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Measurable functions

Let (X � �� µ) be a measure space, E ∈ �, and f : E ⊂ X → R a real-valued

function.

Definition

We say f is measurable if ∀a ∈ R,
{x ∈ E | f (x ) < a} = f −1

((−∞� a)) ∈ ��

We can also define measurability for extended real-valued functions,

f : Rd → R ∪ {±∞}, provided we assume the sets {f (x ) = ±∞} are

measurable.
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Lemma

Each of the following is equivalent:
1 {x ∈ E | f (x ) < a} ∈ �, ∀a ∈ R.
2 {x ∈ E | f (x ) ≥ a} ∈ �, ∀a ∈ R.
3 {x ∈ E | f (x ) > a} ∈ �, ∀a ∈ R.
4 {x ∈ E | f (x ) ≤ a} ∈ �, ∀a ∈ R.
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Properties of measurable functions

1 f is measurable if and only if

I f −1
(�) ∈ �, for all open � ⊂ R.

I f −1
(F ) ∈ �, for all closed F ⊂ R.

2 If f is continuous then f is Lebesgue measurable (and Borel measurable). If

Φ is continuous and f is measurable, then Φ ◦ f is measurable.

3 Assume fn is a sequence of measurable functions. Then each is measurable:

sup
n

fn(x )� inf
n

fn(x )� lim sup
n→∞

fn(x )� lim inf
n→∞ fn(x )

4 If fn is measurable ∀n, and f (x ) = limn→∞ f (x ), then f is measurable.

5 If f � g are measurable, then so are f + g and fg.

We say two functions f (x ) = g(x ) almost everywhere (or a.e.) if

m({x | f (x ) �= g(x )}) = 0�

6 If f is measurable and f = g a.e., then g is measurable.
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Simple and step functions

Here are some kinds of functions which are easy to deal with.

I Let E ∈ �. Its characteristic function

χE (x ) =

�

1� if x ∈ E ,

0� if x /∈ E .

I A simple function is a finite linear combination of characteristic functions,

�(x ) =

N�

k=1

ak χEk (x )�

for Ek ∈ �, ak ∈ R, of finite measure µ(Ek ) < ∞, k = 1� � � � � N .

I a step function is a simple function whose sets Ek = Rk are rectangles

∀k = 1� � � � � N .

chi

X is mensurable EE M

x Xen a 3 11
if a

if Oca El

Rd if a 0



Simple and step functions

Here are some kinds of functions which are easy to deal with.

I Let E ∈ �. Its characteristic function

χE (x ) =

�

1� if x ∈ E ,

0� if x /∈ E .

I A simple function is a finite linear combination of characteristic functions,

�(x ) =

N�

k=1

ak χEk (x )�

for Ek ∈ �, ak ∈ R, of finite measure µ(Ek ) < ∞, k = 1� � � � � N .

I a step function is a simple function whose sets Ek = Rk are rectangles

∀k = 1� � � � � N .

2Xco at Xa a
2Xco.it
I 3Xa.rjtXq2

J

in setlists engine

Remark The same simple function can have different representatives
with different sets Er valan an But there is a representation

of any 41 1 with disjoin't En and distinct an values
see Bartle D



Simple and step functions

Here are some kinds of functions which are easy to deal with.

I Let E ∈ �. Its characteristic function

χE (x ) =

�

1� if x ∈ E ,

0� if x /∈ E .

I A simple function is a finite linear combination of characteristic functions,

�(x ) =

N�

k=1

ak χEk (x )�

for Ek ∈ �, ak ∈ R, of finite measure µ(Ek ) < ∞, k = 1� � � � � N .

I a step function is a simple function whose sets Ek = Rk are rectangles

∀k = 1� � � � � N .

g

g ft
finitemeasures can
it Integrablesimple

function



Approximation by simple functions

We do this for f : Rk → R, but the same construction works for any σ-finite

measure space.

Theorem

Let f : Rd → R be a nonnegative measurable function. Then ∃ an increasing
sequence �n of simple functions, 0 ≤ �k (x ) ≤ �k+1(x ) with f (x ) = lim

k→∞ �k (x )

pointwise on Rd .



Theorem

Let f : Rd → R be any measurable function. Then ∃ a sequence �n of simple
functions with |�k (x )| ≤ |�k+1(x )| with f (x ) = lim

k→∞ �k (x ) pointwise on Rd .



Approximation by step functions

Theorem

Let f : Rd → R be any measurable function. Then ∃ a sequence ψn of step
functions with f (x ) = lim

k→∞ ψk (x ) almost everywhere on Rd .

Exercise: any measurable f : Rd → R is the pointwise a.e. limit of a sequence

of continuous functions with compact support.
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Littlewood’s Principles

1 “Every measurable set is nearly a finite union of rectangles.”

2 “A measurable function is nearly continuous.”

Theorem (Lusin’s Theorem)

Let E ∈ � and m(E ) < ∞. Then ∀� > 0� ∃ closed F� ⊂ E with m(E \ F� ) < �
such that f |F� is continuous.

3 “Any pointwise convergent sequence of measurable functions is nearly

uniformly convergent.]]

Theorem (Egorov’s Theorem)

Assume E ∈ � with m(E ) < ∞, and fk is a sequence of measurable functions
with fk (x ) → f (x ) a.e. For all � > 0, ∃ closed set A� ⊂ E for which
m(E \ A� ) < � and fk → f uniformly on A� .
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