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Signed measures, or charges

If (X � �) is a measurable set, and µ1� µ2 are two measures, then it is easy to

show that αµ1, ∀α > 0, and µ1 + µ2 are measures on the same (X � �).

How about ν = µ1 − µ2?

Definition

A signed measure (or “charge”) ν on (X � �) is a function
ν : � → R ∪ {−∞ or + ∞} such that

1 ν(∅) = 0;
2 For any countable disjoint union E =

�

n∈N
En , En ∈ �, ∀n ∈ N, we have

ν(E ) =

∞�

n=1

ν(En)� converging absolutely if ν(E ) is finite.
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Positive and negative sets

Definition

Let ν be a signed measure on (X � �).
I We say that A ∈ � is a positive set for ν if every measurable E ⊂ A has

ν(E ) ≥ 0.
I We say that B ∈ � is a negative set for ν if every measurable E ⊂ A has

ν(E ) ≤ 0.
I We say N is a null set for ν if every measurable subset E of N has

ν(E ) = 0.

Hahn Decomposition Theorem

Let ν be a signed measure on (X � �). Then ∃ positive set A and negative set B
for ν , with A ∩ B = ∅ and X = A ∪ B.

BB
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Hahn Decomposition Theorem

Let ν be a signed measure on (X � �). Then ∃ positive set A and negative set B
for ν , with A ∩ B = ∅ and X = A ∪ B.

Note the decomposition is not unique as mall sets can be part
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Proof of the Hahn Decomposition

Lemma

Let ν be a signed measure, and assume E ∈ � with 0 < ν(E ) < ∞. Then E
contains a positive set A ⊂ E with ν(A) > 0.

If E is a positive set we're done
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The Jordan Decomposition

Let ν be a signed measure, with Hahn Decomposition sets A� B. Then

ν+
(E ) := ν(E ∩ A)� ν−

(E ) := −ν(E ∩ B)� E ∈ ��
are measures on (X � �).

Note that ν+
(B) = 0 and ν−

(A) = 0, with X = A ∪ B and A ∩ B = ∅.

We say the measures ν±
are mutually singular.

positive
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Examples M B Boressets

If V is a signed Borel measure on a b CIR

then by the Hahn Jordan Decomposition

VCE NIE v E and each
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right cretinous
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The total variation measure

Define the measure on (X � �),

|ν|(E ) = ν+
(E ) + ν−

(E )� E ∈ ��

This is called the total variation of the signed measure ν .

Exercise: Show that

|ν|(E ) = sup

n�

k=1

|ν(Ek )|�

where the sup is taken over all disjoint finite collections {Ek }k=1�����n of

measurable subsets of E .
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Example: Signed Borel measures and BV functions.

If we have a Borel signed measure w on

a b CIR define
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since the Total Variation is the sup
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