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“Somehow a very poor fellow obtains a lottery ticket that will
yvield with equal probability either nothing or twenty thousand
ducats. Will this man evaluate his chance of winning at ten
thousand ducats? Would he not be ill-advised to sell this lottery
ticket for nine thousand ducats? To me it seems that the answer
IS in the negative. On the other hand I am inclined to believe
that a rich man would be ill-advised to refuse to buy the lottery
ticket for nine thousand ducats.

If I am not wrong then it seems clear that all men cannot use the
same rule to evaluate the gamble (...) the determination of the
value of an item must not be based on its price, but rather on
the utility it yields. The price of the item is dependent only on
the thing itself and is equal for everyone; the utility, however, is
dependent on the particular circumstances of the person making
the estimate. Thus there is no doubt that a gain of one thousand
ducats is more significant to a pauper than to a rich man (...)"
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“Another rule which may prove useful can be derived from our
theory. This is the rule that it is advisable to divide goods which
are exposed to some danger into several portions than to risk
them all together.”



Daniel Bernoulli (1738)
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1. Introduction

Market Model: We consider two-factor models of the form
dS;y = Si(pu —r)dt 4+ SiodWy

dY; adt + blpdWy +\/1 — p2dZ4]
dV; Yidt (1)

for a deterministic functions u, o, a,b and independent one dimen-
sional P—Brownian motions (W:, Z;) and a constant correlation
coefficient p.

If o = o(t,Y;) the model is interpreted as a stochastic volatility
one. When p and o are independent of Y; we interpret it as a
model for a non-traded asset Y; correlated with the (discounted)
trade asset S;.



Optimal hedging portfolio: the strategy followed by an investor
who, when faced with a (discounted) financial liability B ma-
turing at a future time T, tries to solve the stochastic control

problem
u(z) = sup E[U (Xr— B) |Xq = 2], (2)
HeA

where X is the (discounted) terminal wealth obtained by holding
H; units of the risky asset S;.

Utility function: U(xz) = —e™7*, where ~ > 0 is the risk aversion
parameter.



Admissible strategies: In addition to the self—financing condition,
we restrict the class A of admissible portfolios to

A={H € L(S) : (H-S)¢ is a Q—martingale for all Q € M}.

Claims: Finally, the (discounted) liability B is assumed to be a
random variable of the form B = B(St, Y, Vir), satisfying

E[eOTIB] « and Ele*P] < o0 for some + > 0



2. Utility based pricing

Under these conditions, it follows from convex duality (Becherer
2004: Delbaen et al 2002; Kabanov and Stricker 2002;: Owen
2002) that the optimal hedging problem (2) has a unique solution
HB ¢ A satisfying

dQB 3
— (3)
where ¢ = «/(z) and QP € M/ N M¢ is the unique maximizer of
the corresponding dual problem

Qseujaf E€ lyB — log (Z—i)] : (4)

U'(XF — B) = {&——



Let HP be the unique solution to (2) and define the exponential
certainty equivalent for the claim B at time t as the unique

semimartingale ¢ satisfying

B T B
U(Xt—ct)_EU Xt—l—/t H>dS — B || F| . (5)
In other words,

T
P = 1 log E [exp <—7/t HBA4S + w) ‘ ]—"t] . (6)
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The (selling) indifference price for the claim B is defined to be
the premium that makes the agent indifferent between selling it
or not, that is, the unique solution 7 to the equation

T T
sup E [U (Xt—l—/ HdS)] — sup E [U (Xt+7rt3+/ HdS—B)
HeA o) HeA 0

 — |

We see that this equation is equivalent to
U(Xt—c) =U(Xy + 7P —cP),

so that the indifference price process is given by

P =cf — ¢} (7)



Pricing by marginal utility: Consider the indifference price n¢8

for the claim €B. By differentiating the identity

Uz — cB) = E [U (a: 4 /OT HeBds — 5B>]

at e = 0 we obtain Davis’s formula
B
dc‘a

0
0 = E9 [B].

e=0

T herefore, to first order in €, the exponential indifference price
for eB can be obtained by taking the expectation of the claim B
with respect to the optimal measure QY which solves the dual to
Merton’'s problem. From (4), it is clear that this is the (local)
martingale measure with minimal relative entropy with respect

to P.
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3. Two-factor Markovian Markets

The market price of volatility risk

Consider the density

dQb
AP =F|=|5l, 8
¢ TP |/t (8)
which, being an exponential martingale, can be expressed as
dN\B
o = ~DudWi +vdz], (9)

t

with )\, ;= £,
o)
The process utB is then defined as the utility based market price
of risk associated with the claim B.
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Proposition 1 The utility based market price of risk for B is

given by
z/tB = —vbﬁycB\/ 1— p2, (10)

and the unique optimizer HP = hB(t, S, Y;) for the hedging prob-
lem (2) can be expressed as

b _
WB(t,5,y) = Bscl + LoyeB + LT (11)
SO vSo

In particular

1/19 = —’yb@ch\/ 1— p°. (12)
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Proof: It follows from (3) that

B G_W(XtB_CtB)
/\t —

o—z—cg)
Applying Itdo’'s lemma to the process /\{5B above, we obtain
dN\P

e (- )dt— [(HB — 95¢P)oS — bpaycB] AW +~bdycP\/1 — p2dZ
t

Comparing this with (9) and the definition of \; gives the result.
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Corollary 2 The certainty equivalent process cf = cP(t, S, Yy, Vi)
satisfies

bp(pu — 1)

1
ctB —+ [a — cyB —+ ycf + — (320203 —+ QSUpC% —+ bzcyBy>

(u—r)z_l_v(l—p )bz( B2 —

13
2vy02 2 (13)

with terminal condition ¢B(T,s,y,v) = B(s,y,v).
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Residual risk

Musiela and Zariphopoulou (2004) define the difference
(xf - X)) —nf
as the residual risk associated with the claim B.

Proposition 3 The process e~ "XI=XP=7") is an exponential
martingale under the optimal measure QO obtained from the so-
lutions of Merton’s problem.
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0]
Proof: Defining AY .= E [Cil%‘]—}], we obtain

e_V(XO_Ct )

(@)

T herefore

= AP /AD. (14)

When p and o are constants, we have VS — 0. In this case the
expression above reduces to the one obtained in Musiela and
Zariphopoulou (2004) and e YX=XP=7) is also a martingale
under the physical measure P, although this fails to be true in
the general case.
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Pay-off decomposition

For the case B = B(Yp) (pu and o constant), MZ (2004) also
show that the final payoff can be written as the sum of three
terms: the indifference price, the wealth obtained by trading
according to the optimal hedging portfolio and a term corre-
sponding to the unhedgeable risk associated with the process Y;.
Here is a generalized result:

Proposition 4 The payoff B = B(St, Y, V) admits the decom-
position

T b dS
B(St,Yr, Vi) = =P + /t (Suaswf + ;”ayw,{?) —S’“
u

T T
+4/1 — ,02/t boyrBdz0 — %(1 _ p2)/t b2(8ynB)2du

where dZP = dZ; + vdt defines a Brownian motion under Q°.

(15)
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3. Volatility claims

Proposition 5 Consider a claim of the form B = B(Yp,Vy) and

assume that M\; is an adapted process for which the minimal
martingale measure

dQ T )2
d—g — exp (- s —/ )\SdWS> (16)

is well defined. Then the process

=, = (1- —p?)el — [ {opt) A 3245 (17)

is a local @—martinga/e. If moreover vP is the weak solution of
an SDE, then =; is a true martingale.
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Corollary 6 The indifference price for volatility claims B = B(Yp, Vi)
can be written as

~ 2
1 ( EY [ew(l—pQ)B(YT,VT)e— S “—J)Aids]\

~ (1= p2)

log (18)

uy;

—~ T (1— 2
50 [e— : %x\zds] )

\
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4. Reciprocal affine models

Let us first consider the case where B = B(Yp). We take

A=) (-7 1
U(t,Yt)—\/ > Yo (19)

with ¢ > 0. Then the denominator and the numerator in (18)
are, respectively, the formal equivalent of the price of a zero
coupon bond and an interest rate derivative under the measure
Q with a “risk-free rate”

(1 —p?)
>

=Y; + €. (20)
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We write the dynamics for Y; under the measure @ as

3Y; = &(% — Yy)dt + BVY: [det = deZt] . (21)

for constants &, &, 3 > 0 satisfying 4ak > 32. We obtain that the
coefficients for the dynamics of Y; under the economic measure
P are

2(e + Yt)Yt

a(t, Yt)

a(R —Y) + Bp \/ (22)

b(t, Yz) BVY: (23)
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Pricing and hedging formulas

Proposition 7 In the reciprocal CIR model, the indifference price
of B= B(Yp) is

L 1og {fﬁ‘;o exp [(M(u,t,T) + N(u, t, T)y) §(u)du
(1 — p?) exp(M(0,t,T) + N(0,t,T)y)

where § denotes the Fourier transform of g(y) = e¥(1=p*)BW) and

Sn . A(t—T)
N(ut.T) = (bo + tu)by — (b1 + iu)boe | (25)

(bs + iu) — (b1 + iu)eAD=T)

— 20 <b2 T Z“) +axbi(t—T), (26)
bo — N

} , (24)

M(u,t, T) =

with b, > by being the two roots of z2 %ga; — % and A =
Va2 + 232,
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General claims and the market price of risk

For claims written on the trade asset S, we can still use the
reciprocal CIR to compute the marginal utility prices and the
market price of risk y? associated to this pricing scheme. Observe

(t —T)e 1

~(1 — p2) T v(1 — p2) log W (0,y,t,7T), (27)

At y) =
so that,

0(t,y) = —2IA =BT )
vo(t,y) = :
A1 — p?(1 + eAE=T))

From this, we can calculate the density for the Merton measure
QO and use the result to obtain the marginal utility price for

0
general claims B = B(Sp, Yy, V) as EtQ [B].
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Numerical results

We illustrate the range of possibilities for model parameters fixed
at reasonable values:

«

o

5, B=0.04, x=0.001,
0.04, r=0.02, p=0.5

and initial squared volatility ranging in the interval [0,0.5]. With
these parameters the volatility process has a mean reversion time
of approximately two months and an equilibrium distribution with
expected value approximately 40%. We calculate the price of a
put option on volatility with payoff (0.15 — a%)"’. When not
mentioned the risk aversion parameter is set to v = 1.
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Option price
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sample hedge process over one year

Excess hedge and value of Y(t))

—— simulated Y process
— indifference price
excess hedge
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5. Claims on Integrated Volatility

Suppose now that B = B(Vy). We now take o = /Y%, so that
A = “\/_?: As we have seen, the indifference price is given by

1 ( EQ levu—p?)B(vT)e— e = ds]\
T — |Og )
7(1 - p?) \ 20 [e— i <1—p22>1£5—7“>2ds] )

which we can calculate by simulating the processes Y; and V;
under the minimal martingale measure @
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Let us adopt the Heston model for stochastic volatility, that is,
under the physical measure P we take

dS; = Si(pu—r)dt + St\/?tth

dY; a(k — Yy) + BV Yi[pdW + /1 — p?dZ]
dV4y Yidt

T herefore, under the minimal martingale measure CNQ we obtain

dS; = Si/YidW;
dY; = a[(m—ﬁp(“_”>—n]+W?t[pdﬁf+\/1—p2dZ]

o'
dVy Yidt
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Numerical results

We compute the indifference price for the following claims:

e Variance call: B(Vp) = (Vp — K)T
e Variance swap: B(Vy) = Vp
e Volatility swap: B(Vp) = /Vr

We take the following parameters:

1.15, B = 0.39,
0.10, r = 0.04.

«

7

x = 0.04,
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Variance and Volatility swaps
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