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Abstract

◮ The singular set of a weak solution of Navier – Stokes

◮ Geometric conditions for the branching of two weak solutions,
depending upon theirsingular sets

◮ The variational equation along an orbit

◮ Conditions on the growth of Lyapunov exponents for the
uniqueness of weak solutions.
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Navier – Stokes equations
Theequations of motionof an incompressible viscous fluid

∂tu + (u · ∇)u = ∆u−∇p

∇ · u = 0 (1)

u(x, 0) = u0(x) initial data

Space-time domain

D = R
d (x, t) ∈ D × R

+ := Q

AlternativelyD = T
d and

(x, t) ∈ T
d × R

+ = Q

A bounded smooth domainD ⊆ R
d; we leave this open.
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Weak solutions
The usual definition ofweak solutionsover t ∈ [0, T] is that:

1. Integrability conditions

u ∈ L∞([0, T]; L2(D)) ∩ L2([0, T]; H1(D)) ,

p ∈ L1+2/d(Q) (2)

2. The pair(u, p) is adistributional solutionof (1)

3. Theenergy inequalityis satisfied

∫

D
|u(x, t)|2 dx+ 2

∫ t

0

∫

D
|∇u(x, s)|2 dxds≤

∫

D
|u0(x)|

2 dx (3)
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Definition (1)
Given a weak solution(u, p) of (1), thesingular setS(u) ⊆ Q is the
set of space-time points at whichu(x, t) is not locally bounded.

That is,(x0, t0) 6∈ S(u) if there is a neighborhoodBr(x0, t0) such that

u ∈ L∞(Br(x0, t0)) (4)

This makes sense due to a theorem ofSerrin (1962)which implies
that if (x0, t0) 6∈ S(u), then for allk (and with some0 < α < 1)

∂k
xu(x, t) ∈ Cα(Br/2(x0, t0))

The condition (4) has been improved byEscauriaza, Seregin and
Sveràk (2003)to beu ∈ L∞L3(Qr(x0, t0)), for parabolic cylindersQr
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Partial regularity

◮ The singular setS(u) is closed, by definition

◮ Whend = 3 the set ofsingular timesτ(u) ∈ R
+ has zero

1/2-Hausdorff dimensional measure

H1/2(τ(u)) = 0

◮ If d = 3 and(u, p) is asuitableweak solution of (1) then the
Caffarelli, Kohn & Nirenberg theorem (1982) states that its
parabolic one-dimensional Hausdorff measure is zero;

P1(S(u)) = 0
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The weak-strong uniqueness principle

There is a second classical theorem ofSerrin (1963)which is a
uniqueness result in the presence of a strong solution

Theorem (2)
Let (u1, p1) and(u2, p2) be two weak solutions of(1) on the
space-time domainQ, emanating from the same initial datau0(x).
Suppose that in factu1 ∈ L∞([0, T] × D) ∩ L2([0, T] : Hd/2(D)).
Thenu1 ≡ u2 over the time interval[0, T].

This states that weak solutions can only branch at singular times.
Furthermore, all weak solutions that start from the initialdatau0(x)
share the samefirst singular timeT0.

The regularity condition onu1 such that the same conclusion holds
was recently improved and optimized byPierre Germain (2006).
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First Theorem

The case ofD = T
d.

Theorem (3)(A. Biryuk, S. Ibrahim & W. C. (2006))
Let (u1, p1) and(u2, p2) be two weak solutions of(1) on the domain
[0, T] × D ⊆ Q. Suppose their singular sets satisfyS(u1) ∩ S(u2) = ∅.
Thenw := u1 − u2 satisfies

‖w(·, t)‖2 ≤ C1 exp(C2t)‖w0(·)‖2

for 0 < t < T.

The constantsC1, C2 depend only upon|uj |L∞([0,T]×D\N(S(uj)))
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Corollary (4)
Let (u1, p1) and(u2, p2) be two weak solutions of(1) on the domain
D × [0, T] ⊆ Q with the same initial datau0(x). LetS(u1) andS(u2)
be their singular sets. Then

S(u1) ∩ S(u2) 6= ∅

unlessS(u1) = S(u2) = ∅, in which caseu1 ≡ u2 on [0, T] × D.

The significance is that one can only have branching of weak
solutions from common space-time singular points.
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First theorem - microlocal version

Theorem (5)
Let (u1, p1) and(u2, p2) be two weak solutions of(1) and suppose
that

1. WF(u1) ∩ WF(u2) = ∅

2. For z = (x, t) ∈ S(u1) ∩ S(u2) then

ζ = (0, τ) 6∈ WFz(u1) ∪ WFz(u2)

Then for0 < t < T, w := u1 − u2 satisfies

‖w(·, t)‖2 ≤ C1 exp(C2t)‖w0(·)‖2

In particular, if w0 = 0 then in this situationu1 ≡ u2 andWF(uj) = ∅
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A primer on microlocal analyis

A rapid introduction for the non-microlocal specialists. Letu(z) be a
tempered distribution, forz = (x, t) ∈ Q.

◮ Singular supportS(u): The pointz0 6∈ S(u) when there exists a
cutoff functionη ∈ C∞

0 with η(z0) = 1 such that the product
ηu ∈ C∞

0

◮ Equivalently,z0 6∈ S(u) if under Fourier transform,

η̂u(ζ) → 0 for |ζ| → ∞

◮ Wave front setWF(u): The phase space point(z0, ζ
0) 6∈ WF(u)

when there exists a cutoff functionη ∈ C∞
0 with η(z0) = 1 and a

coneΓ containingζ0 such that

η̂u(ζ) → 0 for all |ζ| → ∞ with ζ in the coneΓ
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Theorem:Rd version
Definition (6)
A system ofnear singular setsof a weak solution(u, p) is a family of
closed setsSK(u) such thatS(u) = ∩K>1SK(u), and|u(x, t)| < K for
(x, t) 6∈ SK(u).

Theorem (7)
Let (u1, p1) and(u2, p2) be two weak solutions of(1) on
R

d × [0, T] ⊆ Q with the same initial datau0(x). Suppose that there
is K and near singular setsSK(u1), SK(u2) which are compact. Then
for 0 < t < T the differencew := u1 − u2 satisfies

‖w(·, t)‖2 ≤ C1 exp(C2t)‖w0(·)‖2

The issue is one of compactness of the singular set
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Compact near singular sets

For d = 3, with initial data satisfying
∫

R3
|u0(x)|

2 |x|dx < +∞

If (u, p) is a suitable weak solution, the theory of Caffarelli, Kohn and
Nirenberg (1982) shows that there do exist compact setsSK(u)
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Note on different settings

◮ OnD = T
d we can adjust
∫

Td
u dx= 0 , and p(x, t) periodic

Theorem (8)(our extension of Serrin’sa priori interior
regularity)
Let (u, p) be a weak solution of(1) overQ = T

d × R
+ with∫

Td u dx= 0 andp(x, t) periodic. If(x, t) 6∈ S(u) then for someρ

(u, p) ∈ C∞(Bρ(x, t))

Walter Craig Navier – Stokes

McMaster University



Introduction The Navier – Stokes equations The singular set Lyapunov exponents of the variational equation Open questions

Galilean transformations

The issue is overregularity in time. Given any solution(u, p) define a
new velocity and pressure field(u′, p′)

z = (x, t) 7→ z′ = (x + c(t), t)

u(x, t) 7→ u′ = u(x + c(t), t) − ċ(t)

p(x, t) 7→ p′ = p(x + c(t), t) + c̈(t) · x

Then(u′, p′) is also a solution of the Navier – Stokes equations.

The functionċ(t) can be quite irregular, indeed only HölderCα,
α = 2/(2 + d) when the pressurep ∈ L1+2/d(Q). However boundary
conditions place further restrictions onc(t), which lead to the
regularity theorem (7).
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The variational equations

◮ Turn to the study of the case of two weak solutions onT
d for

which
S(u1) = S(u2)

and conditions under which we canconcludeu1 ≡ u2.

◮ Consider one of our weak solutions(u1, p1), and linearize the
equations about it, writing a variation as(δu1, δp1) = (v, q)

∂tv + (u1 · ∇)v + (v · ∇)u1 − ∆v + ∇q = 0 (5)

∇ · v = 0

initial data v(x, 0) = v0(x)
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Lyapunov exponents
◮ By (formal) integrations by parts, solutions of the variational

equations satisfy a differential identity

∂t‖w(t)‖2
2+2‖∇w‖2

2+

∫
w

(
(u1 ·∇)w+(w·∇)u1+∇q

)
dx = 0

◮ Denote a solution of this variational identity fromt = T1 to
t = T2 by v(·, T2) = Φ(T2, T1)v(·, T1)

◮ Is there a constantΛ such that

‖Φ(T2, T1)v(·, T1)‖L2 ≤ eΛ(T2−T1)‖v(·, T1)‖L2 ?

◮ No. In general Λ = +∞
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Fourier truncation
◮ Change the questionin the case in which space-time is

T
d × (0, T). Let ΠN denote projection onto the Fourier modes

with wave number|k| ≤ N.
◮ Consider solutionsvN(·, T2) = ΦN(T2, T1)vN(·, T1) of the

truncated equations

ΠN

(
∂t ∗ +(u1 · ∇) ∗ +(∗ · ∇)u1

)
ΠNvN − ∆ΠNvN + ΠN∇qN = 0

∇ · ΠNvN = 0 (6)

initial data ΠNvN(x, 0) = ΠNv0(x)

◮ Take the best constantΛN such that for all0 ≤ T1 < T2 ≤ T

‖vN(·, T2)‖L2 ≤ eΛN(T2−T1)‖vN(·, T1)‖L2
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ExponentsΛN

◮ Of courseΛN = ΛN(u1, p1) depends upon the solution. What is
thegrowthof ΛN in N?

◮ A universal upper bound

Theorem (9): BCI (2006)
If (u1, p1) is a weak solution of(1) then

ΛN ≤ C1N

◮ But of course it could be less.
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Second Theorem

Which conditions imply that weak solutions are unique

Theorem (10): BCI (2006)
Let (u1, p1) and(u2, p2) be two weak solutions defined on the domain
T

d × [0, T], with thesame singular setS(u1) = S(u2). Let

w := u2 − u1

◮ If w ∈ Cω then in factw ≡ 0.

◮ In caseΛN = C1 bounded, wheneverw ∈ L∞([0, T] : H1(Td)),
thenw ≡ 0.
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Theorem (10)(continued)

◮ In caseΛN = C1 log(N), thenw ∈ L∞([0, T] : H1+ε(Td))
impliesw ≡ 0, for anyε.

◮ WhenΛN = C1Nβ, 0 < β < 1 thenw ∈ L∞([0, T] : Gγ(Td))
impliesw ≡ 0, whereγ = γ(β).

In any case, the conclusion is that the set of possible different weak
solutions is smaller if the Lyapunov exponents of the variational
equation grow less rapidly.
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Open questions

Theorem (9) is a structural result for the set of weak solutions which
arise from a given initial datumu0(x).

◮ How to parametrizethis set?

◮ Is the setS(u) aperfectset (meaning that it contains no isolated
points)?

◮ Can we at least show that the first singularity of a weak solution
u(x, t) is not isolated?
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Thank you
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