclusion and C(g) = ¢, for g € G. Hence g € Z(G) if and only if ¢, = idg.

Let @Q: Aut(G) — Out(G) denote the quotient homomorphism. The following
proposition will be used in the proof of Theorem [12]

PROPOSITION 8. Let G be a torsion free group with trivial center. If ¢ € Aut(G)
has finite order n = 1 then Q(¢) € Out(G) also has order n.

PROOF. Let m be the order of Q(¢). Note that m divides n and ¢™ = ¢, for some
g € G. Let s = n/m. Then idg = ¢" = ¢"™ = (¢,)° = ¢4s. Since the center of G is
trivial it follows that ¢°® = 1 and so g = 1 because G is torsion free. Hence ™ = 1
and so m = n. O

The following “relative” versions of automorphism and outer automorphism groups
are relevant in knot theoretic applications. Let P be the conjugacy class of some
subgroup H of G, that is, P = {gHg ' | g € G}. Let Aut(G, P) be the subgroup
of Aut(G) consisting of all automorphisms that preserve P. Observe that Inn(G)
is a normal subgroup Aut(G, P). Let Out(G,P) = Aut(G, P)/Inn(G). Note that
Out(G, P) is a subgroup of Out(G).

§3. Automorphisms of knot groups. Given a knot K in S the inclusion
0Fx — Ef together with a choice of basepoint induces a homomorphism on funda-
mental groups that is injective if K is not the unknot. The conjugacy class of the
image of this homomorphism, which we denote by P, is the peripheral system asso-
ciated to K. It is known that the pair (Gx, Pk) is a complete knot invariant, that is,
two (classical) knots K and K’ are equivalent if and only if the pairs (Gg, Px) and
(G, Pgr) are isomorphic.

A homeomorphism F': Fx — FEyx induces an isomorphism of relative homology
groups F,: H3(Ek,0Ex) — Hs(Fk,0FEk). Since Ey is a compact, connected ori-
entable 3-manifold, the homology group H3(Ek,0Fk) is infinite cyclic and so Fj is
either the identity, in which case we say Fj is orientation preserving, or —1 times
the identity, in which case we say F, is orientation reversing. By Alexander Duality,
FEx is a homology circle and thus Hy(Fk) = H3(Ex) = 0. The homology long ex-
act sequence of the pair (Fr, 0Fk), together with its naturality, yield a commutative
square

Hg(EK7 &EK) i> Hg(EK, aEK)

L e, b

Hy(0Ex) e, b0,

where the connecting homomorphism §: H3(Ek, 0Ex) — Hs(0FEK) is an isomorphism.
It follows that Fj is the identity (respectively, —1 times the identity) if and only if
(Flopy), is the identity (respectively, —1 times the identity), that is, F' is orienta-
tion preserving (respectively, reversing) if and only if F|;g, is orientation preserving
(respectively, reversing).
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Assume that K is not the unknot. We assign to an automorphism ¢ € Aut(G, Pk)
the status “orientation preserving”, respectively, “orientation reversing”, as follows. Let
H € Pg. There exists g € Gi such that p(H) = g-'Hg. The composition in group
homology

* _ (Cg)*
(3) Hy(H) Y258 fy(g1Hg) L% Hy(H)

is an isomorphism. This isomorphism is independent of the element ¢ satisfying
o(H) = g~'Hg because if g;'Hg, = g5 'Hgy then u = g1g;" € Ng, (H), the nor-
malizer of H in Gk, and hence v € H since Ng, (H) = H by |Hei81, Corollary,
p. 148] (this is also a consequence of [Sim76, Theorem 2|). Observe that g, = ugs and
SO Cg, = Cygy = CyCgq,. Oince H is abelian and u € H, ¢, = idg and so ¢4, = cg,.

Note that Hy(H) =~ Hy(0Fk) is infinite cyclic. Hence the isomorphism is
either the identity, in which case we say ¢ is orientation preserving, or —1 times
the identity, in which case we say ¢ is orientation reversing. It is straightforward to
show that our definition of orientation preserving or reversing for ¢ is independent
of the choice of H € Pg. The set of all orientation preserving automorphisms is a
subgroup, denoted Aut* (G, Px), of Aut(Gk, Px) of index at most 2. Observe that
any inner automorphism ¢ = ¢, is orientation preserving because c,-1¢p = cg-1¢y =
idy, and so orientation preserving and orientation reversing are well-defined notions
for outer automorphisms. We denote the subgroup of orientation preserving outer
automorphisms by Out* (G, Pk).

The geometrically and algebraically defined versions of orientation preserving (or
reversing) are related as follows. Let 2y € dEk be a basepoint and let

H = image (i, (71 (0Ek, 20) — T (Ek, 10)) © Gx = 7(Ex, T0).
If F: Ex — FEk is a homeomorphism and ¢ is a path in EFx from xy to F(xy) then
the composition

—1
Fy o
Wl(EK,Io) E— Wl(EK,F(xo)) i) 7T1(EK,Q30).

is an automorphism ¢ € Aut(G, Px) where Pk is the conjugacy class of H. Note
that if the path o lies in 0Ek then o(H) = H. There is a commutative diagram

—1

(Flopg )+ T4
Wl(aEK,Lvo) _— 7T1((3E[QF(I‘0)) _— 7T1((3E[@.§L’0)

o | |

(Flomg )

Hl((')EK) e H1<0EK) _— Hl(&EK)

where h denotes the Hurewicz homomorphism, which is an isomorphism in the above
diagram because 71 (0F, x¢) is abelian. Since 0F[ is a 2-torus, the Pontryagin prod-
uct gives an isomorphism

(5) A*H\(0Eg) — Hy(0Ek)

where A2H;(0Ef) is the second exterior power of Hi(0Ek). It follows from (3),
and that ¢ is orientation preserving (respectively, reversing) if and only if F' is
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orientation preserving (respectively, reversing); moreover, F' is orientation preserving
if and only if det ((Fl|ogy )«: H1(0EK) — H1(0FEK)) = 1, equivalently, ¢ is orientation
preserving if and only if det (¢, 0 ¢|g: H — H) = 1.

PROPOSITION 9. Let K be a classical knot that admits a p-periodic virtual knot
diagram D and let p € Aut(Gk, Pi) be the automorphism associated to D. Then ¢ is
orientation preserving.

PROOF. Let H be the peripheral subgroup of Gy generated by the meridian-
longitude pair p, A € G as in Proposition |5, Also by Proposition [5, ¢(u) = g ug

and () = g~'\g for some g € Gx. Hence H LN g Hg —2 H is the identity.
It follows that the induced homomorphism (c,¢|m)s«: Ha(H) — Hy(H) is also the
identity and so ¢ is orientation preserving. O

§4. Lifting Periodic Homeomorphisms. We give a criterion for a periodic

homeomorphism of a space to lift to a periodic homeomorphism, of the same period,
of its universal cover.
Convention. Let o and [ be paths, parametrized by the unit interval, in a space Z
such that «(1) = £(0). We denote path multiplication by « - 5. Moreover, to avoid
an excess of notation, for paths a, o’ we write & = o/ to mean « is homotopic to o/
keeping endpoints fixed. The isomorphism of fundamental groups induced by a path
a in Z is denoted by ay: m(Z, a(0)) — m(Z, a(1)).

Let X be a path connected, locally path connected, semi-locally simply connected
space and let p: Y — X be a universal covering projection. Let xq € X be a basepoint
and yo € Y a basepoint covering xo, that is, p(yo) = zo.

PROPOSITION 10. Let F': X — X be an n-periodic homeomorphism where n > 1.
Let o: [0,1] = X be a path from xo to F(xo). Let 5: [0,1] — Y be the unique lift of o
such that 5(0) = yo and let F:' Y — Y be the unique lift of F' such that F(yo) = 7(1).

Then F' is an n-periodic homeomorphism if and only if the element 1] € m (X, xo)
represented by the loop T = 0o - (Foo) - (F?oa) -+ (F" 1 o0) is the identity element.

PROOF. Since F™ = idy, (.ﬁ)n is a lift of idy, that is, a covering transformation.
Furthermore, (ﬁ’)n(yo) = (1) where F =5 (F o) --- ((ﬁ’)n_l o). Note that T is
the unique lift of 7 such that 7(0) = yo. Hence (ﬁ )n is the covering transformation
corresponding to the element [7] € (X, zg). It follows that (]5 )n = idy if and only
if [7] is the identity element. O

For p: Y — X as above we have the following sufficient condition for lifting an
n-periodic homeomorphism of X to an n-periodic homeomorphism of Y.

THEOREM 11. Let F': X — X be an n-periodic homeomorphism where n > 1.
Assume that the center of m(X,xo) is trivial and that F is homotopic to a map
f: X — X such that f(xg) = xo and that fu: m (X, z9) — 7 (X, x0) has order m,
with m dividing n, in Aut(m (X, zo)). Then F lifts to an n-periodic homeomorphism
F:Y->Y.
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PROOF. Let H: f ~ F be a homotopy from f to F. Let o(t) = H(xg,t) for
€ [0,1]. Then o is a path from zy to F'(x) and there is a commutative diagram

WX, m0) —2 (X, Fzo))

T [

(X, 20) —Z— m (X, x0).

Let 7 = g and for j = 2,...,n, let 7U) be the path from x( to F7(xy) given by
T(j) =0 -(Foo) - (FF7'oo).

For j =1,...,n, we have commutative diagrams

(X, FI(20)) —2 11(X, FI+(x0))

T#(#j)]\ T(FOT(”)#

(X, 20) ———— 7(X, F(x0)).

and so
F*T#(# —(FOT )#F (FOT )#O'#f*—( -(FOT ))#f*—T#H [

We have F, = a# fe = 7'# )f, and so F? = F*Tf;) fe = Tif) f2. Proceeding inductively,

we obtain F]' = T 4 (n) fi. By hypothesis, F" = idx and f} is the identity. Hence Ti:) is

the identity isomorphism. Since 7 = 7(™ is a closed loop, T4 is conjugation by [7] and
hence [7] € m (X, o) is the identity element because, by hypothesis, m (X, z() has a
trivial center. The conclusion of the theorem follows from Proposition [10] U

We recall some background from [CR77, §3] that will be needed. Let £(X) be the
set of self-homotopy equivalences of X. Give it the compact-open topology and, in
order to avoid pathologies, also assume in the subsequent discussion that X is a locally
compact, separable metric ANR, for example, a metrizable topological manifold. Let
E(X, o) be the subspace of £(X) consisting of basepoint preserving maps. Both £(X)
and £(X, o) are H-spaces (with composition of maps as multiplication). The map
O©: E(X,x9) — Aut(m (X, z0)) given by O(f) = fx induces a group homomorphism
(6) O, m(E(X, 20),1dx) — Aut(m (X, x0))

Assume that X is path connected. Given h € £(X) and a path ¢ in X from z, to
h(zo) the composition

—1

m(X, 20) —2 11 (X, h(zo)) —2— m (X, z0).

yields an automorphism of 71 (X, z9). Another choice of path from xy to h(zg) gives
an automorphism that agrees with 0;1h* up to an inner automorphism yielding a
well-defined map ¥: £(X) — Out(m (X, xp)) that induces a group homomorphism

(7) U, : mo(E(X),idx) — Out(m (X, x0)).
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Let i: £(X,x0) — E(X) be the inclusion map. The diagram
mo(E(X, o), idx) — Aut(m (X, o))

(8) Wo(i)l lcz

mo(E(X),idy) —2— Out(m (X, 20)).

is commutative.

Let Homeo(X) < £(X) be the subspace consisting of self-homeomorphisms of X.
Note that if X is locally connected and locally compact then Homeo(X) with the
compact-open topology is a topological group. The composition

9) Homeo(X) «—— &£(X) -z, Out(m (X, xg))

is a group homomorphism which we also denote by ¥ to avoid notation proliferation.

Recall that a space X is aspherical if it has a contractible universal covering space.
If X is aspherical then the homomorphisms O, and ¥, in @ and , respectively,
are both isomorphisms. For any group G, let G, denoted the subset of G consisting
of elements of finite order (G, need not be a subgroup).

THEOREM 12. Let X be an aspherical space with universal coverY . Let F: X — X
be an n-periodic homeomorphism where n > 1. Assume that w1 (X, xq) is torsion free
and its center is trivial. If U(F') € image (Q: Aut(m (X, z0)) s — Out(m (X, z0)) )

then F' lifts to an n-periodic homeomorphism F:Y — Y.

PROOF. Since ¥: Homeo(X) — Out(m (X, xg)) is a group homomorphism, ¥ (F')
has order m dividing n. By hypothesis, there exists ¢ € Aut(m (X, z¢)) of finite order
such that W(F) = Q(p). By Proposition [§] ¢ also has order m. Since ©, and ¥, in
diagram ({8]) are isomorphisms (because X is aspherical) there exists f € £(X, zg) such
that F' is homotopic to f and O(f) = . The conclusion of the Theorem follows from
Theorem [T11 O

REMARK 13. If an aspherical space is homotopy equivalent to a finite dimensional
CW complex then its fundamental group is torsion free.

We make use of the following theorem of P. A. Smith.
THEOREM 14 (P. A. Smith). A periodic homeomorphism of R® has fized point.

PROOF. Let F': R® — R? be a periodic homeomorphism. Regarding S® as the
one-point compactification of R?, the map F extends to a periodic homeomorphism
F: 8% — 5% Suppose F has no fixed points. Then the point at infinity is the only fixed
point of F'. By [Smi39, Theorem 4], the fixed point set of a periodic homeomorphism
of S® (other than the identity) is either empty or is homeomorphic to one of S° S*
or S2. None of these possible fixed point sets is a singleton, a contradiction. Hence F
must have a fixed point. 0

THEOREM 15. Let K < S? be a knot that is not a torus knot. Let F: Ey — Ej be
a periodic homeomorphism. If W(F) € image (Q: Aut(Gg, Pr)pn — Out(Gg, Pr))
then F' has a fized point in the interior of Fx.
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PROOF. Since K is not a torus knot, the center of G is trivial, |[BZ66| (also see
[Sim76, Theorem 4]). Let M be the interior of Ex. Note that the inclusion M — E
is a homotopy equivalence. Choosing a basepoint xy € M, we have 7 (M, xo) =~ Gk.
By [Wal68, Theorem 8.1|, the universal covering space of M is homeomorphic to
3-dimensional Euclidean space, R®. Hence M is aspherical and moreover G is torsion
free (see Remark [13). Let n be the period of F. Observe that F restricts to an n-
periodic homeomorphism of M, which we write as F': M — M, and V(F) = U(F").
By Theorem . I’ lifts to an n-periodic homeomorphism F': R® — R3. By Theorem
14] 77 has a fixed point y € R3. The image of y under the covering projection R — M
is a fixed point of F’ and hence also of F. 0

Note that if F': Fx — FEy is an n-periodic homeomorphism with a fixed point
x € Fx and o is a path from a basepoint xy € Ex to x then the composite
—1

o Fy g
m(Ek, o) — m(Ex,x) —— m(Fk, ) s m(Exk, o)

is an automorphism ¢ € Aut(Gg, Px) of order m dividing n; furthermore, if K is not
a torus knot then m = n by the main theorem of [F'Y83].

COROLLARY 16. Let K < 82 be a knot that is not a torus knot. Let F: Ex — E
be a nontrivial periodic homeomorphism. Then F is a free symmetry if and only if

U(F) ¢ image (Q: Aut(Gk, Px)fin — Out(Gr, Pk)fin ) -

For example, the hyperbolic knot 945 is freely periodic with order p = 3 (see
[Har81| and |Ril82]), and so the associated element in Out(Gx) has order 3 but is
not in the image of Aut(Gx)fin-

§5. Proof of Theorem [3| The proof of Theorem [3| divides into two cases, the
case K is a torus knot and the case K is not a torus knot.

Case 1: Torus knots. Let K be the (r, s)-torus knot. The knot group of K admits
the well-known presentation:

Gk ={a,b|a" =b%).

In |Sch24], Schreier determined structure of the automorphism group of Gx showing
that
Aut(Gg) ={I,JJH | J = J° = H* = (HI)* = (HJ)* = I),
where [ is conjugation by a € Gk and J is conjugation by b € G and H is the order
two automorphism given on generators by H(a) = a~* and H(b) = b~ 1.
The subgroup of Aut(Gg) generated by I and J has index two and is isomorphic
to the free product Z/r = Z/s, so we get a short exact sequence:

1 —>Z)r+Z/s — Aut(Gg) — Z/2 — 1.
Assume that ¢ € Aut(Gg) is an automorphism induced from a p-periodic welded
diagram of K. Proposition [0 implies that ¢ has order p. By Proposition [9 ¢ is
orientation preserving and thus ¢ lies in the kernel Aut(Gx) — 7Z/2. Thus ¢ is
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an element in Z/r = Z/s, and we apply the Kurosch Subgroup Theorem |[Kur34] to
conclude that p must divide r or s. Note that a suitably symmetric picture of an
(r, s)-torus knot drawn on a torus makes it evident that such a knot indeed has cyclic
periods of order p dividing r or s. This establishes the conclusion of Theorem [3|in the
case K is a torus knot.

Case 2: Non-Torus knots. Assume that K is not a torus knot. Since K is not
a torus knot, its knot group G is torsion free with trivial center (see the proof
of Theorem . Thus, if ¢ € Aut™(Gk, Px) has order p, then so does its image
Q(p) € Out™ (G, Px) by Proposition [§|

For a compact 3-manifold M, let Diff(M), Homeop, (M) and Homeo(M) be, re-
spectively, the groups of diffeomorphisms, PL-homeomorphisms and homeomorphisms
of M. It is a consequence of the solution of the Smale Conjecture by Hatcher [Hat83|
that the inclusions

Diff (M) < Homeop, (M) — Homeo(M)
are homotopy equivalences, and hence induce isomorphisms
Mcg(M) = mo(Diff (M), idps) = mo(Homeopy (M), idy) = mo(Homeo(M), idyy).

As in @, we denote the composite
Homeopr(Ex) — E(Ex) —— Out(Gg)

by W. Note that for any nontrivial knot K in S3, the knot exterior Fx is a Haken man-
ifold. Waldhausen’s result [Wal68, Corollary 7.5], which applies to Haken manifolds,
asserts that ¥ as above induces an isomorphism

Wo(HomeOpL(EK),idEK) = Out(GK,PK)

Thus if Q(p) has order p there is a unique ¢, € Mcg(Ek) (or, equivalently, in
mo(Homeop (Ek),idg, )) of order p such that U, (p.) = Q(¢).

Assume that K admits a p-periodic virtual or welded diagram D. As explained in
, D gives rise to an element ¢ € Aut™(Gg, Px) which by Proposition |5 has order p.
As observed above, Q(¢) € Out™ (G, Px) also has order p. Zimmermann’s “Nielsen
Realization Theorem”, [Zim82, Satz 0.1] together with its Addendum, [Zim82, p. 358|
(where the case of a 3-manifold with torus boundary components is discussed, also
see [HT87]) asserts that ¢, can be realized as a PL homeomorphism F,: Ex — Ek,
which again has order p. Furthermore, F, is orientation preserving because ¢ is orien-
tation preserving (see the discussion in . By [Luo92, Theorem 2|, F,, extends to a
p-periodic homeomorphism of S? that preserves K. This shows that the classical knot
K admits a symmetry of order p, either as a cyclic period or as a free period. However,
since Q(¢) = V(F,) is the image of an element in Aut(Gg, Px) of finite order, The-
orem |19 asserts that F, must have a fixed point in the interior of Ex. In particular,
F, is not a free symmetry, and so K is a p-periodic classical knot. This completes the

proof of Theorem O
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