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N\ Combining options and games

MAC

The priority . . ..
ol 12 @ Most of the real options approach consider monopolistic
value of being - .

a leader in decision making.

cgmplete and i . . .
incomplete @ Option value leads to conservative exercise strategies.
M. R. Grassell @ Intuitively, competition should erode the option value.
Options and @ A systematic application of both real options and game
Games theory in strategic decisions has been proposed in the
C | . . . . .
Markete. literature (see Smit and Trigeorgis (2004) for a review).
Incomplete @ The essential idea can be summarized in two rules:
market . .

@ whenever the outcome of a given game involves a

Conclusions

“wait—and—see” strategy, its pay-off should be calculated
as the value of a real option;

@ whenever the pay-off of a given involves a game, its value
should calculated as the equilibrium solution to the game.

In this way, option valuation and game theoretical
equilibrium become dynamically related.



N\ Competition in continuous times

MAC
The priorit: . . .
optaopnf; the o Consider the model of Grenadier (2000), where two firms
value of bein . .. . .
2 leader in contemplating the decision to pay a cost K to invest in a
complete and . . .
mcomplote project leading to instantaneous cash flows Y;Dg where
markets.
M. R. Grasselli dY,
L = vdt + ndw,, (1)
Options and Yt
Games
Genslsic where Y is a stochastic demand shock and Dy is the
“ﬂ:rk:tzl inverse demand function when @ firms are present.
encer vl @ Assume both market completeness and infinite maturity.
Equilibrium . .
ngncekelberg @ More specifically, assume that Y; is perfectly correlated
Incomplete with a traded financial asset
market
. dP r
Conclusions St = ndt +0dW; = rdt + o (dW, + Ade), A= a
t o



NN Project value

MAC

Bl o Leté{ =L and \ = “;r be the Sharpe ratios for the
value of being . .

2 leader in project and the spanning asset.

R @ After both firms have invested, the value of the project is
y ?tm . given by the expected value of all discounted future cash
B flows, that is
Options and 00 D
Games

EQ U e Y, Dods| Y, = y| = L2,

Complete 5
Markets t

Follnsr vlue where 6 = n(\ —&).

Leader value

e @ We see that ¢ plays the role of a dividend rate.

tackelberg . .

s @ Given that the leader has already invested, the value for
Incomplete . .
market the follower is then given by
Conclusions _

F(y) = supE® [ O(Y)Lircoy Yo = y] - (3)
T_

where 7 is a stopping time and ®(y) = Doy /d — K.



NN Follower value

MAC

The priority
option: the
Va|u|ec:jfb?ing 12 2F/, o 5 Fl —rF <0
Ly2F"(y) + (r — 8)yF'(y) — rF(y) <

complete and

incomplete F(y) Z (D(y)

markets.

2
e [F(y) = )] | Y2 F"(v) + (r = O)F'(y) = rF ()] =
gptions and (4)
Co:plete supplemented by F(v) > 0 and F(0) = 0.

Markets @ The solution to variational inequality is
The model
Follower value

B
Leader value L L
Equilibrium F(y) = B-1 YF) ’ Y = YF
Stackelberg yD(2) K > Y

Incomplete T - ’ y N :

market where Yr = Df(gfl) and 8 > 1 is a solution of

@ The follower value then satisfies

Conclusions

SPBB-1)+(r—0)B=r.
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D,y/8-K

K&/D,



N\ Leader value and simultaneous exercise

MAC
The priority . . . .
gty i @ After investing, the leader has no more options to exercise.
value O emng . .
S As a result, the value of becoming a leader can be obtained
complete an .
incomplete entirely by expected value of future cash flow at a rate
markets. .
R Craseel YD1 until the process Y reaches Yr and Y:D thereafter.
. . rasselll
oo o @ The solution to this simple first—passage—time problem is
ptions an
Games
B
Complete yD(l) Dl_D2 K y
Markets L(y) _ T T D 5[3_1 Y — K, y < Y/:
The model
Follower value yTD2 — f(7 _y 2 YF
Leader value
Equilibrium
Stackelber; . . . .
e o o Finally, it is clear that the value obtained from
IesmpitEs simultaneous exercise is
market
Conclusions yD2

S(y) 5
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N\ Threshold for the leader

@ It can be shown that there exists a unique point
Y. € (0, YF) such that

L(Y) < F(Y), Y<VY
LY) = F(Y), Y=Y
L(Y) > F(Y), YL<Y<Yr
LY) = F(Y), Y>Yr

@ In addition

S(Y) < min(L(Y),F(Y), Y < Yr
S(K) = L(Y)=F(Y), Y=Y
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N\ Threshold for the leader

d,(y)=L(y)-F(y)

Yo

\

d,(y)=S(y)-F(y)

Ye



NN Randomized strategies

MAC
option the @ Denote by x;(t) € {0,1} the state for firm /i at time t.
" e " o A randomized strategy consists of a pair (x;(t), Gi) where
C?SZELELEQ" G'is an independent enlargement of the market filtration
M. :arG:zselli 7.

@ Denote p;(t) := P(xi(t) = 1|F).

o " o A strategy is pure at time t if p;(t) € {0,1}.
Complete @ Otherwise it is mixed and represented by the
The modd randomization parameter n;(t) as
() = L o<pi(ey,  mi(t) ~ U0, 1], mi(t) L Fe
ji:emmete o If G N G2 = F,, the strategies of the two players are

ket .
e independent.
Conclusions

@ Alternatively, correlated equilibria can be introduced
through a communication device ;;(t) implemented via a
third party.
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Equilibrium strategies

We focus on independent strategies only.

Because of the Markovian structure of the market, it is
enough to consider p;(t) = p;(Y:).

Assume that the game is played successively until one of
the firms exercises.

For y > YFr we have that p*(y) = pi(y) = p2(y) =1is a
Nash equilibrium.

For y < Y, we have that p*(y) = pi(y) = p2(y) =0is a
Nash equilibrium.

The interesting region is Y, <y < Yr.



NN Equilibrium strategies (continued)

MAC

The priority

option: the

va;ule;aczjfel:?:qng o For YL <y < YF: the pay—off for firm i is

o

markets. k

M. R. Grasselli Vi = [pi(1=pj)L + pip;S + (1—pi)p;F] Z[(lipi)(lipj)]
k=0

E _ Pt = p)L+ pipS + (L~ pi)piF

i 1=(=p)A=p)

Eﬂfzxffil'ame o Maximizing this expression with respect to p; and using

ETIE symmetry leads to

Incomplete * L(y) — F(y)

market p (y) == Pl(}/) = p2(.y) BT EEYRY

Conclusions L(y) B S(y)

which can be shown to be a Nash equilibrium.



NN Expected payoff

MAC

The priority
option: the
value of being

alleader in @ Observe that the expected payoff for each firm is

complete and
incomplete

' rrR\ar:ets. ; F(_y), y < Y[_
V(y) = (1= ps) F5H 4 psS(y). v € (Y1, V) -

Options and

G§mes S(y), y > YF

Complete
Markets

The model
Follower value

Leader value @ Using he expression for p*(y) we find
Equilibrium
Stackelberg

game * 2
Incomplete — p (y) — L — F
skt ps(y) 1—(1—p*(y))2 L+F-25

Conclusions

where ps(y) is the probability of simultaneous exercise.

e This gives V(y) = F(y) for all y !



N\ Predetermined roles

MAC

The priorit: . . .
ﬁptaopnf;bth_ey @ Define L™(Y') as the project value for a firm that has been
value o emng

a leader in predetermined as the Leader.

complete and

incomplete o Following the same reasoning as before, this value is given
markets.
by

M. R. Grasselli

g;::s and Lﬂ-(y) = Sli% EQ [e_rTL( YT)]-{T<OO} ’ YO = y:| . (5)
Complete =
Markets

The model
Follower value

Eauitriam D1 (D1—Do)B ( y

@ Observe that

Stackelberg / 7 - 5
game
Incompl L (y) -

plete D
market 72 |f y > YF
Conclusions 5

so L(y) is not differentiable at Y.
@ Moreover, L"(y) <0for 0 <y < Yg.
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I Obstacle problem for the leader

L(y)
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NN Variational inequality for the leader

@ Formally, the value for a predetermined leader satisfies

2
VALY + (= LY 17 <0

L™(y) > L(y) (6)
L 0] T2y + = ey - ] =0

supplemented by the conditions L™(y) > 0 and L(0) = 0.

@ Since the obstacle is not differentiable, there is not
guarantee that this can be formulated in strong sense.
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NN Variational inequality in weak sense

o Define M(y) = L(y) — % + K, x(y) =t(y) - % +K

and f(y) = rK — Day.

@ Then the weak formulation of (?7?) is

b(M,M — M) > (f,M — M), YMecK,MeKk.

@ Here b(-,-) is the bilinear form

00 _ 2 K —
b(g,8) = /O yg’(y)[nzllyfﬁl)

1 oo/ =~/ 2 2w O; Z(v)w
5 [ EORO ) + [ B

. 6)}§(y)w(y)dy

on the Sobolev space HX(0,0c) and (-, ), is a weighted
inner product on the Hilbert space L2(0, 00) with weight
function w(y) = 1/(1 + y?)~.

e Finally K = {g € H'|g > x,g(0) = K}.



NN Leader value with priority

MAC

The priority X ) ) )
GEEL @ Using a penalty approximation technique, we can show
@ leaderin. that M is smoother than the obstacle and satisfies a
complete an . . . . .

L variational inequality in strong sense.
M. R. Grasselli @ It then follows that
g;::s and Ayﬁ if 0 S y < Y]_
f/lomkpltete L(y) if Yl < y < Y2

e o L") =13p8+ |

gy + G ifY, <y <Ys
Leac.lér Yalue 2y .

St 5 iy 2Ys,

game
Incomplete . . .
market @ Observe that Y, < Y1, so the priority option delays
Conclusions investment.

@ The value of the priority option is then given by
m(y) = L"(y) = Fy).
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INN Incomplete markets

MAC

The priority . .

aption: the @ Suppose now that the stochastic demand Y; is correlated
value of being . .

a leader in with the market portfolio P; as follows:
complete and

incomplete

markets. % = ]/dt —|— ’r]th
M. R. G i ?

rasselli %:ﬂdt‘i‘adBt

Options and . .
Games where W; and B; have instantaneous correlation p.
Rl e For simplicity, take r = 0.
Incomplete @ According to CAPM, if Y could be traded its equilibrium

ket - .
i rate of return © would satisfy
Follower value
Leader value ﬂ /JJ
Equilibrium - _ 2
Conclusions 77 pO’

@ We then define §(p) := 0 — v = n(pA — &) as the
below—equilibrium—shortfall-rate, which plays the role of a
dividend vyield in this case.



NN Utility problem

MAC
The priority . .
CRoRiE @ As before, we calculate the project value when both firms
slladed indg have already invested as
complete an
inczmplete 00 D D
markets.
—D(s— yL2 yL2
: E[/ e (s t)YDzds]Y:y}: N e
M. R. Grasselli s t =
, v ()
Options and
Games e For a utility function U(x) = —e™ 7%, define
EAZTkF:::e +
227 D Y
g Fley) = |50 (X4 (205 -) )|,
The model (7,0) (P)
Follower value
Leatfiér\_/alue
Equilibrium ° Here U(X) — _ef’yX and
Conclusions
dP
0 t



N\ Follower value function

MAC

The priority

e @ Using Henderson (2007), let
a leader in
complete and
incomplete 26
markZ‘Ic; B(p) - ]. + (Zp) > ]_
M. R. Grasselli n
Options and and define Yg(p) as the solution to
Games
pompiee D2Ye(p) K — 1 et n (1 = p*)D2YE(p)
) A=) Bo)ole) 1
e P nE=e pIotp
:c:‘lTJ:rdjlalue o T h en
Leader value
Equilibrium 1
. _ 52 Bl11_,2
N e T
(va)_ _ <D2y_K
—emme O , y2YF



N\ Leader value function
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option: the

| f bei
v @ As before, the value for the leader can be found by
complete and

mcompleta expected discounted cash—flows assuming that the follower

markets. exercises optimally:
M. R. Grasselli

D(L D(2)—D(1 «
Options and _e—'y[x-#‘((;f)y-%—( : )3 : ))YF(YLF) _K} O<y<YF
Games — ’ T
L(x,y) = D(2)
Complete —vpETs K
Markets €

Incomplete

market 5
The model _ 1 v 1 v 20
Pl s where a = (5 = ?> + \/<2 — n—Q) + 23

Fauiirium @ Similarly, the value for simultaneous exercise is

Conclusions

S(x,y) = —e 7Py H]



N\ Leader threshold
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The priority

option: the
valzlec;fbe;ing @ We can again show that, for each fixed x, there exists a
complte and unique point Y, € (0, YF) such that

incomplete

markets.
M. R. Grassell Lx,y) < F(x,y), y<W%
2ptions and L(X7 Y) = F(X7 y)’ .y = YL
Complete L(X"y) > F(X’y)’ YL < y < YF
IMarketsl L(Xay) = F(X)y)u y =z YrF
ncomplete
markef
U] @ In addition
Leader value

Equilibrium .
C:nclusions S(X’ .y) < mln(L(X’y)7 F(X7y)? .y < YF

S(Xa}/) = L(Xv.y): F(Xa.y)v )/Z YF
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Following the same arguments as before, we have that:
For y > YE, p*(x,y) = pr(x.y) = p2(x,y) = 1.

For y < Y1, p*(x,y) = p1(x,y) = p2(x,y) = 0.

For Y, < y < YE.

M. R. Grasselli

Options and
Games

Complete
Markets

Incomplete
market * _ _ _ L(X7-y) — F(X7y)
e prloy) = o) = pbor) = 16 0 TS y)

Leader value
Equilibrium

Conclusions
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NN The priority option

Define L™(Y') as the expected utility for a firm that has
been given a priority option for choosing to be the Leader.

Formally, this has the same type of two-interval solution as
in the complete market, but a rigorous proof is still open.

The value for the priority option can then be obtained by
an indifference value argument comparing L™(X, Y) and
the equilibrium value V' without the priority option.
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N\ Conclusions

MAC

Bl @ Real options and game theory can be combined in a
e et dynamic framework for decision making under uncertainty
complete and T

comalets and competition.

LELSE @ For a complete market, we found the leader and follower
M. R. Grasselli T . .

values as well as the equilibrium strategies for symmetric

Opian: firms competing for an investment opportunity.

ames . . . .
S e Comparing this with the solution of a Stackelberg game
omplete . . . .
Markets gives the priority option value.
Incomplete @ The effects of incompleteness and risk aversion can be

market

incorporated using the concept of indifference pricing.

@ We again found the leader and follower values and
equilibrium strategies.

@ We characterize a candidate solution for the leader value
with priority.

@ Much more work is necessary for a large number of firms.

@ Danke !

Conclusions



