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Density in a metric space
Let (M� d ) be a metric space. We say A ⊂ M is dense in M if the closure A = M .
Equivalently,

I ∀f ∈ M and ∀� > 0, B� (f ) ∩ A �= ∅.

I or, ∀f ∈ M , ∃ sequence fn ∈ A with fn −−−→
n→∞ f .
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The spaces Lp(Rd )
Specialize to the Lebesgue measure on Rd .
Theorem
Let 1 ≤ p < ∞. The following are all dense in Lp(Rd ):

1 The (integrable) simple functions;
2 The step functions;
3 C0(Rd ), the class of all continuous functions of compact support in Rd .

None of the above are dense in L∞(Rd ).

Holds in other measure spaces I M n when y is

o finite is I In with Ine M andM a can
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We're going to use old results on measurable functions
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An application
Let f ∈ Lp(Rd ), with 1 ≤ p < ∞, and for h ∈ Rd define the translation operator

τhf (x ) = f (x + h)�
Then,

lim
h→0

��τhf − f
��

p = 0�
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Separability
A metric space (M� d ) is separable if it contains a countable dense subset.

Theorem
1 For all p ∈ [1� ∞), Lp(Rd ) is separable.
2 L∞(Rd ) is not separable.
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