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Transmission dynamics of infectious diseases are often studied using compartmental
mathematical models, which are commonly represented as systems of autonomous
ordinary differential equations. A key step in the analysis of such models is to identify
equilibria and find conditions for their stability. Local stability analysis reduces to a
problem in linear algebra, but there is no general algorithm for establishing global
stability properties. Substantial progress on global stability of epidemic models has
been made in the last 20 years, primarily by successfully applying Lyapunov’s method
to specific systems. Here, we show that any compartmental epidemic model in which
susceptible individuals cannot be distinguished and can be infected only once, has
a globally asymptotically stable (GAS) equilibrium. If the basic reproduction number
Ro satisfies Rp > 1, then the GAS fixed point is an endemic equilibrium (i.e., constant,
positive disease prevalence). Alternatively, if Ry < 1, then the GAS equilibrium is
disease-free. This theorem subsumes a large number of results published over the last
century, strengthens most of them by establishing global rather than local stability,
avoids the need for any stability analyses of these systems in the future, and settles
the question of whether co-existing stable solutions or non-equilibrium attractors are
possible in such models: they are not.

epidemics | compartmental models | ordinary differential equations | global stability

M athematical modelling of infectious disease transmission dates back
to Daniel Bernoulli in the 18" century (1). Compartmental epidemic
models were first published in the early 20 century (2, 3), which led to
the landmark paper of Kermack and McKendrick (4) (KM) in 1927. In its
simplest form, the KM model reduces to a system of three ordinary differential
equations (ODEs),

%:—BSL %:BSI—’M, %:’yl, 1]
where S, I, and R are the numbers of susceptible, infected, and recovered
hosts, and the total population size is N =S + I + R. In this SIR model, the
parameters, $ and -y, are the rates of transmission and recovery; the mean
infectious period is 1/v and the basic reproduction number is Ro = N3/7.
The incidence function, i(S,I) = BSI, is linear in S and I, representing
homogeneous mixing of susceptible and infected individuals, as if they were
elements of an ideal gas. There is no flow from I or R back to S, so infected
individuals become permanently immune upon recovery.

Because there is no source of new susceptibles in Eq. 1, any initial state
yields at most one outbreak, and ultimately converges on a disease-free
equilibrium (DFE) at which I = 0. However, Eq. 1 ignores vital dynamics
(births and deaths). In the more realistic situation that includes vital dynamics,
Ro depends on the vital rates and, if Ro > 1, there is an endemic equilibrium
(EE) at which I > 0. It has been known for at least 50 years that the SIR
model with vital dynamics always has a globally asymptotically stable (GAS)
equilibrium: if Ro < 1 then all solutions converge to the DFE, and if Ro > 1
then all initial states (except those with I = 0) yield solutions that converge
to the EE (5).

The vast majority of compartmental epidemic models that have been
studied over the last century are generalizations of the simplified KM model
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Significance Statement

Mathematical models are widely
used to study the spread of infec-
tious diseases. A central question
is whether these models predict
that disease incidence will: oscil-
late indefinitely, settle down to a
constant level, or behave unpre-
dictably over time. While dynamics
near a steady state can often be
determined straightforwardly, it is
usually more challenging to estab-
lish behaviour from arbitrary start-
ing conditions. We prove—for a
broad class of models, including
thousands studied previously—that
there is a unique, stable equilib-
rium prevalence that is approached
whenever the disease is present.
This result eliminates the need for
further case-by-case analysis, and
clarifies that such models cannot
exhibit more complicated long-term
behaviour, such as sustained oscil-
lations or multiple stable outcomes.
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Fig. 1. Transfer diagram for the most general Sx1---x,, model with n = 3 non-susceptible compartments (z;). The subgraph excluding S is a complete directed
graph on n nodes. There is no flow from any x; back to S. The general class of Sxz1---z,, models is defined formally by Egs. (3) to (6) and 2.

(Eq.1) and can be represented by a transfer diagram like that shown in Fig. 1 with a single susceptible compartment
(S) and n other compartments (z1,...,z,) from which there are no flows to S. We say these Sx1:+-xn models
have the property of uniform susceptibility because there is no distinction (biological, epidemiological or sociological)
between susceptibles; in particular, no current susceptible has ever been infected. The standard SIR model with
vital dynamics corresponds to n = 2, with x1 = I and x2 = R. Including a latent period, which requires an exposed
compartment (E), yields the SEIR model with n = 3, z1 = E, 2 = I, and z3 = R. More generally, any number
of infected and immune compartments are possible—for example including compartments in which individuals are
hospitalized, treated, isolated, or temporarily not infectious—and flows among any or all of these compartments are
possible. Moreover, the distributions of durations in any of the compartments can be essentially arbitrarily distributed
(6, 7).

In the thousands of papers written about models in the general class indicated in Fig. 1—many of which have been
used to support infectious disease management and policy development (8-10)—the typical first steps of analysis are
to find equilibria and determine their local stability or instability. The more challenging question of global stability
has been resolved much less frequently. Indeed, even for the simple SEIR model, GAS of the EE was not established
until 1995 (11). Yet only global analysis can fully characterize the long-term dynamics that can be displayed by
epidemic models.

Substantial advances in global stability analysis have been made in the last 20 years, including a variety of special
cases in the class of epidemic models depicted in Fig. 1; in particular, GAS has been proved for a large class of staged
progression models (12), SIR/SEIR models with both serial and parallel infectious stages (13, 14), and a class of
models similar to those depicted in Fig. 1 but with the restriction that all new infections arrive in class z1 (15). It
has remained unclear, however, how much of the class of Szi---xz, models has the GAS property. We definitively
answer this question here, and discuss what scope there is to broaden our result to include more general classes of
epidemiological models.

Results
We formalize the class of Sx1--z, models (Fig. 1) by writing

%:V—MSS—AS, [2a]
dz -

— =ASP- M2z 2b
dt . [2b]
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with non-negative initial conditions™

S(t) =S,  @(t)=4. (3]

In Eq. 2, v represents natality, all of which is into the susceptible compartment. The per capita mortality rate from
class S is ps and from each x; is p;. The force of infection is

A= BTJE, where f = [ﬁl,n-,ﬁn]T and T = [wl,-u,xn]T. [4]

The transmission rates $; must be non-negative, and to ensure that transmission is possible, it is essential that 5; > 0
for at least one j, but there are no other restrictions on the f;; thus, transmission from the various x; classes can be
arbitrarily heterogeneous. In Eq. 2b,

P=[p1,~pn] [5]

is the vector of probabilities with which newly infected individuals move from class S to each x; (so each p; > 0 and
Y71 pj = 1). The non-susceptible flow rates are specified by what we call the post-infection transfer (PIT) matriz,

M=[Mgy] ~ with {M“ =-mi_ forizg, [6]

n
Mjj = pj + X5 maj.

Here, the transfer coefficients m;; must be non-negative. Flows from z; directly back into z; have no impact, so we
assume without loss of generality that m;; = 0. The vital rate parameters p; must be strictly positive. Consequently,
the off-diagonal entries of the PIT matrix are non-positive, the diagonal entries are strictly positive, and the j*" column
sum is equal to p; > 0. The column sum positivity and sign pattern imply that the PIT matrix is a non-singular
M-matrix (17, 18), which necessarily has a non-negative inverse and eigenvalues that all have positive real parts.|

Finally, to prevent the occurrence of formal equilibria that are biologically meaningless, we assume that no
compartments are isolated from the S compartment, i.e., for each j, it must be possible for initially susceptible
individuals to reach z; eventually. To formalize this property, we note that any nxn matrix A = [a;;], with non-negative
off-diagonal entries, induces a directed graph (or digraph) based on those off-diagonal entries, namely the graph with a
directed edge from node j to node i if and only if a;; > 0 for ¢ # j; we consider the digraph induced in this way by the
negative of the PIT matrix, —M. In the example of Fig. 1, —M induces the subgraph made up of the edges with black
labels. Thus, we assume that each node in the transfer diagram (e.g., Fig. 1) can be reached by following a path
beginning at S. Using the terminology of graph theory, S would be called a source node. We stress that we do not
assume the PIT matrix (Eq. 6) to be irreducibile, which would be much more restrictive.

With these assumptions, in Methods we show that the basic reproduction number for the general Sx;---x,, model
(Eq.2) is

Ro= L pBTM'P, 7]
s

and using the fact that S is a source node, we show that R is necessarily positive. Eq.7 is a generalization® of the
simple expression R = N3/~ for Eq. 1, since v/ug is the equilibrium population size, and BT and M 1P are analogous
to 8 and y7'.

We find that if Ro < 1 then there is a unique (disease-free) equilibrium,

(SDrE@DFE) _ (L,()), 8]

ps

whereas if Ro > 1 then there is a second (endemic) equilibrium,

(5",3") = (”7/{23, y(l - RLO)M*?) . [9]

The system exhibits a standard transcritical bifurcation (20); the two equilibria coincide at Ro = 1 and exchange
stabilities as Ro passes through 1. We prove, moreover, that if Ro < 1 then the DFE (Eq. 8) is GAS, whereas if R > 1
then the EE (Eq.9) is GAS.

Thus, any Sx1---x, model—any epidemic model with a transfer diagram in the class illustrated by
Fig. 1—is globally stable.

*Standard existence and uniqueness theory (16, Chapter 1) ensures that solutions of Eq. 2 exist and are unique for each initial condition. In Methods, we show that solutions approach a
bounded set, a consequence of which is that solutions exist for all ¢ > ¢;.

fAn M-matrix is a square matrix with non-positive off-diagonal elements and eigenvalues with non-negative real parts (see (17, Chapter 6) or (18, Chapter 5)). If an M-matrix is non-singular,
then its inverse is non-negative and its eigenvalues all have positive real part; see (17, Theorem 6.2.3, statements (G2¢) and (N3g)).

iIn addition to being essential for our asymptotic stability analysis in this paper, the explicit formula for R o (Eq.7) has practical value on its own, whenever an expression for R is needed,
since it avoids having to apply the standard algorithm (19) in any specific case.
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Discussion

Our approach to proving global stability is to construct a Lyapunov function (21) that works for this very general
class of models (Eq. 2). Compared to previous work, which has depended on identifying details of specific models, our
key innovation is to recognize that construction of a Lyapunov function for a generic Sx;---x, model can be reduced
to a system of linear equations that can always be solved, together with a set of algebraic inequalities that we show
are always satisfied.

Having settled this question, it is natural to ask whether the class of models can be expanded further without
losing the guarantee of a GAS equilibrium.

Maternally-acquired immunity. Thus far, we have implicitly assumed that individuals are susceptible when they are
born, which is not always true: a period of maternally acquired immunity is common for many infectious diseases
(8, 22). It follows from Corollary 4.3 of Ref. (23) that any “pre-susceptible” transfer diagram can be pasted onto the
left of Fig. 1 without affecting global stability. In particular, including maternally acquired immunity still yields a
GAS equilibrium, regardless of how the duration of maternally-acquired immunity is distributed (6, 7).

Vaccination. If a vaccine that provides permanent immunity is given to a proportion p of newborns, the susceptible
recruitment rate is reduced from v to v(1 - p), and the perfectly vaccinated individuals can be thought of as residing
in a vaccinated compartment V (separated from the potentially infectious classes z1,...,%,). Our GAS result still
holds in this situation. Moreover, GAS follows even if vaccine-induced immunity decays, i.e., if there is a flow from V'
to S at rate §V for some ¢ > 0 (permanent vaccine-induced immunity corresponds to § = 0).

Alternatively, or in addition, if susceptibles are vaccinated at a constant per capita rate i.e., if there is a flow from
S to V at rate aS for some a > 0, GAS still follows (again, even if vaccine-induced immunity decays).

Note that for some models involving a “leaky vaccine”—one that provides only a temporary reduction in susceptibility,
rather than full immunity—it is possible to have two stable equilibria (24). However, this bistability is possible only if
there is flow from a vaccinated class to the infected classes, contradicting our assumption of uniform susceptibility.

Decay of infection-induced immunity.  Sxi---z, models assume that infection-induced immunity is permanent, i.e., there
is no flow back to S after becoming infected. This assumption of permanent immunity after infection cannot be
dropped. Some models with decay of immunity do have a GAS equilibrium (5, 25), however there are simple models
with decay of infection-induced immunity that have an unstable EE accompanied by a stable periodic orbit (26).
(Ref. (26) ignores births and deaths, but the result holds with vital dynamics as well because stable periodic orbits
persist under small perturbations; see Theorem 2 in §4.1 of Ref. (27).)

Permanent infections. The class of Szi---x, models includes diseases from which individuals never recover to an
immune state (e.g., tuberculosis, HIV). Our global stability result still applies in the absense of immunity, since the
only requirement is that individuals never return to the susceptible class after being infected.

Non-exponential lifetime distributions.  As drawn, Fig. 1 suggests that host lifetimes are exponentially distributed. In
fact, since essentially arbitrary stage duration distributions can be represented using collections of serial and parallel
compartments (6, 7), there is really no such restriction: an arbitrary sub-graph can be pasted onto the end of any of
the mortality paths (which point out of the diagram in Fig. 1) without disrupting our global stability analysis, as
the resulting PIT matrix would still be a non-singular M-matrix (which can be established using statement (Ls2) of
Theorem 6.2.3 in Ref. (17)).

Infection age and class age. In their most general model, KM allowed for continuous changes in infectiousness during
an individual’s infectious period (4), i.e., the transmission rate 5 can depend on how long individuals have been
infectious (their infection age). KM expressed this general model as an integro-differential equation, but there are
ODEs in the class of Sx1---x, models that approximate it to any desired degree of accuracy. The reason is that any
compartment (say, represented by xj) can be subdivided into a sequence of subcompartments (say, 1, ..., Tk,K),
each with a different transmission rate. All such subcompartmentalized models in which transmission rate depends on
infection-age (or more generally class-age) can be represented by Eq. 2, implying they each have an equilibrium that
is GAS. In the limit that the number of subcompartments K — oo, we obtain an integro-differential equation like
KM’s. While the limiting equation itself is not an ODE, the fact that it can be approximated arbitrarily closely by
GAS systems formalized by Eq. 2, strongly suggests (though does not prove) that the limiting equation also has a
GAS equilibrium.

Delay. Many models (see refs. (28-30), for example) include delays, whereby individuals that leave one group arrive
in another group 7 > 0 time units later. The resulting delay differential equation (DDE) corresponds to individuals
spending a period of time (7) in a hidden class that is not explicitly represented in the model, such as a latent class in
which individuals are infected but not infectious. The delay (7) could be the same for all individuals (i.e., discrete
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delay), could take values from a continuous distribution (.e., distributed delay), or could be a combination of the two

(31).
As an example, suppose that upon infection, all individuals experience a latent period of the same duration (7),
before proceeding to classes x1,...,T,. Then Eq.2 would become
ds
W) = v - psS(M) - ADS(®), [10a]
dz _ -
dif(t) = MTA(t-7)S(t - T)P - ME(t), [10b]

where p, is the per capita mortality rate while in the latent class. Thus, a fraction e™" of those that are infected at
time t — 7 survive to progress to the remaining classes at time t.

In Methods, we perform global analysis for the ODE version (Eq.2), using one Lyapunov function for the case
Ro > 1 and another for the case Ro < 1. Theorem 7.1 of Ref. (31) allows our result for R > 1 to be extended to include
the type of delay represented in Eq.10, and much more general delays that are represented as mixtures of discrete
and continuous distributions. A similar approach can be used to extend our result for Ro < 1.

Disease-induced mortality. ~ Because the death rate p; in each compartment can be different, disease-induced mortality is
implicitly included in our general structure. Indeed, mortality resulting from any characteristic of a given compartment
is covered (e.g., post-infection mortality from a secondary infection, such as fatal pneumonia following influenza
infection).

Proportional scaling. In our formulation of the class of Szi---z, models (Eq.2), we assumed a constant rate of
susceptible recruitment (32), rather than a rate that increases in proportion to the population size N. If we replace
v with N in Eq. 2 and B by B/N in Eq. 4 then our global stability results are unaffected. This follows because a
model that has recruitment v/N and transmission B /N—Dbut is otherwise identical to Eq. 2—is formally equivalent to
Eq. 2 after changing variables to proportions rather than numbers of individuals in each compartment. See, e.g., (33,
Section 2) for a similar calculation.

Heterogeneity. In the simple KM model (Eq. 1), the transmission rate 3 represents the product of the contact rate
and the probability of infection upon contact. In general Sz1---x, models (Eq. 2), there can be a distinct transmission
rate 3; associated with each x;. Thus, it is straightforward to represent heterogeneity in the rates at which individuals
in each of the x; classes contact susceptibles, or in the probabilities of infection upon contact, or both.

Environmental reservoirs. The transmission dynamics of some infections (e.g., cholera) are driven, at least in part, by
hosts shedding pathogen into the environment, which becomes an additional source of infection. Many models that
include an environmental reservoir (34, 35) fall into the class of Sz1---x, models (Eq. 2).

Nonlinear incidence. The models defined by Eq. 2 assume bilinear incidence, SA. Incidence functions (S, A) that are
nonlinear in S or A (or both) are commonly considered, often as a means to approximate density-dependent mixing
heterogeneities (36-38). In this more general setting, A is still defined by Eq. 4 but does not correspond to the force of
infection in the usual sense.

Many models with nonlinear incidence have been shown to have a GAS equilibrium (39, 40), but others exhibit
periodic orbits and bistability (37, 41). Consequently, our results cannot be generalized to models with arbitrary
incidence functions (S, A). However, our results do generalize to any incidence function that satisfies some biologically
sensible constraints; in particular, to establish GAS it is sufficient that (i) ¢(.S,A) is zero if either argument is zero, (ii)

. 2.
i is a non-negative increasing function of both S and A, (iii) % is a non-increasing function of A (STS <0) and (iv)
i

2% is a non-decreasing function of S ( 8‘22;;/\ >0). (Note that 2% is a measure of the sensitivity of incidence to changes
in the infectious level of the population.) The proof of this more general result is substantially longer than the bilinear

case on which we focus here, but the structure of the proof is similar.

Structured populations. The generic Sx;---z,, model places no restrictions on stratification of infected individuals by
age, spatial location, or other physiological or social factors, but we have assumed that individuals are indistinguishable
when they are susceptible. It remains to be seen whether the general result we have presented here can be extended—
or to what extent it can be extended—to include heterogeneous mixing patterns that depend on stratification of
susceptibles into distinct classes.

Non-equilibrium attractors.  Our focus here has been on the existence of a GAS equilibrium. Of course, other types
of attractors are possible and can be globally stable. Some of the counter-examples we have cited have a stable
periodic orbit, while others exhibit bistability. Our approach—based on considering generic digraphs rather than
specific properties of epidemic models—may facilitate additional fruitful developments that help characterize model
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structures that necessarily give rise to one globally stable attractor or several co-existing attractors, further enhancing
our understanding of the ecology and evolution of infectious diseases.

Materials and Methods

The intuitive idea that motivates Eq. 2 is that after initial infection, individuals may experience a variety of disease states or
situations that can be modelled as passing through compartments that are connected by a digraph structure. Such graphs can
always be represented by an M-matrix that we call the PIT matrix [Eq. 6]. This framework includes systems as simple as the
common SEIR model (42) and as complex as those involving multiple infectious groups, quarantine, treatment, quiescence, and
essentially arbitrarily distributed durations in each compartment. At one extreme, M could be a diagonal matrix (though this
would require that P be strictly positive), while at the other extreme all of the off-diagonals of M could be negative.

We restrict attention to models in which there is no return from post-infection classes to susceptibility because it is known
(26) that models allowing a return to S can exhibit non-constant periodic solutions, precluding a GAS equilibrium.

We use differential inequalities to establish that solutions that are initially non-negative remain so (a biological necessity),
and also to show that there is a bounded set that attracts all solutions.

For Rg > 1, we perform a global stability analysis by constructing a Lyapunov function based on the Volterra function
g(0) =0 —1-1n(0), which has been used extensively for specific subclasses of Sz1---xn models. This leads to a calculation where
a set of Lyapunov coefficients must be found so that certain non-linearities cancel out. We use the digraph structure of the
post-infection compartments, i.e., the M-matrix structure of the PIT matrix, to show that a suitable choice of coefficients exists.

Biological well-posedness. We write the full state of the system as X = (S,%). (Note that we use a double-headed arrow to
distinguish (n + 1)-dimensional vectors such as X from n-dimensional vectors such as &.) If X is non-negative (X ¢ RZ$!) and
one of its components is zero, then the time-derivative of that variable, as given in Eq. 2, is non-negative. Consequently, by
(43, Proposition 2.1), the non-negative orthant (RZ{ 1) is positively invariant, i.e., biologically sensible initial conditions yield
biologically sensible solutions for all time.

Bounds on solutions. We denote the column vector in R with a 1 in each component by 1, which allows us to write the total
population size conveniently as

N(t) = S(t) + 1T2(¢). [11]
Then dN ds dz
A L (S _ iT P_ Mz
o - awtly - (v-nsS-AS)+17(ASP - Mz). [12]
Noting that TP = > p;j =1 and that 1TM gives a row vector containing the column sums of M, we have
dN
o = VoHsS-mzio - pngn S v-ph, (13]

where p = min{pg, p1,...,un} > 0. Consequently, it follows from standard theory for differential inequalities (16, Theorem 1.6.1)
that N(t) < ﬁ +e P(N(t) - ﬁ), and hence
. v
limsup N (¢t) < —. [14]
t—oo m
Since N is asymptotically bounded (Eq. 14), and the state variables that sum to N are all non-negative, any linear combination
of the state variables is also asymptotically bounded. In particular, it follows that there exists K > 0 such that A(t) < K for
sufficiently large t, say t > t. Hence, Eq. 2a implies that for ¢ > t g,

ds
9 v (us + K S, [15]
dt
and therefore all solutions to Eq. 2 must satisfy
liminf S(t) > ——— > 0. [16]
t—o0 ns + K
Similarly, % <v-pugS, and so
limsup S(t) < —. [17]
tooo s
Inequalities (Eq.14), (Eq.16), and (Eq.17), together imply that solutions of Eq. 2 asymptotically approach the set
D:{(S,:T:)eR%’l:LsSsL and S+zl+--.+xnsi}. [18]
= ps+K Hs H

More precisely, under the dynamics of Eq. 2 with initial conditions given by (3), the following statements are true.
1.0<5(t) < N(t) < max {£, N(t;)} for all £ t;.
2 The set D is positively invariant and attracts all solutions..

3 The attractor (omega limit set) of each solution is bounded and is contained in D.

4 All equilibria are contained in D.
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The disease-free equilibrium (DFE). For all parameter values, there is a unique disease-free equilibrium

X" = (57,0) = (#Ls,o,,,.,o). [19]

The basic reproduction number Ro. We use the next generation matrix method as detailed in Ref. (44) to calculate the basic
reproduction number. Let

F=ASP and V= MZ. [20]
Then oF 5V
F:f(i‘)pﬁ)=LP5T and V=f(._>2')rt):M. [21]
oz ns oz
The next generation matrix N is
N = Fvt = ZpgTut, [22]
rs

and Ro is the spectral radius of this matrix (44, 45). Noting that BTM™! is a row vector, it follows from Eq.22 that each
column of N is a scalar multiple of P, and so N has rank one. Consequently, at most one eigenvalue of the next generation
matrix is non-zero. Eq.22 also implies that NP = ﬁP(,BTM’lP) = ﬁ(BTM’lP)P, and therefore P is an eigenvector of N
corresponding to the eigenvalue A\g = iBTM_ll?’. In Proof that the eigenvalue \o of N is positive we show that Ao > 0, from
which it follows that it is the spectral radius of N, and hence R = Ag, as stated in Eq. 7.

EE L EE

The endemic equilibrium (EE). We now look for an equilibrium X" = (S , T ) with §, A" > 0, where A" = BT:EH'. We will see that
such an equilibrium exists (and is unique) if and only if Rg > 1.
If such an X" exists, then %(XW) =0, and so it follows from Equations (Eq.2a) and (Eq.19) that

& - v 23]
ps +A

In addition, Eq. 2b becomes %()_Z%) =0, which implies 2" = A*S™ M1 P. Left multiplying by A" yields

K =KS"BTMP. 24]
Cancelling A” and recalling the definition of Rq [Eq. 7], we find
s
[ p— (25]
Ro

Since S™ < S™" (Eq. 23), Eq. 25 implies that Ro > 1, precluding the possibility of sub-threshold endemic equilibria (see Ref. (44)).
Using %()_ZW) =0 again, we find A"S™ = v — ugS"™, allowing the expression for Z to be rewritten as

= (1/—,uSA5'”:)M_1I3 = V(l—%)M_lﬁ’. [26]
0

Since M~! and ff are non-negative, it follows that " is also a non-negative vector; moreover, since Eq. 26 implies that the
non-zero vector P is a scalar multiple of MZ™, it follows further that ™ is not the zero vector. In fact, our assumption that

S EE

each node in the transfer diagram can be reached by a path beginning at .S implies that none of the components of " can be
zero, so T € RY; see Proof that & is strictly positive. Summarizing, we have:

LDFE

Lemma. For any Ro >0, Eq. 2 has a unique disease-free equilibrium, X = (S"",3"") = (V/}Ls, 6) If Ro <1, then X" is the

only non-negative equilibrium for Eq. 2. If Ro > 1, then there is also a (unique) endemic equilibrium X = (8",&") eRugL.

The Volterra function g. In our definition and analysis of Lyapunov functions below, we make judicious use of the Volterra
function®
g(0)=0-1-1né, [27]

and several of its properties, which we list here:
P1 g(0) has a unique minimum at 6 = 1, with g(1) = 0.
P2 If A1, Az, B1, B2 >0 then
(A1 - A2) (B1 - B2) = g(A1B1) - g(A1B2) - g(A2B1) + g(A2By) . (28]

P3 Suppose A,B>0,T; #0 for i=1,...,imax, sign(T3) =sign(7;), and ¥; T* =0. If t; = % for each ¢ then

(A-B)XTi = Y77 [g(At:) - g(Bt:)]. [29]

A proof of Property P1 is elementary. Property P2 appears as Lemma 2.3 in Ref. (31). A proof of Property P3 is given in
Proof that the Volterra function g satisfies Property P3.

§We adopt this name in honour of Vito Volterra’s work (46, 47) on predator-prey models, in which he calculated first integrals that can be written in terms of g.
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Lyapunov analysis for R < 1. We define

P e S - oes 3T 2 o
LY = RoS g( S) and LY =8"FTM 'z, (30]
and let
" =L§+L;. [31]
As noted after Eq. 6, M1 is non-negative, and therefore L} > 0. The function L™ is defined for S >0, z1,...,2, 2 0. We will
show that L™ is a Lyapunov function for Eq.2 if Ro < 1, and hence that all solutions in ]R"“ tend to X.
We begin by differentiating LS with respect to time as points (5,Z) move along solutlons to Eq. 2, obtaining

drg dLg dS
—= = = Ro|l-—)[v-nsS—-AS]. 32
e 0( S)[ 155~ AS] 132)

Inserting v = ugS™", we write

DFE

drL R o o
s B (5o ) ~RoAS + RoAS [33]
dt S
Differentiating L’,” with respect to time gives
ALY _ gungry 192
dt dt 4
=S"FTMIPAS - STATMTIMZ [34]
=RoAS - S™A.
Adding —2 and z together to get ——, and then recalling Ro < 1, we obtain
dt dt dt
dar™ ,U«SRO DFE DrE
— = S-S +(Ro-1)AS <0, 35
= < ( )+ (Ro-1) [35]

DFE

where necessary conditions for equahty include S =S
Let B be the set on which is zero and let A be the largest invariant subset of BnD. Note that A is bounded since D as
defined in Eq. 18 is bounded. Since S = S™ throughout B (and hence A), and A is invariant, it follows that dS =0 in A. Thus,

in A,
ds o - DrE
0 = prile v-pusS —-AST = -AST. [36]
The only possibility is that A = 0. Consequently, within A, Eq. 2b becomes
dz
£ _ma. (37]
dt

Since all of the eigenvalues of M have positive real part, the only solution Z(t) of Eq. 37 that is bounded for all ¢ € R (and hence
for which the corresponding X (¢) = (Sm,i(t)) lies in A for all ¢ € R) is the zero solution, Z(t) = 0. Therefore,

= {(s™0)) = {X7}. [38]

DFE

Thus, by LaSalles’ Invariance Principle (21), any solution to Eq. 2 starting in the domain of L™ will tend to X", Since any

LDFE

solution that starts with S = 0 immediately moves to a state with S > 0, we see that any solution starting in R”” tends to X
giving:

)

DFE

Theorem 1. If Rg <1, then Eq. 2 has a globally asymptotically stable disease-free equilibrium, X

Lyapunov analysis for Ry > 1. We define

o o (S
Lg=S g(?) and L, == kg( k) fork=1,...,n, [39]
Tk
and let
n a
L' =Lg+ Y ayLy, [40]
k=1
where the Lyapunov coefficients a1,...,an >0, so L : R%G! > Rso. Specific values of the aj will be determined below. If each

ay, is positive, then L” achieves its minimum value of zero only at the endemic equilibrium X", However, if some of the aj are
zero, then there is a larger set on which L is zero; additional calculations that are required for this situation are presented in
Analysis details if some Lyapunov coefficients are zero when Rg > 1.

.

To establish that L” is a Lyapunov function (thereby showing that X" is GAS), we must show that % is non-positive. To
that end, it is convenient to define

S
s=— and Y= %k for k=1,...,n. [41]
S i
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Differentiating L':g with respect to time gives

dLyg oL" dS S
—= = = (1- S - 42
at B8s At ( s)[” Hs Z’Bﬂ]] 142}
Using the above definitions of s and yy, the fact that g(1) = 0 [Property P1], and Property P3 with A=1, B = % , {T} given
by {v,-pusS,-p121S,...,-BnxnS}, and T given by the equilibrium value of the corresponding T3, we obtain
dr3 1
Tts = —vg(;) nsS” g(s) + Z Bz S [a(y;) — g(y;s)]- [43]
Next, for k =1,...,n, we differentiate E,'c with respect to time, obtaining
dry, ALy, dxy, Ty S ]
—_— = —— = |1- S+ + . 44
T 9z, dt o ) |7 le Bjxj Z mijz; — | ik l;mlk Tp [44]
Noting that —’“ is zero at X , leads to (,uk + X mlk)zk =Pk ZJ 1B PFS + Z My 3", and hence
J=
dL».n P n - n N Tk 1
—k _ ( ] ) Dh Z Bjz;S + Z my;x; — e D, BjxyS" + > my;ey | —
dt T); -1 j=1 j=1 zy; |
1 2 - 2
= (1—*) pr Y Biwi ST (yjs —yr) + . mua (v5 - Yr) [45]
Yk j=1 j=1
= . 1 1
=pi . BizTS 1- (y]S—yk)+kag 1-— | (yj—yk)-
j=1 Yk j=1 Yk
Again using the fact that g(1) = 0, but now exploiting Property P2, we have
dr; PG Y;S - e Yi
—% = Z BjxFS [g(ij) - g(yr) - g(i)] + > My [g(yj) - g(yr) - 9(4)] ) [46]
dt Yk j=1 Yk
From the definition of L in Eq. 40, we have
dr® dry & dLj
— === k [47]

= + ap—-—.
at  dt ,;1 Foat
We now use Eq. 43 and 46 to expand the right-hand side of Eq.47. We then collect all terms in which the argument of g is

simply y; or yi, and rewrite those terms such that the separate sums over j and k are combined to form a single sum over /;
thus, all terms involving g(y;) or g(yy) are replaced with terms involving g(y,), yielding

are

1 n& - e [ Yi
f:—vg(f)—uss g(s) - [akpkﬁ xS g( )+akmk-x‘-“g(f)]
dt s (s) gug ’ Y Ty

+ > B S" g(y;s) [—1 +y akpk] (48]
ps

k=1
n n
+ 3 g(ye) | Bexy S™ - agpe Z BiaS™ + Z apmpexy — Y agmea |
=1 j=1 j=1
We now work to show that the coefficients aj, > 0 can be chosen so that the final two lines of Eq. 48 vanish. Let
Akj = mk]ac;L and Bg = ﬁel‘? EE, [49]

and note that ¥ ; By = A"S™ # 0. Suppose now that it is possible to choose the aj, such that, for each ¢, the coefficient of g(y,)
on the final line of Eq. 48 (appearing in square brackets) vanishes, i.e., such that

n n
O:Bgfagpe/\wsw+ ZakAkgfag ZA“, EE{I,...,TL}. [50]
k=1 j=1
Summing over ¢, the terms involving the A’s cancel, giving
n L EE ~EE il EE ~EE
D Br- > ampeA'ST = (l— Zagpg)A'S”. [51]
£=1 £=1 l=1
Since A°S™ is non-zero, we see that any choice of the a; that solves Eq. 50 for each ¢, will give (1 - agp[) = 0, thereby

eliminating the second line of Eq. 48. Thus, eliminating the third line of Eq. 48 automatically eliminates the second as well,

ﬂThis cancellation is consistent with a phenomenon that arises in the global analysis of many models, where there are fewer Lyapunov coefficients to choose than there are restrictions to
satisfy, and yet a valid choice exists; see (48, 49) for example.
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leaving only the first line, which is non-positive (as desired) since g > 0 (Property P1). It remains to show that the aj can be
chosen such that Eq. 50 is satisfied.

We write ~
i=[a1,a2,~,a,]" and B=[Bi,Ba,Ba]", [52]
so that Eq. 50 can be expressed in matrix form as R
Qi-B, 153
where e
plA S + ZAl] —A21 _Anl
j*l -
A paK°ST + 3" Agy - ~An2
o- # . 54
-A1in —Aap pnAmSm + Z Anj
Jj#Fn
The column sums of Q can be written as a column vector,
QM =AS"P, [55]

the components of which are non-negative and not all zero (since A" > 0, S™ > 0, P >0, and Y1 Pk =1). Combining this fact
with the sign pattern of @ and our assumption that each node in the transfer diagram can be reached by a path beginning at
S, it follows from statement (L32) of (17, Theorem 6.2.3) that QT, and hence Q, is a non-singular M-matrix. Consequently,
Q satisfies all fifty enumerated statements of (17, Theorem 6.2.3), including statement (N3g), which implies that each of the
entries of Q7! is non-negative. Rewriting Eq.53 as @ = Q"1 B, and recalling that the components of B as defined in Eq. 49 are
non-negative, it follows that @ is non-negative. Moreover, since at least one B; is non-zero (as A" # 0) Eq. 53 implies that a
cannot be the zero vector.

Since Eq. 53 is equivalent to Eq. 50, the choice @ = Q™1 B successfully eliminates the second and third lines of Eq. 48, and
therefore O I

1 oo [ YiS w [ Yi

Here, non-positivity follows from the fact that the Volterra function (g), the state variables (S,zy), and the parameters
(v, s, g, P, Brs M), are all non-negative. In addition, given that g(#) = 0 if and only if # = 1 [Property P1], and v > 0, a
necessary condition for equality in Eq. 56 is that s = 1 or, equivalently, S = S™.

Similar to the argument in the previous section, we complete the proof that X" is GAS using LaSalles’ Invariance Principle
(21). Let B c R73! be the set on which % is zero. Let A be the largest invariant subset of Bn D, and note that A c D is

bounded. Then in the set A, we have S = S™. Hence, by the invariance of A, we also have % =0. Thus,
ds - -
= — = v-ugS -AS". 57
" v—ps (57]
The only solution is A = A”. Thus, the equation for % becomes
dZ e e
L _KSTP - M. (58]
det

Since all of the eigenvalues of M have positive real part, the only solution of Eq. 58 that is bounded for all ¢ € R is the constant
solution # = A"S" M1 P = 3", It follows that Z(t) = 2~ for any solution (S",Z(¢)) in A, and so

A — {(SEE’ELE)} — {XFE}_ [59]
By LaSalles’ Invariance Principle, any solution to Eq. 2 with strictly positive initial conditions tends to 3»(“;’ giving:
Theorem 2. If Rg > 1, then Eq. 2 has a globally asymptotically stable endemic equilibrium, X

Further technical details.

S EE

Proof that 7™ is strictly positive. When determining the equilibria (see The endemic equilibrium (EE)), we showed that
Z" e Ry, is a non-zero vector and, therefore, at least one component of Z* is positive. Suppose some of the components of zZ"

are zero. Without loss of generality, we may assume that

= [fh ] , [60]

On-e¢
where Gy € Rﬁo for some £ € {1,...,n—1} and 0,,_¢ is the zero vector in R”~. The PIT matrix can be written as
B B12]
M = 61
[321 Baa ]’ [61]

where Bi1 is £ x £, Bag is (n—¥) x (n—£) and the blocks B2 and Ba; are non-positive. Additionally, P can be written as
P
P=|- 2
|:P2] ) [6 ]
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where Py ¢ Rgo and Py ¢ R;ae. Then, at the endemic equilibrium, Eq. 2b can be written as

B11 B12] de e e | P1
o =A -
[321 Baa [On,g] s [pQ]’ (63]
and therefore -
B21Ge = AN'S Ps. [64]

Noting that gy is a strictly positive vector and that {\“;S““ >0, while Ba; is non-positive and P» is non-negative, it follows that
the only way Eq. 64 can be satisfied is for B2; and P> to both be zero.

Since Ps is zero, the transfer diagram does not include flow from S directly to any of the nodes zy,1,...,Zy. Since Baj is
zero, there is no flow from nodes z1,...,x, into nodes xp.1,...,xn. This contradicts our assumption that each node in the

transfer diagram can be reached by a directed path beginning at S. Thus, it must be the case that 2™ is strictly positive. [J

Proof that the Volterra function g satisfies Property P3.

ST [9(AL) - g(Bti)] = Y17 [(Ats -1~ A-Int;) - (Bt; -1 -In B~ Int, )| [65a]
l - ZT [(Ati —lnA) - (Bti —lnB)] (65D
= (IA—B) YTt + (InB-InA) YT} [65¢]
= (A-B) iTl l [65d]

as desired, where the final step to conclude (Eq. 65d) follows from the definition of ¢; and the fact that the T} sum to zero. [

Analysis details if some Lyapunov coefficients are zero when Ry > 1. In Lyapunov analysis for Rg > 1, we introduced the
Lyapunov coefficients aj > 0, but assumed for convenience that ay > 0 for all k£ in Eq.40. We now show—via reduction to a
representative submodel—that it is sufficient for one of the aj to be positive.

Suppose some of the ay are zero. For instance, suppose ai,...,ay >0 and agy1,...,an =0 with 1 <€ <n. (If £ = n, then all of
the Lyapunov coefficients are positive, which is the “main” case.)

Write @Q, @ and B in block form as
_[Qu Q12] Gy B
@= [QQI Q22]’ (1) and By |’ [66]

where Q11 is £ x £, Qa2 is (n—£) x (n—1¥), Gy € Rﬁo, B e Rgo, By e Rgaz, and 0,,_, is the zero vector in R"¢. Note that the
entries of Q12 and @21 are all non-positive. Eq.53 can be written as

Qu1de = By and Q213 = By. [67]

Based on the signs of the entries in Q21, d¢ and Bg, Eq. 67 implies Q21 is a zero matrix and By is a zero vector.

The fact that Q21 and Bg are zero is consequential when we consider the original differential equation Eq.2. The (4,5)
off-diagonal entry of Q is —Aj;; = —mj;x. Since £ € RY), the fact that Q21 = 0 implies the matrix M has a block of zeros in the
transpose position (corresponding to the location of Q12). The fact that Bj =0,,_y implies A = 2§:1 Bjx;.

Combining these facts, it follows that the differential equations for ds dz; dzy

N TR do not depend on xp;1,...,xn. Thus, it
is understandable that the Lyapunov function would be a function of S| x1, ..., x¢, and not depend on xp,1,...,Zn, as is the
case if agy1 =+ = an = 0. In such a case, the Lyapunov function could be used to show that the subsystem of (S, z1,...,2¢)
tends to an equilibrium. Then, the subsystem of (z¢.1,...,2Zn) can be studied as a non-autonomous linear system, driven by
ASP, and would also tend to an equilibrium.

Thus, no generality is actually lost by our assumption in the main text that each ay > 0.

Proof that the eigenvalue \o of N is positive. When calculating Ro (see The basic reproduction number Rg) we showed that
the next generation matrix N [Eq. 22] has at most one non-zero eigenvalue. We show here that the eigenvalue Ao (equal to

iBTM_llf') is, in fact, positive. Consequently, as stated earlier, this positive eigenvalue is the spectral radius of N, i.e., Ao is
equal to Ro (44, 45).

Recalling that the vital rates v and pg are positive, and that B, P and M~! are non-negative [see the paragraph containing
Eqgs. 4-6], it follows that Ao is also non-negative. It remains to show that Ao is non-zero.

Observe that
f M7 s - _Mflef]¥{7'|
0

Since the real parts of the eigenvalues of M are all positive [see Footnote {], the limit above gives the zero matrix. For the
evaluation at 7 = 0, we note that the exponential of the zero matrix is the identity, and so

= Ny ( lim e*MT) + MM

T—>00

L [68]

=0
M= [ e M7 4r, [69]

0
Now, since the off-diagonal entries of M are non-positive (as discussed after Eq. 6), we can choose r > 0 such that H = rl — M is

non-negative. Then H* is non-negative for any integer £ > 0. Note that H has the same off-diagonal entries as —M, and so the
digraph induced by H is the same as the one induced by —M.
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In the digraph induced by H (or by —M), a directed edge from node j to node i would imply m;; > 0. This can also be called
a path of length one. A path of length £ = 2 from node j through node i’ to node i would imply m;;/,m;; > 0. The (,7) entry
of H? is the sum >k Mikmy;, which, due to the non-negativity of H would be at least as large as the product m;;;m;; > 0.
Thus, we see that a path of length £ = 2 implies the corresponding entry of H? is positive.

More generally, if the digraph induced by H contains a path of length ¢ > 2 from node j to node 4, then H contains ¢ positive
off-diagonal entries my, ;, , (for k=1,...,¢) with 49 = j and i, = 4. The (4,5) entry of H?' is a sum of non-negative terms that
includes the positive product m;,;, ---m; 4,. Thus, the existence of a path of length £ > 1 implies the (i, j)-entry of H is
positive.

If an index j is in the support both of P and B, then we say there is a path of length £ = 0 from node j to node i (with 7 = j).
The matrix HY is the identity matrix, and so we can now assert that the existence of a path of length ¢ > 0 implies that the
(4, 5)-entry of H* is positive.

Using the definition of the matrix exponential as a power series (50) (i.e., eHT = o %Hé‘ré), it follows that the existence

of a directed path of any length from node j to node 4 implies that the (i, j)-entry of e is also positive for all 7 > 0.

Choose integers j and i such that p;, 3; > 0 and such that there exists a path from z; to x;. (Our assumption that each node
in the original transfer diagram can be reached by a path starting at S implies that such a choice exists.) Let h(7) >0 be the
(4, 7)-entry of 7. Then

glefi™p > Bih(T)p; > 0. [70]

Since —-M = —rI + H, we have e M7 = ¢ "TI+HT _ o=77eH7  Combining this with Eq. 69, we obtain
BTM™P = fo e BT P dr > fo e "7 Bih(T)p; dT > 0, [71]
from which it follows that Ao is positive, and therefore Ro = Ag, proving the validity of Eq. 7. O
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