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Hamiltonian PDE

Invariant tori

m Flow in phase spacevherev € H a Hilbert space

W. Craig

Hamiltonian oV = Jgraq,H (V) , V(X, O) = VO(X) , (1)
PDE -
examples

m Symplectic form

wX,Y) = (X, I71Y)y, IT=-J.

m Theflow  v(xt) = (VP (x))
m Interested in orbits where

{pt(W0) : te R} =T™

anm-dimensional torus. This gives stable motions of (1).
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Hamiltonian systems

ineariant on m A finite dimensionaHamiltonian systenH(q, p) : R?" — R

W. Craig

Hamiltonian

ngn-ples q - graq)H’ (2)
p = -—gradH

m Ask thatgradH(0) = 0 andhessH (0) > 0,
H=H® +R
After a change of variables,

1 1
H® = Zi|p?+ Z(q,A
A = diag_; ,(wd)



The harmonic oscillator
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m Linearized problemabout(qg,p) = 0

W. Craig

Egrgi!tonian g q _ 0 | q _ 0 | aq H 2 (3)
examples dt p ~A 0 p —1 0 8pH (2

m The linear flow, setting(t) = twy

(o) = ()
- dag, (Y, SO ()

m Solutions lie ortori of dimensionm = dimg {w1, ... wn}.

T™ = {®(q°,p°) : t € R}




The nonlinear wave equation

Invariant tori

) m On adomair® = RY/T", for period latticel’
W. Craig

Hamiltonian

OPu— Au+g(x,u) =0. (4)
PDE -
examples
’ (Alternatively,u = 0 on the boundary of a domalh C RY).
m TheEnergyis
H(u,p) = / Ip? + 3|Vul® + G(x, u) dx,
Td

m Equation (4) can be rewritten as
A gragH(u,p) =p
op = —gradH(u,p) = Au-—0a.G(xu),

in Darboux coordinates, whegx, -) = J,G(X, -).



Linearized wave equation

Invariant tori . .
m Suppose the Taylor series f@i(x, u) is

W. Craig

3

1 1
Hamiltonian G(X, U) = —gl(X)Uz + —gz(X)U 4+ ...

PDE - 2 3

examples

m Then the Hamiltonian takes the forirh= H® + R, with
1
HE = /Td 307 + 4V Ul + San (0 oy

= > 3o + ekl
kel

m Eigenfunction/eigenvalue paitsi(x), w?2) for the operator

L(g1) vk = (—A + 91(X)) vk = withx -



The linearized flow
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W. Craig

Hamitonian m Solutions of the linear wave equations are

(o) == (i)

) cosult)  sin(E(D) /) (0
=2 (Loramet) “cosauty”) (o

X OXO

)

m This is theharmonic oscillatowith frequencieswy ket .
m Generically,dimg {w1,... } = oc.



Basic facts
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Some basic facts about the flow of the linearized problem:

W. Craig

P m The Hamiltonian is preserved by the flow
PDE -

examples H (2 (Q)t (V)) =H 2 (V)

Conservation of energy
m All of the actionsare preserved

1

(V) := 5 (w0 * + —kal ) = k(®e(V))
Themoment map(0, p) — |

m Thephase®volve linearly in timef — {&k(t) = wit}rer .
Solutions argoeriodicwhendimg {wj,,wj, ... } =1,
quasi-periodicwhen< +oo and otherwisalmost-periodic



Basic questions
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Basic questions regarding the flow of the nonlinear systems
Hamiltonian
PDE -

xamples awv =Jgrad, (H? +R). (5)
(1) Whethersomesolutions are

m periodicT! — H
m quasi-periodicl™ — H, m < +oo
m almost-periodic (and even Lagrangian invariant tori).

corresponding tatable motion®f (5).



Basic questions

Invariant tori

W. Craig

Hamiltonian (2) Given data/o cH, whether

PDE -
examples

m The flow (V°) remains in for all time
(global well-posednessf the PDE),

m for P € B.(0) theny (V) € Bs(0) forall t € R (stability),
m action variables change by controlled amounts

lk(et(v)) — (V)] < &®

for [t| < T(¢) ~ exp 1/ef (Nekhoroshev stabilify



Basic questions

Invariant tori
W. Craig
Hamiltonian

PDE -
examples

(3) Whether for some solutions there @&ever boundon the
growth of the action variableg (¢ (V°)) — I (W), or of Sobolev
norms for largelt| >> 1

loe(VP)||s > 6(t), s>>1  (Amold diffusion).



Further examples
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m Nonlinear Schrodinger equation

Hamiltonian
PDE -
examples

iU — %Axu +Q(x,u,u) =0, xeT¢ (6)

with Hamiltonian

1
Hnis(u) = /d §|VU|2 +G(x,uu)dx, dhG=Q.
T

Rewritten
8tu = gradGHNLg



Further examples

Invariant tori

S m Korteweg — de Vries equation

Hamiltonian
PDE -

1
examples 8tq = éc?fq — 8x(aqG(X7 Q)) y XE Tl
The Hamiltonian is

1
Hiav(@) = || 75(0:07 + Gl a) o

Rewritten

oq=1J graquKdV ., where J= —0

(7)



Further examples

Invariant tori

W. Craig m Surface water waves: The fluid domain

Egrgi!tonian E(n) — {y = n(X, t) X e Tdil}

examples

Velocity field, a potential flou = Vi, Ap =0.
Hamilton’s principle

ny _ (0 1Y\ (gradH(n,¢)
a(0)= (5 o) Gadnrg) - ®©
Canonical conjugate variables:
n(X) (free surface elevation)

£(X) = (%, n(X))

(boundary values of the velocity potential)



Surface water waves
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m The Hamiltonian is

Hamiltonian
PDE -
examples

1 1
Hn) = [ 5660E + oo
whereG(n) is the Dirichlet — Neumann operator ai(7).
m Taylor series of5(n) = ijo GG)(T})

GO = DtanihD), D := —id,
G (n) = Dn(x)D — GO(x) G

Hadamard's/ariational principle



Interactions of solitary waves

Invariant tori

m Interaction of a head-on collision of two solitary waves of
amplitudesS/h = 0.4

Egrgi!tonian (a) (b)

examples

W. Craig

m Long time behavior after collision



An invariant torus

Invariant tori

m Mapping of atorusS(§) : T" — H

m Flow invarianceS(¢ + tQ) = ¢ (S(€))
Frequency vectaf) € R™.

m This implies that both

W. Craig

A variational
formulation

forinvariant xS=JgradH(S), and 4S=Q-4S. 9)
m Problem:Solve (9) for(S(¢), 2).
This is generally a small divisor problem.

Rewrite (9) as

J1Q - 9:S—graqH(S) = 0. (10)



A variational formulation
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Consider the space of mappings X := {S(§) : T — H}.

m Defineaction functionals

W. Craig

1 _
A variational |J (S) - E /’]1‘m<s> J 16& S> df
formulation
Ig:iinvariant 5S|J _ J_laéj S

The moment map famappings
m Theaverage Hamiltonian

A = [ Hs©)
dsH = gradH(S



A variational formulation
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Consider the subvariety of defined by fixed actions

A variational Ma - {SE X: |1(S) =a,... |m(S) - am} - X

formulation
for invariant
tori

Variational principle:critical points ofH(S) on M, correspond to
solutions of equation (10), with Lagrange multiplier

NB: All of H(S), I;(S) andM, are invariant under the action of the
torusT™,; that is7,, : S(§) — S+ «) , v € T



Two questions
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m Two questions.
m Do critical points exist ofiM,?
Note that the following operators are degenerate on thesspa
A variational of mapplngSX

formulation
for invariant

tor Q-3719:S, Q- 3'9:S- §2H(0)

m How to understand questions of multiplicity of solutions?
m Answers — in some cases:
m Use the Nash — Moser method.
Relies on solutions of the linearized equations, via resulv

expansions (Frohlich — Spencer estimates)
m Morse — Bott theory of criticall™ orbits.



The linearized wave equation

Invariant tori

W. Craig

The nonlinear wave equation (5)

m Quadratic Hamiltonian,

H®(q,p) = Z bk + witid) = > wil

kEF/ kel
The linearized
operator

m Fourier representation of torus mappirgs) : T™ — H

€)=Y SO = Y Skux(x)e*

ker” keT jezm



The linearized operator

Invariant tori
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m The linearized equation can be rewritten

(38?0 - 2030 six.¢) (12)

Vs N Z( iQ-j 52 )J> (5287t§> P(x)el

operator

m Eigenvalues of thi® x 2 block diagonal problem are

/L(J,k):UJk:tQJ



Null space

Invariant tori

m Choose(wy,, . . . wk,) linear frequencies, and a frequency
vectorQ® = (29, ... Q2) solving the resonance relations

W. Craig

w, —Q°-j,=0.

m This identifies anull eigenspacén the space of mappings

The linearized

operator Xl g X .

X1 C Xis even dimensionafjim(X;) = 2M > 2m. Itis possibly
infinite dimensional

m Nonresonant casé = m.
Resonant caséM > m.



Lyapunov - Schmidt decomposition
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m Decompos&X = {S: TM — H} = X3 & Xo = QX & PX.
m Equation (10) is equivalent to

QU *2-0:S — gradH(9)
The linearized P(J_]'Qags — graq,H(S)) =

operator

0, (12)
0 (13)
m Decompose the mappings= S, + S as well.

m Small divisor problem fofs, = S,(S;, €2), which one solves
for (S;,Q2) € C a Cantor set.



Reduced variational problem
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It remains to solve the Q-equation (12). In céée< +oo, it can
be posed variationally (analogy with Weinstein - Moser tiygo

m Define

HS) = (S +S(S.9)
AYS) = H(S +S(S,9)
Equivariant M; _ {Sl eXy : Ijl(sl) =g, J =1... m}

Morse theory

m Critical points ofﬁl(sl) on M} are solutions of (12) with
action vectora.




Morse — Bott theory

Invariant tori
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The groupT™ acts onM} Ieavingﬁl(sl) invariant. One seeks
critical T™ orbits.
Question: How many critical orbits 1" on M1?

Depends upon its topology.

Conjecture

For givenathere exist integerps, . . . pm such thatZj pj =M and

Equivariant
Morse theory

M; ~ ®jm:182pj_1



Morse — Bott theory
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Check this fact, in endpoint cases.

m Periodic orbitsm = 1, resonant caskl > 1.
Mi~M-L o MYT~ CPy(M - 1)

This restates the estimate of Weinstein and Moser
Equivariant
Morse theory

#{critical T* orbits} > M



Morse — Bott theory
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m Nonresonant quasi-periodic orbits= M.
Mz~ @S, M3/T™ =~ apoint
This corresponds to a KAM torus.

Equivariant m The casen = 2 < M occurs in the problem of doubly
Markss sy periodic traveling wave patterns on the surface of water.

ML~ 01 PM-p-1



Doubly periodic traveling waves of hexagonal for

Invariant tori

Equivariant
Morse theory




topology of links
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Theorem

(Chaperon, Bosio & Meersmann (2006)) The topology of liviks
can be complex. There are cases in which

ML~ Prlugnl. g gt

W. Craig

Furthermore, there are more complex quantities than this.

S Proof: combinatorics and cohomolological calculations.
ulvarian
M?)rsetheory

Conjecture

The number of distinct critical™ orbits of H' on MY is bounded
below:

#{critical orbits of H- on M1} > (M — m+ 1) .



methods of KAM theory
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m Multiple approaches to KAM theory and PDE

Classical methods of iterations of canonical transfororegi

Convergence of Lindstedt series, and cancellations

Nash — Moser, inverse of the linearized operator by resadlvar
expansions (Frohlich — Spencer estimates)

m History:

m Periodic solutions:
Lyapunov (1907),

Estimates for

small divisors A. Weinstein (1973), Moser (1976)

m Quasiperiodic solutions:
Kolmogorov, Arnold & Moser (1954)(1961)(1962)
~ Melnikov (1968)



recent advances in KAM theory
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m finite dimensions
Eliasson, Poschel, Kuksin, Gallavotti et al, de la Llave,
Wayne, Bourgain, J. You, C.Q. Cheng, ...

m Partial differential equations:

Kuksin, Wayne, W. C., Bourgain, Chierchia, Falcolini,
Estimates for Pdschel, Eliasson, Su, Grébert, You, Kappeler, Bambusi,
Plotnikov, Toland, looss, Berti, Bolle, Yi, Yuan, Geng ...

small divisors



Resolvant expansions

irenanien Linearize (13) about an approximate embedding of an ingaria

W. Craig torus
L=5+3.

m The linearized equation
P(6EH(S) — Q- 031(S))PV=G, (14)

m In eigenfunction expansion,
et PZH(S +S) — Q- 021(S + )PV

_p <diang2 (_ﬁg(?j f(kD + WG K, k’))) PV

for lattice sitesy = (j,k),y = (j/,K) e Z"® T’



Resolvant expansions

Invariant tori

W. Craig Definition

A lattice sitey = (j, k) € Z™ @ I" is dg-singularfor €2 when

wk) £Q-j| < do,

andregular otherwise.

Theorem

For A C Z™& I having only regular sites, and fow|o, < do/2,

Estimates for

small divisors the n

(PEZFS+ ) ~ 2 23151+ )P), Yowm < 5



Frohlich — Spencer estimates
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m Frohlich — Spencer estimates are used to addets
singular sites/ = (j,k) ¢ A C Z™ @ I to the operator
inverse.

m Estimates depend upon two properties of the operator
D(Q) +W:=P(05H(S + ) — Q- 651(S+ )P

To explain this:

Estimates for

small divisors LetHg := (D(2) + W)|g for subset88 C ZM & T

Let R, — oo be a sequence used to control convergence.




Frohlich — Spencer estimates
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m nonresonancelf y = (j,k) andy = (j/,K)in Z" o T’
satisfyR, < |y, [Y'| < Rn;1, then
dn < Jw(k)—Q-j] <do
dy < |wkK)—-Q-j|<do.

W. Craig

m separation. Suppose that two singular sites/ satisfy
Ro <[V, Y] < Ros1.
then either;

m dist(y,y’) < RY and they are included in the same singular
setS,

or else

m distly,y) > R}
for appropriated < a << 1,0 << .

Estimates for

small divisors



Geometry of the singular sites
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Estimates for
small divisors

Figure:Wavenumber/frequency lattice and singular skes



Resolvant expansions
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m Block diagonal decomposition of the Hamiltonian
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Hg =Ha®jHg + T,

m Inverting Hg the generalized resolvant identity is that

Gp = Ga @j Gg + Ga @) GgI'Gg,

m Iterate to arrive at the expression

Estimates for
small divisors

Gg = GA@J‘ Gg + ZGA@J' GS(FGA Dj Gg)m.

m=1

Estimate the convergence of this expression using the
spacing of the singular sites



Invariant tori

Thank you

Estimates for
small divisors
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