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Introduction

Abstract

» The singular set of a weak solution of Navier — Stokes

»  Geometric conditions for the branching of two weak solusion
depending upon thesingular sets

» The variational equation along an orbit

» Conditions on the growth of Lyapunov exponents for the
uniqueness of weak solutions.
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The Navier — Stokes equations

Navier — Stokes equations
Theequations of motioof an incompressible viscous fluid

du+ (u-Viju=Au—Vp
V-u=0 Q)
u(x, 0) = up(x) initial data

Space-time domain

D=R?Y (xt)eDxR':=Q

Alternatively D = T9 and
(x,t) e T x Rt =Q

A bounded smooth domaid C RY; we leave this open.
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The Navier — Stokes equations

Weak solutions
The usual definition ofveak solution®vert € [0, T] is that:

1. Integrability conditions

ue L([0,T];L3(D)) N L%([0, T];HY(D))
peL?9Q) )

2. The pair(u, p) is adistributional solutiorof (1)

3. Theenergy inequalitys satisfied

t
2 2 2
/D|u(x,t)\ dx+2/0 /D|Vu(x,s)\ dxds< /D|uo(x)| dx (3)
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The singular set

Definition (1)
Given a weak solutioifu, p) of (1), thesingular seS(u) C Q is the
set of space-time points at whickix, t) is not locally bounded.

That is,(Xo, to) ¢ S(u) if there is a neighborhoo8; (o, ty) such that

u € L (B (xo, to)) (4)

This makes sense due to a theorensefrin (1962which implies
that if (xo, to) ¢ S(u), then for allk (and with somé& < o < 1)

oKu(x.t) € C*(By/2(%0, to))

The condition (4) has been improved Bgcauriaza, Seregin and
Sverak (2003}o beu € L>L3(Q; (%o, to)), for parabolic cylinders),
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The singular set

Partial regularity
» The singular se§(u) is closed, by definition

» Whend = 3the set ofsingular times-(u) € R™ has zero
1/2-Hausdorff dimensional measure

HM2(7(u)) =0

» If d =3 and(u, p) is asuitableweak solution of (1) then the
Caffarelli, Kohn & Nirenberg theorem (1982) states that its
parabolic one-dimensional Hausdorff measure is zero;

PHS(u)) =0
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The singular set

The weak-strong uniqueness principle

There is a second classical theorentefrin (1963which is a
uniqueness result in the presence of a strong solution

Theorem (2)

Let(uq, p1) and(uy, p2) be two weak solutions dfl) on the
space-time domaifp, emanating from the same initial data(x).
Suppose that in faat; € L>([0, T] x D) N L%([0, T] : HY/2(D)).
Thenu; = u, over the time interval0, T|.

This states that weak solutions can only branch at singimheast
Furthermore, all weak solutions that start from the initlataug(x)
share the sami@st singular timeTy.

The regularity condition oni; such that the same conclusion holds
was recently improved and optimized Byerre Germain (2006)

Walter Craig Navier — Stokes

McMaster University



The singular set

First Theorem

The case ob = TY,

Theorem (3)(A. Biryuk, S. Ibrahim & W. C. (2006))

Let(uq, p1) and(uy, p2) be two weak solutions dfl) on the domain
[0, T] x D C Q. Suppose their singular sets sati§fyi; ) N S(u,) = (0.
Thenw := u; — U, satisfies

Iw(-, )2 < Crexp(Cat) |[wo(-) ]2

forO<t<T.

The constant&s, C; depend only UpOIU; | s (o, 1xD\N(S(u)))
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The singular set

Corollary (4)

Let(uq, p1) and(uy, p2) be two weak solutions dfl) on the domain
D x [0, T] € Q with the same initial dataip(x). LetS(u;) and S(uy)
be their singular sets. Then

S(ur) N S(uz) # 0

unlessS(u;) = S(uz) = 0, in which casel; = u; on [0, T] x D.

The significance is that one can only have branching of weak
solutions from common space-time singular points.
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The singular set

First theorem - microlocal version

Theorem (5)

Let(uq, p1) and(uy, p2) be two weak solutions dfl) and suppose
that

1. WF(u1) NWF(Wp) = 0
2. Forz= (x,t) € S(uz) N S(uy) then

¢ =(0,7) € WF,(u1) UWF,(uz)

Thenfor0 <t < T, w := u; — u, satisfies

Iw(-, B[z < Crexp(Cat) [[wo(-) |2

In particular, if wo = 0 then in this situatioru; = u, and WF(u;) = 0
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The singular set

A primer on microlocal analyis

A rapid introduction for the non-microlocal specialistsetll(z) be a
tempered distribution, for = (x,t) € Q.

» Singular suppor§(u): The pointzy ¢ S(u) when there exists a
cutoff functionr € C5° with 7(z) = 1 such that the product
nu € Cg°

» Equivalently,zy ¢ S(u) if under Fourier transform,

nu(¢) — Ofor [¢] — oo

» Wave front seWWF(u): The phase space poifi, ¢°) ¢ WF(u)
when there exists a cutoff functione C3° with 77(z) = 1and a
conel” containing¢® such that

nu(¢) — Oforall |¢| — oo with ¢ in the conel®
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The singular set

Theorem:RY version

Definition (6)

A system ofnear singular setsf a weak solutior{u, p) is a family of
closed set$x (u) such thatS(u) = Nk~1S«(u), and|u(x, t)| < K for
(x1) & Sk (u).

Theorem (7)

Let(uy, p1) and(uy, p2) be two weak solutions dfl) on

RY x [0, T] € Q with the same initial datai(x). Suppose that there
is K and near singular setS« (u; ), Sc (uz2) which are compact. Then
for 0 < t < T the differencev := u; — u, satisfies

Iw(-, B[z < Crexp(Cat) [[wo(-) |2

The issue is one of compactness of the singular set
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The singular set

Compact near singular sets

Ford = 3, with initial data satisfying
/ lug(X)|? |X|dx < +o0
JR3

If (u,p) is a suitable weak solution, the theory of Caffarelli, Komua
Nirenberg (1982) shows that there do exist compactSets)
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The singular set

Note on different settings

» OnD = TY we can adjust

/udx_O, and p(x,t) periodic
Td

Theorem (8)(our extension of Serriréspriori interior
regularity)

Let (u, p) be a weak solution ofl1) overQ = T9 x R* with
Ja U dx= 0andp(x t) periodic. If (x,t) ¢ S(u) then for some

(U,p) € C*(By(x,1))
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The singular set

Galilean transformations

The issue is overegularity in time Given any solutioriu, p) define a
new velocity and pressure field’, p)

z=(xt) — Z=(x+c(t),1)
uixt) — U =u(x+c(t),t) —¢t)
p(x.t) — p =px+c(t),t) + ) - x

9

Then(U', ) is also a solution of the Navier — Stokes equations.

The functionc(t) can be quite irregular, indeed only Holdet,

o = 2/(2 + d) when the pressure € L*7%/9(Q). However boundary
conditions place further restrictions aft), which lead to the
regularity theorem (7).

Walter Craig Navier — Stokes

McMaster University



Lyapunov exponents of the variational equation

The variational equations

» Turn to the study of the case of two weak solutions[¥rfor
which

S(ur) = Sup)

and conditions under which we canncludeu; = us.

» Consider one of our weak solutiofis;, p;1 ), and linearize the
equations about it, writing a variation &8, op1) = (v, Q)

Ov+ (U - V)V4 (V- V)up —Av+Vg=0 (5)
V.v=0
initial data v(x,0) = vo(X)
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Lyapunov exponents of the variational equation

Lyapunov exponents

» By (formal) integrations by parts, solutions of the vacatl
equations satisfy a differential identity

o wit) 3+ 29w+ [ w((us: V)w-+ (w- V)us+ 7q) dx= 0

» Denote a solution of this variational identity from= T3 to
t= T2 by V(-, Tz) = (P(Tz, T]_)V(-, Tl)
» |s there a constant such that

19 (T2, TOV(- Ta) Lo < €27 v, Ta) 2 ?

» No. In general A=+
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Lyapunov exponents of the variational equation

Fourier truncation

» Change the questidn the case in which space-time is
T9 x (0, T). LetITy denote projection onto the Fourier modes
with wave numberk| < N.

» Consider solutions™ (-, To) = ®N(T,, T1)W (-, T1) of the
truncated equations

Ty (at 5 1 (Up - V) % (k- V)ul)HNvN — AIWN + Iy = 0

V- -IW =0 (6)
initial data  TIyVN (x, 0) = IInVo(X)

» Take the best constanty such thatforalD < T; < T, < T
IVn (- T2)lle < €M7 vy (-, T) |2
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Lyapunov exponents of the variational equation

Exponents\y

» Of courseAy = An(uz, p1) depends upon the solution. What is
thegrowthof Ay in N?

» A universal upper bound

Theorem (9): BCI (2006)
If (u1, p1) is a weak solution of1) then

AN < CiN

» But of course it could be less.
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Lyapunov exponents of the variational equation

Second Theorem

Which conditions imply that weak solutions are unique

Theorem (10): BCI (2006)

Let(uq, p1) and(uy, p2) be two weak solutions defined on the domain
T9 x [0, T], with thesame singular sef(u;) = S(u,). Let

W:= U — Uy

» If we C¥then in factw = 0.

» In caseAy = C; boundegdwhenevemw < L>°([0,T] : HY(TY)),
thenw = 0.
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Lyapunov exponents of the variational equation

Theorem (10)(continued)

» IncaseAy = Cylog(N), thenw € L>([0, T] : HY=(T))
impliesw = 0, for anye.

» WhenAy = CiN?, 0 < 3 < 1thenw € L>([0,T] : G7(T%))
impliesw = 0, wherey = ~(3).

In any case, the conclusion is that the set of possible diffeveak
solutions is smaller if the Lyapunov exponents of the varsl
equation grow less rapidly.
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Open questions

Open questions

Theorem (9) is a structural result for the set of weak sohgiwhich
arise from a given initial datumg(x).

» How to parametrizahis set?

» Is the setS(u) aperfectset (meaning that it contains no isolated
points)?

» Can we at least show that the first singularity of a weak smhuti
u(x, t) is not isolated?
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