Complex inner product spaces

Definition

An inner product on a complex vector space V is a function that
associates a complex number (u, v) to each pair of vectors

u, v € V such that the following axioms are satisfied, for every
u,vand win V, and scalar k:

Q (u,v)={(v,u),

Q (u+v,w)=(uw) + (v,w),

Q ((ku),v) = k(u,v), and

Q (u,u) > 0. Moreover (u,u) = 0iff u = 0.

V together with an inner product is called a complex inner
product space.

The definition of norm and distance in a complex inner product
space is the same as in the real case.
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Orthogonal complement

@ If uand v are vectors in an inner product space then we
say that v and v are orthogonal if (u, v) = 0.

© If W is a subspace of an inner product space V then we
say that v € V is orthogonal to W if v is orthogonal to
every w € W. The set of all v € V which are orthogonal to
W is called the orthogonal complement of W and is written
w-.

If W is a subspace of an inner product space V then
Q@ W+ is a subspace of V,
@ W and W+ have only 0 in their intersection, and
© if V is finite-dimensional then (W+)+ = W.
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Connection with matrices

Suppose that A is any m x n matrix. Then

@ the nullspace of A and the row space of A are orthogonal
complements in R™ with respect to the usual (Euclidean)
inner product on R".

@ the nullspace of AT and the column space of A are
orthogonal complements in R™ with respect to the
Euclidean inner product on R™.
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Orthonormal bases

Definition

A set S of non-zero vectors in an inner product space is called
orthogonal if every distinct pair of vectors in S is orthogonal. S
is called orthonormal if it is orthogonal and every vector has
length one.

Theorem (6.3.1)

If S is an orthogonal set of non-zero vectors in an inner product
space then S is linearly independent.
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Properties of orthonormal bases

Theorem (6.3.2)

(a) If S = {vy1,vo, ..., vn} is an orthogonal basis for an inner
product space V then for every u € V,

u, Vv u, Vv u, Vv,
gl Al Sl Ul
v+l [va [[Vall
(b)If S = {vy, Vs, ..., va} is an orthonormal basis for an inner

product space V then forevery u € V,

u=(U,vi)vi + (U, Vo)Vo + ...+ (U, Vo) Vp

Bradd Hart Orthogonality



Properties of orthonormal bases, cont'd

Theorem

If S is an orthonormal basis for an n-dimensional inner product
space V and then for every u,v € V, if

u=(uj,Us,...,Up)gandv = (vy,Vo,...,Vn)s
then
o Huyy:\/u2+u§+...+u,%
Q du,v)=+/(uy —v1)2+...(Up— vp)?

Q (u,v>_u1v1+u2v2+...+unvn
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