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Successes and Limitations of Real Options

>

Real options accurately describe the value of flexibility in
decision making under uncertainty.

According to a recent survey, 26% of CFOs in North America
“always or almost always” consider the value of real options in
projects.

This is due to familiarity with the option valuation paradigm
in financial markets and its lessons.

But most of the literature in Real Options is based on
different combinations of the following unrealistic
assumptions: (1) infinite time horizon, (2) perfectly correlated
spanning asset, (3) absence of competition.

Though some problems have long time horizons (30 years or
more), most strategic decisions involve much shorter times.
The vast majority of underlying projects are not perfectly
correlated to any asset traded in financial markets.

In general, competition erodes the value of flexibility.



Alternatives

>

The use of well-known numerical methods (e.g finite
differences) allows for finite time horizons.

As for the spanning asset assumption, the absence of perfect
correlation with a financial asset leads to an incomplete
market.

Replication arguments can no longer be applied to value
managerial opportunities.

The most widespread alternative to replication in the
decision-making literature is to introduce a risk-adjusted rate
of return, which replaces the risk—free rate, and use dynamic
programming.

This approach lacks the intuitive understanding of
opportunities as options.

» Finally, competition is generally introduced using game theory.

» Surprisingly, game theory is almost exclusively combined with

real options under the hypothesis of risk-neutrality !



A one—period investment model

» Consider a two—factor market where the discounted prices for
the project V' and a correlated traded asset S follow:

(uSp, hVp)  with probability ps,
~J (uS0,£Vp)  with probability po,

(57, V7) = (dSo, hVy)  with probability ps, (1)
(dSo,¢Vh)  with probability pa,

where 0 < d <1< wuand 0 </ <1< h, for positive initial
values Sp, Vp and historical probabilities py, p2, p3, pa.

> Let the risk preferences be specified through an exponential
utility U(x) = —e™ 7.

» An investment opportunity is model as an option with
discounted payoff C; = (V — e "/)*, for t =0, T.



European Indifference Price

» The indifference price for the option to invest in the final
period as the amount 7 that solves the equation

max E[U(x+H(ST—5%)] = max E[U(x—m+H(S51—5)] (2)

» Denoting the two possible pay-offs at the terminal time by C,
and (y, the European indifference price is explicitly given by

™ = &(Ch, Co) (3)

where, for fixed parameters (u, d, p1, p2, p3, pa) the function
g :R xR — R is defined as

gar) = Tiog (L PR ) 4)

gl pre 71 + ppe= e

. 1—q log p3 + pa
gl pse 7 + pye= 2 )

with

1-d

T4



Early exercise

» When investment at time t = 0 is allowed, it is clear that
immediate exercise of this option will occur whenever its

exercise value (Vo — I)T is larger than its continuation value

7€,

» That is, from the point of view of this agent, the value at
time zero for the opportunity to invest in the project either at
t=0ort=T is given by

Co=max{(Vo — )", g((hVo —e T I)", (tVo — e T 1))}



A multi—period model

» Consider now a continuous-time two—factor market of the form

dSt = (/J,l — r)Stdt + UlstdW
dVe = (p2 — r)Vedt + 02 Ve(pdW + /1 — p2dZ).

» We want to approximate this market by a discrete—time
processes (Sp, V) following the one—period dynamics (1).

» This leads to the following choice of parameters:

u = e"lm, h = e"zm,
d = e VAt = e 2VAL
N B elmi—rAt _ 4 o elre—r)At _p
prtp = g Pt
poro2At = (u—d)(h—{)[p1ps — p2p3],

supplemented by the condition p; + po + p3 + ps = 1.



Numerical Experiments - Act |

» We now investigate how the exercise threshold varies with the
different model parameters.

» The fixed parameters are

| = 1, r=004, T=10
p = 0.115, ;=025 Sy=1
oy = 02, Vo=1

» Given these parameters, the CAPM equilibrium expected rate
of return on the project for a given correlation p is

_ 1—r
uzzr—kp(“ )az. (5)
o1
» The difference 6 = jip — 2 is the below—equilibrium
rate—of—return shortfall and plays the role of a dividend rate
paid by the project, which we fix at § = 0.04.



Known Thresholds

» In the limit p — +1 (complete market), the closed—form
expression for the investment threshold obtained in the case
T = oo gives V}, = 2.

» This should be contrasted with the NPV criterion (that is,
invest whenever the net present value for the project is
positive) which in this case gives V)., = 1.

» The limit v+ — 0 in our model corresponds to the McDonald
and Siegel (1986) threshold, obtained by assuming that
investors are averse to market risk but neutral towards
idiosyncratic risk.

» For our parameters, the adjustment to market risks is
accounted by CAPM and this threshold coincides with
Vop =2



Dependence on Correlation and Risk Aversion
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Figure: Exercise threshold as a function of correlation and risk aversion.



Dependence on Volatility and Dividend Rate
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Figure: Exercise threshold as a function of volatility and dividend rate.



Dependence on Time to Maturity
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Figure: Exercise threshold as a function of time to maturity.



Values for the Option to Invest
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Figure: Option value as a function of underlying project value. The
threshold for p = 0 is 1.1972 and the one for p = 0.99 is 1.7507.



Suspension, Reactivation and Scrapping

> Let us denote the value of an idle project by F°, an active
project by F! and a mothballed project by FM.

» Then
F® = option to invest at cost /
F' = cash flow + option to mothball at cost Ep
FM = cash flow + option to reactivate at cost R

+ option to scrap at cost Eg
» We obtain its value on the grid using the recursion formula
F¥(i,j) = max{continuation value, possible exercise values}.

» As before, the decisions to invest, mothball, reactivate and
scrap are triggered by the price thresholds
Ps < Py < Pr < Py.



Numerical Experiments - Act I

» We calculate these thresholds by keeping track of three
simultaneous grids of option values.

» The fixed parameters now are

w = 012, 01=02, S =1

oo = 02, V=1

= 0.05, §=0.05, T=30

= 2, R=079, Ey=Es=0
1, m=0.01

= 09, ~v=01

> 0O - =
Il



Dependence on Mothballing Sunk Cost
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Dependence on Mothballing Running Cost
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Dependence on Correlation
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Dependence on Risk Aversion
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Combining options and games

» For a systematic application of both real options and game
theory in strategic decisions, we consider the following rules:
1. Outcomes of a given game that involve a “wait—and—see”
strategy should be calculated by option value arguments.
2. Once the solution for a given game is found on a decision
node, its value becomes the pay-off for an option at that node.

» In this way, option valuation and game theoretical equilibrium
become dynamically related in a decision tree.



One—period expansion option under monopoly

» Suppose now that a firm faces the decision to expand capacity
for a product with uncertain demand:

Vi — hYo with probability p (6)
LR WA with probability 1 — p

correlated with a traded asset
» The expansion requires a sunk cost /.

» The state of the firm after the investment decision at time t,
is
(7)

(k) = 1 if the firm invests at time t;
"1 O if the does not invest at time ti

» The cash flow per unit demand for the firm is denoted by



The NPV solution

» If no expansion occurs at time ty, then the value of the
project at time ty is

Vout = Do Yo + g(DohYo, Dol o) = Do Yo + mo(Do Y1)
» If expansion occurs, then the value of the project at time tp is
Vip = (Dl Yo — /) + g(DthO, D1€Y0) =DiYy+ 7T0(D1 Yl)

> textcolorredIf the decision needs to be taken at time tg, then
according to NPV the firm should expand provided v;, > vy,
that is, if the sunk cost / is smaller then

INPV — (Dl Do)YO + (WQ(Dl Yl) - 7T0(DOY1)). (8)



The RO solution

|

By contrast, if the decision to invest can be postponed until
time t1, then the value of the project when no investment
occurs at time ty is

Vwait = Do Yo + mo(C1),
where C; denotes the random variable
C1 == Cl(Yl) == max{DoYl, D1Y1 — /} > DoYl.

Accordingly, the firm should invest at time ty provided
Vin = Vuait, that is, if the sunk cost is smaller than

/RO = (Dl — Do)Yo -+ (71’0(D1 Yl) — 7T0(C1)). (9)

Since the function g is non-decreasing in each of its
arguments,

INPV—/RO:’/To(Cl)—Tfo(Doyl) ZO (10)

That is, according to RO, the firm is less likely to expand at
time tp.



A multi-period investment game

» Consider two firms L and F each operating a project with an
option to re-invest at cost / and increase cash—flow according
to an uncertain demand

> Suppose that the option to re-invest has maturity T, let t,,
m=0,..., M be a partition of the interval [0, T] and denote

by (XL(tm)7XF(tm) € {(07 0)5 (07 1)’ (15 0)7 (15 1)} the pOSSibIe
states of the firms after a decision has been at time t,.

> Let Dy, (t,)x(t) denote the cash—flow per unit of demand of
firm i.
» Assume that Dig > D11 > Dgg > Dos.

» We say that there is FMA is (DIO — Doo) > (Dll — D01) and
that there is SMA otherwise.



Derivation of project values (1)

> Let \/,-(X'(t"’_l)’)(j(tm_l))(tm,y) denote the project value for firm
i at time t,, and demand level y.

(xitm). XJ(t'"))(tm,y) the continuation values:

g(VED (tir, y), (VED (£, v9)

> Denote by v;

v (tm,y) = DuyAt+ orAt

A ) DlOyAHg(vél"’)(tmﬂ,y:>r,A(tv£1’°’(tm+1,yd))
v{o’l)(tm,y) = DOIYAt+g(VL(O71)(tm+1’y:)r,A(tV( MUEZ)
Ot y) = DOlym+g(vs"’)(tmﬂ,yf;)r,A(tVS")’(th,yd))
v;(:071)(tm7}/) = DloyAt+g(V£071)(tm+1’yl;);A(tVéo’l)(th,yd))
OO ) = Doyt + SV (i, y ) (V2 (tmin,y)

erAt



Derivation of project values (2)

» For fully invested firms, the project values are simply given by
1,1 1,1
Vi( )(tmv)/) = Vi( )(tma}/)'

» Now consider the project value for firm F when L has already
invested and F hasn’t:

VISLO)(tmvy) = maX{V/(El’l)(tm,}’) - I’ VI(—_LO)(tm’y)}'

» Similarly, the project value for L when F has invested and L
hasn't is

VL(O71)(tm7y) = maX{V£171)(tma}’) - I7 VEO’I)(tmLy)}'



Derivation of project values (3)

» Next consider the project value for L when it has already
invest and F hasn't:
/(10 v ) i VED (s y) = 1> VE O (b, y),
L (tmyy) = (1,0) _
v, (tm,y) otherwise.

» Similarly, the project value for F when it has already invest
and L hasn't is

1,1 e (11 0,1
V,g—o’l)(tm,y) _ { v,(_- )(tm,y) if v{ )(tm,y) - > VE )(tm,y)7

v,(_-o’o)(tm, y) otherwise.



Derivation of project values (4)

» Finally, the project values \/,-(0’0)

are obtained as a Nash

equilibrium, since both firms still have the option to invest.

» The pay-off matrix for the game is

Firm F

Invest

Wait

T T
Eirm L Invest (v£ ) _ I,v,(: ) 1)

(VT )

Wait véo’l), v,(_-o’l) —1)

0,0 0,0
R




FMA: dependence on risk aversion.
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Figure: Project values in FMA case for different risk aversions.



FMA: dependence on correlation.
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SMA: dependence on risk aversion
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Figure: Project values in SMA case for different risk aversions.
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SMA: dependence on correlation.
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Figure: Project values in SMA case as function of correlation.



SMA x FMA
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Figure: Project values for FMA and SMA.



