Prof. S. Alama

McMaster University

Math 721



Review: Observations on the exterior measure

m.(E) =inf} 2 |Qf, E CJZ Q covered by cubes
@ (Monotonicity) If Ey C Ep, then m.(Ey) < m.(Ep).
@ (Countable sub-additivity) If E = | JZ E;, then m.(E) <} *y m.(E).

Q@ m.(E) = inf m.(O), with infimum taken over all open sets O D E.

» Any open set O C R? can be written as an almost-disjoint union of cubes; see
Theorem 1.4.

@ If E;, E; C RY are disjoint and dist (E;, E) > 0, then
m*(E1 U Eg) = m*(E1) + m*(Eg)

@ If E=[J, @ is a countable union of almost disjoint cubes, then
m.(E) =3 % Q]



Measurable Sets

Recall: the exterior (outer) measure of £ C RY,

m.(E) =inf3} 2 |Ql,  E CJ7Z Q covered by cubes,
Definition
A set E C R is (Lebesque) measurable if Ve > 0, 3 an open set O with

EC O and m.(O\E) < e.
If E is measurable, its Lebesque measure m(E) = m.(E).

Following Bartle, we denote by L the class of all Lebesque measurable sets in
RY.



@ Every open set is measurable.
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Properties of Lebesgue measurable sets

@ Every open set is measurable.
Q If m.(E) =0 then E € L.

© A countable union E = Uf; E; of measurable sets £; € £, Vj € N, is
measurable.

@ Every closed set F C RY is measurable.
@ If E € L, then the complement E° € L.
@ A countable intersection () E; of measurable E; € L is measurable.

We call £ a o-algebra of sets.






Monotone sequences of sets

Definition

We say the sequence Eq, Ey, ... of sets increases to E, E; /" E, if

Ej C Ej1 and E = | J ;.
=

Similarly, Ey, Es, ... of sets decreases to E, E; \| E, if

Eis1 C Ejand E =) E;.
j=1

Corollary
Assume E; € L, Vj € N.
@ IfE; /' E, then E € L and m(E) = limy_,o, m(Ex).
@ IfE;\, E and m(E;}) < oo for some j € N, then m(E) = limg_.oo m(E).




Littlewood's First Principle

‘A measurable set is nearly a finite union of cubes.”

Theorem
Let E € L with m(E) < co. Then Ve > 0,
@ IK compact, K C E, with m(E \ K) < e.

@ H a finite union of nearly disjoint closed cubes F = U/IL Q; for which
mM(EAF) < e.

Recall: symmetric difference EAF = (E N F°) U (F N E®°).



