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Abstract
We consider elliptic equations on RV*1 of the form
Agu+uyy, +g(z,u) =0, (z,y) € RY xR, (1)
where g(z,u) is a sufficiently regular function with ¢g(-,0) = 0. We give sufficient

conditions for the existence of solutions of (1) which are quasiperiodic in y and decaying
as || — oo uniformly in y. Such solutions are found using a center manifold reduction
and results from the KAM theory. We discuss several classes of nonlinearities g to which
our results apply.
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1 Introduction
In this paper, we consider elliptic equations of the form
Au A+ uyy + gz, u) =0, (r,y) € RY xR, (1.1)

where (z,7) € RY x R, A is the Laplacian in z, and g : RY x R — R is a sufficiently
smooth function satisfying g(-,0) = 0. We investigate solutions of (1.1) which decay to 0
as |x| — oo, uniformly in y. Our concern is the behavior of such solutions in the remaining
variable y; specifically, we are interested in the existence of solutions which are quasiperiodic
in y. The purpose of this article is twofold. First, we build a general framework for studying
solutions of (1.1) using tools from dynamical systems, such as the center manifold theorem
and the Kolmogorov-Arnold-Moser (KAM) theory. Then we show how these techniques
yield quasiperiodic solutions in some specific classes of equations.

Geometric properties of solutions of (1.1) have been extensively studied by many au-
thors. Best understood are positive solutions which decay to 0 in all variables. If g satisfies
suitable assumptions, involving in particular symmetry and monotonicity conditions with

respect to x, then a classical result of [30] establishes reflectional symmetry of such solutions,
or even the radial symmetry about some origin in RV*! if ¢ is independent of  (see also
[11, 12,13, 25, 43, 44] or the surveys [10, 51, 55] for related symmetry results and additional

references). It is very likely, and has already been proved in some situations, that, under
similar hypotheses on g, bounded positive solutions which decay as |x| — oo uniformly in
y, but do not necessarily decay in y, enjoy the symmetry in z (see [33] for results of this
form). Several authors have also exposed complexities of various solutions which do not
decay at infinity. Examples, with ¢ = g(u), include multi-bump solutions decaying along
all but finitely many rays [15], saddle shaped solutions and general multiple-end solutions
[22, 23, 40], as well as solutions having both fronts (transitions) and bumps [62].

Solutions of the form considered in the present paper (that is, solutions decaying in z
uniformly in y) were examined by Dancer in [18]. Considering homogeneous nonlinearities
g = g(u) of a certain type, with special focus on the nonlinearities g(u) = u? — u with a
subcritical p, he proved the existence of solutions periodic (and nonconstant) in y. With the
existence of periodic solutions established, one wonders if solutions with more complicated
behavior in y may occur. The existence of quasiperiodic solutions then becomes one of the
most immediate compelling problems. Looking for tools to address this problem, one thinks
of the KAM theory quite naturally.

Since its inception [0, 39, 49], the KAM theory has been employed by many authors
in proving the existence of invariant tori filled with quasiperiodic solutions for finite di-
mensional Hamiltonian systems (see, for example, [15, 19] for an overview of results and
techniques, or [24] for a more detailed historical account and references). Extensions of



the classical KAM results to infinite dimensional Hamiltonian systems generated by par-
tial differential equations (PDEs) have been made by several authors (see, for example,
[8, 14, 17, 29, 41, 42, 70] and references therein). In a recent paper [21], de la Llave
and Sire took an a posteriori (cp. [28]) approach to applying KAM techniques in PDEs.
This approach consists in finding approximate quasiperiodic solutions, and then proving
the existence of true quasiperiodic solutions nearby. The procedure does not rely on the
well-posedness of the initial value problem for the equation in question and is therefore
applicable to some ill-posed equations (this is illustrated by the Boussinesq equation in
[21]). Potentially, their approach could give a way to deal with problems similar to ours
if the nonlinearity is analytic. We take a different route, however. We examine (1.1) by
its “spatial dynamics,” formally viewing it as an evolution equation with the variable “y”
taking the role of time. Invoking a center manifold theorem, we find a finite-dimensional
Hamiltonian system to which classical KAM results can be applied.

Spatial dynamics, as a technique to study elliptic equations with an unbounded variable,
was first used by Kirchgéssner [38] and developed by Mielke [16, 47, 48] and others (see,
for example, [16, 27, 32, 34, 52, 53, 69]). The main idea underlying this technique is that
although the equation has an ill-posed initial value problem, a large class of its solutions is
often described by a finite dimensional reduction — an ordinary differential equation with a
well defined flow, which can be studied using tools from dynamical systems.

An application of KAM theorems via spatial dynamics has also appeared in the lit-
erature: in [68], Valls proves the existence of quasiperiodic solutions of semilinear elliptic
equations on a strip. Applying a center manifold reduction and taking the Birkhoff normal
form of the Hamiltonian of the reduced equation to a sufficiently large order, she writes the
reduced equation as the sum of an integrable system and a (locally) small perturbation. This
puts the problem in the form suitable for the KAM theory, although, because of the lack of
analyticity of the center manifold reduction, KAM results for systems with finite degree of
smoothness have to be used. Semilinear elliptic equations on a strip were also considered in
an earlier work of Scheurle [(4]. Similarly as in his paper [63] on analytic reversible ODEs,
he designs a Newton iteration scheme to find families of quasiperiodic solutions bifurcating
from an equilibrium. It is noteworthy that resolvent estimates typically used in the center
manifold reduction are involved in [64], although the center manifold theorem is not invoked
there. Working in the analytic setting (and not losing it in a center manifold reduction),
while restrictive, has the advantage of leading to a finer description of the solutions, such as
the analyticity of the solution branches. We also mention related results based on a varia-
tional approach to elliptic equations. In an extension of the Aubry-Mather theory to PDEs,
as developed by Moser [50] and Bangert [9] (see also [26, 58, (6] and references therein), one
considers integer-periodic elliptic equations (such as equation (1.1), where g is 1-periodic
in the variables x1,...,zy, and u) as Euler-Lagrange equations of an associated functional
and shows the existence of local minimizers whose graphs are within a bounded distance
from a given hyperplane and obey a certain “no self-intersection” property. The behavior of
such solutions depends on the orthogonal vector to the hyperplane, or the “rotation vector.”
For rationally independent rotation vectors one obtains solutions with a quasiperiodicity
property relative to the integer translation. Note, however, that this class of solutions is
quite different from those studied in [64, (8] or in this paper; in particular, they are all
unbounded.



On a general level, our approach to constructing quasiperiodic solutions is similar to
that of [08]. However, applying these techniques to (1.1) poses significant difficulties. The
first one is that in our case the “cross-section” of the domain RY x R is RY. Thus, the
Schrodinger operator appearing in the evolution formulation of (1.1), namely, the operator
—A — a1(z) with a;(z) = gu(z,0), has a nonempty essential spectrum. For the center
manifold reduction to apply, we need the essential spectrum to be away from and to the
right of the origin on the real axis. On the other hand, the KAM theory calls for some
eigenvalues of an underlying matrix operator to lie on the imaginary axis, and this in turn
requires the Schrédinger operator to have a number of negative eigenvalues. Whether such
eigenvalues exist, simultaneously with the essential spectrum contained in the positive half-
line, depends on the specific problem and it takes some work to verify that they do for
some equations of a given structure. The unboundedness of the cross-section complicates
matters in other ways as well. One is the lack of the Fourier eigenfunction expansion, which
is often useful for explicit computations when the cross-section is an interval or a rectangle
(cp. [25, G5, 70)).

There is also a difficulty coming from the nonlinearity itself, since we allow the expansion
of the function g at v = 0 to involve a nontrivial quadratic term. If the quadratic nonlinear
term is absent, the analysis becomes simpler when it comes to the verification of certain
nondegeneracy conditions needed in the KAM-type results [68, 70]. For example, in the
approach of [68], when the nonlinearity is odd—in particular, the quadratic terms are
absent—mneither the reduction function (from the center manifold theorem) nor the change
of coordinates from the Darboux theorem (to bring the symplectic structure to the standard
one) enter the expansion of the reduced Hamiltonian up to order four. Since the Kolmogorov
nondegeneracy condition involves terms of order at most four, its verification amounts to an
explicit computation. Including quadratic terms in the nonlinearity complicates matters,
but it is necessary for some applications of our results to problems with a specific structure
(for more on this, see Remark 2.1(v) below).

Our main theorems give sufficient conditions for the existence of solutions of (1.1) which
are quasiperiodic in y with n frequencies, where n > 1 is a given integer. As usual in
KAM-type results, for equations satisfying the sufficient conditions, one automatically gets
uncountably many quasiperiodic solutions whose frequency vectors form a set of positive
measure in R™. As indicated above, we are mainly interested in y-quasiperiodic solutions
which decay to zero as |z| — oo, but our general results are flexible enough to deal with
other types of solutions, such as solutions which decay in some of the z-variables and are
periodic in the others (see Remark 2.1(iv) below). Our sufficient conditions are formulated
explicitly in terms of eigenvalues and eigenfunctions of the operator —A — a;(z) and the
third derivative az(x) := guyuu(z,0) of the nonlinearity (our most general sufficient condition
also involves as(x) := gyu(z,0), but not in an explicit way). It is not difficult to show that
the conditions are robust: if they hold for some a1, as, then they continue to hold if a1, as
are perturbed slightly. However, proving that they hold for some a1, ag is not always so easy
and may become increasingly difficult when one starts imposing structural assumptions on
equation (1.1). Naturally, the more restrictive the structure, the less freedom one has to
choose the functions so that the given conditions are satisfied. We verify that the conditions
do hold for some radially symmetric a1, as (and all small, possibly nonradial, perturbations
thereof). In a separate work, we will have a closer look at these hypotheses and related



properties of eigenfunctions and eigenvalues of Schrodinger operators and prove that they
are in fact generic in suitable topologies. In this paper, we do not specifically consider
spatially homogeneous equations: although they fit our general framework, the underlying
nondegeneracy conditions require extra considerations which will be dealt with elsewhere.

The remainder of the paper is organized as follows. Our main results and an informal
overview of the proofs are given in Section 2. We also show there examples of functions
satisfying our hypotheses. In Section 3, we apply a center manifold reduction to an abstract
form of (1.1). In Sections 4 and 5, we employ the Hamiltonian structure of the reduced
equation: using a Birkhoff normal form procedure, we write the Hamiltonian in a form
suitable for the KAM theory. This yields, under certain hypotheses, quasiperiodic solutions
and completes the proofs of our theorems. In Appendix A, we verify some of the technical
hypotheses needed for the center manifold theorem, including the smoothness of Nemytskii
operators acting on Sobolev spaces on RY.

2 Main results

In this section, we introduce some terminology and give precise statements of our main
results. We also verify our hypotheses for some equations of the form (1.1) and outline the
proofs of the main theorems.

Throughout the paper, %,(R™V) stands for the space of continuous bounded (real-valued)
functions on RY and €*(RY) for the space of functions on RY with continuous bounded
derivatives up to order k, k € N:={0,1,2,... }. When needed, we assume that these spaces
are equipped with the usual norms.

Fix a positive integer N. The equation we consider in the article is

A+ uyy + ar(x)u+ f(z,u;s,0) =0 for (z,y) € RY x R =RV (2.1)

where a1 € €,(RY), b # 0 and s € R are real parameters, and f is a sufficiently regular
function on RY x R x R2. We will formulate regularity and other hypotheses on a; and f
shortly. Structurally, we will assume f to have the form

flz,u;s,b) =0 (sag(:c)u2 + ag(ar)u?’) +ut f1(z,u; 8, b), (2.2)

where as, a3 € 6,(RY) and f; : RVN*! x R? — R are sufficiently smooth functions.

2.1 Hypotheses

Given integers n > 2, k > 1, a vector w = (w1, ...,wy,) € R™ is said to be nonresonant up
to order k if
w-a#0 for all a € Z" \ {0} such that |a| <k. (2.3)

(Here |a] = |a1| 4+ -+ + |aw|, and w - « is the usual dot product.) If (2.3) holds for all
k=1,2,..., we say that w is nonresonant, or, equivalently, that the numbers wi,...,w,
are rationally independent. A special class of nonresonant vectors which will play a role
later on is the class of Diophantine vectors, see Section 5.

Assuming a; € %, (RY), consider the Schrédinger operator A; = —A — a1 (x), viewed as
an unbounded self-adjoint operator on L?(R™) with domain D(A;) = H*(RY). Fixing an
integer n > 2, we make the following assumptions on aq:



(Al)(a) L:=limsupa;(x) <O0.
|z|—o00
(A1)(b) A; has exactly n negative eigenvalues p; < -+ < py, all of which are simple, and
0 is not an eigenvalue of A;.

Sometimes, we collectively refer to assumptions (Al)(a) and (Al)(b) as (Al).
In our next hypotheses, K and m are integers satisfying

N
K>6(n+1), m>73. (2.4)

We assume the following smoothness and nonresonance conditions on ay:
(S1) a1 € ‘KSLH(RN).

(NR) Denoting w; := /|u;], 7 = 1,...,n, the vector w = (w1,...,wy) is nonresonant up
to order K.

Our smoothness requirement on the functions in (2.2) are as follows:

(S2) as,a3 € €"THRY); fr € €EHHYRN xRxR?) and for all ¥ > 0, pg > 0, the function
f1 is bounded on RY x [, 9] x [—po, po]? together with all its partial derivatives up
to order K +m + 4.

Hypotheses (A1), (NR), (S1), (S2) are our standing hypotheses throughout the paper.
In addition, we will assume one of the following two hypotheses. The first one, (A2), involves
the function az from (2.2) and eigenfunctions of Aj; thus, in effect, it is a hypothesis on f
and ay. The other hypothesis, (A3), concerns ay only.

Let ¢1, ..., v, be eigenfunctions of A; corresponding to the eigenvalues pq, ..., tin, re-
spectively, normalized in the L?-norm (they are determined uniquely up to signs).

(A2) The n x n matrix M; with entries

(M1)ij = (2= 6ij) /RN ag(x)g; (x)@3(x) dz (i,j=1,...,n),
where ¢;; is the Kronecker delta, is nonsingular.

(A3) The eigenfunctions ¢1,. .., @, have the following quartic independence property: the
set of functions {gp%go? : 1 <i < j <n}islinearly independent in some nonempty open
subset U C RY, that is, the coefficients of any linear combination of these functions
which vanishes identically in U are necessarily equal to 0.

We make some comments on the hypotheses made here.

Remark 2.1. (i) The sole role of hypothesis (Al)(a) is to guarantee that the essen-
tial spectrum oes5(A1) of the operator A; is contained in (—L,00) [59]. The condition
Oess(A1) C (—L,00), or any explicit condition which implies this inclusion, can safely be
used as a hypothesis in place of (Al)(a). Note that, since o(A;)\0ess(A1) consists of isolated
eigenvalues, conditions (Al)(a), (A1)(b) imply in particular that there is v > 0 such that
a(A1)N(—=v,7) = 0. Also, it is well known that, as eigenfunctions corresponding to isolated
simple eigenvalues, the functions ¢;(z) have exponential decay as |z| — oo [3, 4, 57]. In
particular, the integrals in (A2) exist.



(ii) The regularity of f is needed mainly for two reasons. An application of the KAM
theory forces us to a assume a sufficiently high smoothness of f(z,u) with respect to w.
The smoothness of a; and f with respect to z has more to do with our choice to set up
a formulation of (2.1) in the spaces H™(R") with a large enough m, rather than in the
spaces W2P(RV) with a sufficiently large p. Working in a Hilbert space setting simplifies
some considerations, at the expense of the regularity requirements.

(iii) In our main results, Theorems 2.2 and 2.4 below, the smoothness of the function f;
with respect to the parameters s, b is not relevant, only what happens at the quadratic and
cubic terms of f is important (see Remark 4.12 for an explanation of this). However, in
other theorems, such as the reduction to the center manifold and the Darboux change of
coordinates, it is of interest to know how the smoothness of f with respect to the parameters
reflects in the conclusions of those theorems.

(iv) If one is specifically interested in problems with radial symmetry; that is, when the
functions ay, f, and the sought-after solutions are required to be radially symmetric in
x, then one can adapt the hypotheses to this situation. Most importantly, rather than
considering the Schrédinger operator A7 = —A — a; on the full space L?(R"), one can
take its restriction to the subspace Lfad(]RN ) consisting of radially symmetric functions (the
domain of A; is then H2,(RY)). This makes a difference in hypothesis (A1)(b): in the

radial space, the eigenvalues are automatically simple, but in the full space the simplicity
is not guaranteed.

(v) The formulation of our hypotheses reflects our main objective to find y-quasiperiodic
solutions which decay to zero as |r| — oo. To search for other types of y-quasiperiodic
solutions, one would need to modify the hypotheses suitably. Suppose, for example, that
ai(z) and f(x,u) are even and periodic in z, with period 2p > 0, and one wants to find
y-quasiperiodic solutions which decay in ' = (z1,...,2,-1) and are even and 2p-periodic
in z,. The operator —A — a; is then to be considered as a self-adjoint operator, with
natural domain, on the space of functions on RY which are even and 2p-periodic in z,, and
whose restrictions to RV =1 x (—p,p) are in L2(RV~! x (—p, p)). Hypothesis (A1)(a) has to
be replaced by the condition ocss(A1) C (—L,00) (or an explicit sufficient condition), and
the integrals in (A2) are taken over RN¥~! x (—p, p), rather than over RY. The remaining
hypotheses can be kept intact. The evenness requirement can be dropped in this example,
although in some specific situations the simplicity of the eigenvalues, as required in (A1)(b),
may not be satisfied without it.

(vi) Note that if (A1) is to be satisfied, a; cannot be a constant function. This is conse-
quential for applications of our results to some specific equations, such as spatially homo-
geneous equations (1.1). Indeed, if g = g(u) or, more generally, if the derivative g,(x,0)
is constant, then in (2.1), (2.2) one cannot simply take the coefficients a; from the Taylor
expansion of g at the trivial solution. Instead, the Taylor expansion has to be taken at a
nontrivial solution ¢ = ¢(x). Such an expansion will typically involve quadratic terms in u,
regardless of any assumptions on the derivatives of g at 0. Mainly for this reason we insist
on including the quadratic term in (2.2).



2.2 Existence of quasiperiodic solutions

A function u : (z,y) — u(z,y) : RY x R — R is said to be quasiperiodic in y if there exist
an integer n > 2, a nonresonant vector w* = (wf,...,w}) € R", and an injective function
U defined on T (the n-dimensional torus) with values in the space of real-valued functions
on RY such that

u(z,y) = U(wiy,...,wry)(x). (z€ RY, 4 € R). (2.5)

The vector w* is called a frequency vector of u.

We emphasize that the nonresonance of the frequency vector is a part of our defini-
tion. In particular, a quasiperiodic function is not periodic and, if it has some regularity
properties, its image is dense in an n-dimensional manifold diffeomorphic to T".

In our first theorem, we consider one of the following two settings:

(a) b e R\ {0} is fixed and |s| > 0 is sufficiently small,
(b) s € R is fixed and |b| > 0 is sufficiently small.

We refer to the above assumptions on the smallness of one of the parameters (with the other
parameter fixed) as Case (a) and Case (b). It is understood here that how small a parameter
has to be depends on the other parameter (and the other given data: the functions a; and

f)-

Theorem 2.2. Suppose that hypotheses (A1), (NR), (S1), (S2) (with K, m as in (2.4)), and
(A2) are satisfied. In both Cases (a) and (b), the following conclusion holds. There exists
a solution u(x,y) of equation (2.1) (with f as in (2.2)) such that u(x,y) — 0 as |x| — oo
uniformly in y, and u(x,y) is quasiperiodic in y. In fact, there is an uncountable family

of such quasiperiodic solutions, their frequency vectors forming a set of positive measure in
R™ (n is as in (A1)(b)).

In Case (b), Theorem 2.2 is a perturbative result, where the quadratic and cubic terms
in f become small at the same rate, as b — 0. Case (a) is partly a perturbative result as
well, requiring the quadratic term to be small relative to the cubic term. Note, however,
that s = 0 with any fixed b > 0 is allowed in Case (a). Thus, in the class of functions with
no quadratic term, in particular, in the class of functions which are odd in u, there is no
smallness requirement and Theorem 2.2 is not a perturbative result.

Remark 2.3. The statement of Theorem 2.2 can be strengthened as follows. For an
arbitrary po > 0, if b € [—po, po] \ {0} is fixed, then the conclusion of Theorem 2.2 holds
for all s € {0} U ([—po, po] \ D1), where D; C R is a finite set; if s € [—po, po] \ {0} is fixed,
then the conclusion of Theorem 2.2 holds for all b € [—pg, po] \ D2 where Dy C R is a finite
set containing 0. This is explained in detail in Remark 5.5 and Lemma 5.2, where we also
give a general sufficient condition for the validity of the conclusion of Theorem 2.2. The
condition is formulated in terms of the functions ao, as, but it is rather implicit and hard
to verify for specific choices of these functions (with the parameters s and b fixed), unless
as = 0. On the other hand, Remark 5.5 shows that the condition is satisfied for all s, save
for isolated values (with b # 0 fixed), if it is satisfied for some s; and, likewise, it is satisfied
for all b, save for isolated values, if it is satisfied for some b (with s fixed).



In our next theorem, both parameters s € R and b € R\ {0} are fixed and neither is
required to be small.

Theorem 2.4. Let az and fi be as in (S2), and a; as in (S1), where K, m are constants
satisfying (2.4). Suppose that conditions (A1), (NR), and (A3) are satisfied and let s € R,
b € R\ {0} be arbitrary. Then there is an open and dense set B in € (RY) such that the
conclusion of Theorem 2.2 holds for each as € B.

We remark that, although it is easy to show that if a; satisfies (A3), then the set of
functions ag satisfying (A2) is open and dense, Theorem 2.4 does not follow from Theorem
2.2. Indeed, Theorem 2.2 states that (A2) is a sufficient condition for the validity of the
conclusion if one of the parameters s, b is small, which is not assumed in Theorem 2.4.

Remark 2.5. If the functions a1, as are radial, Theorem 2.4 remains valid if CKSLH(RN ) is
replaced by its subspace of all radial functions (cp. Remark 5.6 below).

2.3 Validity of the hypotheses

In this subsection, we give examples of functions a1, ag which satisfy our hypotheses. First
of all, we show the robustness of the hypotheses.

Proposition 2.6. Let k > 0 be an integer.

(1) The set of all functions (a1,a3) € GF(RY) x 6 (RY) such that conditions (Al), (NR),
and (A2) are satisfied is open in GF(RY) x GF(RY).

(ii) The set of all functions a1 € €F(RY) such that conditions (A1), (NR) are satisfied
is open in GF(RY), and so is the set set of all functions a1 € EF(RY) such that all
three conditions (Al), (NR), and (A3) are satisfied.

Proof. The results are consequences of standard perturbation results [37]. Suppose first
that (A1), (NR), are satisfied for some a; € €*(RY). The upper semicontinuity of the
spectrum, and the continuity of simple eigenvalues imply that (A1)(b), (NR) remain valid
if a1 is perturbed slightly in %;*(R"). The same is obviously true of (A1)(a). The simplicity
of the eigenvalues implies that the normalized eigenfunctions ¢, ..., ¢, can be chosen such
that they depend continuously on a; (in a small neighborhood of the unperturbed function)
as H?(RY)-valued functions. Standard elliptic regularity estimates allow us to bootstrap
this continuity to eventually show that o1, ..., ¢, depend continuously on a; as W2P(RN)-
valued functions for any p € (1,00), and, in particular, as L*(R")-valued functions. This
implies that if now ag € €*(RY) is such that (A2) holds, then (A2) will continue to hold if
a1 and ag are perturbed slightly in %;*(R"). Statement (i) is thus proved.

For statement (ii), we just need to observe, in addition, that the linear independence
of the functions go?gojz, 1 < i < j < n, is preserved because of the continuous dependence
of p1,...,pn on ay (in a small neighborhood of the unperturbed function a;) as LP(RN)-
valued functions for any p € (1,00): a simple way to see this is by considering a suitable
Gram matrix of the functions cp?gp?. O

To find examples of functions a1, ag satisfying our hypotheses, we start with the following
statement concerning hypothesis (A1).



Proposition 2.7. There exists a radially symmetric function a; € €°(RY) such that (A1)
holds.

Proof. If N = 1, take ¢ > 0 and consider an even function a; € ¢°°(R) such that a;(z) = —1
for |x| > 2, a1 = c € R for |z| < 3/2, and the rest of the values of a; are between ¢ and —1.
If ¢ is sufficiently large, then the operator —A — a1 (z) has at least n negative eigenvalues.
All these eigenvalues are automatically simple. If ¢ = 0, then a; < 0 and —A — a;(x) has
no eigenvalues in (—oo, 0]. Consequently, for suitable intermediate values of ¢, —A — a1 ()
has exactly n negative eigenvalues and 0 is not an eigenvalue.

Let now N > 2. A similar continuity argument as above yields a radial potential
such that (A1) holds for the restriction of the operator 4; = —A — aj(z) to L2 4(RYN)
(cp. Remark 2.1(iv)), but not necessarily in the full space L?(RY). To show that (A1) holds
without the restriction to L?ad(RN ), one has to make sure that A, in addition to having n
negative eigenvalues with radial eigenfunctions, has no negative eigenvalue with a nonradial
eigenfunction (such an eigenvalue is never simple for a radial potential). This has been
done in [51]. More precisely, Lemmas 2.2 and 2.3 of [5] show that there is a smooth radial
function aq(x), identical to —1 outside a sufficiently large ball, with the following property.
The operator A; has at least n negative eigenvalues with radially symmetric eigenfunctions
(all these eigenvalues are simple) and, at the same time, 0 is the minimal eigenvalue having
a nonradial eigenfunction. We now replace a1 by a1 —d, where d is a positive constant. This
has the effect of shifting the spectrum o(A;) to o(A;1) + d. Obviously, choosing d suitably,
we achieve that exactly n eigenvalues remain in (—o0, 0), while all the other eigenvalues are
contained in (0, 00). The resulting operator then has all the desired properties. ]

Next, we deal with the nonresonance condition.

Lemma 2.8. For any integer K > 1 and any set of negative numbers p1 < --+ < lp, the

set of all € > 0 such that the vector w(e) = (\/|p1| + €, ...,/ |pn| + €) is nonresonant up to

order K is open and dense in (0,00). Consequently, the set of all € > 0 such that the vector

w(e) :== (V1| + € ..., \/|pn| + €) is nonresonant is residual, hence dense, in (0,00).

Proof. Obviously, it is sufficient to prove that for any fixed a = (a1, ..., ay) € Z™\ {0}, the
function € — w(e) - a has only isolated zeros. This follows, since the function is analytic in
[0,00), if we prove that it has a nonzero derivative of some order at e = 0. Suppose that,
to the contrary, all the derivatives at ¢ = 0 vanish. This implies that for all odd positive

integers ¢ one has
a1 On

- - =0.
|12 |1t ]2

Since the |u;| are mutually distinct, we conclude from this that o = 0, a contradiction. O

Corollary 2.9. Let a; be as in Proposition 2.7. Then there is € > 0 such that after replacing

a1 by a1 + €, hypothesis (Al) is satisfied and the vector (\/|p1l, ..., \/|n]) is nonresonant.
In particular, (NR) holds for any K.

Proof. When a; is replaced by aj + €, the eigenvalues ui, ..., u, of —A — a1 get replaced
by 1 —¢€,..., puy — €. The result now follows from Lemma 2.8 (we choose e sufficient small,
so that (Al) remains valid after the replacement). O
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We can now easily give examples of functions aj, ag satisfying hypotheses (A1), (NR),
(A2).

Example 2.10. Proposition 2.7 and Corollary 2.9 yield a smooth radial function a; sat-
isfying (A1) and (NR) (for any K). Let a3 be a smooth bounded function on RY which
is sufficiently close, as a distribution, to &, (Dirac delta), where z € RY is not a zero of
any of the eigenfunctions ¢;, j = 1,...,n (the set of such z is open and dense in RN ).
Then (A2) holds. Alternatively, one can take a smooth radial function ag sufficiently close
to the “radial J-function” ¢,, where p > 0 is not a zero of any of the eigenfunctions ¢;,
j=1,...,n, viewed as functions of r = |x| (in this view, the zeros of the eigenfunctions are
isolated).

To justify these statements, note that for ag = d,, the matrix M; in (A2) is close to the
matrix with entries

(2= 0i)9i ()¢5 (2) (5 =1,...,m).

It is sufficient to show that this matrix has nonzero determinant. This follows, since ¢?(2) #
0 fori=1,...,n, from the fact that the matrix whose diagonal entries are all equal to 1 and
the off-diagonal entries are all equal to 2 is nonsingular. (One can verify this by replacing
the first row by the sum of all the rows and then carrying out an elimination.) The radial
case can be dealt with similarly.

Finally, we include hypothesis (A3) into consideration.

Proposition 2.11. For any positive integer K, there exists a radially symmetric function
a1 € 6°(RY) such that hypotheses (A1), (NR), and (A3) are satisfied.

Proof. Without loss of generality, we may assume that K > 8. Fix any such K.

As in Example 2.10, we first use Proposition 2.7 and Corollary 2.9 to find a smooth radial
function a; satisfying (A1) and (NR). By (A1)(b), a; has to be positive somewhere, hence,
by (A2)(a), a1 vanishes somewhere. Thus, there is Ry such that a1(z) = 0 for |z| = Ry. We
now introduce a radial perturbation of a;, modifying it near {x : |x| = Ry} only, such that
the perturbed function vanishes identically in {z : Ry < |z| < Ra} for some R; < R near
Ry. This can be done in such a way that the perturbation is small, as small as one wishes
in the supremum norm, but the perturbed function is smooth. By Proposition 2.6(ii), (A1)
and (NR) are unaffected by small perturbations.

Thus, we may proceed by assuming that a; is a smooth radial function such that a; =0
on {x: Ry < |z| < Ry}, for some Ry > Ry > 0, and (A1), (NR) hold. We show that in this
situation (A3) is satisfied without any further perturbations of a;.

Assume first that N > 2. For j = 1,...,n, the eigenfunction ¢; satisfies

Ap;j +ar(@)p; + pjp; =0 nRY. (2.6)
In the radial variable r = |z|, this equation reads as follows:

N -1
90;{ + TSO; + (a1(r) +ﬂj)90j =0, r>0

Here gog- = dyp;/dr, and we are abusing the notation slightly by writing a1 = ai(r), ¢; =
@;(r) (and viewing them as functions of » > 0). On the interval (Ri, R2) the equation
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simplifies, due to a; = 0:
N -1
@i + T@; + pjp; = 0. (2.7)

Since p; < 0, the general solution of this equation, and therefore also the solution ¢; on
(R1, R2), can be expressed in terms of modified Bessel functions rescaled by w; := /|1
More specifically, for some constants Cj1, Cj2 one has ¢; = ¢; on (R1, R2), where

gbj(r) = lerl_N/2IN/2_1(wjr) + CjQTI_N/QKN/Q_l(wJ’T‘). (2.8)

Here In/p_1 and Kp/p_1 are modified Bessel functions of the first and second kind, respec-
tively. Note that these functions are defined for all » € (0,00) and are analytic in this
interval (of course, the eigenfunctions ¢; themselves may not be analytic outside (R, R2)).
The constants Cj1, Cj2 cannot be both equal to zero: otherwise, ¢; = 0 on [R1, Ra], hence
©;, as a solution of a second order equation, vanishes identically on [0, c0), which is impos-
sible for an eigenfunction.
We now recall the asymptotics of the modified Bessel functions as r — oo. For j =
1,...,n, we have:
Iyja—i(wyr) = Cjes™r 2 (14 O(1/r)),

I (2.9)
Kyjo—1(wjr) = Cje™*"r™ / (1+0(1/r),
with some nonzero constants Cj.
For 1 < j < /¢ <n (we call such indices j, ¢ admissible), define
ij + 2wy if le 75 0, Cn 75 0,
b(j, E) _ —2w;j + 2wy %f Cj1 =0, Cp #0,
20.)]‘ - 2w€ if le 7é 0, Cgl = 0,
—2&.}]‘ - ng if le = 0, Cgl =0.
Note that, as r — oo, we have, by (2.8), (2.9),
4,5]2 (r)gé%(r) ~ 22N b (2.10)

Since (w1, ...,wy,) is nonresonant up to order &, it follows that b(j,£¢) # b(j',¢') for all
admissible (4, £) # (j/,¢'). We can thus arrange all the admissible indices in a finite sequence
(j(k),£(k)), k=1,...,n(n+1)/2, such that b(j(k),£(k)) > b(j(K'),L(K')) if k < K.

We now conclude the proof of the proposition by showing that, on (R;, R2), the functions
plp; = ¢3¢7, 1 < j < £ < n, are linearly independent. For that aim, let cjp, 1 < j <€ <,
be constants such that

n £
> i (r)gir) =0 (2.11)
=1 j=1

for all r € (Ry, R2). By the analyticity of ¢;, (2.11) then holds for all > 0. We rewrite
(2.11) as
n(n+1)/2

D Cimem B (i () =0, (2.12)
k=1

12



where j(k) and (k) are as above. Dividing this identity by 72~2VetU(MALM)" we obtain

n(n+1)/2 52 52
Z . Gl (1) Py (7) —0 (2.13)
3(R)K) T 3N b )y '
k=1

Since b(j(1),£(1)) > b(j(k),€(k)) for all k € {2,...,n(n+ 1)/2}, using (2.10) we obtain

lim @?(m(ﬂ@?(@(r) =0 forke{2,...,n(n+1)/2},
r—o0 p2—2N gb(j(1),£(1))r 7& 0 fork=1.

Thus, taking r — oo in (2.13), we deduce that ¢j1),e(1) = 0. We then successively divide by
P2 2N bGR)LR)T ] = 2 n(n+1)/2, and take r — oo to conclude that Cj(k),e(k) = 0 for
k=1,....,n(n+1)/2. Hence, all the coefficients in (2.11) must vanish, which proves the
desired linear independence.
The case N =1 can be treated similarly. This time, for r € (R;, Rg) the eigenfunctions
i, j=1,...,n, satisfy
¢ + ;= 0.

Letting again w; = +/|u;| # 0, it follows that, on (R, R2), one has ¢; = ¢;, where
Qj(r) = Cj1e¥" + Cjoe™ "

with Cj1, Cj2 not both equal to 0. Using an argument based on the analyticity, very similar
to the one used above, our assertion follows. ]

2.4 An outline of the proofs of the main theorems

In the first step of the proof of our theorems, we write (2.1) as a system

du1 w

- — u2,

dy (2.14)
%2 — A~ fm)

dy 1%1 1)

Here, for any fixed (s,b), f(u)(x) = f(z,u(x);s,b) is the Nemytskii operator associated to
f, and Aj is the Schrodinger operator —A — a;(x); they are considered on suitable Hilbert
spaces. Under our hypotheses, the linear operator A(ui,u2) = (u2, Ajui) has n pairs of
complex conjugate eigenvalues on the imaginary axis, and the rest of it spectrum does not
intersect the strip {\ € C: |Re \| < v}, where v > 0. Applying a center manifold theorem,
we obtain a system of 2n ordinary differential equations (the “reduced equation”):

{ E = hl(&an)v

i = ha(&,1), (2.15)

whose solutions are in one-to-one correspondence with a class of solutions of (2.14). Our
goal is to find quasiperiodic solutions of the reduced equation near the origin (which is an
equilibrium of (2.14)).
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The second step is to write the reduced equation as a Hamiltonian system in R?" with
respect to a suitable symplectic form. The Darboux theorem then allows us to choose local
coordinates in which the system is Hamiltonian with respect to the standard symplectic
structure on R?". It is well known by abstract results [47] that all this can be done; but
it is important for us to have the Hamiltonian of the transformed system in as explicit a
form as possible, at least up to the fourth-order terms in its Taylor expansion. We rely
here on known procedures to compute the expansion for the center manifold, from which
we obtain the expansion for the first symplectic form and, subsequently, for the Darboux
transformation.

In the third step, we write the Hamiltonian as the sum of an integrable Hamiltonian H°
and a perturbation H', which is small in a class of finitely differentiable functions. This
is achieved by bringing the Hamiltonian to its Birkhoff normal form to a sufficiently high
order; the Birkhoff normal form provides the integrable part, thanks to the nonresonance
condition (NR). In the perturbation H!, we include terms of high order of vanishing in
(&,m). Again, it is important to have some understanding of the second and fourth order
terms in the expansion of H? (the third order terms all vanish in the normal form), and,
specifically, how the functions a1, as, ag from the original PDE enter into these terms.

The final step consists in verifying that the integrable part H satisfies the hypotheses
of a suitable KAM-type theorem (we use a theorem by Pdschel [56]). Having computed the
expansion of the Hamiltonian carefully when going through the above transformations, we
can easily translate a key nondegeneracy condition from the KAM theorem to a condition on
the functions a1, a9, asz. In the proof of Theorem 2.2, where one of the parameters is small,
the nondegeneracy condition follows from our hypothesis (A2). In the proof of Theorem
2.4, we verify that the nondegeneracy condition is satisfied for an open and dense set of
functions as. The KAM theorem yields quasiperiodic solutions to the reduced equation
(2.15), and these correspond to y-quasiperiodic solutions of the original equation (2.1).

3 The center manifold reduction

In this section, we first state an abstract center manifold theorem, based on the exposition
in [34, 69] (see also [20, 47]). Then we write equation (2.1) in a form fitting the abstract
setting, so that the hypotheses of the center manifold theorem can be verified.

3.1 An abstract center manifold theorem

Let X and Z be Hilbert spaces such that Z < X (continuous imbedding). Consider the
following abstract equation with a parameter 7:

du
E:Au+R(u;7'), (tel). (3.1)

Here A €¢ £(Z,X), R : ZxRY - Z, and Z C R is an interval. We are primarily
interested in the case Z = R, and we consider classical solutions of (3.1), that is, functions
u € €T, X)NE (L, Z) satisfying (3.1). At this point, the dimension d > 0 of the parameter
space R? is arbitrary (d = 0 corresponds to the equation with no parameters), but in our
specific problem we will take 7 = (s,b) € R2. We also fix an open and bounded set &2 C R?
and make the following assumptions on R:
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(H1) There is a neighborhood V of 0 € Z such that R € €*(V x R%, Z) for some k > 2,
and
R(0;7) =0, DyR(0;7)=0 (1€ 2). (3.2)

In the following hypotheses concerning the spectral properties of the operator A, we view
it as an unbounded operator in X with domain D(A) = Z C X. While we assume that Z

and X are real spaces, for the spectral properties we consider, as usual, the complexifications
of Z, X, and A.

(H2) 0(A) = 0. U oy, where o, C {z € C: |Rez| >~} for some 7 > 0 and o, consists of
finitely many purely imaginary eigenvalues with finite algebraic multiplicities.

Hypothesis (H2) implies that the resolvent set of A is nonempty; moreover, A is a closed
operator whose graph norm is equivalent to the norm of Z. To the decomposition o(A) =
o. U oy, there corresponds the spectral projection P, € Z(X), characterized uniquely by
the properties that it commutes with A and that its range X, := P.X is spanned by the
set of all generalized eigenvectors of A corresponding to the eigenvalues in o, (see [37]).
Clearly, X. C Z. Letting P, := 1 — P., we note further that P. and P}, restrict to bounded
operators on Z. In particular, P,Z is a closed subspace of Z. When needed, we consider
P, Z as a Banach space with the norm induced from Z.
The third hypothesis concerns the resolvent of A:

(H3) There exist wy > 0 and ¢ > 0 such that for all & € R\ (—wp,@p) we have:

(a) 4w is in the resolvent set of A.

AN _ c
(b) (i@ — A)7H| g (x) < ol

Theorem 3.1. Assume that hypotheses (H1)—~(H3) are satisfied. Then there exist a map
o0 € CF(Xex P, PyZ) and a neighborhood A of 0 in Z such that

0(0;7) =0, Dyo(0;7) =0 (7€ 2) (3.3)
and for each T € & the manifold

We(r) = {uo + o (uo;7) 1 up € Xc} C Z
has the following properties:

(a) If u(t) is a solution of (3.1) onZ =R and u(t) € A for allt € R, then u(t) € W.(1)
for all t € R; that is, W.(T) contains the orbit of each solution of (3.1) which stays
in N forallt € R.

(b) If z: R — X, is a solution of the equation

dz
= A’XCZ + P.R(z+o(z;7);7) (3.4)

on some interval I, and u(t) := z(t) + o(z(t);7) € A forallt € L, thenu:Z — Z
is a solution of (3.1) on T.
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Moreover, o satisfies the following relations:
(i) o(;7) =0 whenever 7 € & is such that R(-;7) = 0;

(ii) if 2 < 0 <k —1 is an integer, then o(u;7) = O(|[ul**1) as u — 0 whenever T € P is
such that R(u;7) = O(|Jul[*") as u — 0.

Remark 3.2. Since £ < k — 1, the notation o(u;7) = O(||Jul|**!) as u — 0 in (ii) simply
means that the derivatives of o(-;7) up to order ¢ vanish at u = 0. If this is true for
all 7 € &, then, in view of compactness of &, we have o(u;7) = O(|lul|**'), as u — 0,
uniformly for 7 € 22, simply because the derivative of order ¢+ 1 is bounded uniformly for
u a neighborhood of 0 € X, and 7 € &. This simple observation will be used below for
other sufficiently smooth functions depending on parameters.

With the exception of statements (i), (ii), the proof of the theorem can be found in [34,
], although a comment on the parameter dependence is necessary here. In our formulation
the manifold W,(7) is defined for all parameters 7 € Z. It is more common to just
take 7 in a small neighborhood of some point 7y (such a local-parameter version of the
theorem follows from a version without parameters, cp. [34, Section 2.3.1], for example).
If the center manifold were unique—which is not the case in general—then, due to (3.2)
and the compactness of 22, the global-parameter version would be a consequence of the
local-parameter version. Nonetheless, such a compactness argument can be made if we
recall how the center manifold theorem is proved, that is, how the function o is found.
This is done by first modifying the nonlinearity outside a small neighborhood A4~ 3 0
using a suitable cutoff function, so that the new nonlinearity is globally Lipschitz in u
with a small Lipschitz constant. For the modified nonlinearity, one finds a unique global
center manifold, which then serves as local center manifold for the original equation in the
sense that statements (a) and (b) are satisfied. Our point is that, under hypothesis (H1),
the modification of the nonlinearity can be done once—with one cut-off function—for all
parameters in a neighborhood of the compact set &2. One then gets a function o with the
stated regularity properties and a fixed neighborhood .4” such that (3.3) and statements
(a), (b) hold.

The uniqueness of the global center manifold for the modified nonlinearity implies that
statement (i) holds: in fact, the center space X, itself is the center manifold whenever the
modified nonlinearity vanishes identically, which is the case when R(-; 7) vanishes identically.

Statement (ii) follows from a recursive computation of the Taylor expansion of o up
to order k (although there is nonuniqueness of o stemming from the choice of the cutoff
function, the Taylor expansion is uniquely determined). The procedure is described in [35,
Section 6] and [17, Section 2] and it goes as follows. The starting point is the following
identity for o:

Dyo(u; T)[A}Xcu + P.R(u+o(u;7);7)] = A}Xha(u; 7)+ PyR(u+ o(u;7);7) (3.5)
(cp. equation (2.10) in [17]). Now expand o as
o) = o) - + 0w ) + o' (us ),

where ¢/ is a homogeneous Pj,Z-valued polynomial in u of degree j (Wi:ch 7-dependent
coefficients) and ||o’(u;7)|lz = O(||ul|*T!) as u — 0, uniformly for 7 € £. Substituting
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in (3.5) and equating terms of the same order one finds an equation for o¥(;7), for each
TED: ' ' '
Do’ (u; T)A!X u— A|Xhaj (u;m) = r!(u;7), (3.6)

where 77 (+; 7) is determined by the Taylor expansion of R(-;7) at 0 of order j and the terms
o2(57),...,007 (1) (if j = 2, 7? is determined by P,D2?R(0;7) alone). This equation
determines the polynomial ¢/ (-;7) uniquely (see [35, 47] for explicit forms of the solution).
An induction argument then allows one to conclude that R(u;7) = O(||ul|**') as u — 0
implies 02(-;7) = - -- = o’(-;7) = 0, which gives the conclusion in (ii).

In the sequel, the function o is called the reduction function, X. the center space, W,
the center manifold, and equation (3.4) is the reduced equation.

For us, the most important conclusion of Theorem 3.1 is statement (b): if we can find
a “small” solution of the reduced equation (3.4) (that is, ||z(¢)||z is sufficiently small for all
t), then we have a solution of the original equation via the reduction function. Our goal is
to find quasiperiodic solutions this way. Note also that the reduced equation is an ordinary
differential equation: the space X, is finite-dimensional due to hypothesis (H2).

3.2 Center manifold for equation (2.1)

We now verify that (2.1) can be rewritten as a system of the form (3.1), with operators A
and R, and spaces X and Z chosen in such a way that hypotheses (H1)-(H3) hold with
k=K +1, K as in (2.4) if condition (A1), (S1), and (S2) are satisfied.

Fixing an integer m > N/2, as in (2.4), we set X = H™(RN) x H™(RY), V =
Z = H™2(RN) x H™H(RY). Note that the relation m > N/2 implies that H™(RY) is
continuously imbedded in a space of bounded Holder continuous functions on RY.

Further, we fix any finite pp > 0 and set & := (—po, po)? C R2.

Consider the H™(RY)-realization of the Schrodinger operator —A — aq(x), that is, the
operator u — —Au — aju defined on H™?(RN). We will view it, as appropriate for the
context, either as a bounded operator in .Z(H™+2(RN), H™(RYN)) (which is justified when
a € €™(RY)) or as an unbounded operator on H™(RY) with domain H™2(RY). Without
fearing confusion, we use the same symbol A; as in Section 2.1 for this operator, noting
that, by elliptic regularity estimates, the spectrum, the eigenvalues and their multiplicity,
as well as the eigenfunctions do not change if instead of the L?(R")-realization we take the
H™(RN)-realization.

The abstract form of (2.1) is given by

du1 u

- = u2,

jg ) (3.7)
T; - AlUl - f(ula Sab)7

where A; is the H™-realization of —A — a1(z), as above, and f: H"2RY) x R? —
H™1(RYN) is the Nemytskii operator of f, that is, f(u;s,b)(x) = f(z,u(x);s,b). In Ap-
pendix A.1, we verify that this operator is well defined.
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System (3.7) can be written in the form (3.1) by defining the operator A on X, with
domain D(A) = Z,and R: Z x R? = Z as
A(u,ug) = (ug, Ayur)”,

R(uq,uz;s,b) = (0, f(ul; s, b))T, (3.8)

The smoothness of the operator R is inherited from the smoothness of f , which is shown in
Appendix A.1 (see Theorem A.1 and Lemma A.3). More precisely, if f satisfies (S2), then
the map f: H™P2(RY) x RZ — H™TL(RY) is of class €% ! and so

Rec¢KTH(V xR?, 2). (3.9)

In addition, relation (2.2) implies that R(0;s,b) = 0, D, R(0;s,b) = 0 for all (s,b) € R
In order to find the spectrum of A, viewed as an unbounded operator on X, consider

the problem
V9 (%) g2

where (g1, g2) € X. Equivalently, (3.10) reads

vy — AU = g1,

—Avy — ar(z)vr — Avz = gg,
and eliminating v, we obtain
— Av; —ag(x)vy; — N = g2 + Agi, (3.11)
where go + Ag1 € H™(RM). From (3.11) we deduce that
o(A) = {£Vr: A e o(4))}.

We know that, by (A1), (A1) contains exactly n negative eigenvalues p1;, j = 1,...,n and
the rest of the spectrum is contained in (72, 00), for some v > 0 (see Remark 2.1(i)). We
conclude that the spectrum of A contains 2n (purely) imaginary eigenvalues +i \/W , with
simple multiplicities, and the rest of the spectrum is contained in {\ € C: |ReA| > ~}. So
we can write

0(A) =o0.Uoy,

with o, = {£i\/|i;| : j = 1,...,n} and o, = 0(A) \ o.. The bound on the resolvent of A
(hypothesis (H3)(b)) is verified in Appendix A.2. We have thus verified all the hypotheses
of Theorem 3.1.

Hence, Theorem 3.1 with £k = K + 1 applies in our problem. Moreover, fixing s = 0 and
applying statement (ii) (with just one parameter b), we obtain that, as u — 0,

o(u;0,5) = O([ull®) (b € (~p0,p0)). (3.12)

We now write the reduced equation in suitable coordinates. Denote

wi=/lpil, i=1,...,n
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The eigenfunction of A associated to =iw; is, up to a constant multiple, (p;, tiwjp;)7T.

(As in Section 2.1, @1, ...,y are the eigenfunctions of A; corresponding to the eigenvalues
U1, - - fin, Tespectively, normalized in the L?-norm). Taking real and imaginary part, we
obtain the center space:

Xe=1{(9,9)" : 9.5 € span{e1,...,¢n}}.

The spectral projection P. : X — X, corresponding to the imaginary eigenvalues of A is

given by
U1 . H’Ul
P () - (1), o1y

where II is the orthogonal projection of L2(RY) onto span{ei,...,»,}. Indeed, II (or,
more precisely, its restriction to H™ (RN )) is the spectral projection of A; associated with
the spectral set {p1,...,un}. Using this, one shows easily that P., as defined in (3.13),

commutes with A. It is obviously a projection: P2 = P.. Finally, its range is clearly the

space X, thus P, is the spectral projection, as claimed.

Setting X}, = (1 — P.)X, we have H™"! x H™ = X.® X}, and, additionally, the spaces
X, and X}, are orthogonal with respect to the (L?(R"))2-inner product.

For j=1,...,n, let ¥; = (¢;,0)T, ¢; = (0,¢;)7, so

B ={1,...,0n,Cl,...,Cn}
is a basis of X.. If

E=(&,...,&) € R,
n=m,...,nn) €R",
V= (U1, ... b)) : RY = R?™,
C:=(C1,..., ) : RY 5 R?,

we can write the center space as
Xc:{§'¢+77'gifa77€Rn}a

where € - ¢ = &1901 + - - + Eup, and similarly for 7 - C.

We use (£,7) € R?" as coordinates on the center manifold. Let & : X, x P — P Z
be the reduction function, as in Theorem 3.1. If (g,g) € X,, then there exists a unique
(€,m) € R?" such that

(9.9) =&Y +n-¢,
SO
6(9,9;8,b) =0(§- v +n-(s,b).
Thus, we can define o : R** x & — P,Z by

o(&m;5,0) =6(§- ¥ +n-(;s,b). (3.14)
Defining further a function A : R?® x & — P, Z as
A(g,m;8,0) =& +n-C+0o(&m;s,b), (3.15)
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the center manifold can be written as

We(s, b) = {A(&,m;5,b) : §,n € R"}.

We next find the matrix of A‘X with respect to the basis . Denoting ¢ := (¢1,-..,¢n),
for any (£,71) € R?" we have

A(f-w+n-<):A(§ﬁ§> = (Al’}%?"@)) = <(z£)50.¢) =19+ (Mog) - €,

where My = diag(u1,. .., tn). Therefore, setting

0 1

we find

A(E-p+n-C) = My <f§><g>

To write the reduced equation (3.4) in the coordinates (£,7), we use y for the time
variable and view &, n as functions of y: (3.4) becomes

ddy(g P4 C) = My (g;) - (Z’;) v (f(A(g,n;Os,b);s,b)) .

Equivalently, this equation can be written as

{ € = h1(§777357b)7

3.16
ﬁ:h2(§777;37b)7 ( )

where & = d¢/dy, 1) = dn/dy, and

e = (e o) =200 () +{ ngaie moonenn) |,

where II is as in (3.13) and {-}# denotes the coordinates of the argument with respect to
the basis A.

We remark that system (3.7) is reversible (specifically, if (u;(x,y),u2(x,y)) a solution,
so is (u1(x, —y), —u2(x, —y))). As a consequence, one can show a reversibility property of
the reduced equation [34, 17], but we do not employ this additional structure.

The specific form of the nonlinearity, see (2.2), implies the following properties of the
reduction function o.

Lemma 3.3. One has

o(&,m;8,b) = sba®(&,m) + (&, m; 8,b), (3.17)

where o2 is a PnZ-valued homogeneous polynomial in (&,m) of degree 2 and & is a €K+!

function on R?*™ x & of order O(|(&,n)]3) as (&,m) — (0,0), uniformly for (s,b) € 2.
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Proof. Recall that o(&,m;s,0) =6(§-v+mn-(;s,b) (cp. (3.14)), and the quadratic term in
the expansion of 6(+; s,b) is determined uniquely from (3.6) with j = 2 (take & in place of
o there). For j = 2, the right hand side of (3.6) is given by P,D2R(0;7)[u,u]/2. In our
specific case,

D2R(0;7)[u,u]/2 = (0,bsagu?))’  (u = (u1,us) € Z)

(cp. (3.8), (2.2)). Using this, the uniqueness of the solution of (3.6), and the fact that the
left-hand side of (3.6) is linear in o2, we obtain (3.17), with &(&,n;s,b) = O(|(&,n)]?) as
(¢,m) — (0,0) for each (s,b). Relation (3.17) implies that & is of class €%*+!, which also
gives the uniformity in (s, b) as stated in the lemma (cp. Remark 3.2). O

Remark. For the sake of notational simplicity, in the sequel, we sometimes omit the ar-
gument (s,b) from R, o, A, W,, h, and other similar functions when there is no need to
emphasize the dependence on the parameters.

The following simple lemma will be useful in Section 4:

Lemma 3.4. Let DA(&,n) denote the derivative of A with respect to (§,m). Then, in a
neighborhood of the origin,

DA, mh(§,m) = AN, n) + R(A(E,n)).

Proof. Fix (&y,m0) close to the origin, and let (£(y),n(y)) be the solution of (3.16) with
(£(0),7m(0)) = (€0, m0)- Substituting A(&,n) in (3.1), and using Theorem 3.1(b), we obtain

AN (€, 10) + R(A(E0.10)) = ;;A(ﬁ,n) 0
.

= DA, )& )],y
= DA(&0,m0)(h1(&0,10), h2(&0s10))
= DA(&,m0)R(€05m0),

where we used (3.16) to derive the second to last equality. O

4 The reduced Hamiltonian

In this section, we write the reduced equation (3.16) as a Hamiltonian system with respect
to a certain symplectic structure on R?”. Using the Darboux theorem, we then transform
it locally to a Hamiltonian system with respect to the standard symplectic form. Finally,
employing the Birkhoff normal form, we write the Hamiltonian as the sum of of an integrable
Hamiltonian and a small perturbation. We compute the expansion of the integrable part
explicitly up to order four; this will later allow us to verify a nondegeneracy condition from
a KAM theorem.

Throughout this section, we assume the standing hypotheses (A1), (S1), (NR), and (S2)
to be satisfied. We use the notation introduced in Section 3. In particular, we use the
coordinates (£,7n) as in Subsection 3.2 and view the reduction function o as a function of
(¢,m) (and the parameters (s,b)) with values in P,Z, Z = H™2(RN) x H™H(RY), see
(3.14).
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4.1 The Hamiltonian and the symplectic structure

Define "
F(x,u;s,b) :/ f(z,9;s,b) dv.
For (u,v) € Z, and any fixed (s,b) € 2, let O
H(u,v) = /RN L vu@)p + %al(x)u2(1’) + (e, ulx): s, b) + %qﬂ(x) de. (A1)
An integration by parts shows that
DH (u,v)(u,v) = /RN (Au(z) + ar(z)u(z) + f(z,u(x); s,b))u(z) do + /RN v(x)o(x) d.
In other words, (Au + aju + f(-,u(-);s,b),v) is the gradient, VH (u,v), of H(u,v) with

respect to the (L2(RY))? inner product.
Denoting by J;2 the operator on (L?(RY))? given by

_ O HLQ
iz = [-M 0 } ’

I;2 being the identity operator on L?(RY), we can write equation (3.7) as

d (u
cTy <u2) - JLQVH(Ul, UQ). (42)
Written this way, (3.7) fits the context of abstract Hamiltonian systems considered in
[17]. General results from [17] can then be used to show that the reduction of the equation to

the center manifold is the Hamiltonian system with respect to the Hamiltonian H restricted
to the center manifold and with respect to the symplectic form which is also the restriction
of a symplectic form on the space Z to the center manifold. Lemmas 4.1 and 4.2 below
are essentially an interpretation of these remarks in the coordinates (§,7), and they can
certainly be derived from [17]. But it is simple enough to prove them instead by direct
explicit computations, and we will do it that way. These explicit computations will also
help us find the Taylor expansion of the Hamiltonian up to order four.

Let A be as in (3.15). Recalling that for (¢,7) € R?", A(£,n) and o(&,n) are ele-
ments of the product space Z = H™2(RN) x H™H(RV), we write them as A(£,n) =

(A1(&,m), A2(&,m)) and o(€,m) = (01(€, 1), 02(§,m)). Define
(&, m) == H(A(&,m)) = H(u,v) |U=A1(5,77),v=/\2(§,?7) ((&n) € R2n)- (4.3)

The parameters (s,b) € & will not be specifically included the notation until they start
playing a role again. For now they can be considered fixed.

In the next two lemmas, we show that the reduced equation (3.16) is the Hamilto-
nian system corresponding to the Hamiltonian ® and the symplectic form w defined on a
neighborhood of the origin of R?" by

w(f,n)((tl,tQ), (1?1,2?2)) = tl . EQ — t2 . 1?1 + /]RN DO‘1(£,n)(tl,tg)DUQ(g,n)(fl,fg) d$

- /]RN D02(€7 77) (tla t2)DO’1 (5’ 77)(7?1’ {2) dx ((57 77), (tl’ tQ)’ (fla EQ) € R2n)’ (4'4)
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where D denotes the derivative with respect to (£,7). Note that for all (£, 7), (t1,t2) € R??
the values oj(£,7) and Do;(€,1)(t1,t2) are elements of H™T1(RY), hence they are functions
of z € RN, In the integrals above, and similar integrals below, we suppress the argument z
for the sake of notational simplicity.

For (&,n) € R?", the (¢, n)-dependent matrix of the bilinear map w(&, ) defined by (4.4)
is the block matrix:

o 1 Ve (&) (Veaa(&,m) " vgams,n)(vnozm)f}
S(€,n) = o1 x
(&m) LI 0] +/]RN [Vndl(&??)(vgﬁ(&ﬁ))T anfl(fm)(vn@(fﬂ?))T !
_/ [v502(§an)(vfgl(§an))T V502(f»77)<v7701(5777))T] dz
Y | Vyo(6,1) (Veor(&,m) " Vaoo(&n) (Vyor(Em) |

(4.5)
where I is the n x n identity matrix and V¢, V,, stand for the usual gradients written as
columns (so the blocks are n x n matrices).

Lemma 4.1. Let h = (h1,h2) be as in (3.16) and w be as in (4.4). For all (§,n) in a
neighborhood of (0,0) and (&,7) € R?™ we have

D®(&,n)(&,7) = w(&n)(h(En), (& 7)). (4.6)

Proof. Let {-,-) denote the inner product in (L*(R¥))2. Differentiating ® with respect to
(&,m), we obtain, by (3.8), (4.2), and Lemma 3.4,

D®(&,m)(€,7) = DH(A(E,n)) DA, 1) (€, 7)
— (J12 (AN (&, n) + R(A(E, ), DAE, ) (€, 7))
= (Jr2DA(E, (&, n), DA(E, (&, 7)) -

Here, writing ¢ = (¢1,...,¢,) and (a,b) € R?"?,

_ DA (57 )(a7b> _f(a- +DU (67 )(a7b) .
DA m{a.b) = <DA§<5,Z><a, b)) - (b o1t Doale m)(ar b>> ’

thus,
&m)(
/ = ha(&m) - ¢ — Daa(&,n)(h(€,n), ha(&,m)) (€ - ¢ + Do (&,m)(€, 7)) da
+ [ 6m -9+ Dor&n(€n).ate)) (- 0+ Dol (€. ) d
Since the eigenfunctions 1, ..., @, are L?(R™)-orthonormal,

[ (e - 9)€- oo = haen) & and [ (uln) - 9)(0- o)da =l

Now, o takes values in Xj,, which is (L?(R"))2-orthogonal to X, (cp. (3.13)). It follows
that

/RNHw(&n) - @)D (€,)(E,7) dz = 0,
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and similarly for the other integrals involving the product of a linear combination of the
functions ¢; with Doy or Dos. Thus,

+ [ Dor(En) (€ m) ha(€ ) Don(€.n) €. 7)

= [ Doaln) (€ m) (€ 0) Den (1) €. ) o
Therefore, with w as in (4.4), we have

D®(&,n)(&,7) = w(&n) (M, n), (€7))- O

Below, o denotes the standard symplectic form on R?", that is, the constant 2-form
given by
a(6,n) = (EmJIEn" (EneRY),

0 I
=5
where [ is the identity matrix in R".

Lemma 4.2. Let w be the 2-form defined in (4.4). There is a neighborhood of (0,0) € R2"
independent of the parameters (s,b) € P on which w is a symplectic form of class €.

with the matrix

Proof. Since o = (01, 09) is of class ¥X+! as a Z-valued map (hence also as a (L?(RV))2-
valued map), the matrix-valued function (§,7) — S(§,n), with S(&,n) as in(4.5), is of class
€, that is, the form w is of class €X.

Since a(¢,n) = O(|(&,m)?) as (€,m) = (0,0) (uniformly for (s,5) € P), (w— a)(¢.n) =
O(|(¢,m)|?) as well. This implies that there exists a neighborhood of (0,0) € R?" inde-
pendent of the parameters (s,b) € 2 on which w is nondegenerate. A straightforward
computation, which we omit, shows that dw = 0, so w is a closed form. Obviously, the
matrix S(&,n) is skew-symmetric. Thus w is a symplectic form in the aforementioned
neighborhood of (0,0) € R?" for all (s,b) € 2. O

Remark 4.3. When the parameters are taken into account, o = (07,02) is of class ¢cE+L
in (£,1) € R* and (s,b) € 2, therefore the matrix-valued function (4.5) is of class €K in
(€,m) € R*™ and (s,b) € £.

We now specifically consider the dependence of w on (s,b) € &; we write w(&,n; s,b)
for the bilinear map defined in (4.4), stressing its dependence on (s,b) € & via 0. The
following result is a direct consequence of Lemma 3.3.

Corollary 4.4. One has

w(&,m;8,0) = o€, m) + 22w (&, n) + @(E,m; 5, b), (4.7)

where w? and @&(-,-;s5,b) are 2-forms on a neighborhood of (0,0), w?(€,m) is a homogeneous
polynomial in (§,n) of degree 2 (taking values in the space of skew-symmetric bilinear maps),
and &(&,m;8,b) is of order O(|(&,n)|?) as (&,1) — (0,0), uniformly for (s,b) € 2.
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Using Lemma 4.1, we can write equation (3.16) as

jy (i) = Xo(&,m), (4.8)

where Xg is the Hamiltonian vector field associated to ® on a neighborhood of 0 € R?”
endowed with the symplectic form w.

4.2 Transforming to the standard symplectic form

We recall the Darboux theorem:

Theorem 4.5. Let w be a €*-symplectic form on a ball around 0 € R?*™ and « be the
standard symplectic form on R?". Then there exists a near-identity €"*-transformation ¢
such that

P'w = a.

Here ¢*w, the pull-back of w, is the form obtained from w by the change of coordinates
(&,m) = ¢(&',n'). The effect of the change of coordinates from the Darboux theorem on
Hamiltonian systems is well known: any Hamiltonian system with respect to the symplectic
form w transforms to a Hamiltonian system with respect to the standard symplectic form
a (and the transformed Hamiltonian).

We want to apply this change of coordinates to the symplectic form in (4.4). It will be
useful to choose the diffeomorphism ¢—which is not unique—so that it satisfies additional
estimates, as stated in the following lemma.

Lemma 4.6. Let w be the 2-form defined in (4.4). Then there exist a neighborhood ¥ of
(0,0) € R?" and a €5 map ¢ : ¥ x R? — R?" such that ¢*(-,-;s,b)w(-,-; s,b) = a, and one
has

O(&,m;8,b) = (&,m) + s*07$3(&,m) + B(&,m; 5,b), (4.9)

where ¢3 : R — R?™ is a homogeneous polynomial of degree 3 and b is (fl map of class
€K which is) of order O(|(&,n)|*) as (£,n) — (0,0), uniformly for (s,b) € 2.

Proof. The statement holds if the map ¢ is constructed in a suitable way. We recall briefly
how the Lie transform method of the proof of the Darboux theorem goes (see, e.g., [1, 30]).
For t € [0, 1], let
wr=a+t(w—a),

so wg = o and w; = w. For each (s,b) € £, we seek a family of diffeomorphisms ¢
satisfying ¢° = Id (the identity map in R?"), and

(¢t)*wt = Q,

50 ¢ = ¢! is the desired transformation. Such ¢ is found as the flow of a t-dependent vector
field X;; namely, ¢’ has the desired property if

wi(Xy,) = =, (4.10)
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where X is a 1-form of class €% on a neighborhood of (0,0) € R?" such that d\ = w — o
The existence of such a 1-form is guaranteed by the Poincaré lemma (because dw = 0), but,
again, because of nonuniqueness, some care is needed in selecting a “good” one. We claim
that A can be chosen such that

A&, m;8,b) = 2P X3(E,m) + A€, m; 8, D), (4.11)

where A3 is a 1-form whose coefficients are homogeneous polynomials of degree 3 and
AE,m;8,0) = O((En)["), as (&,1) — (0,0), uniformly for (s,b) € £. Indeed, this fol-
lows from Corollary 4.4 if one uses the Lie transform method in the proof of the Poincaré
lemma, which amounts to taking integrals with respect to (£,7) of the coefficients of the
2-form w — « (see the proofs in [I, Theorem 6.4.14] or [60, Theorem 10.39]).

Now, w; — a is of order O(|(&,7)|?) as (&,1) — (0,0) uniformly in (s,b) € £, t € [0,1];
in particular, w; is nondegenerate near (0,0). Thus we can solve (4.10) for X; uniquely; for
this, we just need to invert the (£,7n)-dependent matrix of the bilinear map w; and apply
it to the coeflicients of the 1-form on the left. This yields the following form of the vector
field X:

Xy(&.m;8,0) = "0 X3 (&, ) + Xo(€,m; 8,D)
where X2 is a homogeneous polynomial vector field of degree 3 and X; (€, n; s,b) = O(|(€,1)|Y),
as (€,m) — (0,0), uniformly for (s,b) € & and t € [0,1]. Moreover, X; and X; inherit the
smoothness of a and w: they are of class €% in (¢,7) ~ 0 and (s,b) € Z.

Finally, we take the flow ¢’ of the vector field X;. The vector field X; vanishes at
(&,m) = (0,0) together with its derivatives up to order 2. From this we obtain, first of all,
that near the origin (and for all (s,b) € &) the flow is defined up to ¢t = 1. Computing the
derivatives of ¢! with respect (£,7) by solving the corresponding ODEs we conclude that
¢ = ¢! has the form as stated in Lemma 4.6. O

Remark 4.7. Note that (3.6) implies that the term o2 in (3.17) and, consequently, the
term w? in (4.7) are determined by the quadratic term asu? of the nonlinearity f only —
both are independent of the higher order terms agu® + u® fi(x, u; s,b). Examining the above
proof carefully, one can check that the term ¢° is determined only by w?. This shows that
¢? is determined by ao and is independent of a3 and f;.

We now examine more closely the structure of the Hamiltonian ®, first in the original
coordinates (&, 7n) introduced in Section 4.1, see (4.3), then in the Darboux coordinates from
Lemma 4.6. This is the content of the following two results. We write ®(&,n;s,b) for the
Hamiltonian, accounting for its dependence of the parameters (s,b). Recall that a1, az,as
are the functions in (2.2) and ¢ = (¢1,...,¢n), ¢; being the eigenfunctions of —A — a;(x)
as in Section 2.1.

Lemma 4.8. There is a neighborhood ¥ of (0,0) € R?™ such that the Hamiltonian ® defined
in (4.3) has the following property. For each (§,m) € ¥ and (s,b) € & one has

" b
BEm5.0) = 5 S+ )+ /R aa(@)(E - ()’ da
j=1
b

+7 /RN a3(2) (€ - p(2))  dz + 202, (€, ) + D" (€, m;5,b), (4.12)
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where @), is a homogeneous polynomial on R®*™ of degree 4 and ®" is a €K -function on

Y x P such that ®"(&,m;5,b) = O(|(€,1)]°) as (£,1) — (0,0), uniformly for (s,b) € 2.

The regularity of ®” is in fact one degree higher: it is of class €% *1; we take €% here
for consistency with the statement of Proposition 4.9 below, where a degree of regularity is
lost due to the Darboux transformation.

Proof of Lemma 4.8. Recalling (2.2), (4.1), and using an integration by parts, we write the
functional H (u,v) as

H(u,v) = ;/RN (Au(z) + a1 (z)u(z))u(z) dz + % /RN v () dx

sb ud(z) dx + b/ ud(z) do + Gi(z,u;8,b), (4.13)
RN

+3 RN 3

where

u 1
G1($,U;S,b):/ 194.]01(:1:719;57[))6119:“5/ g4f1(:c,ug;5,b)dg.
0 0

According to (4.3), (3.15), to obtain ®(£,n), we need to substitute

UIf"P‘i‘Ul(fﬂ%Sab)» U:77'<P+U2(fa"7;sab) (414)
in (4.13). Clearly, by Lemma 3.3, after substituting for u, the last 3 terms of (4.13) give

2w o) a+ ] [ e o@) d+ o s
RN RN

3
where ®” has the properties as stated in Lemma 4.8 (the function ®”, and later @), will be
modified in the course of this proof).

Next we substitute for u in the first integral in (4.13). Remembering that o; takes
values in the L?(R™)-orthogonal complement of span{ei,...,¢,} (cp. (3.13)) and that

both span{¢i,...,p,} and its orthogonal complement are invariant under the operator
A1 = —A — aq, we are left with the following integrals (omitting the argument z of the
integrands)

1

3 [ Ao ds [ (-anEnsh)aEnsbd  (419)

The first of these integrals is equal to
1 n
2
3 Z 15855
j=1

due to the relations A1p; = pjp; and the L*(RN)-orthonormality of {¢1,...,¢,}. The
second integral in (4.15) is equal to s2b?®/,(£,1) + ®” (&, n; s,b) for some functions @, ®” as
in Lemma 4.8(a). This follows from Lemma 3.3, noting also that o being a Z-valued ¢ *+!
function implies that Ajo; is an H™-valued function of class €% 1.
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Finally, substituting v = 7 - ¢ + 02(§,m; s,b) in the second integral in (4.13) and using
the orthogonality again, we obtain the following integrals:

;/RN (n- @)2d1‘+ % /]RN (Jz(f,n;s,b))Q. (4.16)

A similar argument as above shows that the first of these terms is equal to
1 o
2 >
j=1

and the second one is equal to s2b2®(&,n) + ®”(£,m; s,b) for some functions @, ®” as in
Lemma 4.8.

Summing up all the terms obtained above and redefining @/, ®”, we see that the con-
clusion of Lemma 4.8 holds. [

The next proposition says that the structure of the Hamiltonian as given in Lemma 4.8
remains unchanged after the Darboux change of coordinates given by Lemma 4.6.

Proposition 4.9. Given (s,b) € 2, consider the change of coordinates (£,1) = ¢(&',1';s,b),
where ¢ is as in Lemma /.0, and let ®(&',n'; s,b) stand for the Hamiltonian ® in the coordi-
nates (&',n') (this is really the function ®(p(&',1';5,b);8,b)). Then there is a neighborhood
Y of (0,0) € R?" such that the conclusion of Lemma 4.8 remains valid with (£,7) replaced
by (€,17).

Proof. Substituting (£,71) = ¢(&’', 7 s,b) in (4.12) and using Lemma 4.6, it is straightforward
to verify that the statement of Lemma 4.8 remains valid (with some new functions &/, ®")
when (&, ) is replaced by (¢/,7'). O

Remark 4.10. The proof of Lemma 4.8 (see in particular formulas (4.15), (4.16)) reveals
that the function ®/ in (4.12) is determined by the quadratic terms of

o(+,58,0) = (01(,-;8,b),09(+,; 8, b)).

When applying the transformation (£,7) = ¢(¢,7/;s,b) in (4.12) one gets further contri-
bution to the new function @ from the cubic terms of ¢(-,-;s,b) only. By Remark 4.7,
this means that @) is determined only by the coefficient ag in the nonlinearity f (and is
independent of ag and f1).

4.3 The normal form

We now consider the Hamiltonian @ in the coordinates (&’

cording to that proposition,

,n'), as in Proposition 4.9. Ac-

B(E i) = 5 S+ ) + T [ )€ e do
j=1
b

+4/sz as(2)(€ - p(z))* dz + s2b2, (¢ ) + @ (¢, 03 5,b), (4.17)
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where ®/,, ®" are as in Lemma 4.8.

The reduced equation (3.16) written in the coordinates (£',n’) is the Hamiltonian system
corresponding to ® with respect to the standard symplectic form «. In this subsection, we
will use further changes of coordinates, all of which are canonical in the sense that they do
not alter the symplectic form a.

The main result of this subsection is the following proposition.

Proposition 4.11. Let kg be an integer with 2 < kp < K/2 — 1, where K is as in (2.4),
and let ® = ®(¢',n';5,b) be as in (4.17) and Proposition 4.9. For each (s,b) € & there
is a smooth map ¢ : ¥ — R defined on a neighborhood ¥ of (0,0) € R?" such that the
following statements are valid:

(a) @ is a diffeomorphism onto its image, it is a canonical transformation, and

(&) — (&1) = O D)) as (€7) — (0,0).
(b) Making the (canonical) change of coordinates

(6,777,) = qg(f_,ﬁ), (gaﬁ) = (517"'a€_n777]17"'a77n)7 (418)

let ®(€,7) stand for the transformed Hamiltonian (that is, the function d(p(€,7);5,b)).
Then, setting I; = (SJQ + 77]2-)/2 and I = (I,...,1I,), we have

where ®q is a polynomial in I of degree at most kg, and ®1 is of class €K and of
order O(|(&,m)[**#%2) as (§,7) — (0,0).

(c) ®g is given by
b 212 _ .
@o(l) = o1 MI + 871 M+ P(I), (4.20)
where 15([) is a polynomial in I of degree at most kp with no constant, linear, or
quadratic terms, and M, M are n X n matrices with entries independent of (s,b) (the
coefficients of P(I) do depend on (s,b)). Moreover, the matriz M is given explicitly
as follows. Setting

A oy L 2 2
80i.1) = 1o [, e @i,
the matriz M is given by
6(1,1) 26(1,2) 20(1,n)
M3 |2021) 6(2,2) A (421)
: " 20(n —1,n)
20(n, 1) 20(n,n —1) O(n,n)
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Remark 4.12. (i) The only specific information on the dependence of the transformed
Hamiltonian on the parameters s, b that will be needed below is obtained from (4.19), (4.20).
Just for the sake of completeness, we add at this point that the precise dependence on s,
b of the transformation ¢—and thus of the transformed Hamiltonian—can be established
from the normal-form computations. Namely, the map ¢ = ¢(£,7; s,b) is of class €K%k
on ¥ x 2, for some neighborhood 7 of (0,0) € R?". Indeed, the transformation ¢ is the
composition of finitely many transformations — Lie transforms of homogeneous polynomial
vector fields of degrees ¢ = 3,4,... The vector field of degree ¢ is determined from the so-
called homological equation (see equation (4.24) below), which is a linear nonhomogeneous
equation in the finite-dimensional space of homogeneous polynomial vector fields of degree
¢. The matrix of this linear equation, in suitable coordinates (see (4.27) below), is diagonal
and its right-hand side is a homogeneous polynomial whose coefficients are at least of class

¢ —=2kB in (s,b). This implies that the corresponding transformation can be chosen of class
%K—2k3 .

(ii) The matrix M in (4.20) is determined by the function ag and is independent of ag,
f1 (and s, b). We give an argument for this in Remark 4.14.

Proposition 4.11 shows that, after a canonical transformation, the Hamiltonian ® is the
sum of a polynomial Hamiltonian depending only on I, and terms of high order. In our
application of a KAM theorem, the terms depending only on I will be taken as an integrable
analytic Hamiltonian, while the high order terms will be considered as a small perturbation.
Knowing explicitly the matrix M will allow us to verify a nondegeneracy condition for the
KAM theorem.

The proof of Proposition 4.11 consists in taking the Birkhoff normal form of the Hamil-
tonian ® up to order |(£,7)[?*5*! and computing its terms explicitly up to order |(€,7)|*.

We start by recalling a basic normal form theorem.

Theorem 4.13. Let kg > 4 and k > ko + 1 be integers, Q C R®™ be a domain containing
the origin, and H : Q — R be a €% map. Assume that H = Hy + P, where

Gt
HZ(S’U):ZWJ : 9 ja

=1

P is of order O(|(¢,n)]?) as (£,m) — (0,0), and w = (w1,...,wy) is nonresonant up to
order ko. Then there exist two neighborhoods % and V of 0, and a smooth canonical
transformation v : % — ¥ mapping (£,7) € % to (&,n) € ¥ such that v(E,7) — (€,7) is of
order O(|(€,7)]?) as (£,7) — (0,0) and one has

Hov=Hy+ 7Z+ R,

where

(a) Z depends on (&,7) only via I = (I,...,1,), with I; = (5]2 + ﬁ?)/2, and it is a
polynomial in I of degree at most [ko/2] ([-] stands for the integer part).

(b) R is (of class €% and) of order O(|(€,7)|*+1) as (€,7) — (0,0).
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Proofs of this theorem, including algorithms to find the normal form Z, can be found
in many texts on Hamiltonian systems (see [7, 31, 30], for example). The theorem tells
us that we can write our Hamiltonian as in (4.19), but to explicitly compute the terms of
order four (order 2 in I'), we need to recall some steps from the proof, as found in the above
references.

If h and g are € functions on a domain in R??, their Poisson bracket {h, g} is defined

by
" /Oh dg  Oh 89)
h,g} = <— : 4.22
th, g} ; 9 onj - In; 9&; (422

In the proof of Theorem 4.13 one successively eliminates the nonresonant terms (as
defined below) in the expansion of H. The cubic terms are all nonresonant and they are
eliminated by a first transformation. This transformation alters terms of degree 4 and
higher, but does not change the quadratic terms. The next transformation eliminates the
nonresonant terms from the (altered) fourth-order terms, keeping the quadratic and cubic
terms intact and altering the terms of degree 5 and higher; and so on.

The transformations in this procedure are always found as the Lie transforms corre-
sponding to a polynomial Hamiltonian (which guarantees that they are canonical). The
key observation here is as follows. Let x,; be a homogeneous polynomial on R?" of degree
¢ > 3 and let vy be the time-1 map of the Hamiltonian flow with the Hamiltonian x, (v, is
defined in a neighborhood of the origin and it is a near identity transformation). Let now
H = Hy + H3 +---+ Hy + h.o.t., where Hs is as in Theorem 4.13, H; is a homogeneous
polynomial of degree j, j = 1,...,¢, and “h.o.t.” stands for terms of order greater than /.
Then

Hovy=Hy+ Hs+---+ Hy+ {Ha, x¢} + h.o.t. (4.23)

Thus, if x, can be chosen such that
{H2, xe} = —Ho, (4.24)

then the terms of degree ¢ can be completely eliminated. This is always possible, with a
uniquely determined yy, if £ is odd. If £ is even, only certain terms of degree ¢, as specified
below, can be eliminated by a suitable (nonunique) choice of xy.

In the first step of the above procedure, one takes the (unique) solution ys of

{H2,x3} = —Hs. (4.25)

The corresponding Lie transform 3 eliminates the cubic terms and alters the quartic terms
as follows (see [7, 31, 36] for details):

1
Hovs=Hy+ Hy + 5{{H27X3},X3} + {H3,x3} + h.o.t.
1
=Hy+ Hy + §{H3, X3} + h.o.t. (426)

where “h.o.t.” now stands for terms of order 5 or higher and (4.25) was used to get the
second equality in (4.26).
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Thus, the new degree-four homogeneous polynomial is Hy + %{H 3, X3}. The second step
is to determine which terms in this polynomial can be eliminated by the next transformation

v4. For this, we use the complex coordinates (o, ) = (au, ..., an, B1,... ) given by
1 L .
(o, B5) = E(Ej +in,i(& — iny))- (4.27)

We remark, without using this fact explicitly below, that when the homological equation
(4.24) is rewritten in the coordinates (o, ) and then as a linear system with respect to
the basis consisting of the monomials, the coefficient matrix of the system is diagonal. We
employ the coordinates (a, ) only to identify the fourth-order terms in (4.26) which are
eliminated after the next transformation.

Substituting the inverse relations &; = %(aj —ifj), nj = %(@ —iay), in the Hamilto-
nian, we obtain a sum of homogeneous polynomials in (¢, ) of the same degrees as before
the substitution. In particular, for the fourth order term Hy := Hy + ${Hs, x3} in (4.26),
we find coefficients h{” such that

Hy(a, )= Y hita’p", (4.28)
||+ L|=4
where J = (j1,...,4n) € N, L = ({1,...,4,) € N" are multiindices, |J| = j1 + -+ + jn,
al = 04{1 ...adr, and similarly for BL.
We say a term h’/La’BL is resonant if w- (J — L) = 0; otherwise, it is nonresonant. Due
to the nonresonance assumption on w, for any |J|+ |L| < ko, in particular for |J|+ |L| = 4,
the term h’la’BY is nonresonant if and only if J = L. Now, the crux of the second
step consists in choosing a homogeneous polynomial x4 (real in the coordinates (£, 7)) such
that the corresponding transformation vy eliminates all nonresonant terms in (4.28) while
keeping the resonant terms intact. The final form of the quartic terms in H ovg oy is then
obtained by substituting (4.27) in the sum of all the resonant terms,

> nil’alp’, (4.29)
7|=2
and noting that for |J| = 2 one gets hj’a’B’ = —hJ/I’/, with I = (Iy,...,1,) as in

Theorem 4.13.

To conclude these preparatory remarks, we rewrite (4.29) in a more convenient way. For
any J = (J1,...,Jp) with [J| = 2, there exist two integers 1 < jo < j; < n such that either
J2 <1 and

o {1 if j = j1 or j = ja
! 0 otherwise,

or j1 = js and

2 ifj=7n5
Jj= :
0 otherwise.

Therefore, denoting i_sz’h = h}’, we have
n o J1
JJ Jpd 7.J1:J:
> r{Tapt =373 W a0, 85,85, (4.30)
= j1=1 jo=1
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Proof of Proposition 4.11. We apply the above normal form procedure to the Hamiltonian
® in (4.17). Recalling that w; = | Mj|1/ 2 we start with the canonical change of coordinates

1
53' = ﬁfﬁ 773' = VWi, (4.31)

so the quadratic part of ® becomes
1 n
P2(&m) = 5 > wi& 4+,
j=1

as in Theorem 4.13 (needless to say, (£,71) no longer represent the original coordinates on
the center manifold). We write the Hamiltonian (4.17) in the coordinates (§,7) as follows

(I)(f, 77) = q)Q(ga 77) + Sb(I)S(gv 77) + bq)4(£a 77) + S2b2q)£l(£a 77) + (I)”(€’ 58, b)a
where, with £’ = (&1,...,&,), 0 = (n},...,n,) and the &}, n; as in (4.31),

a2

w6 = [ PP
as

R I RN

and @/, ®” are as in Lemma 4.8 (and (4.17)). Although ®3 and ¥4 are independent of 7,
for consistency we write them as functions of (£, ) anyway.

After the first step of the normal form procedure (cp. (4.25), (4.26)), taking the unique
homogeneous cubic polynomial vector field y3 satisfying

{2, x3} = —®s, (4.33)

and v the Lie transform corresponding to sbys, we obtain

(4.32)

1
Doy = Dy + By + 202D (€, 7)) + 52b2§{<1>3, x3} + h.o.t., (4.34)

where “h.o.t.” stands for terms of order O(|(£,7)|?) (we will not keep track of the parameter
dependence in the higher order terms).
After expanding (& - )*:

n

n
o)t = Y &.8,8.8.000n0n0n =D,

J1yeeja=1 Jise-sja=1

fjl 5]’2 §j3 5]’4

(w]d Wi Wiz Wiy ) 1/

2 Pi1Pj2PisPias

®,4 becomes

n

1 5185283585
¢4(£77]) = Z Z Lomdanind) 1/2 /RN ag(pjl SD.]4daj

J1,eja=1 (wjle2wj3wj4)

Setting
1

O(j1, jo, j3, ja) = a3, - i, dz,
G, 2 30, 4(wj1wj2wj3wj4)1/2 /]RN o i
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we can write

S 00 - (4.35)

jl?"‘7j4:1

As in the above remarks, we use the complex variables (4.27), so

1 1
ﬁ(%’ —ifj), m;= 7

(This change of variables is used only to identify the resonant terms in (4.35), and we
revert to the variables (£,7) afterwards.) We must now write the product ; &;,£;,&;, in
terms of (o, B) = (au,...,an, B1,...,Bn). Since resonant terms are given by (4.30), we seek
terms of the form oo B35, with j,¢ € {1,...,n}. One verifies easily that such terms arise
from the monomial j, §;,;,&;, only if j(1) = ji2) and j(3) = ](4), where ((1),(2),(3),(4)) is a
permutation of (1,2, 3,4). For any such monomial, we have J(1) = J2) = Jand jiz) = ja) =4
for some j, ¢ € {1,...,n} and

&= (Bj — icyj).

§j1 5]'2 §j3 5]'4 = 532@2

1 . . .
4(a oze ZZajozgﬁj a?ﬁ?—2104?0@54—4ajagﬁjﬂg+2zagﬁj2ﬁg—a]2ﬂz+22ajﬁjﬁg+ﬂ]2ﬂg).
(4.36)

If j # ¢, the only resonant term in (4.36) is —ajayf;Be. If j = £, then the resonant terms
are —ojapfiBe — (1/4)(04%5]2- + oz]?ﬁ;). Thus, for any given j, ¢, the contribution of 5]25? to
the resonant terms is given by —ajo3;06, if j # £ and —(3/2)%2-5]2- if j=4¢.

Note that if j = ¢, then there is only one permutation of (j,j,7,7), whereas if j # ¢,
there are six different permutations of (j, j, ¢, £); thus, the term é’j‘, for j fixed, appears only
once in (4.35), while, for j # ¢ fixed, the term szfl? = fgsz appears precisely six times.

These remarks imply that, in terms of («, ),

n j—1

= —729 JydsJyJ)s ﬂ —GZZ (4,74, 0))ajBjoufe + nonresonant terms.
Jj=1/¢=1

Since a3 = i(&F +17)/2,

+ nonresonant terms.

This can be written, with I; = (£2 +0?)/2, I = (I1,..., I,), ©(j,£) = ©(j, 4,£,0), as

P4(&m) Z@ (7,7) I2 +3 Z 9 (4,€)1;1; 4+ nonresonant terms

] 1 3 f=1
J#e
1
= 5] - M I 4+ nonresonant terms,
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where M is as in (4.21). Here, under “nonresonant terms” we group the terms which get
eliminated after the second transformation in the normal form procedure.
Similarly,

1 1 ~
s2b? <<I>ﬁl(§, n) + 5{@3, x3}> = 52b2§l - M I + nonresonant terms,

for some n x n matrix M determined only by @ (&,m) + {P3,x3}/2. Thus, the second
transformation results in the quartic terms (I - M T 4 s?b>IM1I)/2, as stated in Proposition
4.11.

The subsequent steps in the normal form procedure do not alter the terms up to order
4. Carrying out the procedure up to order 2kp + 1, we obtain, as a consequence of Theorem
4.13, all the statements of Proposition 4.11. O

Remark 4.14. It will be useful to note that since the matrix M is determined only by
) (&,m) + {Ps, x3}/2, it is independent of as. Indeed, ®3 and x3 are determined by ag (see
(4.32), (4.33)) and, by Remark 4.10, the same is true of ®/.

5 An application of a KAM-type result: proofs of Theorems
2.2, 2.4

In this section, we find quasiperiodic solutions of the reduced equation via an application
of a KAM-type theorem. The application is rather standard: after the results from the
previous sections, we are dealing with a finite-dimensional Hamiltonian system with an
elliptic equilibrium at (0,0) whose frequencies are rationally independent to a high order.
The main issue is the verification of a nondegeneracy condition. And, of course, we need a
finite-differentiability version of the KAM theorem. We use a theorem by Pdschel [56] for
this purpose.
To recall the theorem, consider a Hamiltonian H : T" x Q — R given by

H(6,1) = H'(I) + H'(6, 1), (5.1)
where Q C R" is a domain, and T" is the n-dimensional torus (in other words, H'(#, I) is pe-
riodic in 6, ..., 0, with a common period, 27, say). The Hamiltonian system corresponding
to H is .

0=ViH(0,I),
/= ViH@.1) (5.2)
I=—-VygH(,I).

We make the assumption that H° is analytic on Q and its frequency map w*(I) :=
VHO(I) : Q — R" is a diffeomorphism onto its image G := {w*(I) : I € Q}; in particular,
the Hessian matrix

9*HO
is nonsingular on 2. Moreover, we assume that there is a complex neighborhood 2 of €2,
= J{¢ceC: |¢ -1 <p} (5.3)
1eQ
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with p > 0, such that H° has an analytic extension to € whose Hessian is nonsingular on
P and w*(I) is a one-to-one map of O onto its image in C".

The perturbation term H' is assumed sufficiently small (as specified in the theorem, see
equation (5.7)) in a Holder norm: if ¥ > 0 is a noninteger, ||H
all M satisfying the following inequalities:

@9 (Tnxq) 1s the infimum of

ID7H(0,1)| o (mnxgy < M for all J € N*",|J| < [9],
and

|D7H(0,1) — D H(0',I)| |\D7H(0,1) — D’ H(9,1")|

su <M, su <M
e,e’e%n 6 — 6= B I,[’EQ [T — 1]9=19) B
0+£6' T£I

for all J € N?" such that |J| = [J]. Here [J] is the integer part of ¥ and, for J =
(J1s -y dns b1y -5 ln),
D7 = — o
007 ... 00 oI ... oL

=i+ -+ jn+lo+-+Ln

A vector w € R™ is said to be k, v-Diophantine, for some k > 0 and v > n — 1, if
lw-a| > kla)]™ (aeZ™\{0}). (5.4)

For k > 0 and v > n — 1, we denote by G, the set of vectors w € G such that w
is K, v-Diophantine and, additionally, the distance from w to JG is at least k. (We only
emphasize the dependence on x of the set G, in our notation, since in our proofs v will
always be fixed.)

The following statement is contained in [56, Theorem A].

Theorem 5.1. Let Q, HY, p, and G be as above. Suppose additionally that for some R > 0

one has )
82H0 82H0 -
—_— —_— < P. .
‘812 I‘,(ap) ()| <R (I€QP) (5.5)
Fiz constants \, v and « satisfying
A>v+1l>n, a>1, ad{l/\+j:j¢ecN}L (5.6)

Then there exists 6, depending onn, v, A, p, R (but independent of Q0 and k), such that for
any k € (0,p/R) and H' € €MNMV(T" x Q) satisfying

HH1H?§0‘>‘+>\+V(’H‘”XQ) < K% (5.7)

the Hamiltonian H = H° + H' has the following property. There exists a diffeomorphism
T:T"x G — T" x Q of class € such that for each I € Q with w*(I) € G, the manifold

T :=T(T" x w*(I)) is invariant under the flow of (5.2) and the solution of (5.2) with the
initial condition T'(0,w*(I)), 6y € T", is given by T'(0p +w*(I)t,w*(I)), t € R.
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We remark that [50, Theorem A], besides having additional statements, is more pre-
cise in using a weaker norm in (5.7) and giving a stronger (anisotropic) regularity of the
transformation 7.

The stated property of the diffeomorphism 7' can be phrased, as it usually is, in the
following way: T conjugates the flow of (5.2) to a flow for which each torus TV x {J},
J € Gy, is invariant and whose restriction to this torus is a linear flow with frequencies
w*(I). The transformation 7" is not necessarily canonical, but this is of no concern to us.

The theorem provides a class of quasiperiodic solutions of (5.2) whose frequencies cover
Gg. Of course, to use this conclusion, we want G, # 0, or, better, |G| > 0, where | - |
stands for the Lebesgue measure.

In an application of the above results, we want to put our Hamiltonian system in the
framework of Theorem 5.1. We will be working with the Hamiltonian ®(&,%) as in Propo-
sition 4.11. This is the Hamiltonian of the reduced equation put in the normal form up
to a high order (the order is to be specified). We introduce the action-angle variables
I=(L,....I,) e R", 0 = (0,...,0,) € T" by

(gj’ﬁj) = \/2Ij(COS Gj, sinﬂj).

The change of coordinates from (&;,7;) to (0, 1) is defined in regions where I; = 5]2 +77]2~ >0
for all j € {1,...,n}, and it is well known that this transformation is canonical. Thus, the
relation between the Hamiltonian and the corresponding Hamiltonian system, after both
have been written in the (6, I)-coordinates, is as in (5.2).

The domain €2 we will be working with is

N=Qg:={IeR": ¢<I[;<2¢ (j=1,...,n)} (5.8)

where ¢ > 0 is sufficiently small, as specified below (we write £, when we want to stress
the dependence on q).
In the next lemma, we fix constants o, A, and v such that

3n > aX 4+ XA + v and relations (5.6) hold. (5.9)

One shows easily that such a choice is possible (for example, take a, A, v as in (5.6) with
Arv+lrn axl).

Lemma 5.2. Suppose the hypotheses (Al), (A2), (S1), (S2), and (NR) are satisfied. Set

kp=[K/2] -1, and let ®(£,7) be as in Proposition 4.11 and M, M as in (4.20). Assume
further that (s,b) € & is such that the following condition is satisfied:

the n x n-matriz M + s>bM is nonsingular. (5.10)

With Q as in (5.8), let ®(0,1), (0,1) € T" x Q, stand for the Hamiltonian ® in the coordi-
nates (0,1). Fiz constants o, \, v satisfying (5.9). Then there exists ¢* > 0 such that for
each q € (0,q*) the following statements are valid. One can write ®(0,1) = HO(I)+H'(0,1),
where:

(a) H is a polynomial in I, and there are R, p > 0 such that (5.5) holds (with Q° as in
(5.3)) and the map I — w*(I) = VH(I) is one-to-one on QF. We denote by G the
image of Q) under this map w*.
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(b) H' € € V(T x Q) and, with R, p as in statement (a) and § = §(n,v,a, p, R)
as in Theorem 5.1, there is k € (0,p/R) such that (5.7) holds and |G| > 0 (G is
defined in the paragraph containing (5.4)).

The choice of functions H°, H' in this statement is naturally given by Proposition 4.11:

1 s2b? ~ -
N =w- iy o 27T
H(I)=w I+b2I MI+ 5 I-MI+P(I), (5.11)
HY0,I)=®(0,1)— H(I).
In particular, the frequency map is given by
w*(I) = w + b(MI + s>bMT) + VP(I), (5.12)

where the vector polynomial VP(I) has no constant or linear terms.
In preparation for the proof of Lemma 5.2, we estimate the size of the set G, when &
is proportional to q.

Lemma 5.3. Assume that (5.10) holds. Consider the frequency map (5.12) on Q = Q, and
let G be its range. There exist constants ¢*, my > 0, and C1 > 0 (independent of q) such
that

H{w € G:dist(w,0G) > C1q)| > m1q" (q € (0,¢")). (5.13)

Proof. For ¢ > 0 small, the map w* is a bijection from €2 onto G, such that both w* and its
inverse have a Lipschitz constant independent of ¢g. This is a consequence of (5.12), (5.10).
The result follows from this and the following obvious estimate, where C' > 0 and ¢ > 0 are
independent of ¢ and ¢ is sufficiently small:

I € Qq : dist(I,09Q,) > eq}| > Cq". O

Lemma 5.4. Let w*, G be as in Lemma 5.3. Then for all sufficiently small ¢ > 0, k > 0
one has
G\ D(k,v)| < eng" ™,

where ¢ > 0 is a constant (independent of q¢ and k).

Proof. Note that for small ¢ > 0 the set G is contained in a ball of radius 2bHMjL52b]\Z/Hq\/ﬁ,
hence also in an n-dimensional cube @ with the edge of length 4b||M + s*bM||qy/n. This
implies (see, for example, [65, Theorem 9.3]) that

[Q\ D(k,v)| < erg" ™,
where ¢ depends only on n, v and b||M + s2bM||. Since G C Q, our assertion follows. [

Proof of Lemma 5.2. Let o, A, and v be as in (5.9). Since K > 6(n + 1), kp := [K/2] — 1
satisfies
K>2%p+2>6n+1)>2(aA+ A+ +1)+3. (5.14)

Define H°, H' as in (5.11), where the notation comes from Proposition 4.11.
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Note, first of all, that H° is a polynomial in I. Due to the assumption (5.10), if ¢* > 0,
p > 0 are sufficiently small and ¢ € (0, ¢*), then H? extends to (the same polynomial on) €2f
(9 is as in (5.8)), its frequency map w* is one-to-one on §f, and for some R independent
of ¢ € (0, ¢*) relations (5.5) hold. This verifies the properties of H? stated in (a) with some
constants p, R, which will no longer be changed.

We denote by G the image of {2, under the map w* = VHO.

Remember that in Proposition 4.11, the Birkhoff normal form is taken up to the order
2kp+1, 50, in the variables (£,7), H' is a €% map of order O(|(€,7)|*272) as (£,7) — (0,0).
In the variables (0,1), H' is a ¢ map on T" x 1, and, since for I € €, one has I; > ¢
for all j (this controls the singularities introduced by differentiating \/I;) and |I| < gv/n,
using (5.14) and making ¢* smaller, if necessary, we find a positive constant Co such that

£

(KOC)“FA*’V(T”XQQ) S Cqu (q E (0, q*)) (515)

Recall further that the frequency map w* : Q, — G is as in (5.12). Making ¢* smaller if
necessary, we find constants Cy and my, as in Lemma 5.3, such that (5.13) holds. With ¢ as in
Lemma 5.4, we set C5 := min{C1,m;/(2¢)} and take k := C3q. Making ¢* smaller again, we
achieve that for each g € (0, ¢*) one has 0 < k < p/R and the estimates in Lemmas 5.3 and
5.4 both apply. This yields |G\ D(k,v)| < m1¢"/2 and |[{w € G : dist(w, 0G) > k}| > miq",
thus

Gyl > %q”-

Finally, let § > 0 be the constant in (5.7) (independent of k and §2). Making ¢* smaller
one more time, we make the following hold:

C3
¢ = Cy
Then, for ¢ € (0,¢*), Kk = C3q, relation (5.15) gives
1 3_ Y2 2 Cy 2%3 ¢ 2
[ H [gorertv(nxa,) < Coq” = —Cgm g < —Cgﬁ 0= K0,

so (5.7) is satisfied. Thus all statements in (b) have been verified and the proof is complete.
O

We can now give the proofs of our main theorems.

Proof of Theorem 2.2. Under the assumptions of Theorem 2.2, the matrix M in (5.10) is
nonsingular, hence (5.10) holds if either b # 0 is fixed and s is sufficiently small (possibly
s =0), or s is fixed and b # 0 is sufficiently small. Lemma 5.2 tells us that Theorem 5.1,
with a suitable choice of the constants, applies to our Hamiltonian @ in the action-angle
variables (6, I') and, moreover, |G| > 0. This yields, as noted above, quasiperiodic solutions
of the corresponding Hamiltonian system with trajectories contained in T™ x £,: there are
such quasiperiodic solutions with frequency vector w*, for all w* € G,. Adjusting ¢ > 0, we
can make these solutions as close to T" x {0} as we like.

We now reverse all the changes of variables (action-angle variables, normal form trans-
formation, the Darboux transformation) to get back to the reduced equation (4.8), and
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find its quasiperiodic solutions (£(y),n(y)) with frequencies covering G,. The trajectories
of these solutions are contained in a small neighborhood of 0 € R?”. For any such solution,
we have

A€(y),n(y) € & (yeR),

where A is as in (3.15) and .4 is the neighborhood of 0 € Z = H™2(RN) x H™TL(RV)
from Theorem 3.1. By Theorem 3.1(b),

Uy) = (Ur(y), U2(y)" =) - ¥ +n(y) - ¢+ a(€(y),n(y))

is a solution of system (3.7). Letting

u(z,y) = Ui(y)(z) = £(y) - p() + 01(£(y), n(y)) (@), (5.16)

where ¢(z) = (p1(x),...,on(z)) and o = (01,02), we obtain a solution of (2.1). This
solution is quasiperiodic in y, in the sense of the definition given in Section 2.2. The
frequencies of the quasiperiodic solutions obtained this way cover the set G, of positive
measure.

It remains to show that the solution u(z,y) in (5.16) decays to 0 as |z| — oo, uniformly
in y. This follows immediately from the fact that the set {u(-,y) : y € R} is contained in a
compact set—continuous image of a torus—in H™T2(RY), with m > N/2. O

Remark 5.5. (a) The above proof shows that if the standing hypotheses (A1), (S1),
(NR), (S2) are satisfied, and (5.10) holds, with matrices M, M as in Proposition 4.11, then
the conclusion of Theorem 2.2 holds. The analytic dependence of the matrix in (5.10) on s
and b implies that if (5.10) holds for some s with b # 0 fixed, then it holds for all s, save
for isolated values, and, likewise, if it holds for some b # 0 (with s fixed), then it holds for
all b # 0, save for isolated values.

(b) If the parameters (s,b) are fixed, (5.10) can be viewed as a sufficient condition (as-
suming also the standing hypotheses (A1), (S1), (NR), (S2)) for the conclusion of Theorem
2.2 to be valid. In fact, (5.10) is a condition on the functions a3 (which appears in the
definition of the matrix M) and as, which determines the matrix M, see Remark 4.12(ii).
If a2 = 0, which is equivalent to taking s = 0, then this condition just requires that the
matrix M be nonsingular. For as # 0 the condition is rather implicit and hard to verify
without parameters.

(c) The nondegeneracy of the Hessian D2H?(I) is called Kolmogorov’s nondegeneracy
condition. Other nondegeneracy conditions (Arnold’s isoenergetic condition, Riissman’s
condition) are also known to imply the existence of quasiperiodic solutions for Hamiltonian
systems in R?". Theorems based on such conditions could be used here as well, leading
to different sufficient conditions in place of (5.10). However, we stress again that because
of the center manifold reduction, only €* versions of KAM theorems are applicable in our
setting, even when the nonlinearity in the original problem (2.1) is analytic.

Proof of Theorem 2.J. Assume that ag, fi are as in (S2), ay is as in (S1), hypotheses (A1),
(NR), (A3) hold, and s, b are fixed with b # 0. As noted in Remark 5.5(a), the conclusion
of Theorem 2.2 holds provided az € €' (RY) is such that (5.10) holds. Thus, in order
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to prove Theorem 2.4, all we have to do is show that the set B of all a3 € €' (RY) for
which (5.10) holds is open and dense in € (RY).

To stress the dependence on a3, we write the matrix in (5.10) as M (as) + s*bM (M
is independent of a3, see Remark 4.12(ii)). Obviously, M (a3) depends continuously on as
which gives the openness of B.

To prove the density, we first find bs € L?(RN) such that

/RN bs(2) 02 (2)3 () dx = b5, irj € {1,... .}, (5.17)

where §;; is the Kronecker delta. Such bs exists, due to the linear independence of the
290?, 1 <1 < j < n, since the linear operator

i
b3 — </ b3<p?<p? dm)
RN 1<i<j<n

is easily verified to be surjective onto RUn+1)/2,
Next, we approximate bg by bz € €5°(RY) so that

functions ¢

<e€

/ by ()02 () 02 () e — / b ()0 ()2 () dix
RN RN

for all 1 < 4,5 < n. If € is sufficiently small, then the matrix M (b3) is nonsingular:
det M (b3) # 0, and we fix such bs.
Now, for any az € € (RY) and ¢ > 0, we have

det(M (a3 + tbs)) = det(M (a3) + tM(b3)) = t" det <1M(a3) + M(b3)> #0

if ¢ is sufficiently large. Thus ¢ — det(M (a3 + tb3)) is a nonconstant analytic function, so
we can find arbitrarily small ¢ > 0 such that det(M (a3 + tbs)) # 0. This proves the density

of B. O

Remark 5.6. Clearly, the above proof works in the radial setting—with the space %g”“ (RM)
replaced by its subspace of all radial functions—if a; and the eigenfunctions 1, ..., @, are

radial.

A Hypotheses for the center manifold theorem

In this appendix we complete the verification of hypotheses (H1) and (H3) from Section 3.1
for the center manifold theorem.

Throughout this appendix we denote by || - ||, the usual norm of H*(RY), where ¢ > —1
is an integer, and || -||, the norm in W*P(RY); in particular, ||-||o, is the norm in LP(RY).
For the sake of brevity, we will omit the domain R from the spaces H¢, W*P and LP.
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A.1 Smoothness of the Nemytskii operator

In this subsection, we consider a function f : RV x R x R? — R, where R? with d € N is
a parameter space (d = 0 is the case with no parameters). Under suitable assumptions, we
prove the €*-smoothness of the corresponding Nemytskii operator f acting on the space
H!xR?. In Section 3.2, the results proved here are applied with d = 2, ¢ = m+1, k = K+1,
and f as in (2.2), (S2). Actually, for that application it would be sufficient to consider f as
a map defined on H™+2(RY) (with values in H™+(RY)) and m > N/2, so our result here
is slightly more general than needed above.

While there are many texts on continuity and smoothness of Nemytskii and substitution

operators in Sobolev spaces (see, for example, the monographs [5, (1, (67]), we were not
able to locate the results in the form we need. For bounded domains, the smoothness of
Nemytskii operators in Sobolev spaces is treated in detail in [67]. It is not difficult, although

not completely trivial, to modify the proofs in [67] so that they also apply to the Sobolev
spaces on RY if suitable assumptions on f are made. We give here a different proof based
on the boundedness of Nemytskii operators and the converse to Taylor’s theorem. Although
we only consider the spaces HY, £ > N/2, we make no use of the Hilbert space structure
here. The same proof works for Nemytskii operators on W*P(RN), p € (1,00), if £ > N/p.

We state the result in the following theorem, first, for operators without parameters,
then with parameters. Given a function f € €*t1T(RY x R), the Nemytskii operator f of
f takes a function u on R to a function f (u) defined by

fl)(@) = f(z,u(z)) (z€RY). (A1)

We will only be dealing with functions u € H’, with ¢ > N/2. In view of the Sobolev
imbedding theorem, we may assume that u is continuous on RY (more precisely, it has a
continuous representative, but we will not be making this distinction). Thus, f(u)(z) is
defined for all z € RV,
~ When f depends on a parameter 7 € RY, f = f(z,u;7), we define its Nemytskii operator
[ by N
flusm)(z) = f(@,u(@); 7). (A.2)

For j =1,...,k, we denote by R (H*, H%) the space of all bounded symmetric j-linear

maps from HY to itself; it is equipped with the standard operator norm.

Theorem A.1. Let £ > N/2 and k > 0 be integers.

(a) Assume that f € €FHHLRN x R) and for each ¥ > 0 the function f is bounded on
RN x [—09,9] together with all its partial derivatives up to order k 4+ ¢ + 1. Assume
further that f(-,0) € H® and for some constant C; > 0 one has

QR+ £ (g, IR+ (.0 .
axfaii(cﬂy) - 8365822“ ) <Cily] (zeRN,ye(-1,1),i=1,...,N).
(A.3)

Then the Nemytskii operator f takes H to itself and, considered as an operator on HY,
f is of class €%. Moreover, the k-th derivative of f, as a map from H® to Zf(Hﬁ, HY),

is Lipschitz on each bounded subset of H'.
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(b) Assume that f € €FHH2(RN x R x RY), f(x,0;7) =0 for all x € RN and 7 € R,
and for each 9 > 0 the function f is bounded on RN x [-9,9] x {r € R? : |7| < ¥}
together with all its partial derivatives up to order k + £ + 2. Then the Nemytskii
operator f: HY x RY — H is of class €*.

Remark A.2. (a) The assumption f € €*+*1(RY x R) in statement (a) can be relaxed
a little. The continuity of the derivatives of f of order k + ¢ + 1 is not needed; their existence
and boundedness on the sets RV x [—, 9], ¥ > 0, is sufficient.

(b) The mean value theorem implies that (A.3) holds if the regularity of f is “one-degree”
higher, that is, f € € +2(RN x R) and for each ¥ > 0 the function f is bounded on
RN x [, 4] together with all its partial derivatives up to order k + ¢ + 2. Such a higher
regularity is assumed in statement (b) for the sake of simplicity.

(¢) In the proof of statement (a), we also show that the derivative D7 f(u) is given by the
pointwise multiplication operator:

DIf(u)v,...,v)(x) = D;f(x,u(x))(v(a:))] (w,ve H' j=1,...,k), (A.4)
where

) o9

In the rest of this subsection, ¢ > N/2 is fixed. By the Sobolev imbedding theorem,
H' < %,(RY), thus we view each element of H* as a continuous function.

We prepare the proof of the theorem by several preliminary results. First of all, we note
that in statement (a) we may assume, without loss of generality, that

f e G RY x R), (A.6)

that is, f and all its partial derivatives up to order k+£¢+1 are bounded globally on R x R
(and not just on sets of the form RY x [—#,4)]). Indeed, smoothness is a local property;
thus, to prove statement (a) (including the boundedness of the k-th derivative) we just need
to consider the restrictions of f to bounded sets of H¢. Dealing with such restrictions, the
values of f(x,y) for large |y| are irrelevant, thanks to the imbedding H® < %,(R"), thus
we can modify f(z,y) for large |y| so as to achieve (A.6).

We recall the following Banach algebra properties of H’. For the proof see [2, 67], for
example.

Lemma A.3. The space H' is closed under pointwise multiplication and for any integer
7 >1 one has
||U1 .. .Uj”g < CHU1||g - HUJ'HK (’Ul, -, V5 € Hé), (A7)

where C' = C(j, N, £) is a constant. Consequently, ifa €Y, whereY = H® orY = %f(RN),
then for any integer j > 1 the map

Lj:(vi,...,vj) —avy...v; (A.8)

belongs to £ (H', HY) and
||Lj||$sj(HéjH£) < CHaHYa (Ag)

for some constant C = C(j, N,{) (independent of a).
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In the next two lemmas, we show a boundedness and Lipschitz continuity property of
Nemytskii operators under lower regularity assumptions.

Lemma A.4. Assume that f € CLHRY x R), f(-,0) = 0, and for some constant Cy > 0
one has

4
2
Then the Nemytskii operator f takes H® to itself and it is bounded: for each p > 0 there is
a constant C(p) (depending on f and p) such that for all w € H® with ||lull; < p one has

£ (w)lle < C(p).

Remark A.5. If the condition f(-,0) = 0 is dropped, then the lemma can be applied to
the function f(z,u) — f(x,0) if

0 f(x,y)  0'f(,0)

V4 l
Ox; Ox;

(a;,y)' <Cilyl (xeRY, ye(-1,1),i=1,...,N). (A.10)

<Cilyl (@eRY,ye(-1,1),i=1,...,N).

Proof of Lemma A.J. For f independent of x, the result is proved in [61, Section 5.24]. We
just need minor modifications of the proof given there to yield the present result.

As in [61], we use the fact that, due to the Fourier-multiplier characterization of HY,
the following expression gives an equivalent norm on H*:

/ Y |0t
lvlly = llvlloz + E
=1

Thus, to prove the statement, we need to show that for each u € H* the L%-norms of the
functions

86
O
are finite, and are bounded from above by a constant determined by p if |Jull; < p.

For f(x,u(x)), the estimate is simple. The bound |ju||, < p yields a bound on |ju||o,cc-
The assumptions f € GLRN x R), f(-,0) = 0, imply that for any y € R with |y| < [ullo,c0
one has |f(z,y)| < Cly|, where C = C(p) is constant. Therefore
)

|f (@, u(z

from which the desired estimate follows immediately.

Next, we estimate the derivatives in (A.11). As in [61], this is done by first taking
u € €9°(RY) and then using the approximation properties of H’. Fix any i € {1,..., N}.
Using the chain rule, one shows by induction that

f(z,u(x)), (f(x,u(a:))), i1=1,...,N, (A.11)

)| < Clu(z)] (z €R),

ot P
@(f(x,u(x))) = a—xff(x,y) | () T Q@), (A.12)
where @ is the sum of finitely many terms of the form p(x)g(x), where
oits
ple) = Mf(ﬂc,y) | y=utw) (A.13)
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for some integers s > 1, j > 0 satisfying 7 + s < ¢, and

0" u(x) 0u(z)  0"u(x)

= .. A.14

a(w) ozt Ox? ox;* ( )

for some positive integers rq, ..., rs satisfying j+r1+---+rs = £. In the proof of Theorem 1
in [61, Section 5.2.4], the L?-norms of the products of the form (A.14) are estimated in terms

of a finite number of powers of ||u/|; in particular, the L2-norms are bounded by a constant
determined by p if |jul|; < p. Obviously, the same can then be said of the L?-norms of the
products p(x)q(z), since the function p(x) given by (A.13) is bounded.

It remains to estimate the first term on the right-hand side of (A.12). For that we
use (A.10). Each (continuous) function v € H® with ||uf, < p has its range contained in
(—cp,cp) (c is a constant from the Sobolev imbedding). Clearly, (A.10) continues to hold
if we take the interval (—cp, ¢p) in place of (—1, 1), possibly after replacing the constant Cy
by a larger constant C(p). Consequently, for u € H® with |lu|l; < p the L?-norm of the

function
86

87xff(x’ y) | y=u(z)

is not greater than C1(p)||ullo2 < Ci(p)p. This, in conjunction with the previous estimates,
completes the proof. ]

Lemma A.6. Assume that f € ‘Kb”l(]RN x R) and for some constant Cy > 0 one has

O f(2,y) 9 f(2,0)
8xf oy &cfay

<Cilyl (xeRN ye(-1,1),i=1,...,N). (A.l5)

Then for each p > 0 and any two functions u,v € H with ||ul¢, |v]le < p, one has f(u) —
f(v) € H and ) )
1f () = f(W)lle < Ca(p)llu = vlle, (A.16)

where Cy(p) is a constant determined by p (and independent of u and v).

Proof. Fix u,v € H® with ||ul|, |v||¢ < p. For each z € RV,

(f(w) = f(v)) </ Dy f(z,u(@) + t(u(z) - (w)))dt> (u(z) —v(x)).  (A17)

Write the integral in (A.17) as follows:

| (Dot (u(@) + (@) = v(a))) = Dyf@.0) e+ Dy 0). (A8)

We now apply Lemma A.4 to the function f,(z,y) — fy(x,0), which is legitimate by (A.15)
(cp. Remark A.5). Thereby we obtain that for each t € [0,1] the function f,(x,u(x) +
t(u(z) — v(z))) belongs to H® and its H’norm is bounded by a constant C' = C(p). From
this it follows that the integral in (A.18) is also a function in H* with norm bounded by
C(p). Since f,(x,0) is a function in %} , we conclude, using (A.17) and the second statement
of Lemma A.3 with j = 1, that f(u)— f(v) € H? and its norm is estimated as in (A.16). [
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We are in a position to prove Theorem A.1.

Proof of statement (a) of Theorem A.1. As noted above, we may assume without loss of
generality that (A.6) holds.

Given u € HY, we have f(u) = f(u) — f(0) 4+ f(0). Since the function f(0)(z) = f(z, 0)
belongs to H¢ by assumption, Lemma A.6 (with v = 0) implies that f(u) € H¢. Thus f
takes H* into itself.

Next, given any two functions u,v € H’, Taylor’s theorem gives, for each € RV the
following expansion

k
(fu+v) — Z (@) (v(2))’ + R(z,u(z), v(@))(v(x)",  (A.19)

where D} f(z,y) is as in (A.5) and

1 1—+¢ k—1
R(x,y, z) :/0 ((k_)l)!(D]gjf(ﬂC,y+tZ) _D’;f(xvy)) dt. (A.20)
According to the converse to Taylor’s theorem [I, 35], the map f is of class €%, with the

derivatives as in (A.4), provided the following holds. The symmetric multilinear operators
Lj(u), j=1,...,k, and L(u,v) defined by

Lj(u)vi,...,vl(z) = Dgf(x, u(z))vy(z)...vj(x) (v1,...,v; € HY, (A.21)

L(u,v)[v, ..., 0] (z) = Rz, u(z),v(x))vi(x) ... op(z)  (v1,...,0p € HY), (A.22)

are bounded, the maps
w s Lj(u) : H* — LI(H' HY), (A.23)
(u,v) = L(u,v) : H x H* — 2I(H*, H") (A.24)

are continuous, and L(u,0) = 0. The last property is obvious. Consider now the operator
Lj(u), forany j € {1,...,k}. Observe that Lemma A.6 applies to the function Dy f. Indeed,

condition (A.15) (with f replaced by D], f) holds for j < k due to D} f € %”“2 and for j = k
due to assumption (A.3). Let Di, f be the Nemytskii operator of D f From Lemma A.6,
we obtain, first of all, that for each v € HY,
D} f(u) — D}f(0) € H".
Writing - - - -
D} f(u) = D} f (u) — D} f(0) + D} f(0)
and noting that D f( ) is the %}-function DJ f(x,0), we obtain from Lemma A.3 that the

j-linear map L;(u) is bounded. Moreover, using (A.9) and Lemma A.6, we infer that for
arbitrary p > 0 and u, @ € H® with ||ul|¢, |||/ < p one has

15 () = Ly@l g e ey < Collu = e (4.25)
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where C(p) is a constant independent of u, 4. This gives the continuity—even Lipschitz
continuity on bounded sets—of u — L;(u).
The boundedness of L(u,v) and its Lipschitz continuity on bounded subsets of H* x H*
are proved by similar arguments (cp. the proof of Lemma A.6) and we omit the details.
The proof of statement (a) is now complete. O

Proof of statement (b) of Theorem A.1. The hypotheses of statement (b) guarantee (cp. Re-
mark A.2), that statement (a) applies to f(-,-;7) for each 7. This implies in particular that
ftakes H! x R? to H.

As in statement (a) (cp. (A.6)), we may assume without loss of generality that

f e G2 RN x R x RY). (A.26)

To prove that f : H'xR? — HY is of class €%, we use the converse to Taylor’s theorem again.
Given any u,v € H', 7, € R%, we first write down the multivariable Taylor expansion at
each € RY. Taking 7 = (71,...,74), ¢ = (<1,...,54), and using the standard multiindex
notation, we have

k

(fatur+o-fum@ =3 3 jfﬂ,Dngﬂx,u<x>;r><v<x>>j<ﬁ
” 1SJﬁﬁ\lg|§k

k
+Y Y Rigla,ul@),v(@);,¢)(v(@) s, (A.27)

J=0 BeNd
J+Bl=k
where, for 5= (51,...,84),
5 i8I
DED) f(w,y;7) = flz,y;7), (A.28)

a or* ... angayj

and

1 ta=-kt 5
Rip(@y:57,) = j!ﬁ!/o (k—1)! (DZD) f(x,y + tz; 7+ ts) — D7Dy f(x,y;7)) dt.
(A.29)

As in the proof of statement (a), the functional coefficients in this expansion define symmet-
ric multilinear maps (by pointwise multiplication). We need to prove that these multilinear
maps are bounded on H* x R? and depend continuously in the multilinear-operator norm on
(u,7) € H® xR, or, in the case of Rj 3, on (u,v,7,5) € H' x H* x R? x R? (the additional
needed relations R;g(x,u(x),0;7,0) = 0 are trivial). The boundedness is proved as in (a)
(since 7 is in a finite dimensional space, we only need to worry about the boundedness
in u € H). Also as in (a), the proof of the continuity amounts to proving the continuous
dependence of the Nemytskii operators, viewed as maps from H¢ xR? to HY, of the functions

| - o L
DD f(w,ys7) — DIDEf(2,057) (j=0,....k, BEN, 1<j+|8<k).  (A30)
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We claim that these Nemytskii operators are Lipschitz on each bounded subset of H¢ x R,
Indeed, each of the functions (A.30) is at least of class ‘Klf’q. Therefore, as in (a), its
Nemytskii operator is Lipschitz in u, uniformly for (u,7) in any given bounded subset of
H' x R?%. The uniform Lipschitz continuity in 7 follows from (A.26). Similar considerations
show the continuity of the operators defined by R; 3. O

A.2 Bound on the resolvent

This subsection is devoted to the proof of the resolvent bound stated in hypothesis (H3) in
Section 3.1. We essentially use a proof found in [69], modifying and extending it slightly to
account for the differences in our setting.

Recall that in Section 3 we defined the operator A; = —A —a;(x) on H™, with domain
D(A;) = H™2. Here we assume, as in (S2), a1 € Cfg”“, and the integer m satisfies
m > N/2 (it actually suffices here to assume a; € 6."). Recall also that A is the operator
on H™! x H™ with domain D(A) = H™*? x H™*!, given by

Aluy,ug) = (ug, Ajur)”. (A.31)
Below, we suppress the argument x from a; for the sake of clarity.

Proposition A.7. Assume that a; € Cfgﬂﬂ, where m > N/2 is an integer, and A be defined
as above. Then there exist C > 0 and @y > 0 such that for all & € R satisfying |&] > @o
one has

. _ C
168 = 4 rameram < - (A.32)
The proof of Proposition A.7 goes along similar lines as an example in [(9], where a

domain with a bounded cross-section is considered. We will use estimates of solutions of
the equation
— Au— aju + T?u = v, (A.33)

where 7 € R. By standard results, if 7] > /1 + [|a1]|0,00, then for each v € L? this equation
has a unique solution v € H?. Moreover, if v € H’, j € {m — 1,m}, then v € H/*2,

Lemma A.8. Under the assumptions of Proposition A.7, there exist constants By, y and
Crm.N, depending only on m and N, such that if |T| > /1 + a1, where oy := Cp, n|@1]|m 005
then the following statements hold:

(a) If v € H™ and u € H™? is the solution of (A.33), then
(% = a1)l[ullm < By, w0l (A.34)

and
(7? = a1 = 1)?||ullms1 < B n||V]lm- (A.35)

(b) Ifve H™ ! and u € H™! is the solution of (A.33), then
[ullmtr < B, n[[v]lm-1, (A.36)
and

(* — a1 = D)2 [lulln < Buowll0lnr. (A.37)
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Proof. Recall that for J = (ji,...,j,) € N”

Y olJl

ol oaly’
For |J| < m, applying D’ to (A.33), we obtain
— A(D’u) — D (ayu) + 2D’ u = D7, (A.38)

Multiplying (A.38) by D”7u, integrating by parts, and applying the Hélder inequality, we
obtain

/ VD7 u? dx +T2||DJ’LLH3’2 < |D7v]jo2|| D7 uljo.2 +/ D' (ayu)D7u dz.  (A.39)
RN RN

Computing the derivative of aju using the Leibniz rule, one finds a constant C’, depending
only on m and N, such that

D‘](alu)D‘]u de < C’]\a1\|m,w\|u|]%.
RN

Substituting in (A.39), we obtain

/ VD7 u)? de + 72| D' u
RN

162 < lollmllullm + C'llaxllm,sollul,- (A.40)

Dropping the first term of (A.40), and adding over all multiindices J satisfying |J| < m,
we obtain
T|ullz, < B N[V llmllullm + C'llarlmcollull7,)-

Setting Cyunv = B NC', a1 = By NC'||a1]|m,c0, We have
(7% — an)|Jullz, < Boo N1[0]lml|w]m,

that is, (A.34) holds.
Equation (A.40) can also be rewritten as

ID7ull} + (72 = DID ullf 2 < l[vllmlullm + Cllat]lm,oollull,. (A.41)

Since

Z | D7ul|} > Z ID7ul|g 5 = llwllfss
JENN JeNN
|J|<m |J|<m+1

adding over all multiindices J satisfying |J| < m in (A.41), we obtain
lullfss + (7% =1 = a)llull7, < Bon v ([0l

Since the left hand side dominates (72 — 1 — a1)Y2||w|| g1 |2/, (A.35) follows.
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To prove statement (b), we return to (A.38) again. Similar computations as above, but
with an extra integration by parts (to move a derivative from v to u), yield

lullfsr + (7% = a1 = Dllull7 < Bunvllvllm—1l[ullmer. (A.42)

Strictly speaking, in the above computations we assumed that v € H™ and v € H™*2, but
it can be verified easily that the result remains valid if v € H™1, taking into account that
in the worst case one may have D7v € H~! (alternatively, one can prove the final estimate
by approximating v in H™~! by functions in H™).

Since 72 — a1 —1 > 0, we can drop the second term of the left hand side of (A.42) to get
(A.36). The left hand side of (A.42) dominates (72 — o — 1)Y/2||u||yms1]|©t|lm, from which
we obtain (A.37). O

Proof of Proposition A.7. In this proof, Cy, Cs, C3, C4, and Cy are constants depending
only on m, N, and ||a1||m,cc-

Recall that the operator A has 2n (purely) imaginary eigenvalues +iwy, ..., £iw,, with
wj > 0. Set wy = max; wj. Let A = id, where & € R satisfies || > wpr+1 and &% > ag +1,
with a1 = Cy, n||@1]|m 00, as in Lemma A.8. For v = (u1,u2) and v = (v1, v2), consider the
equation Au = Au + v, or, equivalently,

Ug = Auq + v1

(A.43)
—Auy — aqur = A\ug + va.
Eliminating ug from (A.43), we get
—Aug — )\2u1 — ajul = Avy + v9,
or,
— Aul + @Qul —aju] = )\’Ul + va. (A.44)
If v1 =0 and vy € H™, applying Lemma A.8(a) to (A.44) gives
Bm,N
[[utflm < mHU?Hm
By, N Cy
< ’ < = . A.45
”U1Hm+1 = ((;)2 —ag — 1)1/2 HUQHW = |(2)’ ”UQH"TL ( )
Since us = iQuy,
B N @] Cy
il < 23Nl < 2ol (A.46)
Now take vy = 0, v; € H™"L. Eliminating u; from (A.43), we get
—Aug + (212UQ —aiug = —Avy — aqv1.
From Lemma A.8(b), we deduce
[ugllmi1 < Bm v [|Avt + a101]lm—1 < Csl[v1]lma1, (A.47)
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and

(@* = a1 = 1)?|ug)lm < BmnllAv1 + a1v1m-1 < Csllvr]lms1. (A.48)

Relations (A.48) imply

Cs c
gyl < e (4.49)

[ugllm <

(@2 —

while, using u; = (uz — v1)/(iw), relations (A.47) yield

Cy
[t flmt1 < m”vl”m—kl- (A.50)

Combining (A.46), (A.49); (A.45), (A.50); and the fact that (i — A)~! is a linear

operator, we conclude that (A.32) holds for all @ € R satisfying |&] > g, where &g € R
satisfies @y > max{v/ a1 + 1,wy + 1}. O

References

1]

2]
[3]

[5]

[6]

[9]

[10]

R. Abraham, J.E. Marsden, and T. Ratiu. Manifolds, tensor analysis and applications.
Springer, New York, 1988.

R.A. Adams. Sobolev spaces. Academic Press, New York, 2003.

S. Agmon. Lectures on exponential decay of solutions of second-order elliptic equations:
bounds on eigenfunctions of N-body Schriodinger operators, volume 29 of Mathematical
Notes. Princeton University Press, Princeton, NJ; University of Tokyo Press, Tokyo,
1982.

S. Angenent. Constructions with analytic semigroups and abstract exponential de-
cay results for eigenfunctions. In Topics in nonlinear analysis, volume 35 of Progr.
Nonlinear Differential Equations Appl., pages 11-27. Birkh&user, Basel, 1999.

J. Appell and P.P. Zabrejko. Nonlinear superposition operators, volume 95 of Cambridge
Tracts in Mathematics. Cambridge University Press, Cambridge, 1990.

V.I. Arnold. Proof of a theorem of A.N. Kolmogorov on the preservation of conditionally
periodic motions under a small perturbation of the Hamiltonian. Uspehi Mat. Nauk,
18(5 (113)):13-40, 1963.

D. Bambusi. An introduction to Birkhoff normal form. Universita di Milano, 2014.

D. Bambusi, M. Berti, and E. Magistrelli. Degenerate KAM theory for partial differ-
ential equations. J. Diff. Eqns., 250:3379-3397, 2011.

V. Bangert. On minimal laminations of the torus. Ann. Inst. H. Poincaré, Anal. non
Linéaire, 6:95-138, 1989.

H. Berestycki. Qualitative properties of positive solutions of elliptic equations. In
Partial differential equations (Praha, 1998), volume 406 of Chapman & Hall/CRC
Res. Notes Math., pages 34—44. Chapman & Hall/CRC, Boca Raton, FL, 2000.

51



[11]

H. Berestycki, L. Caffarelli, and L. Nirenberg. Further qualitative properties for elliptic
equations in unbounded domains. Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4), 25:69-94
(1998), 1997. Dedicated to Ennio De Giorgi.

H. Berestycki, L. A. Caffarelli, and L. Nirenberg. Symmetry for elliptic equations
in a half space. In Boundary value problems for partial differential equations and
applications, volume 29 of RMA Res. Notes Appl. Math., pages 27-42. Masson, Paris,
1993.

H. Berestycki, F. Hamel, and R. Monneau. One-dimensional symmetry of bounded
entire solutions of some elliptic equations. Duke Math. J., 103:375-396, 2000.

J. Bourgain. Quasi-periodic solutions of Hamiltonian perturbations of 2D linear
Schrodinger equations. Ann. of Math. (2), 148(2):363-439, 1998.

H. Broer and M.B. Sevryuk. KAM theory: quasiperiodicity in dynamical systems.
In H. Broer, B. Hasselblatt, and F. Takens, editors, Handbook of Dynamical Systems,
pages 249-344. North-Holland (Elsevier), Amsterdam, 2010.

A. Calsina, X. Mora, and J. Sola-Morales. The dynamical approach to elliptic problems
in cylindrical domains, and a study of their parabolic singular limit. J. Differential
Equations, 102(2):244-304, 1993.

W. Craig and C.E. Wayne. Newton’s method and periodic solutions of nonlinear wave
equations. Comm. Pure Appl. Math., 46(11):1409-1498, 1993.

E. Dancer. New solutions of equations on R"™. Annali della Scuola Normale Superiore
di Pisa, Classe di Scienze, 30:535-563, 2001.

R. de la Llave. A tutorial on KAM theory. In Smooth ergodic theory and its applications
(Seattle, WA, 1999), volume 69 of Proc. Sympos. Pure Math., pages 175-292. Amer.
Math. Soc., Providence, RI, 2001.

R. de la Llave. A smooth center manifold theorem which applies to some ill-posed
partial differential equations with unbounded nonlinearities. J. Dynam. Differential
Equations, 21(3):371-415, 2009.

R. de la Llave and Y. Sire. An a posteriori KAM theory for whiskered tori in Hamil-
tonian partial differential equations which applies to ill-posed equations. Preprint.

M. del Pino, M. Kowalczyk, F. Pacard, and J. Wei. The Toda system and multiple-end
solutions of autonomous planar elliptic problems. Adv. Math., 224:1462-1516, 2010.

M. del Pino, M. Kowalczyk, F. Pacard, and J. Wei, Multiple-end solutions to the
Allen-Cahn equation in R%. J. Funct. Anal. 258:458-503, 2010.

H.S. Dumas. The KAM story. World Scientific Publishing Co. Pte. Ltd., Hackensack,
NJ, 2014. A friendly introduction to the content, history, and significance of classical
Kolmogorov-Arnold-Moser theory.

92



[25]

A. Farina. Symmetry for solutions of semilinear elliptic equations in RY and related
conjectures. Ricerche Mat., 48:129-154, 1999. Papers in memory of Ennio De Giorgi
(Italian).

A. Farina and E. Valdinoci Some results on minimizers and stable solutions of a
variational problem. Ergodic Theory Dynam. Systems, 32:1302-1312, 2012.

B. Fiedler and A. Scheel. Spatio-temporal dynamics of reaction-diffusion patterns. In
Trends in nonlinear analysis, pages 23-152. Springer, Berlin, 2003.

E. Fontich, R. de la Llave, and Y. Sire. Construction of invariant whiskered tori by
a parameterization method. Part I: Maps and flows in finite dimensions. Journal of
Differential Equations, 246:3136-3213, 2009.

J. Geng and J. You. A KAM theorem for Hamiltonian partial differential equations in
higher dimensional spaces. Comm. Math. Phys., 262:343-372, 2006.

B. Gidas, W.-M. Ni, and L. Nirenberg. Symmetry of positive solutions of nonlinear
elliptic equations in R™. In Mathematical Analysis and Applications, part A. Academic
Press, New York, 1981.

B. Grébert. Birkhoff Normal Form and Hamiltonian PDEs. Séminaries & Congres,
15:1-46, 2007.

M.D. Groves and E. Wahlén. Spatial dynamics methods for solitary gravity-capillary
water waves with an arbitrary distribution of vorticity. SIAM J. Math. Anal.,
39(3):932-964, 2007.

C. Gui, A. Malchiodi, and H. Xu. Axial symmetry of some steady state solutions to
nonlinear Schrodinger equations. Proc. Amer. Math. Soc., 139:1023-1032, 2011.

M. Haragus and G. looss. Local bifurcations, center manifolds, and normal forms in
infinite-dimensional dynamical systems. Springer, 2010.

D. Henry. Geometric theory of semilinear parabolic equations. Lecture Notes in Math-
ematics, 840. Springer-Verlag, 1981.

H. Hofer and E. Zehnder.  Symplectic invariants and Hamiltonian dynamics.
Birkhauser, 1994.

T. Kato. Perturbation theory for linear operators. Springer, 1980.

K. Kirchgassner. Wave solutions of reversible systems and applications. Journal of
Differential Equations, 45:113-127, 1982.

A.N. Kolmogorov. On the conservation of conditionally periodic motions with a small
change of the Hamiltonian function. Dokl. Akad. Nauk. SSSR, 165:1245-1248, 1954.

M. Kowalczyk, Y. Liu, F. Pacard, and J. Wei. End-to-end construction for the Allen-
Cahn equation in the plane. Calc. Var. Partial Differential Equations, 52:281-302,
2015.

93



[41]

[42]

[43]

[44]

[45]

[46]

[52]

[53]

[54]

S. Kuksin and J. Poschel. Invariant Cantor manifolds of quasi-periodic oscillations for
a nonlinear Schrodinger equation. Ann. of Math. (2), 143(1):149-179, 1996.

S.B. Kuksin. Hamiltonian PDEs. In Handbook of dynamical systems. Vol. 1B, pages
1087-1133. Elsevier B. V., Amsterdam, 2006. With an appendix by Dario Bambusi.

C. Li. Monotonicity and symmetry of solutions of fully nonlinear elliptic equations on
unbounded domains. Comm. Partial Differential Equations, 16:585-615, 1991.

Y. Li and W.-M. Ni. Radial symmetry of positive solutions of nonlinear elliptic equa-
tions in R™. Comm. Partial Differential Equations, 18:1043-1054, 1993.

A. Malchiodi. New classes of entire solutions for semilinear elliptic problems in R™. Atti
Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat. Appl., 21:33-45,
2010.

A. Mielke. A reduction principle for nonautonomous systems in infinite-dimensional
spaces. J. Diff. Eqns., 65:68-88, 1986.

A. Mielke. Hamiltonian and Lagrangian flows on center manifolds. Lecture Notes in
Mathematics, 1489. Springer-Verlag, 1991.

A. Mielke. Essential manifolds for an elliptic problem in an infinite strip. J. Diff. Eqns.,
110:322-355, 1994.

J. Moser. On invariant curves of area-preserving mappings of an annulus. Nachr. Akad.
Wiss. Gottingen Math.-Phys. Kl. 11, 1962:1-20, 1962.

J. Moser. Minimal solutions of variational problems on a torus. Ann. Inst. H. Poincaré,
Anal. non Linéaire, 3:229-272, 1986.

W.-M. Ni. Qualitative properties of solutions to elliptic problems. In M. Chipot and
P. Quittner, editors, Handbook of Differential Equations: Stationary Partial Differen-
tial Equations, vol. 1, pages 157-233. Elsevier, 2004.

D. Peterhof, B. Sandstede, and A. Scheel. Exponential dichotomies for solitary wave
solutions of semilinear elliptic equations on infinite cylinders. J. Diff. Fqns., 140:266—
308, 1997.

P. Polacik. Some common asymptotic properties of semilinear parabolic, hyperbolic
and elliptic equations. Proc. Equadiff 10, Math. Bohemica, 127:301-310, 2002.

P. Polacik. Morse indices and bifurcations of positive solutions of Au + f(u) = 0 on
R™. Indiana University Mathematics Journal, 50:1407-1432, 2001.

P. Polacik. Symmetry properties of positive solutions of parabolic equations: a survey.
In'Y. Du, H. Ishii, and W.-Y. Lin, editors, Recent progress on reaction-diffusion systems
and viscosity solutions, pages 170-208. World Scientific, 2009.

J. Poschel. Integrability of Hamiltonian systems on Cantor sets. Comm. Pure Appl.
Math., 35:653-695, 1982.

o4



[57]

[58]

[59]

P.J. Rabier. Asymptotic behavior of the solutions of linear and quasilinear elliptic
equations on RY. Trans. Amer. Math. Soc., 356(5):1889-1907 (electronic), 2004.

P.H. Rabinowitz and E.W. Stredulinsky FEztensions of Moser-Bangert theory. Locally
minimal solutions. Progress in Nonlinear Differential Equations and their Applications,
81. Birkh&user/Springer, New York, 2011.

M. Reed and B. Simon. Methods of Mathematical Physics, volume IV. Academic Press,
New York, 1978.

W. Rudin. Principles of Mathematical Analysis. McGraw-Hill, 1976.

T. Runst and W. Sickel. Sobolev spaces of fractional order, Nemytskij operators, and
nonlinear partial differential equations, volume 3 of de Gruyter Series in Nonlinear
Analysis and Applications. Walter de Gruyter & Co., Berlin, 1996.

S. Santra and J. Wei. New entire positive solution for the nonlinear Schréodinger equa-
tion: coexistence of fronts and bumps. Amer. J. Math., 135:443-491, 2013.

J. Scheurle. Bifurcation of quasiperiodic solutions from equilibrium points of reversible
dynamical systems. Arch. Rational Mech. Anal., 97:103-139, 1987.

J. Scheurle. Quasiperiodic solutions of a semilinear equation in a two-dimensional strip.
In Dynamical Problems in Mathematical Physics, Band 26, pages 201-223. B. Brosowski
und E. Martensen edts., Peter D. Lang-Verlag, Frankfurt a.M., 1983.

D. Treschev and O. Zubelevich. Introduction to the perturbation theory of Hamiltonian
systems. Springer, 2010.

E. Valdinoci. Plane-like minimizers in periodic media: jet flows and Ginzburg-Landau-
type functionals. J. Reine Angew. Math, 574:147-185, 2004.

T. Valent. Boundary value problems of finite elasticity. Springer, 1988.

C. Valls. Existence of quasi-periodic solutions for elliptic equations on a cylindrical
domain. Comentarii Mathematici Helvetici, 81:783-800, 2006.

A. Vanderbauwhede and G. Iooss. Center manifold theory in infinite dimensions. In
Dynamics Reported, volume 1, pages 125-163. Springer-Verlag, 1992.

C.E. Wayne. Periodic and quasi-periodic solutions of nonlinear wave equations via
KAM theory. Comm. Math. Phys., 127(3):479-528, 1990.

95



	Introduction
	Main results
	Hypotheses
	Existence of quasiperiodic solutions
	Validity of the hypotheses
	An outline of the proofs of the main theorems

	The center manifold reduction
	An abstract center manifold theorem
	Center manifold for equation (2.1)

	The reduced Hamiltonian
	The Hamiltonian and the symplectic structure
	Transforming to the standard symplectic form
	The normal form

	An application of a KAM-type result: proofs of Theorems 2.2, 2.4
	Hypotheses for the center manifold theorem
	Smoothness of the Nemytskii operator
	Bound on the resolvent


