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Abstract

Let Hy > I be a self-adjoint operator and let V' be a form-small pertur-
1 1
bation such that ||V]|. := HRSJFEVRS “ll < oo, where € € (0,1/2) and Ry =
Ho_l. Suppose that there exists a positive 3 < 1 such that Zy := Tre 0 < 0.
Let Z := Tre~(Ho+V) Then we show that the free energy ¥ = log Z is an

analytic function of V' in the sense of Fréchet, and that the family of density
operators defined in this way is an analytic manifold.

Introduction

The use of differential geometric methods in parametric estimation theory is by
now a fairly sound subject, whose foundations, applications and techniques can be
found in several books [1, 7, 10]. The non-parametric version of this information
geometry had its mathematical basis laid down in recent years [4, 16]. It is a genuine
branch of infinite-dimensional analysis and geometry. The theory of quantum
information manifolds aims to be its noncommutative counterpart [6, 11, 12, 13].

In this paper we generalise the results obtained by one of us [18, 19] to a
larger class of potentials. In section 1 we introduce e-bounded perturbations of
a given Hamiltonian and review their relation with form-bounded and operator-
bounded perturbations. In section 2 we construct a Banach manifold of quantum
mechanical states with (+1)-affine structure and (+1)-connection, using the e-
bounded perturbations. Finally, in section 3 we prove analyticity of the free energy
V¥ x in sufficiently small neighbourhoods in this manifold, from which it follows that
the (—1)-coordinates are analytic.
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1 e-Bounded Perturbations

We recall the concepts of operator-bounded and form-bounded perturbations [8].
Given operators H and X defined on dense domains D(H) and D(X) in a Hilbert
space ‘H, we say that X is H-bounded if

i. D(H) Cc D(X) and
ii. there exist positive constants a and b such that

XYl < al[HY[| + b, for all ¢ € D(H).

Analogously, given a positive self-adjoint operator H with associated form gz and
form domain Q(H), we say that a symmetric quadratic form X (or the symmetric
sesquiform obtained from it by polarization) is qg-bounded if

i. Q(H) C Q(X) and

ii. there exist positive constants a and b such that
(X (¥, )| < aqu (¥, ) +b(¢, 1), for all ¥ € Q(H).

In both cases, the infimum of such a is called the relative bound of X (with
respect to H or with respect to qp, accordingly).

Suppose that X is a quadratic form with domain Q(X) and A, B are operators
on H such that A* and B are densely defined. Suppose further that A* : D(A*) —
Q(X) and B : D(B) — Q(X). Then the expression AX B means the form defined
by

o, — X(A%¢, BY), » € D(AY), 1 € D(B).

With this definition in mind, let us specialise to the case where Hy > I is

a self-adjoint operator with domain D(Hj), quadratic form gy and form domain

Qo = D(HS/Q), and let Ry = Hgl be its resolvent at the origin. Then it is easy
to show that a symmetric operator X : D(Hy) — H is Hp-bounded if and only if
| X Ro|| < oo. The following lemma is also known [18, lemma 2].

Lemma 1 A symmetric quadratic form X defined on Qg is qo-bounded if and
only if Ré/ZXR[l)/2 is a bounded symmetric form defined everywhere. Moreover,

if HR(I)/QXR[I)/QH < oo then the relative bound a of X with respect to qo satisfies
o< Ry xRy
The set 7,,(0) of all Hyp-bounded symmetric operators X is a Banach space with

norm || X||,(0) := || X Rp||, since the map A — AHy from B(H) onto 7,(0) is an
isometry.



The set 7y(0) of all go-bounded symmetric forms X is also a Banach space with
norm || X||o(0) := HR(I)/QXR(I)ﬂH, since the map A — H(%/QAHS/2 from the set of
all bounded self-adjoint operators on H onto 75(0) is again an isometry.

Now, for € € (0,1/2), let 7:(0) be the set of all symmetric forms X defined

1 1_
on Qo and such that || X||(0) := HR§+EXR§ “|| is finite. Then the map A —

1_ 1
Hy EAH(;2 T s an isometry from the set of all bounded self-adjoint operators on
‘H onto 7:(0). Hence 7:(0) is a Banach space with the e-norm || - ||-(0). We note
1

1 1_
that D(HZ) € D(HZ "), for all 0 < 5 < 1/2.
We can now prove the following lemma.

Lemma 2 For fixed symmetric X, || X||, is a monotonically increasing function
of e €10,1/2].

Proof: We have to prove that HRgX Ry V|| is increasing for y € [1/2,1] and decreas-

ing for y € [0,1/2]. Let % < § <1 and suppose that HRSXR%)_‘SH < oco. Interpola-

tion theory for Banach spaces [17] and the fact that HR%XR(%_&H = HR&“SXR(‘%H
then give
IREX Ry < [[rix R

, for all x € [1 -4, 6],
and particularly for % <y <46 <1, we have

|mexs™| < |lmixms ]
By the other hand, for 0 <1 -6 <y < %,

|raxms| < [lmecm| = [ m-exm]. o

2 Construction of the Manifold

2.1 The First Chart

Let Cp,0 < p < 1, denote the set of compact operators A : H — H such that
€ Cy1, where C; is the set of trace-class operators on H. Define
A|P € Cy, where C; is the set of t 1 t H. Defi

We take the underlying set of the quantum information manifold to be
M - C<1 N E

where 3 C C; denotes the set of density operators. We do so because the next
step of our project is to look at the Orlicz space geometry associated with the



quantum information manifold [4] and the quantum analogue of classical Orlicz
space Llog L seems to be

CilogCy :={pe€Ci:S(p) = _Z)‘i log \; < oo},

where {\;} are the singular numbers of p. With this notation, the set of normal
states of finite entropy is Ci1log C;1 Y and we have C.1 C Ci1logCy. At this level, M
has a natural affine structure defined as follows: let p; € C,, "X and pa € Cp, NE;
take p = max{p1, p2}, then p1, p2 € C, N%, since p < ¢q implies C, C C, [15]; define
“Ap1 + (1 — A)p2,0 < XA < 17 as the usual sum of operators in C,. This is called
the (—1)-affine structure.

We want to cover M by a Banach manifold. In [18] this is achieved defining
hoods of p € M using form-bounded perturbations. The manifold obtained there
is shown to have a Lipschitz structure. In [19] the same is done with the more
restrictive class of operator-bounded perturbations. The result then is that the
manifold has an analytic structure. We now proceed using e-bounded perturba-
tions, with a similar result.

To each py € Cg, MY, By < 1, let Hy = —logpg + cI > I be a self-adjoint
operator with domain D(Hj) such that

po = Zo_le_HO — ¢~ (Ho+%o) (3)

In 7:(0), take X such that || X ||:(0) < 1—/3p. Since || X||0(0) < || X||-(0) < 1—[,
X is also gp-bounded with bound ag less than 1 — Gy. The KLMN theorem then
tells us that there exists a unique semi-bounded self-adjoint operator Hy with
form gx = qo + X and form domain Qx = Q. Following an unavoidable abuse of
notation, we write Hxy = Hp + X and consider the operator

px = Z)—(le—(Ho-i-X) — o~ (HotX+¥x) (4)

Then px € C3, NXE, where fx = 1?‘;0 < 1[18, lemma 4]. The state px does not
change if we add to Hx a multiple of the identity in such a way that Hx+cl > I, so
we can always assume that, for the perturbed state, we have Hx > I. We take as
a hood My of pg the set of all such states, that is, Mo = {px : || X|[c(0) < 1—/fo}.

Because px = px+ar, we introduce in 7;(0) the equivalence relation X ~ Y
iff X —Y = al for some a € R. We then identify px in Mg with the line
{Y e 7.(0) : Y = X +al,a € R} in 7:(0)/ ~. This is a bijection from My
onto the subset of 7:.(0)/ ~ defined by {{X + al}aer : || X|:(0) <1 —Fp} and
M becomes topologised by transfer of structure. Now that My is a (Hausdorff)
topological space, we want to parametrise it by an open set in a Banach space.
By analogy with the finite dimensional case [14, 5, 11], we want to use the Banach
subspace of centred variables in 7;(0); in our terms, perturbations with zero mean
(the ‘scores’). For this, define the regularised mean of X € 7:(0) in the state pg as

po- X = Tr(p[))‘Xpé_A), for 0 < A < 1. (5)



Since pg € Cz, N X and X is go-bounded, lemma 5 of [18] ensures that py- X
is finite and independent of A. It was a shown there that pg- X is a continuous
map from 75(0) to R, because its bound contained a factor || X||o(0). Exactly the
same proof shows that pp-X is a continuous map from 7:(0) to R. Thus the set
7.(0) := {X € 7:(0) : pp- X = 0} is a closed subspace of 7:(0) and so is a Banach
space with the norm ||-||_ restricted to it.

To each px € My, consider the unique intersection of the equivalence class of
X in 7.(0)/ ~ with the set 7:(0), that is, the point in the line {X + al}acr
with @ = —pg-X. Write X =X - po-X for this point. The map px +—
X is a homeomorphism between M, and the open subset of ’ZA;(O) defined by
{)? X =X —py- X, | X, <1 —BO}. The map px — X is then a global chart

~

for the Banach manifold Mo modeled by 7:(0). As usual, we identify the tangent
space at pg with 72(0), the tangent curve {p(\) = Z/\*)%e_(HO‘H‘X), A € [=6,6]} be-

~

ing identified with X = X — pg-X.

2.2 Enlarging the Manifold

We extend our manifold by adding new patches compatible with M. The idea
is to construct a chart around each perturbed state px as we did around pg. Let
px € Mo with Hamiltonian Hx > I and consider the Banach space 7:(X) of all

1 1
symmetric forms Y on @y such that the norm ||Y]|.(X) := R§(+€YR§( “|| is finite,

where Ry = H)El denotes the resolvent of Hx at the origin. In 7:(X), take Y
such that ||Y||:(X) < 1— Gx. From lemma 2 we know that Y is ¢x-bounded with
bound ax less than 1 — Bx. Let Hxy be the unique semi-bounded self-adjoint
operator, given by the KLMN theorem, with form ¢x4+y =qgx +Y =q¢@+ X +Y
and form domain Qx+y = @x = Qo. Then the operator

PX+Y = Z)_(l Y@iHX+y = Z)_(iyei(HﬁXJrY) (6)
is in Cg, N X, where By = 1€§x'

We take as a neighbourhood of px the set Mx of all such states. Again
PX+Y = PX+Y+al, SO we furnish 7;(X) with the equivalence relation Z ~ Y iff
Z —Y = ol and we see that 7:(X) is mapped bijectively onto the set of lines

{Z =Y + allaer, [[YV][-(X) <1-0x}

in 7.(X)/ ~. In this way we topologise M x, by transfer of structure, with the
quotient topology of 7o(X)/~.
Again we can define the mean of Y in the state px by

px-Y = Tr(px Y pi ), for0 <A< 1. (7)

and notice that it is finite and independent of A. This is a continuous func-
tion of Y with respect to the norm || - [[c(X), hence T.(X) = {Y € T.(X) :



px Y = 0} is closed and so is a Banach space with the norm || - |-(X) re-
stricted to it. Finally, let Y be the unique intersection of the line {Z = Y +
al}qer with the hyperplane ’?;-(X)7 given by a« = —px Y. Then pxiy — Y
is a homeomorphism between M x and the open subset of f;(X ) defined by

{? eT(X): V=Y — px-V, V(X)) <1 BX}. We obtain that pxiy — ¥
is a chart for the manifold M x modeled by ’j;(X ). The tangent space at px is
identified with Z2(X) itself.

We now look to the union of My and Myx. We need to show that our two
previous charts are compatible in the overlapping region Mg N Mx. But first we
prove the following series of technical lemmas.

Lemma 8 Let X be a symmetric form defined on Qg such that HR(l)/QXRé/QH < 1.

1 1
Then D(HZ °) = D(H3 %), for any € € (0,1/2).

Proof: We know that D(Héﬂ) = D(H;(/Q), since X is go-small. Moreover, Hx and
Hjy are comparable as forms, that is, there exists ¢ > 0 such that

¢ lao() < gx () < cqo(e), for all ¢ € Q.

Using the fact that z — 2% (0<a<1) is an operator monotone function [3,
lemma 4.20], we conclude that

—(1-2¢) gyl—2¢ 1-2¢ 1-2¢ y71—-2¢
c H, <H,y*" <c Hy =,

1 1
which implies that D(HZ ) = D(HZ ). O
The conclusion remains true if we now replace Hx by Hx + I, if necessary in
order to have Hx > I. This is assumed in the next corollary.

1, 1_ 1, 1_
Corollary 9 The operator H, ER& ° is bounded and has bounded inverse Hy SR)Z( ‘)

£

1_ 1_ 1_ 1. 1_
Proof: Rj ® is bounded and maps H into D(H§ %) = D(H3 ®). Then Hs ERS

1
is bounded, since H § ° is closed. By exactly the same argument, we obtain that
1
575

1. 1., 1. 1. . 1., 1. 1. . 1. 1.
HZ “R% “isbounded. Finally (H? “R% )(HZ "RZ °)=(HZ “RZ )(HZ “R% %)=
I O

Lemma 10 For ¢ € (0,1/2), let X be a symmetric form defined on Qg such

1 1 1
b +e §+€ bl +e

1
that ‘RO XR§ ‘I < 1. Then R; H% ~ 1s bounded and has bounded inverse

1 1 1 1
R§(+8H02+€. Moreover, D(H02+E) = D(Hf;ra)



Proof: From lemma 2, we know that HR(I)/ ’x R(l)/ 2” < 1, so lemma 8 and its
corollary apply. We have that

1 1_
1 > ||RZTXRZ

— |rRe"EYRIT 1),
1 1_
thus R02+EHXR§ 8H < 0o. We write this as
HR?+€H2+€H2 “R2°| < .

. 1 e 1. . . e
Since Hy Rj is bounded and invertible, so is Bf Hg . Finally, the fact

1 1
that R2+E +E R2 02+E < oo implies that H )2(+E and Hj € are

<ooand‘

1 1
comparable, hence D(H JrE) = D(H§+€). O
The next theorem ensures the compatibility between the two charts in the
overlapping region My N Mx.

Theorem 11 |- ||o(X) and || - ||-(0) are equivalent norms.

Proof: We need to show that there exist positive constants m and M such that
mlY[(0) < [¥]-(X) < M|[Y]|-(0). We just write

lye 14e li4c 1 e 1 ¢ 1 ¢
IV ](X) H RYHE T RIYR CHE CRY
1 1 1_
HR)% s | | e rs | v
— M|Y].(0)

and, for the inequality in the other direction, we write

1 1 1_ 1_ 1_
W) = R R Y R R

IN

1 1
|rgaie (X)

1 1
5—8 5—5
e

= mHY|(X). O

We see that 7:(0) and 7;(X) are, in fact, the same Banach space furnished with
two equivalent norms, and observe that the quotient spaces 7.(0)/~ and Zz(X)/ ~



are exactly the same set. The general theory of Banach manifolds does the rest
[9].

We continue in this way, adding a new patch around another point px: in My
or around some other point in Mx but outside My. Whichever point we start
from, we get a third piece M x/ with chart into an open subset of the Banach space

1 1_
{Y € T.(X') : px/-Y =0}, with norm [|[Y[|.(X") := ||RZ Y RZ,*

‘ equivalent to

the previously defined norms. We can go on inductively, and all the norms of any
overlapping regions will be equivalent.

Definition 12 The information manifold M(Hy) defined by Hy consists of all
states obtainable in a finite number of steps, by extending My as explained above.

These states are well defined in the following sense. If, for two different sets
of perturbations X4,...,X,, and Y1,...,Y,,, we have X; +---+ X, =Y +--- +
1

Y,, as forms on D(H¢ _E), then we arrive at the same state either taking the
route X1i,...,X, or taking the route Y7,...,Y},, since the self-adjoint operator
associated with the form go + X7 +---+ X, = ¢y + Y1 + - - - + Y,,, is unique.

2.3 Affine Geometry in M(H,)

The set A = {)? €T.(0): X =X — po- X, | X|-(0) < 1— ﬁo} is a convex subset

of the Banach space ’2-(0) and so has an affine structure coming from its linear
structure. We provide My with an affine structure induced from A using the
patch X — py and call this the canonical or (4+1)-affine structure. The (+1)-
convex mixture of px and py in My is then pyxia—ny, (0 < A < 1), which
differs from the previously defined (—1)-convex mixture Apx + (1 — X)py.

Given two points px and py in My and their tangent spaces ’ZA'E(X ) and
7.(Y), we define the (+1)-parallel transport Uy, of (Z — px-Z) € T.(X) along
any continuous path L connecting px and py in the manifold to be the point
(Z — py-Z) € T.(Y). Clearly UL(0) = 0 for every L, so the (+1)-affine connection
given by Uy is torsion free. Moreover, Uy, is independent of L by construction,
thus the (+1)-affine connection is flat. We see that the (+1)-parallel transport
just moves the representative point in the line {Z 4+ al},er from one hyperplane
to another.

Now consider a second piece of the manifold, say My. We have the (+1)-
affine structure on it again by transfer of structure from 7;(X). Since both 7.(0)
and ’?E(X ) inherit their affine structures from the linear structure of the same set
(either 72(0) or 7:(X)), we see that the (+1)-affine structures of My and Mx
are the same on their overlap. We define the parallel transport in M x again by
moving representative points around. To parallel transport a point between any
two tangent spaces in the union of the two pieces, we proceed by stages. For
instance, if U denotes the parallel transport from pg to px, it is straightforward to
check that U takes a convex mixture in ’i(O) to a convex mixture in Z:(X). So,



if py € My and pyr € Mx are points outside the overlap, we parallel transport
from py to py: following the route py — pg — px — pys. Continuing in this way,
we furnish the whole M(Hj) with a (+1)-affine structure and a flat, torsion free,
(41)-affine connection.

Although each hood in M (Hj) is clearly (41)-convex, we have not been able
to prove that M(Hy) is itself (41)-convex.

3 Analyticity of the Free Energy

The free energy of the state px = Z;(le_HX € Cgy C M, Bx < 1, is the function
¥ : M — R given by
Y(px) :=log Zx. (13)

In this section we show that Ux = U(px) is infinitely Fréchet differentiable
and that it has a convergent Taylor series for sufficiently small hoods of px in M.

We say that Y is an e-bounded direction if Y € 7:(X). The n-th variation of
the partition function Zy in the e-bounded directions Vi, ..., Vj, is given by (n!)~!
times the Kubo n-point function [2]

1 1 1
Tf/ dovy / dasy - - / don 1 [pX VipeVa - - p Val, (14)
0 0 0
where oo, =1 — a1 — - -+ — a—1. Our first task is to show that this is finite. Since

for an operator of trace class A we have |TrA| < ||Al|1, we only need to check that
the multiple integral is of trace class.
We begin by estimating the trace of [p§ VipZVa - - p§Vy| as written as

« —On 1— @ — « — 1—
PSP o TR VAR p [y Pl

— an 1-6p—1+6n (1— an n —8,
[REVRRY %2 .. [pS X[ Ot H0n pl=0x)en [ pbay, RL-0n),

with §; € [% — ¢, % + E] to be specified soon. In this product, we have n factors
of the form [,03?5 *], n factors of the form [RigV}R;(Sj], and n factors of the form
[H)lf_éj*ﬁ(sjpg_ﬁ}()aj], with dy standing for §,,.

For the factors [pggﬂx ], putting p; = 1/«a;, Holder’s inequality leads to the
trace norm bound

H[pi?ﬂx] s [p_‘%"ﬁlel < Hpgf

(o5}
o Px
1 H’OX

an 8
o

By virtue of lemma 2, we know that the factors [RingR;(Sj] are bounded in
operator norm by

d; 1-0; ite i ¢
|RRviRy ™| < | RE ViR

< = [[Vjll. (X) < oc. (16)

In both these cases, the bounds are independent of a. The hardest case turns

out to be the factors [H)lgéj*ﬁéjpg*ﬁ}()aj], where the estimate, as we will see,



does depend on « and we have to worry about integrability. For them, the spectral
theorem gives the operator norm bound

HH)I;5J'71+5]~[)§*6X)&J‘

— 7B g {x175j71+5je*(1fﬁx)0<jx}
x>1

16,1+,
—a;(1-8x) (1 — 5j_1 + (5]‘ J 7 —(1-8;_1+6,)
< J - g7 @ J 1 i

—(1- 5] 1+5)
J

dently of o. To deal with the integral of o 170;) dovj, we divide the region of
integration in n (overlapping) regions S; := {a : oj > 1/n} (since ) «o;=1). For
the region Sy, for instance, the integrability at a; = 0 is guaranteed if we choose
0; such that §; < d;_1. So we take 0, = dgp > 61 > --- > d,—1. We must have

, the other terms in (17) will be bounded indepen-
—(1-9;-

Apart from a;

(5]-6[ %Jrs] thenwechooseén—§+5 51:§+5——52 2+5——
ey 01 =5 —5—1—— Then each of the (n — 1) integrals, for j = 1,. —1,1is
/1a(16J1+5)d (5 1_5) :ﬁ
0 = 2e
resulting in a contribution of (%)n . The last integrand in S, is an(l On—1+0n) < n?.

The same bound holds for the other regions S;,j = 1,...,n — 1, giving a total

bound ) , )
1 5] 1+6])d . < n nn_ — n nn 1
H/ o <0 ] = gper 1)

Now that we have fixed §;, the promised bound for the other terms in (17) is

j=1 * 1-08x

< 4z TP - py) e (19)

since (1 —dj_1 4+ 0;) < 1 except for one term, when it is less than 2.
Collecting the estimates (15),(16),(18) and (19), we get the following bound
for the n-point function

4Hp H 2075 (2e)n2nme —”];[—2[‘8”52)]. (20)

Thus the n-th variation of Zx exists for any e-bounded directions and is an
n-linear bounded map. Hence [21, prop. 4.20], Z has an n-th Gatéaux derivative
at X. Since this holds for any n, we see that Z is infinitely often Gatéaux differen-
tiable at X. Moreover, when using Duhamel’s formula [18, theorem 9] to deduce
the expression (14) for the n-th variation (as in [19, theorem 3]), we actually find

10



that the limit procedure is uniform in V, thence [20, theorem 3.3] the Gatéaux
derivatives of Z at X are, in fact, Fréchet derivatives.

Therefore, Z is infinitely Fréchet differentiable with convergent Taylor expan-
sion for Z(X+V) if ||V || {X) < (1—0x)2e. Since Zx is positive, the same is true for
its logarithm, the free energy Wx. Notice that the condition ||V ]|{X) < (1—8x)2¢e
is stronger than to require that py 4 x lie in an e-hood of px.

Finally, let us say that a map ® : i/ — R, on a hood U in M, is (+1)-analytic
in U if it is infinitely often Fréchet differentiable and ®(X + V') = ®(px 1y ) has
a convergent Taylor expansion for pxyy in this hood. In particular, the (—1)-
coordinates nx = pX (mixture coordinates) are analytic, since they are derivatives
of the free energy Wy . This specification of the sheaf of germs of analytic functions
defines a real analytic structure on the manifold.
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