EHRENFEUCHT-FRAISSE GAMES IN CONTINUOUS LOGIC

BRADD HART

For a finite set of L-formulas F in the variables x;,...,x, and € > 0,
EF(M, N, €, F,n) is an n-step game played between two L-structures M and
N. At stage i of the game, Player I picks either a; € M or b; € N and
Player II responds by playing b; € N or respectively a; € M. After n stages,

two sequences will have been produced ay,...,a,inMand by, ..., by in N.
Player I wins the game if for every @ € F, [@M(ay,...,an)—0@" (by,...,bn)| <
€.

Theorem 1. The following are equivalent for two L-structures M and N:

(1) M=N.

(2) Forall e > 0, nand finite set of formulas F, Player II has a winning strategy
for EF(M, N, e, F,n).

(3) Forall € > 0, nand finite set of atomic formulas F, Player II has a winning
strategy for EF(M, N, e, F,n).

Proof. Condition (2) implies (3) clearly and (2) implies (1) follows by letting
n = 0 and F be any L-sentence. Toward a proof of (1) implies (2) we adopt
the following notation.

Notation For € > 0, F a set of L-sentences and two L-structures M and N
define M =F N iff [M — @N| < € for all @ € F. We will write L. for the
language L together with a new constant symbol c. L, . ¢, is L with n new
constant symbols.

Lemma 2. Suppose that F = {¢1(c),..., @x(c)} for a language L. and € > 0.
Then there is a finite set T of L-sentences so that if M =E N then for every a € M
there isab € N such that (M, a) =5, (N, b).

Proof. Fix an e-dense set 1i,...,7} in the range of @;(x). Suppose that S :
{1,...,k} = {1,...,{} and define 05(x) to be

max(lpi(x) — riy| = e).
Let F be the set of L-sentences inf, 0s(x) as S ranges over all possible func-
tions.

Now suppose that M =F N and a € M. Choose S so that

oM (a) — 7§l < e
1



for all i. By the (e, T:)—equivalence, there is b € N so that GSN (b) < €. So for
each i we have

|(P{v{(0—) - Tis(i)| < eand |(P{\‘(b) - ris(i)| < 2e
SO
lpM(a) — @l (b)] < 3e.
O
Now we proceed to give a winning strategy for Player II in the game
EF(M, N, ¢, F,n) where M = N and
F :{(91(X1)'--)Xn)3-- -)(pk(xh---)xn)}-
First we define a sequence of sets of sentences F; for i =0,...,n.
Fn :{(P](Ch---acn)»---,(Pk(Cla---»Cn)}

is a set of sentence in L, . ¢,. If we have defined Fi; as a finite set of sen-
tencesin L¢, . .., thenlet F; be Fiq from the previous lemma.

At each stage of the strategy we will guarantee that if aj,...,a; € M and
b1,...,bi € N have been picked then
(*) (M) (11,...,(11) EE>3n—i (N>b1a---)bi)-

We include the case of i = 0: Since M = N then we definitely have M Ez%n

N. Now assume that () holds and Player I has picked ai;; from M. Then
by the lemma and the definition of F;;; we can choose b;, so that

(M)ah"')aﬂ-])_ﬁﬂ (N)bh---)bi-‘r])-

:€/3n—i+1

The case where Player I chooses from N is symmetric. So in the end we have
(M>a1)"-)an) = (N)bh"'vbn)

and so Player II wins the game. This finishes the proof of (1) implies (2).
We finish the proof of the theorem by showing that (3) implies (2). We do
this by induction on quantifier depth.

Definition 3. We define the quantifier depth qd (@) of a formula @ by induction
on formulas:

(1) Atomic formulas have quantifier depth 0.

(2) If @ =f(WP1y. .., ¥y) for formulas Py, . .., Yy and f is a continuous func-
tion then qd(¢) = max; qd(;).

(3) If @ = sup, P or inf, P then qd(¢@) = qd(P) + 1.

Lemma 4. Every L-formula is equivalent to one of the form f(\p1, ...,y ) where
each \p; is either an atomic formula or a formula of the form inf, 6.

Proof. By induction on formulas together with the fact that sup, 0 is logi-
cally equivalent to —inf,(—0). O

Now let (2') be the statement that for all € > 0, n and finite set of formulas
F containing formulas of the form inf, 0 or atomic formulas, Player II has a



winning strategy for EF(M, N, €, F,n). We show that (2’) implies (2). For
suppose that F, e and n are given and that

F={fi(W],. ., Wi, )y e oy P (T o R )

where fy, ..., f, are continuous functions and II)} is either of the form inf, 0
or is atomic. If we let &6 > 0 be the minimum of the uniform continuity
moduli when the fi’s are restricted to the ranges of the Lp]?’s, we see that the
winning strategy for Player II in the game EF(M, N, 3, F’,n) where

Fr={i,. b}
is also a winning strategy for Player Il in EF(M, N, €, F,n). We now proceed
to prove (2”) by induction on the quantifier depth of F which is the maximum
of the quantifier depth of the formulas in F.
The base case is just (3). Now suppose that the quantifier depth of F is
k + 1 and consists of the formulas

il;}fll” (7_() X)) oo ,il’)}fll)k(i,x), ek+1 (7_()) (RN} em(i)

where1); has quantifier depth less then or equal to k forall i, X = (x1,...,%n)
and 6j is an atomic formula for all j. Consider the set F/ which consists of

11)1 (7_{) Xn+1 )) s )Ibkb_() XnJrk)) ekJr] (7_()3 ceey em(X)

By induction, we know that Player II has a winning strategy for the game
EF(M, N, e, F',n + k). Player II plays this winning strategy in order to win
EF(M, N, €, F,n). To see that this works, suppose that ai, ..., a,and by, ..., by
are the first n plays of the game from M and N respectively. By assumption,
we will already have satisfied the winning condition for the atomic formu-
las 0;. Now consider infy (X, x). Suppose that K = inf, YM(ay,..., an, x)
and we pick a € M such that pM(ay, ..., an,a) — K < €/2. Since Player II
is playing according to their winning strategy, we can view a as the play of
Player I and pick b € N so that

|11)M(a1)---)an) a)_le(bh---)bn)b” < €/2

From this we conclude that L = inf, pN(by,..., by, x) < K+ €. On the other
hand, if we imagine Player I picking b € N so that

PYN(by, ..., by, b) —L < €/2

and Player II responding according to their winning strategy with some-
thing in M, we would also conclude that K < L + e. That is to say that
[K—L| < €. Since we reserved an new variable for each formula 1\; there was
nothing special aboutlooking at1; and we conclude that Player Il wins. [



