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Part 1: Stochastic Volatility

I We consider two factor stochastic volatility models where the
financial asset satisfies:

dSt = µStdt + σ(Yt)StdW 1
t

dYt = a(Yt)dt + b(Yt)[ρdW 1
t +

√
1− ρ2dW 2

t ]

I Here µ and −1 < ρ < 1 are constants, a(·, ·), b(·, ·) are
deterministic functions, and W 1

t and W 2
t are independent one

dimensional P–Brownian motions.

I In addition, we assume the existence of a risk-free bank
account paying a constant interest rate r = 0.
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Optimal Hedging and Investment

I We assume that, after selling an insurance contract BT

maturing at a future time T , the insurance company tries to
solve the stochastic control problem

uB(x ,S , y , t) = sup
π∈A

E x ,S ,y ,t
[
U
(
Xπ,x ,B

T

)]
,

where Xπ,x ,B
t is value of a self–financing portfolio (including

short position in the contract B) with initial wealth x and πt

dollars invested in the stock, with the remaining value
invested in the bank account.

I When B = 0, this reduces to the Merton problem:

u0(x , y , t) = sup
H∈π

E x ,y ,t
[
U
(
Xπ,x

T

)]
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Utility based pricing

I The seller‘s indifference price for the claim B is the solution πs

to the equation

u0(x , y , t) = uB(x + P(x ,S , y , t),S , y , t)

I From now on, we consider an exponential utility function of
the form:

U(x) = −e−γx , γ > 0.

I We can then write

uB(x ,S , y , t) = −e−γxG (S , y , t) = −e−xeφ(S ,y ,t)

u0(x , y , t) = −eγxF (y , t) = −e−γxeψ(y ,t)

I The indifference price is then given by

P(S , y , t) =
1

γ
log

(
G (S , y , t)

F (y , t)

)
=

1

γ
(φ(S , y , t)− ψ(y , t)).
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Equity–linked contracts

I Consider now an insurance contract that pays B(Sτ ) at time τ
for some deterministic function B(·).

I In this case, the wealth process satisfies
dXs = πsdSs = πs [(µ− r)ds + σ(s,Ys)dWs ]
Xτ = Xτ− − B(Sτ ), τ < T
Xt = x

I To obtain the equation satisfied by us in this case, consider
the interval [t, t + h) and observe that,

uB(x , s, y , t) ≥ E [uB(Xt+h,St+h,Yt+h, t + h)]p(h)

+E [u0(Xt+h − B(St+h),Yt+h, t + h)]q(h)

where p(h) = P(τ > t + h|τ > t) and q(h) = 1− p(h).
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The HJB equation

I Using a function of the form uB(x ,S , y , t) = −e−γxeφ(S ,y ,t)

leads to
φt +

1

2
σ2S2φSS + ρσbSφyS +

1

2
b2φyy +

(
a− µbρ

σ

)
φy

+
1

2
b2(1− ρ2)φ2

y + λ(t)
[
eγB+ψ−φ − 1

]
=

µ2

2σ2

φ(y ,S ,T ) = 0

,

(1)
where, as it is well-known,

ψ(y , t) =
1

1− ρ2
log Ẽ y ,t

[
e
−

R T
0

(1−ρ2)µ2

2σ2(Ys )
ds

]
,

with Ẽ [·] denoting an expectation with respect to the minimal
martingale measure for this market.



Optimal hedge

I In terms of φ, the optimal portfolio is

πB
t =

1

γ

[
µ

σ2(y)
+ φSS +

b(y , t)ρ

σ(y)
φy

]

I By comparison, the optimal Merton portfolio is

π0
t =

1

γ

[
µ

σ2(y)
+

b(y , t)ρ

σ(y)
ψy

]
I Subtracting one from the other we obtain the excess hedge

πB
t − π0

t = PS(S , y , t)St +
b(y , t)ρ

γσ(y)
Py (S , y , t),

which has the form of a delta hedge plus a volatility
correction.
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Fast-mean reversion asymptotics

I Let us now take

dYt = α(m − Yt)dt + β(ρdWt +
√

1− ρ2dZt)

and consider the regime 1
α = ε << 1, with β =

√
2ν/

√
ε

where ν2 is a fixed variance for the invariant distribution of Yt .

I We then look for expansion of the form

φε = φ(0)(y ,S , t) +
√
εφ(1)(y ,S , t) + εφ(2)(y ,S , t) + ...
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Operators

I The previous PDE can be rewritten in compact notation as(
1

ε
L0 +

1√
ε
L1 + L2

)
φ+ NLφ =

µ2

2σ2
(2)

where NLφ = λ(t)
[
eγB+ψ−φ − 1

]
+
µ2

ε
(1− ρ2)φ2

y .

I Here

L0 = ν2 ∂
2

∂y2
+ (m − y)

∂

∂y

L1 =
√

2ρν

(
σ(y)S

∂2

∂y∂S
− µ

σ(y)

∂

∂y

)
L2 =

∂

∂t
+

1

2
σ2(y)S2 ∂

2

∂S2
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Main result

I The insurer’s indifference price satisfy:

|P(y ,S , t)− P(0)(S , t)− P̃1(y ,S , t)| = O(ε) (3)

where

P̃1(y ,S , t) = −(T − t)(V3S
3P

(0)
SSS + V2S

2P
(0)
SS )

I Here P(0) satisfies P
(0)
t +

1

2
σ2
?P

(0)
SS +

λ(t)

γ

[
eγ(g−P(0)) − 1

]
= 0

P(0)(S ,T ) = 0
(4)

where σ2
? = 〈σ2〉.
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Example

I Consider the contract

g(S) =


4, if 0 ≤ S ≤ 50
0.8S , if 5 ≤ S ≤ 20
16, if 20 ≤ S ≤ 100

(5)

I The mortality rate by Gompertz mortality,

λx(t) =
1

b
e

x+t−m
β

with β = 8.75 and m = 92.63.

I The other model parameters are:

α = 200, m = log 0.1, ν =
1√
2
, ρ = −0.2, µ = 0.2.
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Price correction
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Figure: Premium for the equity linked contract in a market with constant
volatility σ = 0.165 and in the market with stochastic volatility for
T − t = 15 years and γ = 0.3.



Risk aversion
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Part 2: Stochastic Interest Rates

I Consider now the discounted price of a financial asset given by{
dSs = (µ− rs)Ssds + σSsdW 1

s

St = S

I We model the short rate as{
drs = (a0(s)rs + b0(s))ds +

√
c(s)rs + d(s)dZs

rt = r
,

where Zt = ρW 1
t +

√
1− ρ2dW 2

t .

I It then follows that the price of a zero–coupon bond with
maturity T1 is given by

FtT1 = eA(t,T1)−C(t,T1)rt ,

for deterministic functions A(·, ·) and C (·, ·).
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Portfolio choice

I In this context, the insurance company can invest πt dollars in
the stock St and ηt dollars in the bond FtT1 , with the
remaining of its wealth in a bank account paying the interest
rate rt .

I We assume the market for bonds of different maturities has a
market price of risk of the form

q(rs , s) =
(a0(s)− a(s))rs + (b0(s)− b(s))√

c(s)rs + d(s)
(6)

I Under this assumption, one can show that the dynamics of
the discounted bond price is

d(e−
R s
0 ruduFsT1)

e−
R s
0 ruduFsT1

= −C (s,T1) [(∆a(s)rs + ∆b(s))dt

+
√

c(s)rs + d(s)dZs

]
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Path–dependent claims

I We consider path–dependent claims of the form
Bt = B(St , rt , vt), where

Vt =

∫ t

0
f (Ss , rs , s)ds.

I In this case, the wealth process satisfies

dXs = πs
dSs
Ss

+ ηs
d(e−

R s
0 ruduFsT1

)

e−
R s
0 ruduFsT1

dXs = [πs(µ− r)− ηsC (s,T1)(∆a(s)rs + ∆b(s))]ds

+πsσdW 1 − ηsC (s,T1)
√

c(s)rs + d(s)dZs

Xτ = Xτ− − B(Sτ , rτ ,Vτ ), τ < T
Xt = x
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The solution to Merton’s Problem
I The Merton problem for the insurance company is now

u0(x , r , t) = sup
π,η∈A

E x ,r ,t [U (XT )] .

I Using the same reasoning as before for the function
u0(x , r , t) = −e−γxeψ(r ,t) we arrive at the following PDE:

ψt+(ar+b)ψr+
1

2
ψrr (cr+d)−

1

2

(
µ− r − σρq√

1− ρ2σ

)2

+
q2

2

 = 0,

subject to ψ(r ,T ) = 0.
I Using Feynmann-Kac we obtain that

ψ(r , t) = −
∫ T

t
Ê t,r

(µ− r − σρq

2
√

1− ρ2σ

)2

+
q2

2

 ,
where Ê [·] denotes expectation with respect to the (unique)
martingale measure for bond prices defined by the market
price of risk q.
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+
q2

2

 ,
where Ê [·] denotes expectation with respect to the (unique)
martingale measure for bond prices defined by the market
price of risk q.
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The value function with the claim

I Similarly, the hedging problem for the insurance company is
now

uB(x ,S , r , v , t) = sup
π,η∈A

E x ,S ,r ,v ,t [U (XT )] . (7)

I For a function of the form uB(x ,S , y , t) = −e−γxeφ(S ,r ,v ,t),
we obtain that φ satisfies the PDE


φt + (ar + b)φr +

1

2
(cr + d)φrr + ρσ

√
cr + dSφSr +

1

2
σ2S2φSS

+f (S , r , t)φv −

[
1
2

(
µ−r−σρq√

1−ρ2σ

)2

+ q2

2

]
− λ(t)

(
1− eγB+ψ−φ) = 0

,

(8)
subject to φ(S , r , v ,T ) = 0.
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Optimal hedge

I In terms of φ, the optimizers for (7) are

πB
t =

1

γ

[
µ− r − qρσ

(1− rho2)σ2
+ φSS

]
ηB
t =

1

γC
√

cr + d

[
ρσ(µ− r)− qσ2

(1− ρ2)σ2
−
√

cr + dφr

]

I By comparison, the optimal Merton portfolio is

π0
t =

1

γ

[
µ− r − qρσ

(1− rho2)σ2

]
η0
t =

1

γC
√

cr + d

[
ρσ(µ− r)− qσ2

(1− ρ2)σ2
−
√

cr + dΨr

]
I Subtracting one from the other we obtain the excess hedge

πB
t − π0

t = PS(S , r , v , t)St

ηB
t − η0

t = − 1

C
Pr (S , r , v , t)
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The pricing equation and integral representation

I Therefore, P satisfies the following nonlinear PDE:
Pt + (ar + b)Pr +

1

2
(cr + d)Prr + ρσ

√
cr + dSPSr +

1

2
σ2S2PSS

+f (S , r , t)Pv − λ(t)
γ

(
1− eγB−γP

)
= 0

P(S , r ,T ) = 0

I This leads to an integral representation of the premium as
follows:

P(S , r ,V , t) =
1

γ
sup
y>0

[
EQ

t,S ,r ,V

[∫ T

t
g(S ,V , r , t)e−

R s
t

ysλs
γ

duysλsds

]
−EQ

t,S ,r ,V

[∫ T

t

(
1

ys
− 1

γ

(
1− ln

ys

γ

))
ysλse

−
R s
t

ysλs
γ

duds

]]
(9)
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