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Abstract

We propose a mean-field approximation to a stock-flow consistent agent-based
macroeconomic model with heterogeneous firms and households. Depending on their
investment elasticity to past profits, firms can be either aggressive or conservative.
Conversely, households are divided into investor and non-investor groups, depending
on whether or not they invest a portion of their wealth in the stock market. Both
firms and households dynamically change their type according to transition probabili-
ties specified exogenously. The mean-field approximation consists of homogenizing the
balance-sheet variables for agents (firms or households) of the same type and compute
the time evolution of the corresponding average as a combination of the determinis-
tic dynamic, derived from investment and consumption decisions before a change of
type, and the probabilistic change in type, with an appropriate rebalancing to take
stock-flow consistency into account. The last step of the approximation consists in
replacing the underlying Markov chain with a continuous-time diffusive limit. We
present numerical experiments showing the accuracy of the approximation and the
sensitivity of the model with respect to several discretionary parameters.

1 Introduction

The distinction between the actions of individual agents and aggregate behaviour has
been a central theme in macroeconomics at least since the work of Keynes, who in Keynes
(1936) stated that:

For although the amount of his own saving is unlikely to have any significant
influence on his own income, the reactions of the amount of his consumption
on the incomes of others makes it impossible for all individuals simultaneously
to save any given sums. Every such attempt to save more by reducing con-
sumption will so affect incomes that the attempt necessarily defeats itself. It
is, of course, just as impossible for the community as a whole to save less than
the amount of current investment, since the attempt to do so will necessarily
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raise incomes to a level at which the sums which individuals choose to save
add up to a figure exactly equal to the amount of investment.

Given the inherent challenges in assessing individual behaviour of a large number of
agents, Keynesian economics tended to focus instead on direct modelling of aggregate
variables, such as total savings and output. The difficulty with this approach is that it
downplays the role of individual decision making, in particular in the face of uncertainty.
On the opposite end of the spectrum, the predominant Dynamic Stochastic General Equi-
librium (DSGE) models of contemporary macroeconomics advocate that all aggregate
relationships need to be derived from individual decision-making agents, what is known
as microfoundations. The problem with this position, however, is that, as a consequence
of the celebrated Sonnenschein-Mantel-Debreu (SMD) theorem (see for example Mantel
(1974)), the hypothesized properties of individual agents (namely inter-temporal utility
maximizing) are in general not enough to guarantee that the resulting aggregate behaviour
(namely general equilibrium) is stable. To circumvent this fundamental difficulty, DSGE
models typically assume that each relevant sector of the economy consists of a single rep-
resentative agent, thereby avoiding the aggregation problem associated the SMD theorem.
Naturally, this simplification also throws away any possibility for emerging behaviour, as
the aggregate and individual levels are automatically assumed to be identical, a weakness
that has been widely seen to be a core reason for the poor performance of DSGE models
during the recent crisis (see for example Kirman (2010)).

In recent years, several papers have attempted to extend DSGE models and incorpo-
rate heterogeneous agents, starting with the seminal contributions of Krusell and Smith
(1998) for heterogeneous households and Khan and Thomas (2008) for heterogeneous
firms. A recent survey of such models can be found in Ragot (2017), where it is explained
that heterogeneity is introduced through a series of idiosyncratic shocks experienced by
different agents. The shocks can represent, for example, different levels of employment
income for households or different levels of capital productivity for firms, and are typically
modelled by a finite-state Markov chain with constant transition probabilities. Beyond
these exogenous shocks, agents are still considered to be identical with respect to their
decision making. For example, in Krusell and Smith (1998) all households have the same
utility function, whereas in Khan and Thomas (2008) all firms are profit optimizers. In
other words, apart from suffering from technical problems of their own1, these models do
not address the lack of heterogeneity in behaviour that is common to all DSGE models as
a consequence of the SMD results.

An alternative to both aggregate-level Keynesian and representative-agent-based DSGE
models in macroeconomics consists of agent-based models (ABM), where agents are not
constrained by utility maximizing behaviour and aggregation is not achieved through equi-
librium. The literature on these models burgeoned since the 2007-08 crisis, and a recent
assessment of the results, including a comparison with DSGE models, can be found, for
example, in Fagiolo and Roventini (2016). A common objection to ABM is that they typi-
cally rely almost exclusively on numerical simulations, making them both computationally
intense and difficult to interpret. This is particularly acute when an ABM, as it is often
the case, has many underlying parameters. In the absence of a faster way to simulate the

1For example, strictly speaking, as observed in Ragot (2017), they are not DSGE models, since each
realization of the sequence of shocks gives rise to a new agent. Several approximations are then used to
“solve” the models in a way that resembles their motivating DSGE core, such as truncating the history of
shocks to a fix number of past time steps.
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model, parameter estimation, for example, can become prohibitively slow. One way to
address this problem is to introduce semi-analytic approximations by way of mean-field
interactions, as advocated for example in Gallegati and Kirman (2012).

The general mathematical framework for the application of mean-field (MF) approxi-
mations of this kind to economics can be found in Aoki (2002). An application to a specific
model explaining business cycles fluctuations is presented in Di Guilmi et al. (2010) and
Delli Gatti et al. (2012). The key feature of the approach consists of dividing the relevant
sectors (say firms or households) into types according to some classification. Agents in the
same type are then deemed to behave in a similar way (say with respect to investment or
savings), so that one can keep track of averages (or other statistics) of the variables of in-
terest, instead of their values for each individual agent. Crucially, the agents are assumed
to make decisions also based on these averages, in what is called a mean-field interaction,
rather than by direct interaction with other agents. Finally, agents are allowed to change
type in a probabilistic manner, so that the time evolution of the distribution of agents is
governed by the so-called master equation. This achieves considerable simplification by
replacing the computation of quantities of interest for a large number of agents with a
much smaller number of dynamical equations for averages for each type with the help of
the corresponding master equation.

The accuracy of the approximation, nevertheless, depends on avoiding oversimplifica-
tions of the interactions between agents. In particular, as has been recently stressed in the
literature on stock-flow consistent (SFC) models, economic agents are linked by credit and
debt relationships that put constraints on both individual and aggregate balance sheets
(see Caiani et al. (2016) for a recent ABM-SFC model), and these in turn need to be taken
into account in the MF approximation. We illustrate this phenomenon in this paper using
the models in Carvalho and Di Guilmi (2014) and Carvalho and Di Guilmi (2015) as our
starting points.

In Section 2 we introduce a stock-flow consistent agent-based model with two types
of firms and two types of households. The firms can be either aggressive (type 1) or
conservative (type 2), depending on how much their current level of investment reacts
to past profits. Households, on the other hand, can be either non-investors (type 1) or
investors (type 2), depending on whether or not they invest a portion of their savings
in the stock market. Differently from Di Guilmi et al. (2010), Delli Gatti et al. (2012),
Carvalho and Di Guilmi (2014) and Carvalho and Di Guilmi (2015), we assume in this
paper that the probabilities for transitions between types are constant and exogenously
given. As explained in the Appendix, this is because, as far as we can tell, the solution
method for the master equation employed in these papers does not extend to the time-
dependent, threshold-based transition probabilities they propose to use. By contrast, we
show in the Section 3 that, in the case of constant and exogenous transition probabilities,
the so-called ansatz method, explained in detail in Aoki (2002) for the case of two types
of agents, extends to the 2 × 2 case, namely when two types of agents in one sector (say
firms) interact with two types of agents in another sector (say households).

Section 4 investigates both the ABM and its MF approximation. We first verify that
the mean-field approximation gives rise to aggregate variables, such as equity prices and
nominal output, that closely match the corresponding values obtained in simulations of
the full agent-based model. Next we use the MF approximation to perform explorations of
the parameter space that would be much slower with the ABM simulations. In particular,
we investigate the behaviour of aggregate variables with respect to parameters that are
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difficult to estimate outside the model, such as the fraction of external financing that firms
raise by issuing new debt as opposed to equity.

2 The model

We assume that the economy consists of an aggregate banking sector (henceforth
referred to as “the bank”), N firms indexed by n = 1, . . . , N , and M households indexed
by m = 1, . . . ,M . The N firms collectively produce a total output Qt at time t, which
determines the total demand for labour and total wage bill as Lt = Qt/a and Wt = cQt,
where a is the productivity per unit of labour and c is the labour cost per unit of output.
As in Carvalho and Di Guilmi (2014) and Carvalho and Di Guilmi (2015), we ignore labor
market dynamics by assuming that both c and a are constant. We next assume that the
price of each unit of output is given by

pt = χc, (1)

where χ ≥ 1 is constant markup over unit cost. It then follows that the wage share of
output is constant and given by

ω =
Wt

pQt
=

cQt
χcQt

=
1

χ
, (2)

and consequently the profit share of output is also constant and given by

π =
pQt −Wt

pQt
= 1− ω =

χ− 1

χ
(3)

We further assume that each household supplies Lt/M units of labour at time t, thereby
receiving a wage rate2

wt =
Wt

M
=
cQt
M

= ca
Lt
M
, (4)

which we assume to be the same for all households3.

2.1 Balance Sheets

The balance sheets of each agent at time t are depicted in Table 1. Namely, firm n has
assets consisting of capital with nominal value pknt and liabilities consisting of net debt
with nominal value bnt and ent shares at average price pent , leading to net worth equal to

vnt = pknt − bnt − p
en
t e

n
t . (5)

Notice that, to simplify the notation, we treat net debt bnt as the difference between loans
and deposits for firm n, which can therefore be positive or negative depending on whether

2Alternatively, we could follow Carvalho and Di Guilmi (2015) and assume that there are Lt households
employed at time t, each supplying one unit of labour at a constant average wage rate w = ca. The
disadvantage of this approach is that the number of employed households fluctuates in time, creating a
distinction among households in addition to the types introduced in Section 2.2.

3In Carvalho and Di Guilmi (2014), each household is subject to a further idiosyncratic shock to its
wage rate. We do not pursue this approach here, as the only sources of randomness in our model are
the transitions between types of firms and households with exogenous rates introduced in Section 2.3.
Additional demand or supply shocks can be modelled separately.
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firm n is a net borrower or lender (i.e depositor), respectively. Observe that we follow
the accounting convention advocated in Godley and Lavoie (2007), namely that equity
issued by firms should be treated as a financial liability booked at market value. This is
done for consistency with national accounts, where equity held by households is treated
as a financial asset for shareholders and also accounted at market value. Notice that
the net worth in (5) resulting from this convention is typically much smaller than the
more common corporate accounting concept of shareholder equity, which in our context
corresponds to

εn = pknt − bnt , (6)

that is, the “book value” of the difference between assets (physical capital and deposits)
and debt liabilities (loans). The discrepancy between the market and book values of equity
is captured by the valuation ratio or Tobin’s q, which in our context reduces to

qnt =
pent e

n
t + bnt

εn + bnt
=
pknt − vnt
pknt

, (7)

from which we can see that the net worth for firm n in (5) is positive if, and only if, its
q-ratio is less than one, meaning that the market undervalues the firm.

Similarly, household m has assets consisting of emt shares at average price pemt and cash
balances dmt deposited at the bank, leading to a net worth

vmt = pemt emt + dmt . (8)

Notice that we again treat dmt as the difference between deposits and loans for household
m, which can therefore be positive of negative depending on whether household m is a
net lender or borrower, respectively. The balance sheet of the bank accommodates the
demands for loans and deposits across the economy. Accordingly, its assets consist of
aggregate net borrowing by firms

Bt =
N∑
n=1

bnt , (9)

plus cash reserves Rt, and its liabilities consist of aggregate net deposits of households

Dt =
M∑
m=1

dmt , (10)

leading to a net worth of the form V b
t = Bt +Rt −Dt.

Regarding equities, as we shall see below, we will assume a homogenous behaviour
for firms with respect to dividend payments and share issuance and buyback. Based on
this, we make the simplifying assumption that, instead of trading in shares for individual
companies, investors buy and sell shares of an aggregated fund at a common price pet ,
which in turn buys and sells shares from firms. The price pet is then determined by an
equilibrium condition for the supply and demand for equities under the constraint that

N∑
n=1

ent = Et =
M∑
m=1

emt . (11)
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Firm n

pknt

bnt
pent e

n
t

vnt

Household m

pemt emt vmtdmt

Bank

Bt Dt

Rt V b
t

Table 1: Balance sheets at t.

2.2 Transactions and Aggregate Demand

We consider a demand-driven economy operating below maximum capacity, so that,
given aggregate demand Qt, firms adjust production according to

qnt = fnt Qt, fnt > 0,
N∑
n=1

fnt = 1, (12)

where the fractions fnt are known at time t. For example, we can have fnt = fn0 for a con-
stant vector of allocations (f10 , · · · , fn0 ) or, alternatively, consider a preferential attachment
rule of the form

fnt =
knt
Kt
, Kt =

N∑
n=1

knt , (13)

that is to say, firms with larger capital at time t receive a larger share of demand4. Each
firms is classified as either aggressive (type 1) or conservative (type 2). We assume that
firm n decides on its investment at t+ 1 based on its previous type znt ∈ 1, 2, gross profits
πpqnt , production level pqnt (used as a proxy for capacity utilization) and debt bnt according
to

int+1 = αznt πpq
n
t + βpqnt − γbnt = (αznt π + β)pqnt − γbnt , (14)

where αz, β and γ denote the sensitivity of investment to gross profits, capacity utilization,
and current level of debt, respectively. We assume that α1 > α2, that is to say, investment
by aggressive firms is more sensitive to gross profits than for conservative ones. This in
turn determines capital for firm n at time t+ 1 by

pknt+1 = int+1 + (1− δ)pknt , (15)

as well as aggregate capital Kt+1 =
∑N

n=1 k
n
t+1. Observe, in particular, that the aggregate

capital evolves as
p(Kt+1 −Kt) = It+1 − δpKt, (16)

where It+1 =
∑N

n=1 i
n
t+1 denotes total investment. Aggregate demand Qt+1 is determined

by equilibrium in the goods market once consumption by households is specified. Assuming
that fnt+1 is known at time t+1 (say constant or, alternatively equal to fnt+1 = knt+1/Kt+1),
the share of production for firm n is again obtained as

qnt+1 = fnt+1Qt+1, (17)

4In Carvalho and Di Guilmi (2015), this share is further subject to an idiosyncratic shock that re-

distributes demand among firms such that E[qnt ] =
knt
Kt
Qt and

∑N
n=1 q

n
t = Qt. We do not pursue this

approach either, as the only source of randomness is the transition between types of firms and households
with exogenous rates introduced in Section 2.3. Additional demand or supply shocks can be modelled
separately.

6



which in turn determines the gross profit for firm n as πpqnt+1. The amount of retained
profits available to firm n to finance investment at time t+ 1 is then given by

ant+1 = πpqnt+1 − rbnt − δpknt − δepetent , (18)

where rbnt are interest charges on debt held at time t, δpknt are depreciation charges
(otherwise known in accounting as consumption of fixed capital), and δepeent are dividends
paid to shareholders according to a dividend yield δe, which we assume to be constant
and equal for all firms.

The two classes of households correspond to non-investors (type 1), for whom emt = 0,
and investors (type 2), for whom emt > 0. Accordingly, the disposable income to be
received by household m at time t+ 1 consists of

ymt+1 = wt+1 + rdmt + δepete
m
t . (19)

where wt+1 = (1 − π)pQt+1/M is the effective wage rate obtained in (4), rdmt is interest
paid on deposits dmt held at time t and the last term represents dividends paid to household
m, which we assume to be a fraction emt /Et of the total amount of dividends δepetEt paid
by firms. In other words, we assume that household m receives dividends in proportion to
their equity holdings before rebalancing their portfolio, and in particular before changing
type, at time t+ 1.

Household m then decides on its consumption at time t+ 1 based on its previous state
zmt ∈ 1, 2, current disposable income ymt+1, and previous wealth vmt = dmt +pete

m
t according

to
cmt+1 = (1− syzmt )ymt+1 + (1− svzmt )vmt , (20)

where syz , swz ∈ [0, 1] are the saving rates from income and wealth, respectively. We assume
that sy1 ≤ s

y
2 and sv1 ≤< sv2, so that investors save a higher proportion of both income and

wealth than non-investors.
Nominal aggregate demand at time t+ 1 is then given by

pQt+1 = It+1 + Ct+1, (21)

with

It+1 =
N∑
n=1

int+1 = πp(α1Q
1
t + α2Q

2
t ) + βpQt − γBt, (22)

and

Ct+1 =
M∑
m=1

cmt+1 = (1− sy1)
[
(1− π)pQt+1m

1
t + rD1

t

]
+ (1− sv1)D1

t (23)

+ (1− sy2)
[
(1− π)pQt+1m

2
t + rD2

t + δepetEt
]

+ (1− sv2)(D2
t + petEt).

where we used the notation mz
t for the proportion of households of type z at time t and

also introduced the class aggregates

Qzt =
∑

{n:znt =z}

qnt , Dz
t =

∑
{m:zmt =z}

dmt . (24)
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Substituting (22) and (23) into (21) we find that aggregate demand at t + 1 can be
calculated from quantities known at time t as follows:

pQt+1 =
Ft

1− (1− π)[(1− sy1)m1
t + (1− sy2)m2

t ]
, (25)

where

Ft =πp(α1Q
1
t + α2Q

2
t ) + βpQt − γBt + (1− sy1)rD1

t + (1− sv1)D1
t

+ (1− sy2)(rD2
t + δepetEt) + (1− sv2)(D2

t + petEt). (26)

2.3 Transitions

We assume that, after making its investment decision for time t + 1, each firm n
undergoes a transition to determine its new type according to the conditional probabilities

P fij(t) := Prob
(
znt+1 = j|znt = i

)
=

(
1− µf µf

λf 1− λf
)

(27)

In words, each of the N1
t firms in state z = 1 (aggressive) at time t decides to transition to

state z = 2 (conservative) at time t+ 1 with probability µf . Similarly, each of the N −N1
t

firms in state 2 at t decides to transition to state 1 with probability λf . Here µf and λf

are constant parameters specified exogenously.
Similarly, after making a consumption decision for time t + 1, each household m un-

dergoes a transition to determine its new type according to the conditional probabilities

P hij(t) := Prob
(
zmt+1 = j|zmt = i

)
=

(
1− µh µh

λh 1− λh
)

(28)

That is, each of the M1
t households in state z = 1 (non-investor) at time t decides to

transition to state z = 2 (investor) at time t + 1 with probability µh. Similarly, each of
the M −M1

t households in state 2 at t decides to transition to state 1 with probability
λh. As with the rates for firms, µh and λh are constant parameters specified exogenously.

This specification of transition probabilities is a significant departure from the models
in Carvalho and Di Guilmi (2014) and Carvalho and Di Guilmi (2015), where the transition
probabilities are specified as functions of balance sheet variables for each agent. As a
result, our model has both significantly different behavioural assumptions and analytical
properties.

More specifically, whereas we classify firms as either aggressive or conservative de-
pending on some exogenously determined propensity to invest, Carvalho and Di Guilmi
(2015) classify them as speculative and hedge firms, depending on whether or not they
need to borrow in order to finance their investment. From a behavioural point of view, our
assumption means that the balance sheet of firm n at time t affects its investment decision
only indirectly through the debt level bnt in (14), whereas the elasticity αznt depends on an
independently specified random variable, namely its type at time t, for example having
to do with the “animal spirits” of the managers of the firm at the time. In other words,
in our model, two firms with identical balance sheets and facing the same demand qt can
still make different investment decisions according to (14) provided one is aggressive and
the other is conservative at the time. By contrast, the type, and consequently the invest-
ment behaviour of a firm in Carvalho and Di Guilmi (2015) is entirely determined by its
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balance sheet: two firms with identical balance sheets and facing the same demand will
necessarily make the same investment decision. Similar remarks apply to the classification
of households in Carvalho and Di Guilmi (2014) as borrowing and non-borrowing, instead
of investor and non-investor in our model.

From an analytical point of view, as mentioned in the Appendix, the transition prob-
abilities adopted in Carvalho and Di Guilmi (2014) and Carvalho and Di Guilmi (2015),
which were themselves adapted from earlier work in Di Guilmi et al. (2010), do not satisfy
the conditions necessary to derive the approximation of the Master Equation described in
Section 3.2, making it difficult to justify the use of the mean field approximation for their
models.

2.4 Flow of funds

When net investment int+1 − δpknt for firm n exceeds its retained profits ant+1, the
difference needs to be financed by new borrowing from the banking sector or issuance
of new shares. Conversely, if the amount of investment is lower than retained profits,
then the excess funds can be used to pay down outstanding debt or to buy back shares.
Following Carvalho and Di Guilmi (2014), we assume that firm n raises external funds
according to the proportions

bnt+1 − bnt = $(int+1 − δpknt − ant+1) (29)

pet+1(e
n
t+1 − ent ) = (1−$)(int+1 − δpknt − ant+1), (30)

where 0 ≤ $ ≤ 1 is a constant common to all firms. The debt bnt+1 held by firm n at time
t+ 1 can therefore be determined by (29), whereas the number of shares ent+1 outstanding
for firm n at time t+ 1 depends on the equity price pet+1 to be determined by equilibrium
below. The total supply of equities at time t+ 1 is given by

pet+1Et+1 = pet+1Et + (1−$)(It+1 − δpKt −At+1), (31)

where It+1 is defined in (22) and

At+1 =

N∑
n=1

ant+1 = πpQt+1 − rBt − δpKt − δepetEt, (32)

denotes the total amount of retained profits, or in other words, total savings for the firm
sector.

On the other hand, savings for household m at time t+ 1 are given by

smt+1 = ymt+1 − cmt+1, (33)

which, as we have seen, only depends on quantities that are known at time t, including
its type zmt and aggregate demand Qt+1 given by (25). Accordingly, total savings for the
household sector are given by

St+1 =

M∑
m=1

smt+1 =

M∑
m=1

(
ymt+1 − cmt+1

)
= (1− π)pQt+1 + rDt + δepetEt − Ct+1 (34)

The change in wealth for household m is then given by savings plus capital gains, that
is,

vmt+1 = vmt + smt+1 + (pet+1 − pet )emt . (35)
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This wealth at time t+ 1 is then allocated into deposits and equities according to the new
type zmt+1. Namely, we assume that the demand for equities for household m is given by

pet+1e
m
t+1 = ϕvmt+1(z

m
t+1 − 1) =

{
0 if zmt+1 = 1
ϕvmt+1 if zmt+1 = 2,

(36)

where ϕ is a constant common to all households and we recall that zmt+1 = 2 if household
m is an investor (type 2) and zmt+1 = 1 otherwise (type 1). The demand for deposits for
household m is then given by the residual

dmt+1 = vmt+1 − pet+1e
m
t+1 =

{
vmt+1 if zmt+1 = 1
(1− ϕ)vmt+1 if zmt+1 = 2.

(37)

Accordingly, total demand for equities by households is given by

pet+1Et+1 = ϕ

 ∑
{m:zmt+1=2}

vmt+1

 = ϕ

 ∑
{m:zmt+1=2}

vmt + smt+1 + (pet+1 − pet )emt


= ϕ

 ∑
{m:zmt+1=2}

dmt + pete
m
t + smt+1 + (pet+1 − pet )emt


= ϕ

(
D2,t+1
t + S2

t+1 + pet+1E
2,t+1
t

)
, (38)

where we introduced the class aggregates

D2,t+1
t =

∑
{m:zmt+1=2}

dmt ,

S2
t+1 =

∑
{m:zmt+1=2}

smt+1,

E2,t+1
t =

∑
{m:zmt+1=2}

emt .

In these expressions, notice that the upper time index refers to the time in which the type
zmt+1 is evaluated, whereas the lower time index refers to the time in which the summands

are evaluated. In words, D2,t+1
t is the sum of deposits held at time t by households that

are of type 2 at time t+ 1. When the upper and lower time indices coincide, we suppress
the upper index, in accordance with the notation introduced in (24).

Equating the total supply of equities in (31) with the total demand for equities in (38)
leads to an equilibrium equity price of the form

pet+1 =
ϕ
(
D2,t+1
t + S2

t+1

)
− (1−$) (It+1 − δpKt −At+1)

Et − ϕE2,t+1
t

. (39)

This can then be used in (30) to obtain the number of shares ent+1 outstanding for firm n

at time t+ 1, and consequently the total number of shares Et+1 =
∑N

n=1 e
n
t+1.
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We can now perform two stock-flow consistency checks by calculating the savings for
the bank at t+ 1 as the change in its net worth, namely

Sbt+1 = V b
t+1 − V b

t = (Bt+1 −Bt)− (Dt+1 −Dt). (40)

Observe first that it follows from (29) that

Bt+1 −Bt =
N∑
n=1

$(int+1 − δpknt − ant+1) = $(It+1 − δpKt −At+1). (41)

Next, we compute the total amount of deposits at time t+ 1 as

Dt+1 =
M∑
m=1

dmt+1 =
∑

{m:zmt+1=1}
vmt+1 +

∑
{m:zmt+1=2}

(1− ϕ)vmt+1

=
∑

{m:zmt+1=1}
vmt + smt+1 + (pet+1 − pet )emt

+ (1− ϕ)

 ∑
{m:zmt+1=2}

vmt + smt+1 + (pet+1 − pet )emt


=

∑
{m:zmt+1=1}

dmt + smt+1 + pet+1e
m
t

+ (1− ϕ)

 ∑
{m:zmt+1=2}

dmt + smt+1 + pet+1e
m
t


=D1,t+1

t + S1
t+1 + pet+1E

1,t+1
t + (1− ϕ)

(
D2,t+1
t + S2

t+1 + pet+1E
2,t+1
t

)
=Dt + St+1 + pet+1Et − ϕ

(
D2,t+1
t + S2

t+1 + pet+1E
2,t+1
t

)
=Dt + St+1 + pet+1Et − pet+1Et+1

=Dt + St+1 − (1−$)(It+1 − δpKt −At+1). (42)

where we used vmt = dmt + pete
m
t to move from the second to the third line above, in

addition to (38) and (31) in the last two lines. Substituting (41) and (42) in (40) gives

Sbt+1 + St+1 +At+1 = It+1 − δpKt, (43)

which confirms that net investment at time t+ 1 equals the total savings across the three
sectors in the economy. Furthermore, using the expressions (32) and (34) we find that

Sbt+1 =It+1 − δpKt − (πpQt+1 − rBt − δpKt − δepetEt)
− [(1− π)pQt+1 + rDt + δepetEt − Ct+1]

=It+1 + Ct+1 − pQt+1 + rBt − rDt = r(Bt −Dt), (44)

confirming that profits for the bank consists of the interest differential between loans and
deposits.
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2.5 Special Cases

When all households are of the same type z, aggregate disposable income becomes

Yt+1 = (1− π)pQt+1 + rDt + δepetEt1{z=2}, (45)

where 1{z=2} = 1 is all households are investors and zero otherwise, and consumption is
given by

Ct+1 = (1− syz)Yt+1 + (1− svz)Vt, (46)

where Vt = Dt + petEt1{z=2}. In this case, aggregate demand is given by

pQt+1 =
It+1 + (1− syz)

(
rDt + δepetEt1{z=2}

)
+ (1− svz)Vt

1− (1− π)(1− syz)
, (47)

where It+1 is still given by (22). If all households are non-investors, then (47) reduces to
equation (19) in Carvalho and Di Guilmi (2015)5. In this case, we should also impose that
$ = 1, since there is no active equity market where firms can raise funds. On the other
hand, if all households are investors, that the equity price in (39) reduces to

pet+1 =
ϕ (Dt + St+1)− (1−$) (It+1 − δpKt −At+1)

(1− ϕ)Et
, (48)

which coincides with equation (35) in Carvalho and Di Guilmi (2014)6 with ϕ as a constant
proportion of wealth invested in equities instead of the variable proportion adopted in their
equation (19).

Conversely, when all firms are of the same type, aggregate investment becomes

It+1 = (πα+ β)pQt − γBt, (49)

which reduces to equation (7) in Carvalho and Di Guilmi (2014) apart from obvious
modifications7.

3 Mean-Field Approximation

The model of the previous section can be readily implemented as an agent-based
model (ABM) for reasonably large numbers of firms and households. Because of the
probabilistic nature of the transitions between types of agents, the effects of the different
model parameters on the asymptotic properties of the model are not immediately clear,
and algebraic manipulation of the discrete-time equations governing its dynamic evolution

5With the extra assumption that households do not receive any interest on deposits, as it is implicitly
assumed in Carvalho and Di Guilmi (2015)

6Notice that our definition of retained profits At differ from that in Carvalho and Di Guilmi (2014) in
two ways. First, we subtract depreciation costs from gross profits, as it is commonly done in accounting,
while at the same time subtracting the same amount from gross investment. Secondly, we assume that
distributed profits take the form of a constant dividend yield δe, rather than a constant dividend payout
ratio Θ, which avoids the anomaly of paying out negative dividends when earnings are negative.

7Namely, the effect of debt on investment is not considered in Carvalho and Di Guilmi (2014), cor-
responding to γ = 0 in our setting. Conversely, we do not consider either a desired capacity utilization
or the effect of stock valuation on investment, corresponding to setting their constants ud and ε to zero.
Redefining the roles of α and β completes the identification between our equation (49) and their equation
(7)
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proves to be both tedious and challenging. The purpose of this section is to present a
mean-field approximation approach along the lines proposed in Di Guilmi et al. (2010)
and followed in Carvalho and Di Guilmi (2014) and Carvalho and Di Guilmi (2015), as an
alternative to large scale numerical simulations of the discrete-time agent-based model.

3.1 Discrete-time mean-field dynamics

The first ingredient of the approach consists in homogenizing the populations of firms
and households of a given type by expressing the discrete-time model in terms of “mean-
field” variables that are common to all agents of the same type. Notice that this is very
different from the representative agent framework mentioned in Section 1 in connection
with DSGE models. Our use of mean-field values over a group of agents of the same type
is done purely for computational convenience, whereas the use of representative agents
is essentially the only way to guarantee the stability of equilibrium in DSGE models
as a consequence of the Sonnenschein-Mantel-Debreu theorem (see for example Kirman
(1992)).

We denote the average values of a variable x for agents of type z at time t by xzt . Its
time evolution requires two steps: we first compute the deterministic value x̃zt+1 before
agents change type at time t+ 1 and then calculate the new mean-field value xzt+1 taking
into account the changes in type. This is necessary because agents carry their balance sheet
items with them when they change type, and consequently both the aggregate and average
values of a variable for agents of type z change when agents change type8. Accordingly,
since the average number of firms changing from type 1 to type 2 is µN1

t and the average
number of firms changing from type 2 to type 1 is λ(N−N1

t ), we set the mean-field values
of x for firms of type z after a change of type at time t+ 1 as

x1t+1 =
(1− µ)N1

t x̃
1
t+1 + λ(N −N1

t )x̃2t+1

N1
t+1

(50)

and

x2t+1 =
µN1

t x̃
1
t+1 + (1− λ)(N −N1

t )x̃2t+1

N −N1
t+1

(51)

In this way, we find that

Xt+1 = N1
t+1x

1
t+1 + (N −N1

t+1)x
2
t+1 = N1

t x̃
1
t+1 + (N −N1

t )x̃2t+1 = X̃t+1, (52)

so that the aggregate values for the variable x across the entire economy are the same
before and after a change of type at time t + 1, as they should be. Similar expressions
hold for mean-field variables for households, with M z

t and M z
t+1 replacing N z

t and N z
t+1.

In the context of the present model, suppose that, at time t, we are given the total
production Qt, the mean-field variables k

z
t , b

z
t , e

z
t and the number of firms N z

t of type
z = 1, 2, as well as the mean-field variable d

z
t and the number of M z

t of type z = 1, 2. We
then compute the mean-field production for each type as the analogues of (12), that is,

qzt = f
z
tQt, z = 1, 2, (53)

8Rebalancing after a change of type does not seem to be considered in either Carvalho and Di Guilmi
(2014) and Carvalho and Di Guilmi (2015), even though this leads to puzzling behaviour in aggregate
variables. For example, letting pk

z
t+1 = i

z
t+1 + (1 − δ)pkzt and ignoring rebalancing, it is easy to see that

pKt+1 6= It+1 + (1− δ)pKt, where Kt+1 = N1
t+1k

1
t+1 + (N −N1

t+1)k
2
t+1, It+1 = N1

t+1i
1
t+1 + (N −N1

t+1)i
2
t+1,

and Kt = N1
t k

1
t + (N −N1

t )k
2
t .
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where f
z
t > 0 are known at time t and satisfy N1

t f
1
t + (N − N1

t )f
2
t = 1. For example,

they can be set to f
z
t = f

1
0/N

1
t for a constant vector (f

1
0, f

2
0) satisfying f

1
0 + f

2
0 = 1 or,

alternatively, be proportional to the mean-field capital for each type, that is f
z
t = k

z
t /Kt,

where Kt = N1
t k

1
t + (N − N1

t )k
2
t is the aggregate capital. The mean-field investment

demand before firms change type at t+ 1 is then given by the analogue of (14), namely

ĩzt+1 = (αzπ + β)pqzt − γb
z
t , z = 1, 2, (54)

Accordingly, the mean-field capital k̃zt+1 before a change in type at t + 1 is given by the
analogue of (15), that is,

pk̃zt+1 = ĩzt+1 + (1− δ)pkzt , z = 1, 2. (55)

Once aggregate demand Q̃t+1 is determined by equilibrium in the goods market, the
mean-field productions before firms change type at t+ 1 can then be obtained as

q̃zt+1 = f̃zt+1Q̃t+1, (56)

where f̃zt+1 is known at t+1 before firms change type (say, it is given by f̃zt+1 = k̃zt+1/K̃t+1,

where K̃t+1 = N1
t k̃

1
t+1 + (N − N1

t )k̃2t+1 denotes aggregate capital in the economy before

firms change type at t+1). After paying rb
z
t as interest charges on mean-field debt, δpk

z
t as

depreciation costs for the mean-field capital, and dividends δepete
z
t , all based on holdings

at time t, the mean-field retained profits before changing type at t+ 1 are calculated as

ãzt+1 = πpq̃zt+1 − rb
z
t − δpk

z
t − δepetezt , (57)

so that aggregate retained profits are given by

Ãt+1 = πpQ̃t+1 − rBt − δpKt − δepetEt (58)

As in the ABM model, net investment in excess of retained profits needs to be financed
externally by new debt and share issuance as follows

b̃zt+1 − b
z
t = $(̃izt+1 − δpk

z
t − ãzt+1) (59)

pet+1(ẽ
z
t+1 − ezt ) = (1−$)(̃izt+1 − δpk

z
t − ãzt+1). (60)

We therefore have that the total supply of equities offered by firms satisfy

pet+1Ẽt+1 = (1−$)(Ĩt+1 − δpK̃t − Ãt+1) + pet+1Ẽt (61)

Moving to households, the mean-field disposable incomes for types z = 1, 2 before a
change in type at time t+ 1 are given by

ỹ1t+1 = wt+1 + rd
1
t (62)

ỹ2t+1 = wt+1 + rd
2
t + δepet

Et
(M −M1

t )
, (63)

where wt+1 = (1 − π)pQ̃t+1/M . In other words, an equal fraction (M −M1
t )−1 of dis-

tributed profits δepetEt is paid to each of the (M −M1
t ) households of type 2 before a

change of type at time t+ 1. Here Q̃t+1 = N1
t q̃

1
t+1 + (N −N1

t )q̃2t+1.
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The mean-field consumptions before a change in type at time t+ 1 is then

c̃1t+1 = (1− sy1)
(

wt+1 + rd
1
t

)
+ (1− sv1)d

1
t (64)

c̃2t+1 = (1− sy2)

(
wt+1 + rd

2
t + δepet

Et
(M −M1

t )

)
+ (1− sv2)

(
d
2
t + pet

Et
(M −M1

t )

)
. (65)

We therefore have that aggregate demand at time t+ 1 before the change of type for
firms and households is given by

pQ̃t+1 = Ĩt+1 + C̃t+1, (66)

with
Ĩt+1 = N1

t ĩ
1
t+1 + (N −N1

t )̃i2t+1 = πp(α1Q
1
t + α2Q

2
t ) + βpQt − γBt, (67)

and

C̃t+1 = M1
t c̃

1
t+1 + (M −M1

t )c̃2t+1

=
(1− π)pQ̃t+1

M

[
(1− sy1)M1

t + (1− sy2)(M −M1
t )
]

+ (1− sy1)rD1
t

+ (1− sy2)
(
rD2

t + δepetEt
)

+ (1− sv1)D1
t + (1− sv2)(D2

t + petEt), (68)

where we used the aggregate variables

Qzt = N z
t q

z
t , Dz

t = M z
t d

z
t . (69)

Substituting (68) into (66) we find that aggregate demand before a change of type at t+1
can be calculated from quantities known at time t as follows:

pQ̃t+1 =
Ft

1− (1− π)[(1− sy1)m1
t + (1− sy2)m2

t ]
, (70)

where

Ft =πp(α1Q
1
t + α2Q

2
t ) + βpQt − γBt + (1− sy1)rD1

t + (1− sy2)(rD2
t + δepetEt)

+ (1− sv1)D1
t + (1− sv2)(D2

t + petEt). (71)

The mean-field savings for the two types of households before changing type at time
t+ 1 are then given by

s̃zt+1 = ỹzt+1 − c̃zt+1, (72)

which, as in the ABM model, only depends on quantities known at time t. Total savings
for the household sector before a change of type at t+ 1 are then given by

S̃t+1 = M1
t s̃

1
t+1 + (M −M1

t )s̃2t+1 = (1− π)pQ̃t+1 + rDt + δepetEt − C̃t+1. (73)

The mean-field wealth for the two types of households before changing type at t + 1 are
given by wealth at time t, plus savings, plus capital gains, that is

ṽ1t+1 = v1t + s̃1t+1 (74)

ṽ2t+1 = v2t + s̃2t+1 + (pet+1 − pet )
Et

(M −M1
t )

(75)
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Having computed ṽzt+1 before a change of type, we let households change type at time
t + 1 as described in 3.2 and calculate the new mean-field values vzt+1 according to the
expressions (50) and (51) (suitably modified for M z

t instead of N z
t ). The wealth for each

type of agent is then reallocated into deposits and equities according to the new type at
time t+ 1 as follows

d
1
t+1 = v1t+1 (76)

d
2
t+1 = (1− ϕ)v2t+1 (77)

pet+1

Et+1

(M −M1
t+1)

= ϕv2t+1 (78)

Accordingly, total demand for equities by households is given by

pet+1Et+1 = ϕ(M −M1
t+1)v

2
t+1 = ϕ

(
D2,t+1
t + S2

t+1 + pet+1E
2,t+1
t

)
, (79)

where the mean-field analogues of the class aggregates introduced in (38) are

D2,t+1
t = µM1

t d
1
t + (1− λ)(M −M1

t )d
2
t

S2
t+1 = µM1

t s̃
1
t+1 + (1− λ)(M −M1

t )s̃2t+1

E2,t+1
t = (1− λ)Et

The interpretation of the upper and lower indices here is the same as before. For example,
D2,t+1
t corresponds to deposits held at time t by households that are of type 2 at time

t + 1. Equating the total supply of equities (61) with the total demand (79) we find the
equilibrium equity price at time t+ 1 given by

pet+1 =
ϕ
(
D2,t+1
t + S2

t+1

)
− (1−$) (It+1 − δpKt −At+1)

[1− ϕ(1− λ)]Et
, (80)

from which we can calculate ẽzt+1 in (60). Finally, having computed k̃zt+1, ẽ
z
t+1 and b̃zt+1,

we calculate the new mean-field values k
z
t+1, b

z
t+1, and ezt+1 according to the expressions

(50) and (51) and verify that

p(Kt+1 −Kt) = It+1 − δpKt, (81)

Bt+1 −Bt = $(It+1 − δpKt −At+1), (82)

pet+1(Et+1 − Et) = (1−$)(It+1 − δpKt −At+1). (83)

The same stock-flow consistency checks that we performed for the ABM model can now
be done here. Observe that

Dt+1 =M1
t+1d

1
t+1 + (M −M1

t+1)d
2
t+1

=M1
t+1v

1
t+1 + (1− ϕ)(M −M1

t+1)v
2
t+1

=(1− µ)M1
t ṽ

1
t+1 + λ(M −M1

t )ṽ2t+1 +
[
µM1

t ṽ
1
t+1 + (1− λ)(M −M1

t )ṽ2t+1

]
− ϕ(M −M1

t+1)v
2
t+1

=M1
t

(
d
1
t + s̃1t+1

)
+ (M −M1

t )

(
d
2
t + s̃2t+1 + pet+1

Et
(M −M1

t )

)
− ϕ(M −M1

t+1)v
2
t+1

=M1
t

(
d
1
t + s̃1t+1

)
+ (M −M1

t )
(
d
2
t + s̃2t+1

)
+ pet+1Et − ϕ

(
D2,t+1
t + S2

t+1 + pet+1E
2,t+1
t

)
=Dt + S̃t+1 + pet+1Et − pet+1Et+1
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where we have used (79). Using (83), we conclude that

Dt+1 −Dt = S̃t+1 − (1−$)(It+1 − δpKt −At+1). (84)

Using this and (82) we find that

Sbt+1 + S̃t+1 +At+1 = (Bt+1 −Bt)− (Dt+1 −Dt) + St+1 +At+1 = It+1 − δpKt, (85)

so that total savings across all sectors of the economy equals net investment. Finally,
inserting using (66), (73), and (58) in (85) and using the fact that, by construction,
Xt+1 = X̃t+1 for aggregate quantities, we find that

Sbt+1 =It+1 − δpKt − [(1− π)pQ̃t+1 + rDt + δepetEt − C̃t+1] (86)

− (πpQ̃t+1 − rBt − δpKt − δepetEt) (87)

=It+1 + Ct+1 − pQt+1 + rBt − rDt = r(Bt −Dt), (88)

so that, as before, profits for the bank accrued from the interest differential between loans
and deposits.

3.2 Approximate continuous-time Markov chain dynamics

The second ingredient of the approach consists in approximating the discrete-time
transitions between types by a two-dimensional continuous-time Markov chain with state
(N1

t ,M
1
t ), that is, the numbers of aggressive firms and non-investor households at time t,

and state space {0, 1, . . . , N} × {0, 1, . . . ,M}. Accordingly, we assume that the Markov
chain at state (n,m) can jump to one of four neighbouring states (n ± 1,m ± 1) with
transition rates given by

df (n) = µfn, bf (n) = λf (N − n)
dh(m) = µhm, bh(m) = λh(M −m)

(89)

In other words, a jump from n to n − 1, corresponding to the “death” of a type 1 firm,
occurs in an small time interval dt with probability df (n)dt obtained as the probability of
an individual firm to transition from type 1 to type 2, which is given by µf according to
(27), multiplied by the number n of firms currently of type 1. Similarly, a jump from n to
n + 1, corresponding to the “birth” of a type 1 firm, occurs in an small time interval dt
with probability bf (n)dt obtained as the probability λf of an individual firm to transition
from type 2 to type 1 multiplied by the number (N −n) of firms currently of type 2. The
death and birth transition rates for households are obtained analogously. Observe that
these calculations for transition rates assume that the change in type for different firms
and households are independent random events, thus the multiplication of each individual
transition probability by the number of agents undergoing that transition.

The third and final ingredient consists in approximating the solution of the master
equation (ME), namely the equation governing the time evolution of the probability

P (n,m; t) = Prob
(
N1
t = n,M1

t = m
)
. (90)

As shown in the Appendix, assuming that the numbers of firms and households of type 1
at time t can be written as

N1
t = Nφf (t) +

√
Nξf (t), M1

t = Mφh(t) +
√
Mξh(t) (91)
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for determinist functions φf (t) and φf (t) corresponding to their trends and stochastic
processes ξf (t) and ξh(t) for random fluctuations around the trend, we obtain the following
ordinary differential equations

dφf

dt
= λf − (λf + µf )φf ,

dφh

dt
= λh − (λh + µh)φh, (92)

from which it is easy to see that

φf (t) =
λf

λf + µf
+ e−(λ

f+µf )t

(
φf (0)− λf

λf + µf

)
⇒ φf∞ := lim

t→∞
φf (t) =

λf

λf + µf
(93)

φh(t) =
λh

λh + µh
+ e−(λ

h+µh)t

(
φh(0)− λh

λh + µh

)
⇒ φh∞ := lim

t→∞
φh(t) =

λh

λh + µh
. (94)

Moreover, the probability densities of the random fluctuations satisfies two associated
Fokker-Planck equations of the form (119), from which it follows that the fluctuations are
asymptotically Gaussian distributed with means equal to zero and variances given by

σ2f =
µfλf

(λf + µf )2
, σ2h =

µhλh

(λh + µh)2
. (95)

The fractions n1t = N1
t /N and m1

t = M1
t /M can therefore be approximated by stochastic

differential equations of the form

dn1t = (λf + µf )

(
λf

λf + µf )
− n1t

)
dt+

√
2µfλf

N(λf + µf )
dW f

t , (96)

dm1
t = (λf + µf )

(
λh

λh + µh)
−m1

t

)
dt+

√
2µhλh

N(λh + µh)
dW h

t , (97)

for independent Brownian motions (W f
t ,W

h
t ).

Summing up, the mean-field model consists of the deterministic evolutions (55), (59)-
(60), (76)-(77) for the 8 state variables (k

z
, b
z
, ez, d

z
), with z = 1, 2, coupled with the

stochastic evolution (96)-(97) for the fractions of firms and households of type 1 (with
the corresponding rebalancing after each change in type according to expressions (50)
and (51)). In other words, the mean-field model corresponds to a 10-dimensional random
dynamical system. By comparison, the full agent-based model requires the calculation of
four state variables (knt , b

n
t , e

n
t , z

n
t ) for each firm and three state variables (dmt , e

m
t , z

m
t ) for

each household.

4 Numerical Simulations

In this section we illustrate the properties of the model by simulating both the full
agent-based model and the mean-field approximation using the base parameters described
in Table 2. The parameters were chosen consistently with the assumption that the discrete-
time equations in the model correspond to quarterly updates, that is, the basic time period
in the model is 0.25 years. In particular, the one-period depreciation rate δ, the dividend
yield δe, and the interest rate r were chosen consistently with annualized rates of 4% for
each variable. For the agent-based simulations, we take p ≡ 1.4, pe0 = 1 and initialize the
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aggregate balance sheet items for firms at pK0 = 1400, B0 = 667, E0 = 333, leading to
initial aggregate net worth of the firm sector equal to V F

0 = 400, and aggregate balance
sheet items the household sector at D0 = 1067 and pe0E0 = 333, leading to initial aggregate
net worth of the household sector equal to V H

0 = 1400 9. We then assume these aggregate
amounts are uniformly distributed among individual firms and households respectively.

Symbol Value Description

N 1000 number of firms
M 4000 number of households
a 1 labour productivity
c 1 unit labour cost
χ 1.4 markup factor
α1 0.575 profit elasticity of investment for aggressive firms
α2 0.4 profit elasticity of investment for conservative firms
β 0.16 utilization elasticity of investment
γ 0.05 debt elasticity of investment
r 0.01 one-period interest rate on loans and deposits
δ 0.01 one-period depreciation rate
δe 0.01 one-period dividend yield
sy1 0.15 propensity to save from income for non-investors
sy2 0.4 propensity to save from of income for investors
sv1 0.85 propensity to save from wealth for non-investors
sv2 0.85 propensity to save out of wealth for investors
µf 0.6 transition probability from aggressive to conservative type for firms
λf 0.4 transition probability from conservative to aggressive type for firms
µh 0.2 transition probability from non-investors to investors type for households
λh 0.3 transition probability from investors to non-investor type for households
$ 0.6 proportion of external financing for firms obtained issuing new debt
ϕ 0.5 proportion of investor household wealth allocated to stocks

Table 2: Baseline parameter values

We first compare the number of firms and households of each type obtained from the
agent-based simulation and the mean-field approximation in Figure 1. Next in Figure 2
we compare the time evolution for equity prices and nominal output obtained from each
method. We can observe a close match between the computationally intensive agent-
based model and its mean-field approximation, both in terms of population fractions of
each type of agent and in the resulting aggregate variables represented by the equity prices
and output.

Next in Figures 3 to 8 we use the mean-field approximation to perform a series of
sensitivity tests with respect to several discretionary parameters. Starting with Figure 3,
we see that, as expected, the return on equity decreases linearly with the dividend yield δe.
We also see that the growth rate of output increases with the dividend yield. This happens
because, in our model, an increase in divided yield leads to higher disposable income
of households and consequently higher consumption, whereas the offsetting decrease in

9We also assume a constant level of cash reserves for the bank R0 = 400, so that the initial net worth
of the bank implied by the aggregate balance sheets of firms and households is V B0 = 0.
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aggregate investment is less pronounce, as firms can borrow the necessary amount to
finance investment. The base value δe = 0.01, corresponding to an annual dividend yield
of 4%, is compatible with average observed yields and leads to an average 2.7% growth
rate in equity and average 3.0% growth rate of nominal output in our model.

The sensitivity test for the proportion $ of external financing that firms raised through
new debt is shown in Figure 4 and confirms that the base value chosen for this parameters
lie in a range where aggregate variables such as equity prices and output are not only
realistic but relatively stable with respect to small changes in the parameters. The results
in Figure 4 suggest that the value of a firm, here reflected by the equilibrium equity price,
is independent from the particular mix of debt and equity used to finance its operations.
That this seems to break down for $ < 0.4 is puzzling and merits further investigation.
Figure 5 shows a similar result for the parameter ϕ, where it is interesting to see that
the volatility of equity prices tends to increase both when investors put all their wealth
in stocks (namely ϕ→ 1) or none of their wealth in stocks (namely ϕ→ 0).

Figure 6 shows the sensitivity tests for the profit elasticity parameter, where for the
purposes of the test we took α = α1 = α2, that is to say, equal for all firms. As we can
observe in the middle panel, the growth rate of output increases with α, since a higher
value for this parameter leads to higher investment by firms. On the other hand, as the top
panel illustrates, increasing value for α have a negative effect on the growth rate of equity
prices, as firms need to raise more funds for external financing and therefore increase the
supply of equities. For the same reason, higher values of α lead to higher debt-to-output
ratios, as firms also need to borrow more to finance investment. Our base parameters
reflect a choice where the level responsiveness of investment to past profits is high enough
to promote growth but not as high as to compromise the financial viability of firms.

Figure 7 shows similar results for the saving rate from income sy, which we assumed
to be the same for all households for the purpose of the sensitivity tests. As expected, we
see in the bottom panel that aggregate output decreases with savings from income, as this
shifts household spending from consumption to accumulation of bank deposits and stocks,
thereby raising the growth rate of equity as shown in the top panel of the same figure.
This effect is all the more pronounced when we consider the saving rate from wealth sv in
Figure 8. As we can see, a high propensity to spend accumulated wealth (correspondingly
low sv) leads to high growth rate but disastrous equity prices (both volatile and with
negative returns). Conversely, total reinvestment of wealth (namely sv → 1) leads to
high returns (but also high volatility) in stock prices, but precipitously low growth for the
economy as a whole. Our base line parameters reflect a compromise between these two
conflicting tendencies.

5 Conclusion and further work

We have proposed a mean-field approximation to a stock-flow consistent agent-based
model with heterogeneous firms and households. The approximation is inspired by the
earlier work in Di Guilmi et al. (2010), Delli Gatti et al. (2012), but differs from these
papers in two fundamental aspects. First, we take the transition rates between types
to be exogenous and constant, as this is the case for which the solution method for the
master equation described in the Appendix applies. Secondly, we introduce an addition
rebalancing of mean-field variables (namely equations (50) and (51)) that is imposed by
stock-flow consistency and seems to have been previously neglected.
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(a) The average fraction of type 1 (aggressive) firms is 0.4

(b) The average fraction of type 1 (non-investor) households is 0.6.

Figure 1: Number of firms and households of each type obtained through agent-based
simulations (ABM) and mean-field approximations (MF).
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(a) The initial equity price is pe0 = 1, the average annual return over the 120 years period is 2.7%
for both the ABM simulation and MF approximation.

(b) The initial output is Q0 = 1000, the average annual growth rate over the 120 years period is
2.9% for both the ABM simulation and the MF approximation.

Figure 2: Comparison between aggregate variables in the agent-based model (ABM) and
mean-field approximation (MF).
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(a) Growth rate and standard deviation of equity price.

(b) Growth rate and standard deviation of aggregate output.

Figure 3: Sensitivity of equity price and aggregate output to the dividend yield δe. Recall
that the annualized dividend yield is given by 4× δe.
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(a) Growth rate and standard deviation of equity price.

(b) Growth rate and standard deviation of aggregate output.

Figure 4: Sensitivity of equity price and aggregate output to the proportion $ of external
financing raised by debt.
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(a) Growth rate and standard deviation of equity price.

(b) Growth rate and standard deviation of aggregate output.

Figure 5: Sensitivity of equity price and aggregate output to the proportion ϕ of household
wealth invested in stocks.
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(a) Growth rate and standard deviation of equity price.

(b) Growth rate and standard deviation of aggregate output.

(c) Debt-to-output ratio

Figure 6: Sensitivity of equity price, aggregate output, and debt-to-output ratio to the
profit elasticity of investment α for firms.
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(a) Growth rate and standard deviation of equity price.

(b) Growth rate and standard deviation of aggregate output.

Figure 7: Sensitivity of equity price and aggregate output to the savings rate from income
sy for households.
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(a) Growth rate and standard deviation of equity price.

(b) Growth rate and standard deviation of aggregate output.

Figure 8: Sensitivity of equity price and aggregate output to the savings rate from wealth
sv for households.
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Our model for different firms is motivated by Carvalho and Di Guilmi (2015), except
that we classify firms into aggressive and conservative, rather than self-financing and
non-self-financing. In other words, the amount a firm decide to invest depends on an
inherent property (for example the “animal spirits” of its managers), rather than its
financial position, which is then determined afterwards depending on the overall state of
the economy. Similarly, our model for different households is motivated Carvalho and Di
Guilmi (2014), except that we classify households into non-investors and investors, rather
than borrowing and non-borrowing. In other words, a household’s decision to invest on the
stock market depends on an inherent property (for example the degree of risk aversion),
rather than its financial position.

With these two modifications, we obtain remarkable accuracy in the MF approximation
of aggregate variables when compared with the simulations of the underlying ABM. We
then use the MF approximation to perform a series of sensitivity tests for the model
with respect to some of its parameters, notably the dividend rate δe, the proportion $ of
external financing that firms raise from new debt, the proportion ϕ of household wealth
invested in the stock market, the elasticity α of invest to profits and the propensity sy

for households to save from income. These tests allow us to investigate the range of
parameters that result in plausible behaviour for the aggregate variables in the model.

For example, a sufficiently high value for the fraction $ of external finance raised by
issuing debt or the fraction ϕ of household wealth invested in equities leads to stable equity
prices, characterized by high return and low volatility as shown in Figure 2. Accordingly,
we can simulate models with more turbulent stock markets, that is to say characterized
by crashes and periods of high volatility, by lowering the values of these parameters. A
natural follow up question, motivated by Minskys Financial Instability Hypothesis (see
Minsky (1982)), is whether a suitable extension of the model can allow for a stable scenario
to evolve into an unstable one.

One way to achieve this is to introduce more interactions between the agents than we
considered in this paper. Specifically, we can let the death and birth probabilities for firms
in Section 3.2 to be of the form

df (n) = µfη1
( n
N

)
n, bf (n) = λfη2

( n
N

)
(N − n), (98)

for functions η1(·) and η2(·) related to the relative gains from being of one type versus
another, and the solution method presented in Aoki (2002) still applies to this type of
transition probabilities. For example, the functions η1(·) and η2(·) can be related to
profits for firms of different types, so that higher profits for aggressive firms would lead
to a more firms becoming aggressive, and it is plausible to conjecture that this kind of
endogenous transition probabilities can generate instability from periods of stability, but
we defer this investigation to future work.
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A Approximate Solution to the Master Equation

We adjust the solution method used in Di Guilmi et al. (2010), which is itself adapted
from Aoki (2002) and earlier references, to the case where there are two types of firms and
two types of households. Let (N1

t ,M
1
t ) ∈ {0, 1, . . . , N}×{0, 1, . . . ,M} denote the number

of firms of type 1 and the number of households of type 1, respectively. It follows from
the Markov property that the joint probability

P (n,m; t) = Prob
(
N1
t = n,M1

t = m
)
, (99)

satisfies the so-called master equation, that is,

∂P (n,m; t)

∂t
= df (n+ 1)P (n+ 1,m; t) + bf (n− 1)P (n− 1,m; t)

+ dh(m+ 1)P (n,m+ 1; t) + bh(m− 1)P (n,m− 1; t)

− [df (n) + bf (n) + dh(m) + bh(m)]P (n,m; t), (100)

with the obvious modifications at the boundaries n = m = 0, n = N , and m = M . Here
the “death” and “birth” transition probabilities are defined in (89). Assuming that firms
and households choose their type independently from each other, we have that

P (n,m; t) = P (n, t)P (m, t), (101)

where P (n, t) = Prob
(
N1
t = n

)
and P (m, t) = Prob

(
M1
t = m

)
. Substituting (101) on

both sides of (100) leads to

∂P (n, t)

∂t
P (m, t)+P (n, t)

∂P (m, t)

∂t
=
(
df (n+ 1)P (n+ 1, t) + bf (n− 1)P (n− 1, t)

)
P (m, t)

+
(
dh(m+ 1)P (m+ 1, t) + bh(m− 1)P (m− 1, t)

)
P (n, t) (102)

− [df (n) + bf (n)]P (n, t)P (m, t)− [dh(m) + bh(m)]P (n, t)P (m, t).

Assuming further that P (n, t) 6= 0 and P (m, t) 6= 0 for all n,m, we find that (102)
decouples into the following equations:

∂P (n, t)

∂t
= df (n+ 1)P (n+ 1, t) + bf (n− 1)P (n− 1, t)

− [df (n) + bf (n)]P (n, t), (103)

∂P (m, t)

∂t
= dh(m)P (m+ 1, t) + bh(m− 1)P (m− 1, t)

− [dh(m) + bh(m)]P (m, t), (104)

which are identical to the master equation analyzed in Di Guilmi et al. (2010). We
proceed the analysis in terms of firms, with the results for households following from
obvious modifications. As in Di Guilmi et al. (2010), for a generic function a(n) define
the lead and lag operators as

L[a(n)] = a(n+ 1), L−1[a(n)] = a(n− 1), (105)

so that we can rewrite (103) as

∂P (n, t)

∂t
= (L− 1)[df (n)P (n, t)] + (L−1 − 1)[b(n)P (n, t)]. (106)
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Applying Taylor expansions to a(n+1) and a(n−1) at n we find that the operators (L−1)
and (L−1 − 1) can be written as:

(L− 1)[a(n)] = a(n+ 1)− a(n) = [a(n) + a′(n) +
a′′(n)

2
+ . . .]− a(n)

=

∞∑
k=1

1

k!

dka(n)

dnk
(107)

and

(L−1 − 1)[a(n)] = a(n− 1)− a(n) = [a(n)− a′(n) +
a′′(n)

2
+ . . .]− a(n)

=
∞∑
k=1

(−1)k

k!

dka(n)

dnk
(108)

Using the ansatz (91), we will now rewrite (106) in terms of φ(t) := φf (t) and ξ(t) = ξf (t).
Observe first that, since φ(t) is assumed to be deterministic, we can write

P (n, t) = Q(ξ, t) = Q(ξ(t), t), (109)

where Q(ξ, t) is the distribution of the stochastic process ξ(t). This leads to

∂P (n, t)

∂t
=
∂Q(ξ, t)

∂t
+
∂Q(ξ, t)

∂ξ

dξ

dt

=
∂Q(ξ, t)

∂t
−
√
N
∂Q(ξ, t)

∂ξ

dφ

dt
, (110)

where we differentiated the relation

n = Nφ(t) +
√
Nξ

with respect to t at constant n to obtain

dξ

dt
= −
√
N
dφ

dt
.

Next observe that the transition probabilities can be expressed as

d(n) = d(ξ, t) = µ(Nφ(t) +
√
Nξ) (111)

b(n) = b(ξ, t) = λ(N −Nφ(t)−
√
Nξ) (112)

where µ := µf and λ := λf . Finally, since a(n) = a(ξ, t) = a(Nφ(t) +
√
Nξ) we have that

da(n)

dn
=

1√
N

da(ξ)

dξ
, (113)

so that (107) and (108) become

(L− 1)[a(ξ)] =

∞∑
k=1

1

k!N
k
2

dka(ξ)

dξk
(114)

(L−1 − 1)[a(ξ)] =

∞∑
k=1

(−1)k

k!N
k
2

dka(ξ)

dξk
(115)
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Inserting (110) in the left-hand side of (106) and (111)-(115) in the right-hand side we
obtain

∂Q

∂t
−
√
N
∂Q

∂ξ

dφ

dt
= (L− 1)[d(ξ, t)Q(ξ, t)] + (L−1 − 1)[b(ξ, t)Q(ξ, t)]

= (L− 1)[µ(Nφ(t) +
√
Nξ)Q(ξ, t)]

+ (L−1 − 1)[λ(N −Nφ(t)−
√
Nξ) ·Q(ξ, t)]

=

( ∞∑
k=1

1

k!N
k
2

dk

dξk

)
[µ(Nφ(t) +

√
Nξ)Q(ξ, t)] (116)

+

( ∞∑
k=1

(−1)k

k!N
k
2

dk

dξk

)
[λ(N −Nφ(t)−

√
Nξ) ·Q(ξ, t)]

Collecting terms of order
√
N in the equation above leads to10

dφ

dt
= λ− (λ+ µ)φ, (117)

whose solution is readily found to be11

φ(t) =
λ

λ+ µ
+ e−(λ+µ)t

(
φ(0)− λ

λ+ µ

)
. (118)

Similarly, collecting terms of order 1 in (116) leads to

∂Q

∂t
= (µ+ λ)

∂(ξQ)

∂ξ
+
µφ+ λ(1− φ)

2

∂2Q

∂ξ2
. (119)

We therefore see that ξ admits an asymptotically stationary distribution

Q∞(ξ) := lim
t→∞

Q(ξ, t) (120)

satisfying
∂2Q

∂ξ2
= − 2(µ+ λ)

µφ∞ + λ(1− φ∞)

∂(ξQ)

∂ξ
, (121)

where

φ∞ = lim
t→∞

φ(t) =
λ

λ+ µ
. (122)

10At this point in the derivation, the authors in Di Guilmi et al. (2010) inexplicably change the transition
rate (111)-(112) to the form given in their equation (13A.19), which coincide with the transition rates for
a different model described on page 23 of Aoki (2002). The analogue of equations (117) and (119) thus
obtained Di Guilmi et al. (2010) coincides with the corresponding equations on page 37 of Aoki (2002),
but are not related to the model described in Di Guilmi et al. (2010) up to this point.

11Up to here the derivation also works for time-dependent transition rates λ(t) and µ(t). However, the
solution (118), and the corresponding asymptotic value φ∞ = λ/(λ + µ), only hold for constants λ and
µ. The same is true for (13.30) in Di Guilmi et al. (2010), which only holds as a solution to their (13.27)
in case λ and γ (their analogue of µ) are constant, so it is unclear how the authors obtain steady-state
results that depend on the φ∞ (such as the output dynamics in their (13.32)) when the transition rates
are time-dependent as implied by their equations (13.16) and (13.17). This is even more problematic for
state-dependent transition rates, as suggested in equations (13.33)-(13.34) in Di Guilmi et al. (2010), since
in this case λ and µ would be functions of ξ in (116) and would not lead to equation (117) for φ.
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Integrating (121) we find that12

Q∞(ξ) =
1

σ
√

2π
e−

ξ2

2σ2 , (123)

where

σ2 =
µλ

(µ+ λ)2
. (124)

12The same remark about transition rates applies here: equation (119) holds for time-dependent rates
λ(t) and µ(t) (but not for state-dependent ones), whereas the stationary solution (121) only holds for
constants λ and µ.
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