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Smallpox was eradicated in the 1970s, but new outbreaks could be seeded by
bioterrorism or accidental release. Substantial vaccine-induced morbidity and
mortality make pre-emptive mass vaccination controversial, and if vaccination
is voluntary, then there is a conflict between self- and group interests. This
conflict can be framed as a tragedy of the commons, in which herd immunity
plays the role of the commons, and free-riding (i.e. not vaccinating pre-
emptively) is analogous to exploiting the commons. This game has been
analysed previously for a particular post-outbreak vaccination scenario.
We consider several post-outbreak vaccination scenarios and compare the
expected increase in mortality that results from voluntary versus imposed
vaccination. Below a threshold level of post-outbreak vaccination effort,
expected mortality is independent of the level of response effort. A lag between
an outbreak starting and a response being initiated increases the post-outbreak
vaccination effort necessary to reduce mortality. For some post-outbreak vacci-
nation scenarios, even modest response lags make it impractical to reduce
mortality by increasing post-outbreak vaccination effort. In such situations, if
decreasing the response lag is impossible, the only practical way to reduce mor-
tality is to make the vaccine safer (greater post-outbreak vaccination effort leads
only to fewer people vaccinating pre-emptively).

1. Introduction

The number of annual cases of smallpox in the early 1950s, just prior to the World
Health Organization’s global eradication programme, is estimated at 50 million [1].
The eradication campaign was successful [1], but samples of the variola virus are
still kept in at least two known laboratories in Russia and the USA [2]. In a worrying
incident in July 2014, previously forgotten vials containing samples of smallpox,
some of which were viable, were found in a laboratory at the National Institutes
of Health campus in Bethesda, MD, USA [3]. Thus, the threat of the reintroduction
of smallpox, whether inadvertently or in a bioterrorist attack, is still present.

Consequently, some countries—notably the USA—are interested in measures
to protect their populations from potential smallpox infection. Prophylactic vac-
cination for smallpox carries a high cost (relative to other vaccines in use
today), as the probability of death following vaccination—or ‘risk from being
vaccinated’—is r, ~ 107 and serious side-effects occur with probability ~1073
[1]. Of course, infection with smallpox carries a much greater risk, because the
case fatality proportion—the ‘risk from infection"—is r; >~ 0.3 [1]. (See table 1
for a summary of parameter estimates.)

The substantial vaccine-induced morbidity and mortality associated with
smallpox vaccination make pre-emptive mass vaccination controversial. If vacci-
nation is voluntary, then there is a conflict between self- and group interests. This
conflict can be framed as a tragedy of the commons, in which herd immunity
plays the role of the commons, and free-riding (i.e. not vaccinating pre-emptively)
is analogous to exploiting the commons. A previous game-theoretical study by
Bauch et al. [4] examined this conflict of interest, and focused on the trade-off
between prophylactic vaccination and post-outbreak mass vaccination (which
has been shown to outperform contact-traced vaccination in a bioterrorism setting

© 2015 The Author(s) Published by the Royal Society. Al rights reserved.
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Table 1. Summary of the fundamental (i.e. not derived) numerical parameters in our analysis, together with estimated values. Note that in [4] the probability [JEJ}
of an outbreak was denoted r rather than a. Here, we use r for the relative risk, as in [5]. The proportion of the population infected initially by a bioterrorist

attack or accidental release, «, corresponds to infection of 5000 individuals in a population of 290 million (after [4]).
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Table 2. Summary of derived parameters.
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becoming vaccinated, given vaccine coverage level p

[10]). In particular, they showed that if the decision regarding
pre-emptive vaccination is left to the individual, then the vac-
cine coverage achieved will be suboptimal from the group
perspective. Bauch ef al. [4] assumed that, once a post-outbreak
vaccination campaign begins, individuals will be vaccinated at
a constant rate determined by existing infrastructure.

Various mechanisms might drive the rate of vaccination.
Vaccination at a constant rate might be achieved if vaccination
centres are flooded by individuals seeking the vaccine, and are
operating at peak capacity. However, public responsiveness to
such a campaign is hard to predict. If demand for the vaccine
does not exceed the maximal rate of distribution by public
health services, the post-outbreak dynamics might play out
differently, depending on the public’s reaction patterns. For
example, media reports on the number of new cases might
influence individuals to obtain the vaccine; in that case, it is
reasonable to model the vaccination rate as proportional to
smallpox incidence.

In this paper, we return to the problem posed by Bauch
et al. [4], but compare a variety of possible post-outbreak vac-
cination scenarios (described intuitively in §2 and in precise
mathematical terms in §5). Whereas the scenario considered
in [4] could only be analysed numerically, several of the vac-
cination scenarios that we consider here can be addressed
analytically to obtain exact results. To this end, in §3, we
make some adjustments to the game-theoretical framework
of Bauch & Earn [5], so that it can be applied to the scenarios
we investigate here.

Throughout this paper, we use smallpox as an illustra-
tive example. However, our analyses can be applied to any

vaccine-preventable infectious disease that could be used
for bioterrorism or released accidentally, and for which
the susceptible—infectious—removed (SIR) or susceptible—
exposed —infectious—removed (SEIR) models are applicable
(see §5). Our qualitative results appear to be robust to
which post-outbreak vaccination scenario is considered and
the specific parameter values (we prove this in some cases),
but the precise numerical values will vary.

We calculate the vaccination coverage obtained by volun-
tary pre-emptive vaccination and assess the costs of this policy
when compared with mandatory vaccination. The group-
optimal pre-emptive vaccine coverage is discussed in §4. We
discuss parameter estimates and the procedure used to compare
the various models fairly in §6. We compare the predictions of
the various models, and emphasize important considerations
for public health in §7. Notation and definitions are summarized
in tables 1-3.

2. Vaccination scenarios

In this section, we give a brief description of the various post-

outbreak vaccination scenarios considered in this paper.
Media coverage of a smallpox outbreak is likely to influ-

ence individual decisions concerning vaccination. Measures

of severity of the outbreak that are likely to appear in the

media include:

— death rates, as in 300 people died of smallpox today’,
— total number of people currently infected (prevalence), as
in ‘there are now 30 000 people sick with smallpox’, and
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Table 3. Summary of other notation.

quantity interpretation
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Table 4. Summary of notable levels of the vaccination effort parameter,
P oy for the different models. The first column  contains ‘fair
comparison’ values for the vaccination effort parameters of the various
models, as calculated in §6.2. In our simulations, we allowed ¢<moda>

range between 0 and values generally above the ‘fair comparison’ values
(except for ¢by,g, for which we used the entire possible range of [0, 1]).
The second column contains the minimal values of the vaccination effort
parameter ((1)< d>) for which the individual equilibrium is to delay (that is,

¢<md ) at the end of the mortality plateau; see §7.2.1).

“fair comparison’ value at end of
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— new cases (incidence), as in ‘200 new cases of smallpox
were confirmed today’.

We consider separately how each of these types of infor-
mation could affect smallpox vaccine uptake; in each case,
we assume that the vaccination rate is proportional to the
relevant quantity (e.g. prevalence). Note that, in standard
epidemiological models [6], death rate is proportional to
prevalence, so the first and second cases above are
mathematically identical.

As a type of ‘null model” for media-induced vaccination,

we also consider the situation in which

— Vaccination rate is simply proportional to the size of
the remaining susceptible population; this corresponds to a
constant per capita vaccination rate for susceptible individ-
uals (see the electronic supplementary material, appendix
B.1). This can be regarded as a ‘null model’ to compare
with models for the scenarios above in the following sense:
individuals’ proclivity to vaccinate is constant over time,
and does not depend on the state of the epidemic (i.e. on
prevalence or incidence, which are likely to be reported by
the media), whereas the vaccination rate falls as the
number of susceptibles decreases over time, meaning that
fewer individuals per unit time are inclined to vaccinate.

We also consider two scenarios in which vaccine uptake
is not influenced by the media, but is constrained by the
capabilities of public health authorities:

— If an outbreak occurs, immediately vaccinate a proportion
of the susceptible population. The proportion might
describe the efficacy of a post-outbreak campaign in con-
vincing those who have thus far avoided vaccination.
Individuals who remain un-vaccinated after this post-
outbreak campaign would be persons holding particularly
radical anti-vaccine opinions.

— Susceptible individuals are vaccinated at a constant rate
until there are no more susceptibles remaining.

Finally, for each of the above scenarios, we investigate the
effect of a lag between the start of an outbreak and the
initiation of the post-outbreak vaccination response (allowing
for public health authorities to organize a response to the out-
break). Bauch ef al. [4] assumed such a response lag in their
model, which is otherwise identical to the final scenario
described above.

The epidemic models associated with each of the above
five scenarios are described in detail in §5.

3. Game-theoretical formulation

In this section, we adapt the game-theoretical framework of
Bauch & Earn [5] to our current problem. We assume that
all individuals have full knowledge and are rational (in the
game-theoretical sense; see [11]).

We denote the proportion of the population vaccinated
pre-emptively as p. Because a proportion r, of those vaccinated
will die, the pre-outbreak vaccine coverage (the proportion of
the population that is immune prior to the outbreak) is peg =
p(l —ry)/(1 — pry) [4], which is slightly smaller than p. But,
because none of the mathematical analysis and conclusions
which follow are affected by this, and because the difference
between p and pes is negligible, we refer to p as the pre-out-
break vaccine coverage level for simplicity (as in [4]).

Let a € [0, 1] be the probability of an outbreak (‘a’ for
‘bioterrorist attack probability’ or ‘accidental release prob-
ability’) per lifetime (or whatever time period is under
consideration). Consider two pure strategies: vaccinate and
delay. The former vaccinates pre-emptively, before the begin-
ning of an outbreak, and so receives (expected) pay-off — r.;
the latter delays vaccination until after an outbreak (at which
point she/he may still be vaccinated during the public health
post-outbreak vaccination campaign), and receives pay-off

- 11[1’177;1 + lbprv]/ (3.1

where 7, and s, are the probabilities of a delayer being infected,
or vaccinated, respectively, after an outbreak (the delayer
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infection and vaccination probabilities are discussed in more
detail in §5). A mixed strategy is specified by the probability P
that an individual will choose to vaccinate pre-emptively. We
also assume r,, < ar; because if it were not so, even if all delayers
were infected in an outbreak, the risk of dying in an outbreak
would be smaller than the risk of dying from the side-effects of
the vaccine, hence there would be no reason to vaccinate.

The pay-off to an individual playing a mixed strategy
(vaccinating with probability P) in a population in which
the coverage level is p is given by

E(P, p) = —Pry — (1 = Pla(myri + ,1v). 3.2)
Equivalently, defining the relative risk of vaccination
compared with infection as

v
r= (3.3)

we have E(P, p) = —ri[rP + (1 — P)a(m, + 5,r)]. Because the
parameter r; simply scales the game pay-off by a constant,
it does not change the dynamics. We therefore use the
rescaled pay-off function

EP, p) = —[rP + (1 — P)a(m, + ¢,1)]. (3.4)

Suppose that a proportion € of the population vaccinate with
probability Pand 1 — € vaccinate with probability Q. Following
Bauch & Earn [5], we assume 100% vaccine efficacy, which
implies coverage level p = €P + (1 — €)Q. (Note that in a homo-
geneous population where all individuals play the same strategy
P, i.e. € =1, the coverage is p = P.) The pay-offs to individuals
playing P and Q in such a population are then

EP(P/ Q/ E) = E(Pl €P + (1 - G)Q) (35&)
or
EQ(P/ Q/ 6) = E(Ql eP + (1 - E)Q)/

respectively, and the pay-off gain to an individual playing P rather
than that to Q in this population is
AE - EP(P/ Q/ E) - EQ(P/ Q/ E)
= —[rP + (1 = P)a(m, + ¢p,n)] + [rQ + (1 — Q)a(m, + ,1)]

(3.5b)

= (my + 1, — g)a(P ~Q), where p=eP+(1-e0Q.
(3.6)

A strategy P* is a Nash equilibrium (NE) if and only if (iff),
in a population in which all individuals are playing P*, no
player employing a different strategy can achieve a higher
pay-off. Mathematically, this means that for any other strat-
egy Q € [0, 1] if the proportion playing Q is small enough
(i.e. 1 — € is sufficiently small), then the pay-off gain to
strategy P* is non-negative, ie. AE(P*, Q,€)>0. When
such an NE exists, we refer to this strategy as the individual
equilibrium and denote it by p;. This equilibrium is ‘individ-
ual’” in the sense that it is determined by individuals
attempting to maximize their pay-offs (unlike the group
optimum discussed in §4). Note, however, that this is a
population game [5,12], so the pay-off to individuals depends
on the frequencies of strategies in the entire population.

Additionally, consider a scenario whereby strategy P
invades a population playing strategy Q. If, in this scenario,
strategies P that are closer to the NE P* than the prevalent
strategy Q obtain a higher pay-off than the prevalent
strategy, then P* is called a convergently stable Nash equilibrium
(CSNE). Mathematically, this is equivalent to demanding that

if e < 1, then
Pr<P<Q<1=AEP,Q,€>0

and

0<Q<P<P = AEP,Q, € > 0.

In order to proceed with the analysis, it is necessary to
derive the probabilities 7, and ¢, from an epidemiological
model, either numerically or analytically (see the electronic
supplementary material, appendix E). Proofs of existence
and uniqueness of a CSNE are given for several cases in
the electronic supplementary material, appendix G. These
proofs depend on m, being a decreasing function of p. We
have shown this to be true when post-outbreak vaccination
is instantaneous or proportional to incidence, and also
when vaccination is proportional to prevalence and a¢pre, >
¥(1—a). Based on biological intuition corroborated with
simulations, we have assumed that m, decreases with p for
all the models considered here. This has also recently been
proved for other post-outbreak vaccination models not con-
sidered here (F Bai, F Brauer 2015, personal communication).

4. Group optimum

From the perspective of a public health official (i.e. group
interest), it is desirable to attain the vaccine coverage that
minimizes mortality. From this group perspective, a strategy
is specified by the proportion p of the population that is pre-
emptively vaccinated. The currency with which we compare
strategies is the mortality cost C(p), i.e. the proportion of
the population that is expected to die (either from smallpox
infection or from vaccination),

Clp) =+ QA =ppalm+r),  pel01] 4.1)

where we have ignored a factor of r; as in equation (3.4). The
minimum mortality cost yields the group optimum coverage
level, which we denote p,. The minimum of C(p) on [0, 1]
may be attained either at a local minimum in (0, 1) or at
one of the endpoints

C(0) = a(my + Yyr) (4.2a)

and

ca) =r. (4.20)

To completely specify the cost C(p), we need the probabilities
m, and s, derived from the epidemiological model (see §5
and the electronic supplementary material, appendix E),
just as for the individual equilibrium. We have found an
exact analytical expression for p, in one subcase (see the elec-
tronic supplementary material, appendix H) and calculated it
numerically in the other cases.

5. Epidemiological models

In order to find the group optimum (p,) and individual equi-
librium (p;), two key quantities are calculated from the
epidemic models: the delayer infection probability m, (the prob-
ability of a delayer being infected after an outbreak) and the
delayer vaccination probability iy, (the probability that a delayer
is eventually vaccinated, given an outbreak).

Both m, and ¢, depend on the disease dynamics and
the post-outbreak vaccination scenario. In the following, we
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assume that, in the absence of post-outbreak vaccination, the
SIR model is adequate to represent the disease dynamics
[13, §4]. The models do not include vital dynamics (births
and deaths from all natural causes other than the disease),
because the mean serial interval (also called the disease
generation time, te, = 22 days [9, p. 141]) is much smaller
than the mean lifetime (approx. 80 years in the USA [14]).
Note that, for diseases for which the outbreak time scale is
similar to the mean lifetime, vital dynamics can easily be
included in the analysis (e.g. as in [5], where much longer
term dynamics were considered).

Let 5(t), I(t), R(t) and V(t) be the proportions of susceptible,
infected, removed (recovered or dead from smallpox infection)
and vaccinated individuals (immune or dead from vacci-
nation), respectively, at time f. Our basic framework is the
SIRV model, described by the differential equations

S=-BSI-V, (5.1a)
I=BSI—+ylI, (5.1b)
R=4l (5.1¢)
and V>0, (5.1d)

where V must be non-negative as indicated and is defined dif-
ferently for each of the distinct scenarios of post-outbreak
vaccination described in §2.

We assume that no one has natural immunity or retains
immunity from vaccination decades earlier. This is an
approximation, because many living individuals were vacci-
nated before smallpox was declared eradicated in 1979 [1],
and many of those vaccinated individuals are probably still
immune (vaccine-derived immunity seems to wane quite
slowly and lifelong immunity is common [15]). However,
smallpox is considered to have been eliminated in the USA
as early as 1950, and while routine vaccination continued
in some states well after that [1], the proportion of US resi-
dents younger than 60 who have been vaccinated is likely
to be very small.

Thus, we assume that the coverage level prior to an
outbreak is p, the proportion pre-emptively vaccinated. Con-
sequently, prior to the outbreak, a proportion 1 — p of the
population is susceptible. When a bioterrorist attack or acci-
dental release takes place (at time f=0), an initial attack
proportion « of the susceptible population is infected. Thus,

50)=01-p1-a), (5.2)
10) = (1 — p)a, (5.2b)
R(0) =0 (5.2¢)
and V(0) =p. (5.2d)

After an outbreak, the epidemic is over when no one
remains infective (I=0). In the electronic supplementary
material, appendix C, we show rigorously that this is guaran-
teed to occur, either in finite time or in the limit as t — oo. In
either case, we use the subscript o to refer to the time at
which the epidemic ends. Thus, Se, Is, Re and Vi, refer to
the proportions of the population in the susceptible, infective,
removed and vaccinated compartments at the end of the epi-
demic. With this notation, the probabilities of infection and
vaccination for delayers are, respectively,

_ _Ro—R(O)_ R«
PT TS+l 1-p

(5.3a)

Ve-Vo Ve—p . 1-Ve
and = T, T iy T i
1-p :

We emphasize that R is the proportion of the population that
has been infected (and consequently is either immune or has
died); hence, R(0) =0, because anyone who is immune at
time t =0 is immune from vaccination. Intuitively, there is
no endemic equilibrium in these models, because the combi-
nation of vaccination and natural spread of disease must
eventually cause susceptibles to be so rare that the disease
cannot spread (recall that these models neglect vital dynamics).
Lastly, note that m, is undefined at p =1 (i.e. if everyone
pre-emptively vaccinates), as there are no delayers for whom
to calculate the probability of being infected. We define m; as
the limit of the delayer infection probability,
m = I}Lr?’ ), (5.4)
i.e. 7 is the limit of m, as pre-emptive vaccination approaches
full coverage. In the electronic supplementary material,
appendix D, we show that this limit is equal to the proportion
of susceptibles initially infected in an outbreak, i.e. 7 = « for
all models considered.
In the following, we describe (and interpret mechanistically)
various models that we compare, and present some analytical
results. In all models, the vaccination rate depends on a vacci-

nation effort parameter, ¢

ey the exact interpretation of

which is model dependent.

5.1. Vaccination rate oc disease prevalence

In this model, vaccination occurs at a rate proportional to dis-
ease prevalence (I). A plausible scenario to which such a
model would apply is if people respond to media reports
on disease prevalence. As a result of increasing disease preva-
lence, the public might perceive the risk of being infected as
higher, and be moved to vaccinate. Consequently,

V = ¢prevsgn(S), (5.5)
where
-1 ifx <0,
sgn(x) =¢ 0 ifx=0,
1 ifx>0.

This model could also represent the case where vaccination rate
is proportional to death rate, i.e. people vaccinate in response to
media reports on new disease-induced deaths. Because the
death rate is proportional to the rate at which the removed com-
partment, R, grows, which is proportional to I, the vaccination
rate would also be proportional to .

In the electronic supplementary material, appendix E.1.1,
we find the final size relations [16—18] for the model defined
by equation (5.5). These are given by

0
Soo:{sl

1_p_mln B S(O)+1 ifp<p001'1fpmr
Ro, = B <l)prev

Y 1

_ Y a-p-s.

v+ (;bprev( P )

ifp<pyorl< py,

if pp<p<1, (56)

(5.7)
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and

P+ d)prev ln< B S(0) + 1) lfp < poorl< py,

.
— 1-8 if pp<p<1,
Treie AL

(5-8)
with
1
Sio = _E <¢prev + (7+ d)prev)
S(0) + prey I tpren
WO 7B()7¢pe v+d)pml,) , (59)
Y+ Pprev
ad)prev - 7(1 - a)
pm =1+ T Ai—a (5.10)
d) rev ‘Y+ d) rev
and 14 P P
P B B
d’prev ,%i
X Wi ———F———e T ||
k( (1 - a)(’y—’— (bprev)
(5.11)

where k= 0if p,, <1and k= —1if p,, > 1. Wy is the principal
branch of Lambert’s W function [19,20], and W_; is its
other real branch (see the electronic supplementary material,
appendix A). p,, is the unique maximum of the function S.
Sl has two roots, one at p=1, and the other at p;, which
need not lie in the interval [0, 1] (po is a formal root and
need not correspond to a meaningful probability). Note that
if p,, > 1 then py > p,,, and if p,, <1 then py < p,,,.

If p,, > 1, then no delayers will remain susceptible at the end
of the epidemic (i.e. all delayers will be either vaccinated or
infected), regardless of the initial vaccine coverage level p. More-
over, if p,, <1, but py < 0, there are always some delayers who
remain susceptible at the end of the epidemic, regardless of the
initial coverage level p. If 0 < py < p,,, < 1, then for p € [0, po]
there will be no susceptibles left at the end of the epidemic,
and for p € (po, 1) there will be some remaining susceptibles.
Thus, there is a wide range of parameter values for which
some susceptibles remain at the end of the epidemic; in such
cases, m, + i, < 1. Numerical evidence and biological intuition
suggest that , is a decreasing function of p, and we assume that
this is the case from here on (this is proven for p,, > 1 in the
electronic supplementary material, appendix E.1.3).

Finally, because the mean infectious period (7 days; see
table 2 and §6.1) is longer than the time required to complete
the vaccination programme (possibly as short as 3 days [21]),
it is interesting to take the limit y — 0 (corresponding to an
infinite infectious period) while keeping Ry = B/vy fixed.
In this limit, p,, — % so S =0 (equation (5.6)), which is
in accordance with the assumption—made in [4]—that
individuals are ultimately either removed or vaccinated.

We show in the electronic supplementary material, appen-
dix G.1, that there is always a unique CSNE, that is, a ‘best
strategy’ from the individual perspective. Moreover, an analyti-
cal expression for this individual equilibrium can be found if

either ey > Y1 — @)/ (5.12a)
or 0<py<pn<1l, m>p >m, and m, <p, (5.12b)

In addition, we find an analytical formula for the group
optimum when ¢pey >y (1 —a)/a (see the electronic

supplementary material, appendix H, for details).

5.2. Vaccination rate oc incidence

A vaccination rate proportional to incidence again reflects
media-induced vaccination. However, in this model, the
public reacts to reports of new cases, rather than reports of

the total number of sick individuals. Thus,
V = ¢SI. (5.13)

In the electronic supplementary material, appendix E.2, we
show that

%:_ZW(_ﬂkfm;géw%ng, (5.14)
B Y

_ ¢inc _ _ _
Ve 7P+7B o (1-=p)(1 — @) - Sw) (5.15)

- (binc(l B p)(]- - a) + BSOO
B+ d)inc .

Again, because there are susceptible individuals left at
the end of the epidemic, m, # 1 — i;,. We show that 9,7, <
0 (in the electronic supplementary material, appendix E.2)
and find that there is a unique CSNE, p;, for which an exact

and Ro=1-p (5.16)

formula is derived in the electronic supplementary material,
appendix G.2.

5.3. Vaccination rate oc proportion still susceptible

In this scenario, susceptible individuals vaccinate at a rate

V = doucS. (5.17)

This is a null model, in the sense that susceptible individuals
have a constant probability per unit time of being vaccinated,
(suse, independent of the state of the outbreak, as shown in
the electronic supplementary material, appendix B.1.

We were able to obtain analytical final size relations for this
model (see the electronic supplementary material, appendix
E.3), but we found the formulae too cumbersome to be
useful. Thus, the remainder of our analysis of this model was
performed by integrating the differential equations numeri-
cally. In our numerical simulations, we always find that ,
decreases with p (in the electronic supplementary material,
appendix G.3, our proof of the existence of a CSNE depends
on this being true).

5.4. Instantaneous vaccination of a proportion ¢, of
the population

Some experts believe that the entire USA could be vaccina-
ted in 3 days [21], which is less than the latent period of
smallpox. Consequently, instantaneous vaccination of a pro-
portion ¢y, of the population remaining susceptible after
the outbreak is also a realistic scenario to model. In this
case, once vaccination has occurred, the disease simply
spreads according to the standard SIR model,

S =—pSI, (5.18q)
I=(BS—9)I (5.18b)
and R=+l, (5.18¢)

with initial conditions given by

50) = (1~ )1~ a)(1 — dins),
10)= (1 - p)e,

R(0) = 0,

V(0) = p + (1 — p)(1 — ).
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Note that in this scenario we deviate from the convention we
use for all the other models, in which S(0) is the initial density
of susceptibles prior to the beginning of the post-outbreak vac-
cination response. Here, 5(0) is the density of susceptibles after
the post-outbreak vaccination response has taken place.

For this scenario, we find (in the electronic supplementary
material, appendix E.4)

Se = — 2, <_ B s(o)e%(l*V(O))) (5.19)
B Y
and
_ 7,500
Re = Elng. (5.20)

We also show that m,, is a decreasing function of p, i, is constant
and m, + ¢, # 1 (see the electronic supplementary material,
appendix E.4). In addition, we have proved that, for this model,
there is always a unique CSNE, for which we derive an exact
formula in the electronic supplementary material, appendix G.4.

5.5. Constant rate vaccination

This is the model of Bauch et al. [4], in which vaccination occurs at
a constant rate ¢_ . Note that in [4] vaccination begins after a
response lag t,,, which is the public health services’ response
time. This lag is taken to be t,, = 0 except in §7.5.

For consistency with [4], we included an exposed (but not
infective) stage (E), in this model, making it an SEIRV model.
This contrasts all the other scenarios, which we have modelled
using a simpler SIRV formulation. Our choice of the SIRV frame-
work for the new scenarios is motivated by mathematical
tractability and by work subsequent to [4], indicating that
SEIR dynamics are captured by an appropriately parametrized
SIR model (see §6.1, but see §7.5.1 for an exception).

The model equations for the constant rate vaccination
scenario are

S=—pSI-V, (5.21a)
I'=oE—11, (5.210)
R=o (5.21d)
y_ [, iftg<tandS>0,

and V= { 0 if t <ty or S <0. (5.21e)

We have not found a final size relation for this model.
Under the biologically plausible assumption that

decreases with p (verified by simulation), Bauch et al. [4]

have shown the existence of a unique CSNE for this model.

6. Parameter estimates, fair comparisons of
models and numerical procedures

Because one of the models we investigate includes an exposed

_— has a different

meaning in each scenario we examine, fair comparisons of

class, and the vaccination effort parameter ¢

model results are not completely straightforward. In this section,
we consider how the various models can be compared.

6.1. SIR versus SEIR

It is well known that similar dynamics are obtained with the
standard SIR and SEIR models with identical basic reproduc-
tive number, Ry, if the mean infectious period in the SIR

model is set equal to the sum of the mean latent and infec-
tious periods in the SEIR model [6, p. 668]. More generally,
models can be fairly compared if they have the same mean
serial interval [13, §4].

Estimates of the basic reproductive ratio Ry of smallpox
vary in the range 3 < Ry < 10 [6-8]. Following [4], we take
Ro=>5. We take the mean serial interval to be ty, =22
days, as in [9, p. 141] (but note that [4] used t., = 14 days,
and [22] estimated ts., = 17.7 days).

In the constant rate vaccination model, we take the mean
latent period to be 1/ 0 = 15 days [9, p. 141] (based on summing
the incubation and prodrom periods, which typically last 12 and
3 days, respectively; see [1, p. 188]). In an SEIR model, the mean
serial interval is the sum of the mean latent and infectious
periods [13,23]; hence, 1/y = 22 — 15 = 7days and B = yRo =
5/7 per day. In the SIRV models, we take 1/ = fs., whereas
B is modified so that Ry =5 (i.e. B = YR = 5/22 per day).

6.2. Vaccination effort parameter ¢<m0del>

Public health policy changes will affect the vaccination effort

parameter d)< where (model) refers to any of ‘prev’, ‘inc’,

model)/
‘susc’, ‘inst” or ‘const’. In order to compare the outcomes of
the various vaccination scenarios, for each vaccination
mode)” that is,

that yields a maximal vaccination rate

model, we find the fair comparison value of ¢,
the value of q,’)(mo "
that is equal to the fixed rate in the constant rate vaccination
model of Bauch ef al. [4], V =0.1 per day (see description
under ¢ below). This allows us to identify, for each scen-

ario, ranges of b, that can feasibly be attained in reality

(i.e. D oaen betwegﬁeb() and the fair comparison value). Our
aim is then to compare the different vaccination strategies
in terms of vaccine doses used and total expected mortality
(we will be interested in the values of these observables at
both the individual equilibrium and the group optimum).

The fair comparison values are summarized in table 4.

¢prev- Inthe prevalence model, V= qbprevl , the vaccination rate
is proportional to the prevalence, I, and the vaccination
effort parameter ¢y is the rate of vaccination per infected
individual. In the electronic supplementary material,
appendix F.1, we calculate the maximal vaccination rate
as a function of the model parameters, o, B, v and ¢prev
and p. We find that the maximal vaccination rate for a
given initial coverage, p, decreases with the vaccination
effort, ¢prev. We also find that, when «, 8 and 1y are as
in tables 1 and 2, a maximal vaccination rate of 0.1 per
day is obtained when ¢y, = 1582 per day.

Gine.  In the incidence model, V = ¢,,.SI, the vaccination
effort parameter ¢, is the vaccination rate per infective
per susceptible. In the electronic supplementary material,
appendix F.2, we calculate the maximal vaccination rate,
as a function of the model parameters, a, B, y and ¢
We show that the vaccination rate,
max{V:t >0, p €0,1]}, is an increasing function of

maximal

bine, and that in order to obtain a maximal vaccination
rate of 0.1 per day or lower, with «, B and 7y as in
tables 1 and 2, one needs ¢y, ~ 5190 per day.

Douse. With V = heuscS, the vaccination effort parameter ¢ is
the vaccination rate per susceptible individual (alternatively,
(susc can be interpreted as the probability per unit time of a
delayer being vaccinated; see the electronic supplementary
material, appendix B.1). In this model, the vaccination
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rate V is always decreasing, because S can only
decrease, so max{V}= PeuscS(0) = by (1 — @)(1 — p)
(cf. equation (5.24)). Because the maximal vaccination
rate decreases with increasing initial coverage, p, the maxi-
mal vaccination rate is attained with no pre-emptive
vaccination (p = 0). Because S(0) =1 — «, the maximal

vaccination rate is max{V} = (1 — )¢y, and a
vaccination rate of 0.1 per day is attained for ¢sysc = 0.1/
(1 — @) = 0.1 per day (because o < 1).

dinst. For instantaneous vaccination, the vaccination effort
parameter ¢, is the proportion of susceptibles instan-
taneously vaccinated when an outbreak occurs. Thus,
binst € [0, 1]. The vaccination rate is either 0 (if
hinst = 0) or effectively infinite (if 0 < ¢ns < 1, because
vaccination occurs all at once). We thus consider the
entire range 0 < ¢ < 1, because there is no value of
(inst that results in a vaccination rate of 0.1 per day.

¢ .. With V= ¢_ ., the vaccination rate is constant, so ¢
is simply the proportion of the total population that can
be vaccinated per unit time. Bauch et al. [4] estimated

..., for New York City to be

const

¢ = (5000 vaccinators) x <200 P eop.le per day>
const vaccinator
1 1
>< 77 = 0_ . (6.1)
10" people day
A rate of ¢ _ =0.1perday means the entire

population can be vaccinated in 10 days.

6.3. Numerical procedures

When generating figures 1-4, calculations of the following quan-
tities were necessary: the mortality cost, C(p) (equation (4.1)), the
group optimum, p, (§4), and the individual equilibrium, p; (§3).

To find p;, C(p) was numerically minimized using the
optimize function in R [24]. p; was found by implementing
the procedures described in the electronic supplementary
material, appendix G, for the various models, using R’s uni-
root function.

The calculations of both p, and p; depend on 7, and s, the
probabilities of a delayer being infected or vaccinated, respect-
ively (equation (5.3)). For the models in which the vaccination
rate is proportional to prevalence or incidence, we used the
final size relations reported in §§5.1 and 5.2, respectively, to cal-
culate 7, and ¢,. For the remaining models, 7, and i, were
obtained by numerically integrating the differential equations
using the deSolve package [25] in R [24].

When generating figure 5, for all the models m, and s,
were calculated by numerical integration of the differential
equations.

7. Results and discussion
7.1. Group optimum versus individual equilibrium

Figure 1 shows the group optimum pg (red) and individual
equilibrium p; (black), as the vaccination effort parameter
cb<mu s is varied, for the different models. As expected, the
group-optimal coverage is never smaller than the individual
equilibrium, and both decrease as ¢

(model)

difference, p; — pg, tends to grow initially with ¢ but

(model)”

eventually decreases to 0, because the coverage at both the

is increased. The

group optimum and individual equilibrium always drops [ 8 |

to 0 if the vaccination rate parameter ¢ is increased suffi-
ciently. It is also evident that the difference between the
group-optimal coverage and the individual equilibrium
depends strongly on the vaccination model used. In general,
this difference is much smaller for the instantaneous and con-
stant rate vaccination models than it is for the other models in

which vaccination is affected by the state of the outbreak.

7.2. Mortality cost versus vaccination cost

Figure 2 shows the mortality cost (proportion of the population
that dies; figure 2a) and the vaccination cost (proportion of the
population that is vaccinated by the end of the outbreak;
figure 2b) as functions of the vaccination effort parameter,
®,.oau fOr the various post-outbreak response scenarios.

7.2.1. Mortality plateau

The most striking feature of figure 2 is the plateau in mortality
cost at the individual equilibrium for low values of ¢’<mode1>' This
plateau can be explained using the Bishop—Cannings theorem
[12,26], which implies that if the individual equilibrium is a
mixed strategy then the pay-off for vaccinating and delaying
must be the same. For low values of ¢ o
librium is mixed (0 < p; <1), so the mortality cost associated

the individual equi-

with vaccinating is the same as for delaying, which is therefore
the same as the overall mortality cost. Because the mortality
cost for vaccinating is equal to the risk from vaccination (r, or
r in normalized units; cf. equation (3.3) and tables 1 and 2), the
overall mortality cost is constant at , (or r in normalized units)
as long as the individual equilibrium is mixed. As ¢ —is
increased, the individual equilibrium p; is decreased (see §7.1).
When p; reaches 0, there is a pure strategy equilibrium (i.e.
always delay), so the Bishop—Cannings theorem no longer
applies; then, the overall mortality is the mortality of delayers,
which is —a[rym, + y,1,] (see equation (3.1)) and this decreases
as ¢, is increased (because the epidemic is extinguished
faster).

7.2.2. Public health strategy implications of the mortality plateau
There is an important implication of the plateau in mortality that
occurs for small ¢_ - if vaccination is voluntary: in order to
achieve any reduction in overall mortality, the post-outbreak
vaccination response must be so strong that no individual
would choose to vaccinate pre-emptively (p; = 0, i.e. the equili-
brium is for everyone to delay). Only if the post-outbreak
vaccination response is already sufficiently efficient (¢ —is
already sulfficiently large; figure 1) can outbreak size (and
hence overall mortality) be reduced by further enhancing the
post-outbreak vaccination response (i.e. by increasing ¢, . ).

Note that, for every model examined here, the right-hand
(high effort) edge of the mortality plateau in figure 1 occurs
for a value of vaccination effort ¢><m( o lower than the fair com-
parison value (table 4). Thus, at the fair comparison values of
® ooy, the individual equilibrium is always to delay vacci-
nation, and mortality can be reduced by increasing
vaccination effort, d)(mo o

However, in §7.5, we show that any lag between the start of
an outbreak and the beginning of post-outbreak vaccination
extends the mortality plateau to higher vaccination efforts,
® o, and a long enough lag makes reducing mortality by
increasing vaccination effort impossible. We discuss the

implications of this for public health strategies further in §7.5.
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Figure 1. Variation of the group optimum p, (red) and the individual equilibrium p; (black) with ‘f’mmw (each panel presents results for a different vaccination
model). Note the different ranges of ¢ (on the abscissa) for different models. (Online version in colour.)

(model)

7.2.3. Generality of the mortality plateau

It is important to note that the mortality plateau described
earlier is a general phenomenon that applies not only to the
post-outbreak vaccination scenarios examined here, but also
to any reasonable post-outbreak vaccination scenario. More
precisely, suppose public health agencies have some measure
of control over a vaccination effort parameter, ¢. Suppose
also that ¢ = 0 corresponds to no possibility of obtaining vac-
cine post-outbreak, and that the probabilities of a delayer
being infected or vaccinated after an outbreak (m, and i,
respectively) are continuous functions of p and ¢ (for 0 <
p<1 and ¢>0). As in §3, the costs for delaying and
vaccinating individuals are then a(rim, +r.,) and 7,
respectively. Now suppose the following additionally:

(1) If there is no possibility of being vaccinated post-outbreak
(¢=0), and no one is vaccinated pre-emptively (p = 0),

then individuals are at greater risk than if they had been
vaccinated pre-emptively (i.e. a(rym, + rvihp)|p 0,6 —0 > ).

(2) As the initial coverage approaches 100% (p — 1), the dis-
ease does not spread any further than the initial infected
cohort (m, — a). Note that, as shown in the electronic
supplementary material, appendix D, this assumption
holds for all of the models considered in this paper,
and the mathematical argument used to show this is
quite general.

(3) The risk that a delayer is infected in the initial infection
event and then dies is smaller than the risk of mortality
from the vaccine alone (ar; < r).

The vaccination game with this post-outbreak vaccination
scenario is a population game, and thus must have at least
one Nash equilibrium [27, theorem 2.1.1, p. 24].

So for, low enough vaccination effort ¢, if coverage p is
low, it is more costly to delay than to vaccinate (from the
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Figure 2. Variation of the mortality cost (proportion of the population that dies) and vaccine dose cost ( proportion of the population that is vaccinated by the end of the

outbreak) as functions of the vaccination effort parameter ¢»

first assumption above). Conversely, if coverage p is high
enough, the third assumption above implies that delaying
is preferable to vaccinating pre-emptively. It follows that
any individual equilibrium that results from the vaccination
game is a mixed NE (0 < p; <1). The preceding argument
presented in §7.2.1 (using the Bishop—Cannings theorem)
now implies the existence of a plateau in mortality.

7.2.4. Vaccination cost plateau

Figure 2b also show a plateau for sufficiently large vaccination
efforts (except for the constant rate vaccination model).
Unlike the mortality plateau, this vaccination cost plateau is
not rigorously a constant (it changes very slightly as a func-
tion of ¢__ ), but it is certainly a plateau for all intents

(model)
and purposes. This plateau occurs because overall

i for different vaccination models. Each row depicts the mortality costs (panel a) and vaccine dose costs
(panel ), at the group optimum (red) and individual equilibrium (black) for one model. Note the different ranges of q’)<

- for different models. (Online version in colour.)

vaccination rises with the vaccination effort, ¢ and

(model)”
cannot exceed V. =1, so vaccination costs must eventually

taper off.

7.2.5. Perceived versus real risks

The general public is likely to overestimate vaccine-induced
mortality [28-30], which would tend to decrease the pre-
outbreak vaccine coverage under voluntary vaccination. The
game-theoretical framework we employ assumes individuals
behave rationally and possess perfect information on which
to base their decisions, but it is possible to relax the assump-
tion of perfect information while maintaining that of
rationality. Thus, to account for misinformation regarding
the dangers of vaccination (possibly as a result of vaccine
scares), we can interpret r; and r, as the perceived risks of
infection and vaccination (rather than the actual risks) to pre-
dict the effective level of vaccine coverage prior to an
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Figure 3. Variation of relative difference in mortality and vaccine dose costs with ¢
cost difference (panel a) and relative vaccine dose cost difference (panel b) for one model. Note the different ranges of ¢<mm|>

outbreak (note that perceived risks are to be used to predict
the individual equilibrium, p;, but not when predicting the
group optimum p,, nor when predicting the mortality and
vaccination costs at either of these coverages). Consequently,
public health agencies can potentially reduce mortality by
attempting to influence the public’s estimate of r (the risk
of vaccination relative to infection). For example, risk percep-
tion might be influenced by a media campaign aiming to
increase the accuracy of the public’s perception of vaccine
safety and promote pre-emptive vaccination.

7.3. Comparison of relative costs

In figure 3a, we look at the relative mortality cost difference,
that is, in units of the cost of optimal mandatory vaccination.
Explicitly, we examine how (C(p;) — C(p,))/ C(p,) varies with
® ooy fOr €ach model. Similarly, we plot the relative differ-
ence in vaccination (Veo(pi) = Veo(pg))/Veo(pg) (figure 3b),
which is the relative vaccine dose cost difference between
voluntary and mandatory vaccination.

(model) "
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for different vaccination models. Each row depicts the relative mortality
for different models.

7.3.1. Large variation in relative mortality cost

Observe that, in figure 34, the relative mortality cost differ-
ence is always non-negative (as expected from the
definition of the group optimum as the pre-outbreak cover-
age for which expected mortality cost is minimal). There is
substantial variability among the models in the dependence
of the relative mortality cost differences on the vaccination
parameter ¢, .
portional to incidence or prevalence, variation in relative
mortality cost is an order of magnitude smaller than if vacci-
nation is instantaneous or at a constant rate. The vaccination
scenario that exhibits the largest variation in relative mor-
tality costs is instantaneous vaccination. In this scenario, a
voluntary vaccination policy could result in over 150%
more deaths than if vaccination were mandatory.

In particular, if vaccination rate is pro-

7.3.2. Modest variation in relative vaccine dose cost
There is also substantial variability in the pattern of variation

of relative vaccine dose cost as a function of ¢ —~among the
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different models (figure 3b). However, for all the models,
variation in relative vaccine dose cost as a function of d)m "
is much less than the corresponding variation in relative mor-
tality cost. The maximum variation in relative vaccine dose
cost reaches approximately 16% for the models in which vac-
cination is proportional to prevalence or incidence. This
relatively large variation can be attributed to low pre-out-
break vaccination coverage (at the individual equilibrium)
causing high disease prevalence and incidence; consequently,
because vaccination rate is proportional to prevalence or
incidence, there is correspondingly high post-outbreak vacci-
nation, which overshoots that which would be required to
minimize group mortality. In these two situations, the vac-
cine dose cost at the individual equilibrium can be greater
than at the group optimum. In any case, the relatively small
difference in overall vaccine dose costs, both as a function
of vaccination effort (Do) and among vaccination scenarios
(see figure 2b), suggests that vaccine dose cost should
probably not be a factor in public health policy decisions.

7.4. Vaccine dose cost as a function of mortality cost
Figures 2 and 3 present mortality costs and vaccine dose costs
as functions of vaccination effort for the various models.
Because the meaning of the vaccination effort parameter
® ooy differs among models, it is not straightforward to
make meaningful comparisons among the various models
(which is why we calculated ‘fair comparison” values in §6).
In this section, we display results for the various models, fac-
toring out the vaccination effort parameter. For each model,
figure 4 shows the vaccine dose cost as a function of mortality
cost. In health economics terms, this can be considered a
cost-effectiveness analysis [31].

In figure 4, the squares indicate the point in the mortality-
cost—vaccination-cost plane where the vaccination effort
(cbmdel)) is the lowest that we considered. Increasing vacci-
nation effort (while remaining at the individual equilibrium
or the group optimum) corresponds to moving away from
the square along the plotted curves.

The graphs in figure 4 allow us to answer practical questions
such as ‘If we want to ensure that no more than one in every 10
million citizens dies, how many vaccine doses are required in
each scenario?” or ‘If we have a stockpile of vaccine doses sulffi-
cient for 30% of the population, what percentage of the
population can be expected to die if there is an outbreak in
each scenario?’ Of course, by construction the graphs do not
indicate how much effort (cb<mo ) 18 required to achieve the
desired results. We emphasize that—as shown in the previous
section—vaccine dose cost at the individual equilibrium or
group optimum hardly varies as a function of vaccination
effort (¢, ), so the ‘practical” questions are not necessarily
well posed (e.g. if we have sufficient vaccine doses for only
30% of the population, then neither the individual equilibrium
nor the group optimum can ever be achieved). This is true for all
the models with parameters appropriate for smallpox; for another
disease graphs like figure 4 could have genuine practical
value for public health policy analysis (e.g. setting Ro = 1.25
and keeping all other model parameters as in tables 1 and 2
causes the vaccination cost to vary between 25% and 99.999%).

In figure 4, when the vaccination rate is proportional to
either prevalence or incidence, note that, as the vaccination
effort, cbm s increases, two phases of behaviour are appar-
ent for the costs at both p; and pg: first, vaccine dose cost

rises but no change in mortality cost is observed (this is
caused by the plateau in mortality described in §7.2.1).
Then, for all but the instantaneous vaccination model, vaccine
dose cost remains virtually constant (note the differences in
the scales of the vertical axes among the various panels),
but mortality costs decrease.

It is interesting to note that the dependence of vaccine costs
on mortality costs at the group optimum varies among the
models. For example, when vaccination is proportional to
remaining susceptibles, and for the constant rate vaccination
model, we see in figure 4 that at the group optimum, as mor-
tality cost is decreased, vaccine dose cost decreases at first,
but then increases. Thus, in these situations, one can lower
both the mortality and the vaccine dose cost at the same time
by increasing vaccination effort (in health economics terms,
the decision to use higher vaccination effort has negative mar-
ginal cost in vaccine doses per life saved). This contrasts the
models in which vaccination is instantaneous, or proportional
to incidence or prevalence, in which we observe that, as mor-
tality cost is decreased, the vaccine dose cost at the group
optimum remains constant and then increases sharply.

Finally, for the instantaneous vaccination model, there is a
range of vaccination efforts for which one can reduce mortality
without increasing vaccine dose costs at the group optimum. In
this parameter range, the increase in vaccine dose cost necess-
ary to decrease mortality at the individual equilibrium is small
at first, but grows larger as mortality is decreased.

7.5. Effect of vaccination response lag fj,q

We have implicitly assumed that in any of the scenarios we
have considered the vaccination response will begin as soon
as an outbreak is seeded by a bioterrorist attack or accidental
release. In contrast, Bauch et al. [4] assumed a lag of two
weeks between the seeding of an outbreak and the initiation
of a vaccination response. In this section, we investigate the
effect of a response lag of t., days between an outbreak
being seeded and the post-outbreak vaccination campaign
beginning (so far, we have assumed t., =0 days; in [4],
tag = 14 days was assumed).

Intuitively, adding a lag between the beginning of an out-
break and the vaccination response allows the disease to
spread unhindered for some time, which increases the prob-
ability of delayers being infected, thus decreasing the pay-off
for delaying. As a result, the individual equilibrium p;
increases, which consequently extends the mortality plateau
(§7.2.1) to higher values of Do

7.5.1. The critical lag, tfgg

For a disease such as smallpox with Ry ~ 5, the expected final
size of an uncontrolled epidemic is greater than 99.9% of
the population. If no one is pre-emptively vaccinated, and the
response lag after an outbreak is seeded is sufficiently long,
almost everyone will have been infected before the response
begins, i.e. if .4 is sufficiently long then delayers will almost cer-
tainly be infected before they can be vaccinated. Consequently,
unless the probability of an outbreak (a) is negligible, delaying
will be riskier than vaccinating pre-emptively, so the individual
equilibrium will not be for everyone to delay: we will certainly
have p; > 0. It follows that for response lags longer than some
critical lag, t;,,, mortality cannot be reduced no matter how
much effort is applied in the post-outbreak vaccination response
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Figure 4. Vaccine dose cost as a function of mortality cost at the group optimum, pg (red), and the individual equilibrium, p; (black), for the different models.

Squares represent values at lowest qf)mI>
(i.e. the mortality plateau described in §7.2.1 continues for
arbitrarily large values of ¢, ).

A more precise argument allows us to estimate Bag:
Suppose the initial coverage is p =0 (no pre-emptive vacci-
nation). If the risk of becoming infected and dying is larger
than the risk from vaccinating, i.e. ar;m > r, (or, equivalently,
o > r/a), then delaying will not be the individual equilibrium.
For any vaccination scenario, the delayers’ probability of being
infected by the end of the outbreak (equation (5.3a)) is greater
than or equal to their probability of being infected before the
vaccination response begins (at time t1,),

> (I(tg) + Rtig) | 7.1)

p=0

Therefore, if

(Itg) + Rtu)| =7,

o (72)

then my > r/a and delaying is guaranteed not to be the individ-
ual equilibrium. But for any post-outbreak vaccination scenario
that includes a response lag, when t < t,5 the removed pro-
portion of the population, R(t), follows the standard SIR
model solution (with no vaccination). For the SIR model with

simulated. (Online version in colour.)

no vaccination (p=0; a4, « and R, as in table 1), numerical
simulation shows that equation (7.2) is satisfied for #,5 2,15.1
days. Hence, if the public health response lag is 16 days or
longer, then it is guaranteed that (regardless of the vaccination
scenario or corresponding vaccination effort, ¢__ ) delaying
will not be the individual equilibrium.

We emphasize that our estimate of 16 days as an upper
bound for £, depends on a number of factors, including:

(model)

— the probability of an outbreak (a);

— the proportion of susceptibles infected in the initial
outbreak («); and

— the epidemiological model: the estimate is obtained using
the SIR model, but adding an exposed class (SEIR) with par-
ameters as in table 1 increases the critical lag. Repeating the
calculation for the SEIR model yielded the upper bound
tl*ag < 26.3 days. The reason for this difference in critical
lags is that, when the outbreak is seeded, all individuals
initially infected begin their latent period simultaneously,
and take on average 15 days to become infectious.

Thus, ,, <16 days should be regarded as a rough esti-
mate at best. Nonetheless, the existence of a critical lag,
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beyond which it is impossible to reduce mortality by increas-
ing vaccination effort, is an important consideration for
public health agencies, in devising contingency plans for
post-outbreak vaccination against diseases.

Note, however, that, in the case of a bioterrorist attack, an
outbreak will probably not be discovered until individuals
show symptoms, i.e. until someone’s latent period has passed
(12 days at a minimum). Taking this delayed detection into
account, it follows that in order to avoid extending the mortality
plateau to all feasible values of vaccination effort, ¢__, the
response lag from discovery of the epidemic to the beginning
of the post-outbreak vaccination response must, in practice, be
substantially shorter than 26 days. This is in contrast to an acci-
dental release, where public health authorities might know of
the outbreak well before anyone has shown symptoms. In this
latter case, because it is more likely that the critical lag has not
been exceeded, it is especially important to begin the vaccination
response as early as possible in order to reduce mortality.

Lastly, it is important to note that the effect of a response
lag on the mortality plateau presupposes that both the vacci-
nation effort and the response lag are known to the public in
advance. This limits the applicability of this effect, because, in
the case of a bioterrorist attack, the response lag probably

depends on when an infective first shows symptoms (which
introduces a stochastic effect). Further analysis would be
needed to determine the effects of a stochastic response lag
on individual behaviour, and thus on mortality.

7.5.2. The effective critical lag, tf;g
We have seen that if the response lag is longer than the criti-
cal lag (tg > tfag), then no matter how large the vaccination
effort (€ " ), it is impossible to reduce mortality. Of course,
in practice, the vaccination effort cannot be arbitrarily large
and will be constrained by public health resources. Given a
maximum feasible vaccination effort, it would be helpful to
know how long the response lag can be before the mortality
plateau extends to all feasible levels of vaccination effort.

To address this issue, we define the effective critical lag, ti‘?g,
to be the minimal response lag, such that the individual equi-
librium is no longer to delay (i.e. p; > 0) given a maximum
feasible vaccination effort ¢ . Thus, the critical lag f},. is
the limit of tag 35 the maximum feasible vaccination effort
becomes arbitrarily large.

In figure 5, we plot the effective critical lag, tf:g, against

the vaccination effort, qb(model), for the various models
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examined in this paper. For the models for which fair com-
parison values of b, are well defined (see §6.2), we used
these as estimates for feasible vaccination efforts. However,

model)

because the fair comparison level of vaccination effort is a
crude estimate for the range of feasible vaccination efforts,
in figure 51, we plot the effective critical lag at values of
B ooy TANGING from 50% to 150% of the fair comparison levels
of vaccination efforts for the various models, in increments of
10% of the fair comparison level of ¢ .

The instantaneous vaccination model was the only model
for which a fair comparison value of vaccination effort ¢y
could not be defined (see §6.2). For this model, we show
the effective critigil lag tfl*;; for ¢inet ranging from 0.8 to 1 (if
Ginst < 0.8, then tfag < 1 day) in figure 5b.

We see in figure 5 that, for some vaccination scenarios,
minimizing the response lag t1,; is essential: even a short lag
extends the mortality plateau to all feasible vaccination effort
levels, making it impossible to reduce mortality by increasing
effort after the lag. We also note that, for some scenarios, a
good estimate of the attainable vaccination effort is necessary,
because the critical effective lag is very sensitive to the
vaccination effort. These two facts further underline the impor-
tance of accurately modelling post-outbreak vaccination to
inform public health decisions relating to post-outbreak contin-
gency plans. When the response lag is longer than the effective
critical lag (fo5 > ti‘:g), the only plausible way for public health
officials to decrease mortality (while allowing individuals to
choose whether or not to vaccinate) is to reduce the relative
mortality risk (by decreasing the probability of dying from
vaccination, i.e. developing a safer vaccine).

7.5.3. The response lag should be minimized

Based on §§7.5.1 and 7.5.2, reducing the response lag
lowers expected mortality and makes it easier to decrease
mortality further:

— For vaccination efforts higher than the end of the mor-
tality plateau, everyone will choose to delay vaccination
(§7.2.1). From the discussion leading up to equation
(7.1), it follows that, even in the best-case scenario
where the epidemic is stopped immediately at t =ty
mortality will be no less than

ri(I(tlag) + R(tlag))| p=07 (73)

which increases with the response time t,,. Thus, increasing
the response lag increases the lowest attainable mortality
(even if vaccination effort can be increased without bound).

— Increasing the response lag increases the vaccination effort
at the end of the mortality plateau (i.e. the minimal vacci-
nation effort beyond which increasing vaccination effort
decreases mortality). Thus, longer response lags make it
harder to achieve a decrease in mortality.

However, note that if a response time lower than the effective
critical lag (fag < ti‘ag) cannot be achieved, neither increasing
the vaccination effort, ¢<m gy TOT decreasing the response
time, 1,5, can decrease mortality.

8. Conclusion

We have analysed five distinct scenarios (§2) associated with a
potential smallpox outbreak triggered by a bioterrorist attack

or accidental release. The scenarios differ in the factors that
influence individuals’ perception of risk and how a post-out-
break vaccination response plays out. We examined these
scenarios both with and without an assumed lag between an
outbreak starting and a public health response being initiated.
Our work generalizes the analysis of Bauch et al. [4], who
investigated a single scenario with a response lag of 14 days.

As in [4], we considered separately group interest (opti-
mal strategies for minimizing overall mortality) and self-
interest (stable strategies for individual choices with respect
to pre-emptive vaccination). From each perspective, we
obtained the (imposed or expected) pre-emptive vaccination
coverage (p) for each scenario (the group optimum p, in
the case of group interest and the individual equilibrium p;
in the case of self-interest; figure 1).

Our principal conclusions are the following.

(1) For a given level of post-outbreak vaccination effort, the
group optimum pre-emptive coverage is always greater
than the individual equilibrium (pg > py; figure 1) and the
expected total mortality is always less if public health auth-
orities impose the group optimum rather than letting
individuals make their own vaccination decisions (figure
2a). If no outbreak occurs, then some people will die
unnecessarily from pre-emptive vaccination. Given the dif-
ficulty of estimating the probability of an attack or accidental
release, it would be hard for governments to justify an
imposed pre-emptive vaccination policy for a disease like
smallpox for which the vaccine can cause death.

(2) The number of vaccine doses required at the group opti-
mum and individual equilibrium does not vary
substantially as a function of vaccination effort (e.g.
speed of vaccine distribution post-outbreak) for any of
the scenarios (figure 2b). Consequently, the economic
cost of vaccine production is not likely to play a significant
role in policy decisions.

(3) Total expected mortality as a function of vaccination effort
depends strongly on which scenario is considered (figure
2a). Some vaccination scenarios are affected by the public
reaction to media reports on the epidemic’s progress,
whereas some (the instantaneous and constant rate vacci-
nation scenarios) are under the direct control of public
health authorities. To assist public health authorities pre-
paring for potential outbreaks, further research is
needed to determine which factors have the greatest
influence on individuals’ perception of risk and which
post-outbreak vaccination strategies are most feasible.

(4) For any realistic vaccination scenario, there is a range of vac-
cination effort levels in which increasing vaccination effort
does not reduce overall mortality. In this mortality plateau,
increasing vaccination effort leads only to fewer people vac-
cinating pre-emptively, until the individual equilibrium
becomes to delay vaccination (at which point it is possible
to reduce mortality by increasing the vaccination effort).
Thus, under voluntary vaccination, in order for public
health authorities to expect to reduce mortality by increasing
vaccination effort post-outbreak, their planned post-
outbreak vaccination response must be so efficient that no
one would choose to vaccinate pre-emptively (p; = 0).

(5) Any lag between the beginning of an outbreak and the
post-outbreak vaccination response makes it harder for
higher vaccination effort levels to make a difference to
overall mortality, and a large enough lag will make it

LQEWLO? ‘:z‘1 aJ‘anajU/“")dg.'y"[ ‘.ﬁljol'ﬁu.!ljs!|qhd‘/(19pos‘|é/(or;jsj H



ments and health agencies will react, or how individuals

impossible to reduce mortality, regardless of the level of
vaccination effort. Given a maximum feasible vaccination
effort level, there is an effective critical lag, beyond which
it is impossible to reduce mortality by increasing vacci-
nation effort. The dependence on the post-outbreak
vaccination scenario, of both the effective critical lag at

feasible levels of vaccination effort and the effect of

changes in vaccination effort on the effective critical
lag, further highlights the importance of researching
realistic post-outbreak vaccination responses.

It is not possible to know with certainty how govern-
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A Lambert W function

The standard final size relation, which can be derived from the SIR model 1] and many
other epidemic models [2], is

7 =1—¢ RoZ, (S1)
Here, Z is the final size (Z = 1 — Sy) and Ry is the basic reproduction number. Z can be
expressed explicitly as a function of Ry [2,3],

1
Z(R()) =1+ = W[—RO 67730] > (82)
Ro
where the Lambert W function [4,5] is the inverse function of
fW)y=we". (S3)

Use of the Lambert W function is critical for our derivations of final size formulae for models
we consider here. W(z) is real for z > —1/e ~ —0.368 and is two-valued for —1/e < x < 0.
The upper “principal” branch, for which W(z) > —1, is denoted W, and the lower branch
is denoted W_;. See Figure [S1]

0,
-1
—~ 27
=
-3
-4
-5 - — Wy
—_— W,
I I I
-0.2 0.0 0.2

Figure S1: The Lambert W function, showing the principal branch W, and the secondary
branch W_;.
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B Interpretation of vaccination effort parameters

The vaccination effort parameters are explained §[5 “Fair comparison” values for these
parameters are derived in §[6.2] and listed in Table

B * 1 ¢SUSC

In §[6.2) we commented that ¢gus. can be considered to be the probability per unit time of a
delayer being vaccinated. To see this, note that the probability (pyac) of a susceptible delayer
being vaccinated in the time interval [t,¢ + At] is the ratio of the number of susceptibles
vaccinated in that time interval, V(¢ + At) — V/(¢), to the number of susceptibles present at
the beginning of that time interval, S(¢). Thus,

Vit+A) —V(t) V(E+AH)-V() 1

vacc — = At .
b S(t) At St

Since lima;_q %ﬂ_v(t) =V = ODsused, for small At, we have pyace & Ogusc At. Thus, Gguse

is the (constant) probability per unit time of a delayer being vaccinated.

C Convergence to disease—free equilibrium

In this appendix, we show that for all models considered, the epidemic must eventually die
out (i.e., the system converges to a disease-free equilibrium).
Consider the STRV model given by the differential equations

S=—-BSI-V, (S4a)
I =pBSI—AI, (S4b)
R=~I, (S4c)
V =f(t51,RYV), (S4d)

where f is continuously differentiable and satisfies f(¢,S,I,R,V) > 0, f(¢,0,I,R, V) =0
whenevert > 0,5 > 0,1 > 0,R >0,V > 0. From the fundamental existence and uniqueness
theorem [6], there is a unique solution to Equation for any non-negative initial conditions
S(0) >0, I(0) > 0, R(0) > 0 and V(0) > 0. Suppose also that S(0)+1(0)+R(0)+V(0) = 1.

First, note that S(t) > 0 for all ¢ > 0. To see this, suppose in order to derive a
contradiction that S(T") < 0 for some 7" > 0. Then, since S(t) is continuous, there must be
some time 0 < 7 < T such that S(7) = 0. But because S|s—o= 0 it follows that S(t) = 0 for
all ¢ > 7, which contradicts S(7") < 0.

Similarly, it follows that I(¢t) > 0. Consequently, R(t) is nondecreasing in ¢, and in
particular, R(t) > 0. Lastly, V >0so V(t) > 0 as well.

Now, 4 (S(t) +I(t) +R(t)+ V(t)) — 0 for all £, 50 S(0) + I(0) + R(0) + V(0) = 1 implies
S(t)+ 1(t) + R(t) + V(t) = 1 for all t. Consequently, S(t), I(t), R(t) and V (¢) each lie in

the interval [0, 1] for all time.
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In addition to being bounded, S(t), R(t) and V (t) are monotonic (their time derivatives
are non-positive) and therefore have a limit as ¢ — oo. It follows that /(t) also has such a limit
(I =1—S5—V —R). To see that this limit is 0, suppose instead that I, = lim;_,, I(t) > 0.
Then, lim;_,o R = ~vI.. Thus, there exists a time ¢, such that R(t) > vl /2 for all t, < t.
This implies that the proportion in the recovered class increases at least linearly , and must
eventually hit R = 1 (no later than at time ¢, + 2/(7/«)) and be greater than 1 thereafter.
However, this contradicts the fact that the proportion of the population in any class cannot
exceed 1. Thus I, = lim;_, I(t) = 0.

A similar argument can be applied to the constant rate SEIRV model by noting that

1. If S(0) > 0, E(0) > 0, I(0) > 0, R(0) > 0 and V(0) > 0, then S, E, I, R and V

remain non-negative for all time.
2. If S(0) + E(0) + I(0) + R(0) + V(0) =1, then S+ F+1+ R+ V =1 for all time.

3. S(t) — 0 in finite time in this model. To see this, suppose in order to derive a
contradiction, that S(t) > 0 for all time ¢t > 0. Then, for all t > t,, S = ¢_....,
and thus S(t) > ¢ ... (t — tiag). Consequently, S(t) > 1 for all ¢t > tjag + 1/0 ...
contradicting the fact that S(¢) <1 for all ¢.

4. Since S(t) — 0 in finite time in this model, it follows that after a finite time £ = —c F,
implying that lim; ,. £ = 0. Since R and V' are monotonic and thus have a limit as
t — oo, it follows that lim; .o I = lim;_,.oc 1 — S — EF — R — V exists as well, and one
can continue as before.

Lastly, a corollary of this convergence to the disease-free equilibrium is that S, = lim;_, S()
is well defined and
Soo < L = x
T8 Ro
To see this, observe that since S is monotonic and bounded, it must converge to some
finite limit within [0, 1], so S is well defined. Next, note that 7(0) = a(1 —p) > 0 and
limy_,o0 I(t) = Io = 0, so there is some time ¢, at which I(¢,) < 0 and so S(t,) < v/3. But
S < 0 and so for any t, < t, we have S(t) < ~/B. Thus, Equation follows because of
the monotonicity of S.

(S5)

D Calculation of

In § we stated that as pre-emptive vaccination approaches full coverage (p — 1), the
probability of a delayer being infected (7,) approaches the proportion of susceptibles initially
infected in an outbreak (a). Recalling the definition of 7 in Equation (12)), the claim is that

for all the models considered
m = lim m, = «. (S6)

p—1—

To verify Equation (S6)), first consider the SIRV models defined in Equation @ The
proportion of individuals who are eventually removed (R.,) must be greater than the number

5
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initially infected (Equation (10b))), so
R > 1(0) = a(1—p). (57)

Thus from Equation (11af), we have 7, > « for any p € [0,1). It follows that 7 > « if the
limit exists.

We now show that m; < a. The basic reproduction number is Ry = /7 and the effective
reproduction number when the outbreak begins is (Equation ([10al))

Rer(0) = RoS(0) = Ro(1 —p)(1 — ) . (S8)
Thus, if p > 1 — 1/Rg then Re(0) < 1, and

lim Reg(0) = 0. (S9)

p—1—

To prove that m; < «a, we will show that

o 1
< for all 1——. 1
T, < T~ R(0)’ or all p > R (510)

Equations and (S4c) imply that R =~I = 3SI — I. Hence,

Roo —/ Rdt—/ (BSI —1I)dt.
0 0

But S(t) decreases monotonically with ¢, and I, = 0 (Appendix [C]), so

Ry < BS(O)/ Idt+1(0) = RQH(O)/ yIdt +1(0) = Reg(0)Roo + (1 —p) . (S11)

0 0
Thus,
(1= Rear(0)) Ree < (1 = p) (S12)

and consequently, for any p > 1 — 1/R,,

Reo o
= < .
1—p o 1—Reff(0)

(S13)

Tp
In the limit p — 17, Equation (S9) implies m; < «, as required.

To see that 7 = « for the constant rate vaccination (SEIRV) model (Equation (29)), we
need only note that in this case,

ROO:/Oooyfdt:/om(ﬁsf—j—E)dthOS(o)/OmwdHE(O), (S14)

where E(0) = a(1 — p). Thus, Inequality (S11)) holds for the SEIRV model as well, and the
remainder of the proof that m; = « is identical to the argument for SIRV models.
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E Final size relations, 7, and v,

E.1 Vaccination rate x disease prevalence
E.1.1 Final size relations

A nalve model in which vaccination is proportional to prevalence is

S = —BST — ¢prev] (S15a)
I =BSI—~I (S15b)
R=nI (S15c¢)
V = Gprev - (S15d)

However, Equation is not biologically sensible, since if S = 0 and I > 0 it follows that
S < 0 and so S attains negative values. Thus, a more realistic model is obtained by replacing
the vaccination rate @prev! With ¢prev f(S)I, where f is a nondecreasing and smooth “cutoff
function” such that f(S) =1 except for 0 < § < §, and f(0) = 0. Thus, Equation is
replaced by

S = _BSI - ¢Prevf<5)] : )
For convenience, we also choose f to be an odd function, i.e., f(—S) = —f(S) (however,

since negative values of S are not biologically feasible and are unattainable by this model
if S(0) > 0, this has no effect on the dynamics of the model for biologically sensible initial
conditions).

As § — 0, V approaches Gprev 8g0(S)1 and Equation (S15af]) approaches
S = —BST — ¢prevsen(S)I

where
-1 ifx <0,
sgn(z) =<0 ifx=0,
1 if z > 0.

Thus, a more biologically sensible model where vaccination is proportional to prevalence is:

S =—BSI — Gprev S520(S) 1 (S16a)
I =BSI—~I (S16b)
R=~I (S16¢)
V = Gprev 5gn(S)1 . (S16d)
In the interior of the biologically meaningful domain,
A={(S,[,R,V)S>0,>0,R>0,V=1-S+1+ R}, (S17)

the phase portrait for this model is similar to that of the original model and the dynamics
change only as the hyper-plane S = 0 is reached. For this reason, we analyze the original

7
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model (Equations ) and make the necessary corrections to account for Equation (S16d|)
afterwards. We denote state-variable solutions to the original model (Equations (S15)) with
a superscript 1, as in S!, etc.

From Appendix , we know that solutions of Equations converge to a disease-free
equilibrium. Thus, we wish to obtain final size relations for this model. We proceed as
follows:

From 1R
Y
=_ 1
45T = B + b (518)
we have BS(O) 5

_|_
Rl = Lin (BT Oprer S19
b= (Ger ) (519)

where a subscript oo indicates the value of that variable at the end of the epidemic (recall
that S(0) also depends on p). SL is obtained by a similar trick.

dll - BSI_P}/ _ ¢prev+7
AST B b T B+ e (520)
_ 1 ¢prev + /Y 551 (t) + ¢prev
1(6) = 1(0) = S(0) = §*(t) + = m( 250 %m) . (S21)
As t — oo, we have
_ ¢P1“6V + Y /BS;O + ¢prev
oo = 1(0) = S(0) = Si + 22—t In (mee). (522)
Since 11, =0 and S(0) +I(0) =1—V(0) =1 —p,
1 _ ¢rev+7 ﬂsio"i_gbrev o . _¢rev+’y 1
SlL=010-p) + 22— 5 In (—BS(O) n (;prev> =(1-p) - 2=—R.. (523)
Let bt A
— _ prev Y x prev
o) = (1) + T (e ) (524

We seek solutions to S, = w(SL) in the range S, € [0,1]. We note that no solutions
of Equation cross the S-nullcline, S = —¢@pev/ S, and so solutions to Equation (S23))
are in the range [—@prev/ 5, 1].

It is possible to use Equation to find which initial coverage causes solutions of Equa-
tion to hit the S = 0 hyper-plane, as they will be those for which S1 < 0. As long as
this does not occur, Equations , and are valid also for the modified system
(Equations (S16)).

From Equation (S23|), we have

S;o = _l (¢prcv + (7 + ¢prcv) Wz <

_Me_mmwpm))
/6 Y

Y+oprev
v+ (rbprev



2 where ¢ = 0 or —1 specifies the branch of the Lambert W function. To determine which
173 branch of W gives the correct final size, observe that S < ~/f3 for any initial condition (in
17+ the biologically meaningful domain). This follows from the following argument: If S(0) <
s /3, since S is non-increasing and S < 0 at time ¢t = 0 (since also I(0) > 0), we are done.
s If S(0) > 7/5, we note that I is increasing for any S such that S > /8. But we have
7 seen that I, = 0. Thus, at some point in time, S < 7/f, and since S is non-increasing,
175 we have SI < ~/B3. From this we see that it is necessary to use the principal branch, W
e (rather than W_,, which satisfies W_;(x) < —1 for all z in its domain of definition, that is
o (—1/e,0)). Thus,

1

©

181 Séo - —

1 BS(O) -+ (bprev _ B(A—p)+éprev ))
) rev rev W - Y +dprev . S25
5 (e ) W (22 e (525)

182 For convenience, we rewrite Equations (S19)), (522 and (S23) to give:

pS(0) + ¢prev) g 1
183 In = 1-— P — SOO s S26
< 55%0 + ¢prev ¢prev + Y ( ) ( )
18a  and BS(O) ¢
Y + Oprev i
18 Réo:—ln( = >: 1-p—SL). S27
5 5 \BBL + opes )~ G 57 ) (527)
186 Thus,
187 Vi=1-R —SL
v 1 1
188 =1—-— l—p—Soo —SOO
¢prev + Y ( )
¢prev 1 Y
189 = — 1—SOO + —0D. S28
190 Y + ¢prev ( ) 7 + ¢prev ( )
191 To see when we can use S,, = SL, R, = R. and V., = V., it is necessary to find

1o when Equation (S25)) yields a negative S . First, we evaluate how S,, changes with p. To
w3 find 9,SL, apply 0, := a% to Equation (S23)), to get (recall that S(0) = (1 — a)(1 — p), so

[o.op]

o 9,5(0) = —(1 — a))

) 1
s = T {65%1) n Z) ﬁsff;';mﬂ -t 69)
S (R e Lol ek 0
, wste= (Cgortam 1)/ (g ) e
100 Since S < /B, it follows that 1 — (7 + Gprev)/(BSL + Pprey) < 0. Thus,

3en(3,5L) = 51 [3S(0) + Gpres — (7 + Bpre)(1 — )], ($32)
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and since S(0) = (1 — p)(1 — ), we have:

1 if p, > p
sgnd,SL. =<0 ifp, =p, (S33)
—1 ifp, <p,

where the local maximum is attained at

Pprev — (V + Pprev) (1 — @) 14 APprey — V(1 — @)
A1l —a) pl—a)
Observe that p, € [0,1] <= a@per < V(1 — @) and agpev > (v — F)(1 — ). However,

the second condition, which is necessary to ensure p,, > 0, is trivially satisfied whenever
B/v =Ry > 1. Thus, if Ry > 1, then p,, € [0, 1] iff

P =pm: =1+ (S34)

APprey < Y(1 — ). (S35)

The maximum value of S! is thus:

| )
ma. Sl - — = rev + _'_ rev W ——pe (v+¢prev)(1—a) . 836
pG[O,)l(} 00 3 (¢p (7 + Pprev) Wo ( Y+ Dores (S36)

Now solving for S = 0 using Equation (S25)), we have

¢prev + 7 + ¢prev Wz (_ qbprev e (l—a;)(li)yr-i;prev)) (S37)
Bl —a) B (1 =) (7 + dprev)
for i = 0 or —1. Note that for ¢pey > 0, Equation (S37)) gives two values for py; we cannot
simply cancel out the operation of W with ze”, since in this case x = —Ca—

(1—a)(dprev+7)
and W is not univalued for negative arguments. Instead, we have two possibilities for

po(i) =1+

Pprev
Pprev @=D +oorev) .
W (—(al)(‘;+¢prcv)e( Dr+ép )) corresponding to the two branches, Wy and W _;.
T ,
— ___ rprev. -« +dprev — prev .
If Oé(bprev < (1 Oé)’y, then WO (1_a)(7+¢prev)e ( ol ¢P = (1—a)(—y+¢prev)7 Wthh

gives po(0) = 1. If adprey > (1 — )y then similarly po(—1) = 1. This is in agreement with
the fact that if p =1, S(0) =0, and so S = 0.

There are now three cases, which we express as two main cases, the second of which has
two subcases:

e if p,, > 1 (which happens iff agpey > (1 — )y ), then SL. < 0 Vp € [0,1]. This
follows since if p,, > 1 then po(—1) =1 < p,, < po(0). Thus because SL is increasing
for p < py, so for p € [0,1], SL < SL|,—1= 0. In this case, S is not given by S but
is simply S, = 0.

e If p,, € (0,1) then SL|,,.> SL|,=1= 0 and po(—1) < pp,.

10



227

228

229

230

231

232

233

234

235

236

237

238

239

240

241

242

— If 0 < po(—1) (and po(—1) < pm < 1) then

if -1
g =10 ilp<po(-1), (538)
Yoo ifpo(=1) <p.

— If po(—1) <0 then SL. >0 Vp € [0,1] and so Sy, = SL, for any p € [0, 1].

In all but the very last sub-case, it is also necessary to adjust our formulae for the final
sizes of the removed and vaccinated compartments, R, and V., for the values of p for which
Seo = 0. Qualitatively, this adjustment is necessary because, when 6 — 07, if a solution
reaches S = 0 in finite time, S remains 0, while I decays exponentially to 0. However, the
solutions of Equations are only identical to those of Equations (S16|) so long as .S > 0.
Moreover, once S = 0, V remains constant and all the infectives move into the recovered
compartment, which is not the case for solutions of Equations .

To find formulas for R, and V., fix p € [0,1) and let ¢y be the first time at which no
susceptibles remain (S(ty) = S'(to) = 0). Then Equations are valid for any ¢ < t;. We
now have

T BS(0) + dprev
A1) =31 (ﬁS(t) m ¢>

I(t) =1(0) + S(0) — S(t) +

¢prev + Y In <ﬁ5(t) + (bprev)
B BS(0) + Pprev )

in a manner analogous to Equation (S19) and Equation (S22]). These equations depend on
S = S(t) in a way that is continuous at S = 0, and so taking t — ¢, is equivalent to taking
S —0:

_ BS(0)+¢prev)

R(to) = 3! (—%rev (S39)
— Qﬁprev_’_f}/ n (bprev

I(to) = 1(0) + S(0) + ! ( 500+ %m) . (S40)

When S = 0, I decays exponentially to 0, until all the infectives present at ¢y transition into
the removed class, R. Thus, we have

Ry = R(ty) + I(tg) =1—p— ¢‘Eev In (f S(0) + 1) . (S41)

Next, we know that once S = 0, V' does not change either, since there are no more
susceptibles to be vaccinated. Thus,

Voo =V(tg) =1—=R(tg) — I(to)) =1 — Roo = p+ gb;;ev In <¢6 S(0) + 1) (S42)

11
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Figure S2: The proportion of individuals remaining susceptible at the end of the epidemic,
S, as a function of the proportion of the population vaccinated preemptively, p, for the
model in which vaccination rate is proportional to prevalence. The line y(p) = (1 —a)(1—p)
is overlaid in red. We take the proportion of susceptibles initially infected, «, to be the
estimated value in the left panel (o = 1.72 x 107°) and a much larger value for comparison
in the right panel (o = 0.1); the remaining model parameters are as in Table . See §

To summarize our results so far,

if 1<
5 — 0 %p<po or 1 < pm, (S43a)
S;o 1fp0§p§1a
| fmer ] (iso +1) if p < po or 1 < P,
Rz TP M (0) Hpspoori=p (S43b)
'7+(Zprev<1_p_Soo> 1fp0§p§17
¢prev /B 1
+_1n< S(0 +1> if p<pgorl<np,,
v, =078 e S (0) p=h P (S43c)

o (Poee(1 = 83) +9p) ifpo<p<1,
where S! is given by Equation (S25)).

E.1.2 Qualitative behaviour of S! for high vaccine coverage

Qualitatively, observe that for high values of p, SL ~ (1 — a)(1 — p) (see Figure [S2). This
is because when p > p; = 1 — ﬁ then S(0) < ~v/f, in which case I decays to 0
monotonically (the subscript “d” denotes decay of ). Now in this case, S decreases at least

12
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as fast as it does in the vaccination-less STR model, and so I decreases at least as fast as in
the vaccination-less case too. Because S is monotonically decreasing, I decays faster than
1(0)eP5©=1t Because I decays at least exponentially, S hardly changes over the course of
the epidemic, and so we see an approximately linear decay in S ~ S(0) = (1 — a)(1 — p)
to 0 as we increase p. This last phenomenon is related to the herd immunity effect in the
standard STR model: when the entire population is susceptible, in the absence of post-
outbreak vaccination ((bprev = 0), the critical vaccine coverage which stops the epidemic

from taking off is p =1 — R = 1 — m But note, moreover, that the maximal value of

Sl is not attained at pg. Rather, we see that

a(gbprev + '7)
Al —a)

This is because even when p > p; and I immediately decays to 0 (starting at ¢ = 0), there
are still some susceptibles converted into vaccinated individuals, due to I > 0. This number
of susceptibles lost to vaccination decreases as p is increased, since this decreases I(0) as
well. Thus, for p > pg, initially S, increases with p. Only when p > p,, does the decrease
in S, due to more susceptibles being vaccinated pre-emptively take over.

Pm — Pd = > 0. (844)

E.1.3 m, decreases and 1, increases with p when p,, > 1

Consider the first case above: if p,, > 1 (see Equation (S43])), then Sy, = 0 and we have

Ve =p+ Dprev ln< b S(0) + 1)

ﬁ ¢prev
¢prev ﬁ
Wy = In S(0)+1) .
P 5(1 - ) ¢prev ( )
Note that since Sy, =0, 1, = 1 — 1,. Letting « = ¢in5(0) = ’Béi;f)(l —p),
In(z+1)

() = Ypa) = (1 — @) ———,

T

SO

B, = Bl-a)dP(x)  Bl-a)z—(1+z)Inl+x)
TP e 0T Gprey xz(x+ 1)

B(1 — a) 5258(0) = (5=5(0) + 1) In(52-5(0) + 1)
Gprev (2 >>2 D

 prer(1 — ) B5(0) = (B5(0) +¢prev)ln(¢preVS(0) +1) s1
p (5(0))* (B5(0) + bprev) '

Since v < (z+1)In(1+x) Va > —1, it follows that for p € [0, 1), d,%, > 0 and consequently,
Opm, < 0.

13
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E.1.4 Behaviour of po(—1) as ¢prey — 07

Using Equation (S37), one can show that lim, . o+ po(—1) = —oo. This follows because

limg, . o~ W_1(2) = —o0. But because py(—1) = 1 as ¢prey — V(L_O‘, it follows that there
is some value of @prey for which po(—1) = 0. This ¢pev can be found from Equation ,
but the formula is not needed here.

However, we also note that ¢prey < (along with Ry > 1) implies p,,, € (0,1), so for
small ¢prev, we have pp, € (0,1) and po(—1) < 0 (in fact, as ¢prey — 07, P = 1 — 1/Ry).
Thus, for @prey — 07 (small enough such that po(—1) < 0), SL > 0 for p € [0,1).

11—

E.2 Vaccination rate «x incidence

The model equations are

S = —BST — ¢pncSI (S46a)
I=pBSI—~I (S46b)
R=~I (S46¢)
V = ncSI . (S46d)

Finding the final sizes for this model is somewhat similar to when vaccination is propor-
tional to prevalence:

dr ~ BSI—~I v 1 g

45~ B+ 0m)SI B+ omS B+ om (547)
1(t) - 10) = /6+7¢mc 1n<8<(é))) - /Bf (5~ 5(0) (548)
aepa= gl (o) s e i) s
S 7m(( fﬁ_a)) (1+¢;ma)(1—p), (S50)

where Equation (S49)) is obtained by taking ¢ — oo in Equation (S48)). The solution of Equa-
tion (SH0)) is given explicitly by

S — _% W, (_5(1 —pi(l — Q)Q—W(l—p)) 7 (S51)

where we take the principle branch of the Lambert function, W, because solutions are in the
range S, € [0,7v/0] (see Equation in Appendix [C]). Note also that Ss > 0 iff S(0) >0
(that is, p < 1 and a < 1). Thus, S = 0 is not attainable in scenarios of interest here.
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To find V,,, we proceed similarly:

Thus,

Tp

_ ¢inc
/6 + ¢inc
_ ¢inc .
Vo — V(0) = T gbinc(Soo 5(0))
o Cbinc _ _ _
Vb= 5% (1= p)(1 ) — 5.
At the end of the epidemic, 1 = Ry, + Ss + Vo, hence,
1 ¢inc . . N N
Ro=1-p+ 5+¢inc(5’oo (1-p)(1-a)) -5
qbinc(]- - p)(l - 05) + /BSOO
—1—p— .
P B + (binc
o Roo 1 ¢inc (1 . Oé) . /BSOO
B 1_p_ B+ @ine (ﬁ‘f‘ﬁbim:)(l_p)
Voo —p

wp:

and so m, # 1 — .

Using 9, <1S%;> — (1=P)0pSoc+500

o (binc N _S;oo
L=p B+ i <<1 2 1—29)'

Note that whenever S(0) > 0, there are susceptible individuals left at the end of the epidemic,

(1-p)?

0, S =
ﬁSoo - _
5 0pSoc =
0, Sae =

we have

Y 8pSoo 1 ¢inc
B(soo *Tp)‘(” 5“)

i 11— ¢inca
A1 —p) B
VT S

1_pﬂsoo_7

Seo
— (Gincx + 5)m

_ 7= (Pincr + B)(1 —p) S

(1 —p)0pSec + Soc =

From Equation (S50))

9, (

Soo

(1—p) BSec —
(BSs0 — (1 = p)(B + dinc)) S0
BSOO -7
(BSoc — (1 = p)(B + ¢inc®))Sos 1

1—p

)_

BSec — (1—-p)2

x%w—u—mw+¢m@:7m(§%)<o

15
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because S, < S(0) (unless S(0) or I(0) is 0, in which case an outbreak cannot take place).

Thus 0, (f%"p) > (0 and so

d,m, < 0 (S59)
A1, < 0. (S60)

Note also that S, attains a local maximum (in p) at

Pm=1—=7/(dmer + ). (S61)

Pm < 0 for v > ¢iear + B, in which case S, decreases with p on the interval [0, 1]. This can
only happen when v > (3, that is when Ry < 1, implying that for any disease which can
spread in the population (with no vaccination), pre-emptive vaccination initially raises, then
lowers the proportion of susceptibles remaining at the end of the epidemic. The maximum
level of remaining susceptibles is

_ B -«
Seclpp= ﬁwo( o me)‘ (562)

However, R, is more informative, since susceptibles can be depleted by either infection or
vaccination, and so fewer remaining susceptibles does not necessarily imply a larger epidemic,
nor does it imply that more individuals were vaccinated. However,

OpRe =0, (1 —p)mp) = —mp + (1 — p)O,pm, <0, (S63)

which shows that increasing pre-emptive vaccine coverage decreases the size of the epidemic,
as expected.

E.3 Vaccination rate x proportion still susceptible

The model equations are

S = —BSI — dguscS (S64a)
I =BST—~I (S64b)
R=+I (S64c)
V = douseS - (S64d)

In this case, a similar strategy to the one we employed for the case where vaccination is
proportional to prevalence doesn’t quite work. Calculating S..(7(0)) is not enough, since we
do not know how the remainder of the population is partitioned between the removed and
vaccinated classes at the end of the epidemic. The following calculations are also helpful but
insufficient:

B8 .
— vV — S6
¢SUSC 7 ( 5>
B

= _BI - (bsusc = _;R - (bsusc ) <866>

=BS5S -~

W » ~]| ~.
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370 SO

1(t) B

In <W> = (V) = V(0) ~ (S67)
232 in (5i57) = =2 R(D) — RO) — dunet (568)

s However, it is not possible to extract V., and R, from here because phase-portrait arguments
w5 show that I and S tend to 0 as t — oo (this is also implied by Equations and (S68)),
srs  thus both sides of these equations diverge as t — oc.

377 Nonetheless, a similar method to the one employed in Appendix yields a relation
ws  between S(t) and I(t) from which, using the previous relations, a relation between R(t) and
w0 V() can be obtained. These will not diverge as t — oo (they are bounded), so any divergent
;0 components must cancel out.

by

dS (B + Psuse)S

Ty (S69)
(BS—S_V)dS = —Mdl (S70)
(8 — %)ds = —(B+ ¢5;50)d1 (S71)
. BS(0) — S0)) ~ 11 (5i01) = =810 - 10) ~ dunetn (7i1) (572
ws from which we get:

S(t) = —% W (—gei’W)—“O)—S(O”(%)“5%““5(0)> . (S73)

s By taking the limit ¢ — oo in Equation , we see that S, = 0, and conseqently,
80 P, = 1 — .

390 We now determine under which conditions each of the two branches of the Lambert W
50 function is used in Equation . First, note that

392 S(I) = —% W(Z(p))

= —é B(1()-1(0)-5(0)) M Geuse
303 Z(I) - 'ye (](O)> S(O)
394 Z(I(O)) = _58(0)6_55(0) '

ws For I = I(0), we expect to get W(—%S(O)) = —gS(O) so that S(I = I(0)) = S(t = 0).
7 We know that S(0) > 3 which implies that for ¢ = 0, we must use W;. Because S(t)
s monotonically decreases to 0 as t — 0, we know that the branch W is used until the peak
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10 prevalence is attained (at which time S = «/f), and then the principal branch W is used.
400 NOW,

dR _ fy[
401 7= rTR—
402 _ gl
BS =~
—1

- B B é([—I(O)—S(O)) I Psusc . (874)
404 w <—;€7 (m) ~ S(O)) +1
ws This can be integrated, to give

I v
406 ()+/1(0)5S—'y (S75)

Iso 1
— R(0) + / o

1(0) 1

_ / PR TR df, (S76)
409 0 W, <—;ev (m) B S(O)) +1

o where the appropriate branch of W; is determined as above, as the integration varible I is
1 varied. Note, however, that the integral in Equation (S75)) is improper, because the integral
a2 diverges at the peak prevalence (when S = ~v/f).

4

jurs

4

jurs

a E.4 Instantaneous vaccination of a proportion ¢;,s; of the popula-
414 tiOIl

a5 In this case, the disease progresses according to the standard STR model,

S =—pBSI, (S77a)
I=(3S—I, (S77b)
it R=n1, (S77c)

w20 with initial conditions given by

21 S(0)=(1—p)(1 —a)(l — ¢inst)
422 I(O) = (1 - p)a

423 R(O) — 0

428 V(0) =p+ dinst(1 —p)(1 — ).

26 Note that for this model, S(0) is the density of susceptibles after the post-outbreak vaccina-
a7 tion response has taken place.
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Equation (S77a) implies that

vd :
_ 17 —
Gai n(S)=R, (S78)
thus S, satisfies the equation
74 (5(0)
—In| —=—— | =R=1-V(0) - S, S79
T (52 ) (579
or 5
oy 8- v<o>>)
Soo =—= Wy | —=5(0 . S80
2w (250t (580)
We use the principle branch of the Lambert function in order to obtain solutions satistying
Seo < 5(0). Since — S( )e 7=V —éS(O)eiéS(o), and W, is monotonically decreas-

ing, =% Wi (—gS( )e —50-v( > > S5(0), which does not correspond to biologically feasible

solutions. In addition, we have R., = 7 In %(0)

Since there is no vaccination except during the initial (immediate) response to the out-
break, Voo = V(0) = p+ ¢inst(1 — p)(1 — @), and so

Voo —-p
1/}17 = 1 —p = ¢inst(]- - Oé) (8813‘)
7r,,:1—¢p—15%‘}). (S81b)

Using Equation (S79)), we also have

($82)

Tp = —

Y 1 — ) — dinse (1 — )
5u—mm< u—wa—¢m>)

It follows from Equation (S81b)) that 7, is a decreasing function of p: from Equation (S79)

we have | 9.5

i pPoo \ _ ) _ _

and so ) 85

_(_ . _ 7 o
0pSec = ( 1+ ¢inst (1 — ) + 71 —p) (5500 — 7) . (S84)
This gives
BS
(1 —p)0pSsc + S 55 ((1—p) (=1 4+ dinst (1 — ) + Sxo)

_ 55
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which is positive so long as R, > 0 (this happens when S(0) > S, which is true whenever
S(0) and I(0) are not 0). It now follows that d,m, = —% < 0. Note that the
probability of a delayer being vaccinated post-outbreak (v,) is constant.

Lastly, note that
Seo
(1— p)apsoo = (1 — Voo — %) (_’Y ? BS_) ) (S86)

which implies that S, increases with p iff (1 — p)(1 — dumst(l — @))B > 7, or equivalently,
1(0) + S(0) = 1 — Vi > 4. Compare this to the more stringent condition S(0) > 3 which
ensures that the epidemic takes off (I'(0) > 0).

F Maximal vaccination rate for fair comparison of mod-
els

In this section, we find the fair comparison values of the vaccination efforts ¢i,. and ¢prev
(see §/6.2). These are defined as the levels of vaccination effort ¢i,. and ¢prey that result in
maximal vaccination rates equal to 0.1/day (that is, comparable to [7]).

F.1 Maximal Vaccination rate when V = Oprev]

We begin by finding what the maximal vaccination is when V = Oprevl. Because the vac-
cination rate, V, is maximal when prevalence, I, is maximal, we aim to find the maximal
prevalence. Now observe that since I = (8S — ) I, incidence is maximal when S = ~v/f.
Thus, the peak prevalence is found by substituting S = 7/, into Equation to obtain

[peakzl_p_’y/ﬁ_'—

7+¢rev ry—i_qbrev
7 (G ) (587)

(recall that I(0) +S(0) = 1 — p). We now wish to find at which value of p the maximal
vaccination rate (over time) is largest. Observe that

o, (O Fdme)d—0)
Ipeak - 1 + BS(O) + ¢prev )

dp
>0, (S89)

(988)

P Bt dpe)(1 - a)?
ap? P (BS(0) + Bprev)?

which implies that the peak prevalence (and thus the maximal vaccination rate) has a minium
in p when
b _(B=2)(1=0) + dpea
Bl —a)

>0 (S90)

(B8 > v because Ry > 1).
There are now two possibilities:
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510

511

5
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2

513

o If peir > 1 (which happens iff ¢prever < 7(1 — «v)) then the maximal vaccination rate
is attained when p = 0.

o If poit < 1 (which happens iff ¢preva > 7(1 — «)) then, the maximal vaccination rate
must be attained either when p = 0 or when p = 1.

Noting that

sl = 1= 3+ T (2 e
ol = o T () 5o
it follows that
Vo = e+ s {1 T 2o (T ey,
7+ gprev n (7 ;:;ép) } (S92)

We also note that

_9_ L (0 E e N L Y Pprer
a¢prevjpeak B ﬁ = <5S(0> + (bprev) * 5 <1 BS(O) +p¢prev) ’ <893>

Because 1 — z + In(z) < 0 for any 0 < x # 1, it follows that the peak prevalence e, and
thus the peak vaccination rate, decreases with increasing vaccination effort, ¢,.e, (for any
initial coverage, p). Also, as ¢prey — 00, We have

[peak‘p:O —
Ipeak|p:1 — 0.
Setting Viax = 0.1/day in Equation (S92)) we can numerically solve for Gprev, With a, 3,
7, as in Tables [1] and [2| to obtain ¢pey &~ 1582/day.

F.2 Maximal Vaccination rate when V = OineS T

First, we will derrive a formula for the maximal vaccination rate as it depends on the model
parameters, «, 3, 7, ¢ime. We then use this formula to calculate the appropriate range for
®inc, given the estimates of the other parameters cited in Tables [T] and [2]

Differentiating Equation , we have

‘H/ = ¢inc(S[ + SI) - ¢IHCSI(/BS - — (6 + d)inc)l) .

Thus, critical points of V' (excluding those for which V= 0) occur when S —~ = (S+ Pinc) 1.
Using Equation (S48) and simplifying, this is equivalent to

26S =~vIn S + dine(1 —pla+ (1 —p) +7(1 —In((1-p)(1- oz))) :
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which has two formal solutions,

~ B+dince
Su= o5 Wi ( 221 )1 a)e—w“—p)—l) ,
with £k =0 or —1.

However, it is impossible for S to be attained by S(t), for all ¢ > 0. To see this, suppose,
in order to derive a contradiction, that there is some time to > 0 such that S (fo) = 5’0. Note
that —1 < Wy < 0 on the interval [—1/e,0), so 0 < Sy < /3. Because Sy < v/3, we have
I(ty) < 0. Since S < 0 (for all time t), it follows that V < 0 when ¢ = £y, in contradiction
to the fact that by definition of Sy, V (fy) = 0. Thus, S(t) > Sy is proven|!} It follows that if
there is a biologically relevant value of S at which V changes signs, it must be

A ’}/ /8 _ﬁ+¢inc°‘(1_ )
S1=—=W_|-2—1—-p)(1—- v Py S94
=5 W (220 pa - a ) (s94)
Note that S_; > 35 because W_i(z) < =1 Vz € [-1/e,0] (but it is also possible that

S_y > 5(0) = (1 — p)(1 — «), which would make this critical point biologically unfeasible).

Because S decreases with time, we see that V can change signs at most once for all ¢ > 0.
Observe that since 0 < S, < 7/, and V decreases when S € (0,7//], it follows that V
eventually (i.e., for large enough t) decreases with time. Hence, if V(0) <0, thent=0is a
maximum of V for t >0, and if V(0) > 0 then V attains its maximum when S( ) = S_y. The
sign of V(0) is identical to the sign of 85(0) —y — (8 + Ginc)I(0), so the maximal vaccination
rate is attained at ¢ = 0 if (1 —p)((1 — 2a)8 — o«binc) < ~, and when S(t) = S_; otherwise.
Thus,

l/(p) = maXV — {qsi;:,c(l _p) (1 - a)a if (1 _p)<(1 - 20[)5 - a¢inc) S v,

G A S95
120 Some (55 )8, i (1 p)((1—20)8— adue) > 7. )

(where, for the second case, we used the fact that I = B S —5 when S = S_1).

To maximize v over all p € [0,1) (with «, 3, v and gzﬁmc fixed), we consider the following
3 cases:

e First, if 0 < v < (1 — 2a)8 — @ine, then (1 —p)((1—2a)f — apine) < 7 is equivalent to
p=1-Gampas < P andp € (0,1). Hence, for p € [p, 1), v(p) = dinc(1 — p)*(1 — a)a
2
is a decreasing function of p, and so max,cp;1) ¥(p) = Pine (W) (1—a)a, and
is attained when p = p.

When 0 < p < p, we note that because (fx — v)x is parabolic with a minimum at

x =/28, and S > 25, it follows that
¢inc A A
= S_1—7)S_ S96
v(p) P + 5(5 1—7)5-1 (S96)

LConsequently, S, > S, which is equivalent to a statement about the Lambert W function: Wo(2z/e) >
2 Wo(z), for —1/e < x < 0.
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is increasing in 5'_1, SO Maxpe,3 ¥(p) is attained on this interval when S, is maxi-
mized. Because —% W _i(x) is monotonically increasing, it follows that max,c(o 5 (p)
is maximal when 5
—2—(1—-p)(1—a)e
Za-p-a)
is maximal. Consequently, we need to maximize —axze™® (with a > 0), with z(p) =
M’T‘Ca( 1—p), over the interval 0 < p < p. This corresponds to maximizing —axe™* over
E +¢;i"ca, (1 g;r)dg“fd) ] € [1,00). Observe that —aze™™ has a unique global minimum
at x = 1, and in partlcular it is increasing when x > 1. This implies that in the
relevant range of x, S_, increases with x, and thus decreases in p. It follows that S,

is maximal when p = 0, and its value is

B+dince _
S (1-p)

N B+dince
S lyeo= —% wW_, (-2%(1 Q) ) . (S97)

Thus, maxpe1yv(p) = v(0), and is attained when p = 0 (note also that v(p) is
continuous at p = p).

e When 0 < (1 —20)8 — aine < 7, (1 = p)((1 —2a)p — apinc) < 7 is equivalent to
p=1-— m < p, which is satisfied for all p € [0,1), since p < 0. Thus, v(p) is
a decreasing function of p for all p € [0,1), and thus maxyco 1) ¥(p) = Ginc(l — @) is
attained at p = 0.

e When agi, > (1 — 2a)f, then (1 —p)((1 —2a)f — apin) < 7 is always satisfied (since
the left hand side is never positive, and v > 0). Thus, v(p) = ¢imc(1 — p)*(1 — a)a,
which decreases with p, so max,co1) ¥(p) = dinc(1 — @)a, and is attained at p = 0.

Rearranging the conclusions of the preceeding discussion, we see that

¢iiicni5 (Bg_l - 7)§_1|p:0 if 0 S O4§binc < (1 - 20[)5 -7,
a¢inc(1 o Oé) if (1 - 20‘)6 -7 S ¢inca .

When 0 < agpe < (1 — 2a)5 — 7, then maxpe[o’l),tzov = ¢i‘:jﬂ(ﬂg_l — 'y)g_1|p:0,

which increases as S_1|,— increases, as stated earlier. Since — W _;(z) increases with z,
_Btéincx . . . . .
and —2%(1 —a)e” 7 is an increasing function of ¢y, we conclude that in this range,

(S98)

max V =
p€(0,1),t>0

maXpe(o,1),>0 V increases with ¢ie. When (1 — 2a)8 — v < Piner, maxpe(o,1) ¥(p) manifestly
increases linearly with ¢i,.. In all, maxye(o,1),>0 V' is a monotonically increasing function of

¢inc-
Note that at the point separating the two regimes, ¢y, = % = 16570.71/day,
Max,e(o.1),0 V = (1 —2a)8 —7)(1 — @) = 0.29/day (with parameters as in Table .
Finally, to obtain a value of ¢y, that yields a maximal vaccination rate of ® = 0.1/day
(as was estimated in [7]), we solve

(binc

m(ﬁéq — )51 |pm0= @, (599)
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600
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~ 2 .
which gives S_;|,—0= geavll +4§§(1+ﬁ /%) W take the solution corresponding to the positive

sign (the other one gives negative S_1, which is biologically absurd). Thus,

15} _ Bt 15}
W_q (—2%(1 —a)e v > =—-1- \/1 + 4;@(1 + B/ 0inc) (5100)

which is equivalent to

2ﬂ(1 — Oé) ﬁ + (z)inca \/ B
—exp (2 — 1 +450(1 4 B/dine) )
y(1+ \/1+4g<1>(1+5/¢mc)) < ! " )

which we solve numerically for ¢i,., with parameters as in Tables [I] and [2 to get dine ~
5190/day.

G The individual equilibrium

In this section, we show that for each of the five models defined in §[5 the game defined
in § always has a unique convergently stable Nash equilibrium (defined in § and abbre-
viated CSNE). The proofs given here are constructive, i.e., they also provide a method for
numerically finding the individual equilbrium (p;).

G.1 Vaccination rate x disease prevalence

In this scenario we have 3 cases to examine:
L pn 21 (= a@pev > (1 —a))
2. pm <1landpy <0
3. pm < 1and py € (0,1)

Recall that in the first case, we have proven (in Appendix [E.1]) that 7, decreases with p. As
stated in §, we assume that 7, decreases with p for the other two cases as well.

G.1.1 p,>1

In this case, we have a unique convergently stable Nash equilibrium (CSNE). To see this,
note that 1, + m, = 1 and d,m, < 0. Thus,

AE = [m,+ (1 —7m,)r —r/ala(P — Q)
= [ma(l —r) —r(1 —a)](P - Q)

e A el e
—a(1=1) |n, - 5= 9] P - ). (s101)
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It is convenient to define

pl:zg:igzlir/lia’ (5102)

which we can interpret as an odds ratio, namely the odds of a bad outcome from vaccination
(compared with infection) relative to the odds of an outbreak occuring. The odds ratio is
well-defined and strictly positive (p; > 0) because 0 < r < 1 and 0 < a < 1. Since 7,
decreases monotonically with p, there are three cases:

o If my < py then m, < p1 Vp > 0. It follows that Ve € [0,1) AE >0VQ # P <
P = 0. Hence p; = 0 is the unique Nash equilibrium. Let 0 < P < @ and fix € € [0, 1).
It follows that p > 0, and so 7, — p1 < 0. Thus AE > 0 and p; is convergently stable.

o If a =m > py, then m, > py Vp < 1. It follows that Ve € [0,1) AE > 0 VQ #
P <= P =1. Hence p; = 1 is the unique Nash equilibrium. The condition translates
tor(l —a) < aa(l —r), or ry < arja + ary(1 — «). Recall that if an outbreak occurs,
at the end of the epidemic individuals have either been vaccinated or have contracted
the disease. Thus the right hand side is the risk to a vaccinator, and the left hand side
is the minimal possible risk to a delayer (assuming no-one is infected after the initial
outbreak; if there are secondary infections, then because r, < r;, the delayer’s risk can
only be increased). Let 1 > P > @ and fix € € [0,1). It follows that p < 1, and so
T — p1 > 0. Thus AE > 0 and p; is convergently stable.

e If 1y > p; > m = « then there is a unique p € (0,1) such that m, — p; > 0if p < p,
5 = p1 and m, — p; < 0 if p > p. Now since for any e € [0,1), Q < P = p < P
and @ > P = p > P, we have Ve € [0,1) AF >0VQ # P < P =7p
(for other P take @ between P and p). Thus, the unique Nash equilibrium p; is the
unique solution to 7y, = p;. Fixe € [0,1). f Q < P <p;, Q@ <p < P < p;. Thus
W —p1 >0 = AE > 0. Similarly, If @ > P > p;, @ > p > P > p;. Thus
T —p1 <0 = AE > 0. Hence p; is convergently stable.

Now, to find p: recall that 1 — 7, = % In <¢fm (1—a)(1—p)+ 1> and thus
1=—p)+(1—a)W (—11—_—3@—%)
(1 —a)B(1 = p1)

Again, W is applied to a negative argument, and it is necessary to determine which
branch of W to use. The principal branch gives p = 1, and 7, = o« as p — 1, and
p1 > « by assumption, and so by elimination we must use W _;. Interestingly, p

depends linearly on ¢pey. Recall that W_; < —1, and so 3 (zi’jev < 0.

D=1+ Pprev (S103)

Thus, in all three cases there exists a unique CNSE.
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o G.1.2 p, <1and p, <0

e In the 2% case, recall that ¢, = @Wp, and let

,
638 = , S104

P2 G e/ ) (5104
630 to obtain
640 AE = [m, + (bli;evar —r/aja(P — Q)
= [mpa(1+ 2y (P - Q)

Y

¢prev yr

642 =a(l+ r)m, — —— (P —Q
(14 ), - (P Q)

643 =a(l+ @7’)[7@, —po](P — Q). (S105)
644
645 Now recall that m, decreases with p. So, an identical argument to the one in Ap-

pendix also applies here:
647 o If my < py then m, < po Vp > 0. Thus, Ve € [0,1) AE >0VQ # P < P =0.

6

B
=)

648 Hence p; = 0 is the unique Nash equilibrium. Let 0 < Q < P < 1 and fix e € [0,1). It
649 follows that p > 0, and so 7, — p2 < 0. Thus AE > 0 and p; is convergently stable.

650 o If o =m > py >0, then m, > ps Vp < 1. It follows that Ve € [0,1) AE > 0VQ #
651 P <= P = 1. Hence p; = 1 is the unique Nash equilibrium. Let 1 > P > () and
652 fix e € [0,1). It follows that p < 1, and so m, — p» > 0. Thus AE > 0 and p; is
653 convergently stable.

654 e If 1y > py > m = « then there is a unique p € (0,1) such that m, — ps > 0if p < p,
655 75 = po and m, — po < 0 if p > p. Now since for any € € [0,1), Q < P = p < P
656 and @ > P = p > P, we have Ve € [0,1) AE >0VQ # P < P = p.
657 Thus, the unique Nash equilibrium p; is the unique solution to 7, = ps. Fix € € [0,1).
658 FQ<P<p, Q<p<P<p. Thusm—ps >0 = AE > 0. Similarly,
659 Q>P>p,Q>p>PFP>p. Thusm, —ps <0 = AE > 0. Hence p; is
660 convergently stable.
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To find p, recall that R, = (1 — p)m,. Furthermore, from Equation (S27), we have

S(0) + dprev

Rl = Tin (—B P )
g BS% + bprev
gl — 1—p— ¢prev+’yR1

4

Rl _ 11 BS(O) + qbprev
= B ! (6(1 —p— WR})O) + ¢prev

Y

/BS(O) + ¢ rev
(1—p)m, = In P
B 5(1 - p) <1 - ¢pr:—v+’y7rp> + d)prev

Substituting p = p, and using 7; = py = m, we obtain after minor rearrange-
ment
Bu-pr _ ( A(B0 = D)1= 0) + Gypes) (G +) )
G(T¢prev + F}/) 5(1 - ﬁ) (P)/(a - T) - (1 - a)r¢prev> + ¢preva(r¢prev + 7)

(S106)

However, we have not succeeded in obtaining an analytical solution for the individual
equilibrium from this equation.

Thus, in all three cases there exists a unique CSNE.

G.1.3 p, <1and py € (0,1)

Since 7, decreases with p, the argument above shows that there is a unique CSNE in each
of the the two intervals [0,po] and [po, 1], denoted Pr; and Pra, respectively. These are
the only candidates for Nash equilibria in the interval [0, 1]: Adding the two sub-intervals
together amounts to adding more strategies to the game. Thus, a strategy which was a
Nash equilibrium in one of the sub-intervals may not be a Nash equilibrium for the larger
strategy set (because players now have a larger strategy set to choose from). However, a
strategy which is a Nash equilibrium for [0, 1] must be a Nash equilibrium in any sub-interval
of [0, 1] which contains it. The situation for convergent stability is a bit more subtle, and is
considered below.
Note that when p # py,

sgn(AE) = sgn ((m, — p(p))(P — Q)) (5107)
where
pr if p < po,
p(p) = {p2 it > po. (S108)
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Note also that

a
Tpy = P1 == T = il = M, = P2 (5109)

Pprev(1 — a) +7

This may seem slightly perplexing at first, but recall that m,, = ——. Thus, if it so

¢prev+'¥

e+ happens that m, = p; or m,, = p2, r and a must be related so that in fact p; = po.
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We must now check a number of cases:

1. mo < py and mp, < po: In this case, m, < p(p) Vp € (0,1], and Py =0 and P; o = po.

But if P =py and Q € [0,pg), AE < 0 and so P = py cannot be a Nash equilibrium.
However, if P = 0, then Ve € [0,1) AFE > 0 VQ # P, and so P = 0 is a Nash
equilibrium. This is trivial for @ < pg. For py < @, we have m, — p(p) < 0 and
P—Q <0,s0 AE > 0 as required. For convergent stability, we only need to check
that if 0 < P < py < @ < 1, then for any ¢ € [0,1) we have AF > 0. In this case,
p € [P,Q], and P — @ < 0. Furthermore, m, — p; < 0 for any p < pg, and m, — p2 < 0
for any p > po. But since 7, — p2 < 0, m,, — p1 = 0 is impossible and from continuity,
— p1 < 0. Thus, AE(P,Q,€) > 0 as required for convergent stability.

.7 < pp and m,, > p2 > m = a: In this case, Pr; = 0 and P2 € (po,1). Since

P;1 = 01is a CSNE in [0, po], we know that for any € € [0,1) and 0 < P < @ < py,
AE > 0. In particular, for e = 0, and 0 < P < Q = po we get [mp, + Vp,r — 7/a] =
< 0. But, from P[2 € (po, 1) we can similarly get (for e =0, py = Q < P < P )

(P Q)
[Tpo + Upor — 1/ala = (P Q) > 0, a contradiction.

. mp < ppand o = m > po > 0: Here, Pr; =0 and Py = 1. Since P;; = 0 is a CSNE

in [0,po], Ve € [0,1) and 0 < P < Q < po, AE > 0. In particular, for ¢ = 0, and
0< P <Q=pywe get [Ty, + Yp,r —1/al = (PAEQ) < 0. Similarly, since Pjo =1is a
CSNE in [pg, 1], Ve € [0,1) and py < Q < P < 1, AE > 0. In particular, for e = 0,

and pp = Q < P <1 we get [mp, + Up,r —7/a] = (P Q) > 0, which is a contradiction.

. p2 > mp, > p1: In this case, simple algebra gives p; = py = 7wy, and Pr; = py and

P; 5 = pg. Thus, it follows that py is the unique CSNE in the interval [0, 1].

. Ty > p1 and o = m > pe: In a manner analogous to the first case, here, p; = 1 is the

unique CSNE.

C Ty > prand My > po > M o=, Py =pyand Py € (po,1). Py = po cannot

be a Nash equilibrium since for py < Q < Pro, and any € € [0,1), AE < 0 since Py
is the unique CSNE in [po, 1]. To show that P;, is a Nash equilibrium, fix € € [0,1)
and P = Pjo and let Q < Pry. Note that m, > p; Vp € [0,po] and that because 7,
is decreasing and 7p,, = p2 , ™, > pa Vp < Pry. Thus m, > p(p) Vp < Prs and so in
particular, AE > 0 and Pj» is the unique Nash equilibrium. To see that P;s is also
convergently stable, we must only show that for any P and Q, 0> Q <py < P < Pr»
and € € [0,1), we have AE > 0. But under these conditions, p < Pj» and so again
mp > p(p), which implies AE > 0, as required.
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. Mo > p1 > Ty, and m,, < pa: Now, Pry € (0,pg) and Py = po. Similar to the above

case, this implies that Pj; is the unique CSNE (given by Equation (S103)).

. T > p1 > Ty, and a = m > py: Simple algebra shows that this case is impossible:

b
Y + Pprev
(L —a)(y + dprev) > all — 1)y

r((1 = a)bprey +7) > ay

p1 > Tpy =

but

_r

Y + Pprev
(7 + Pprev) < A Pprevt + )

r((1 — a)Pprev +7) < ay.

p2 < T < Tp, =

9. my > p1 > mp, and m,, > po > m: The reasoning applied to show that the case above

is impossible also rules this case out.

We conclude that in all cases there is a unique CSNE, which we denote by p;.

G.2 Vaccination rate « incidence

7a Since Oy, < 0 and Opm, < 0, 0, (m, +11,) < 0. Thus, an identical argument to the one
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given in Appendix allows us to show that there is always a CSNE for this model. In
particular, there are three possibilities:

o If oy + by < r/a then p; = 0 is a unique CSNE.
e If « =m + 1Yy >r/a, then p; = 1 is a unique CSNE.

o If my + ripg > r/a > m + riv; = « then there is a unique CSNE, p; € (0, 1) such that

Ty, + 7y, = 1/a. To simplify this last condition, we use Equations (S56) to obtain

— _ Z _ &(5 + 7"(1 _ a)¢inc) B T(ﬁ + ¢inc) _ 5 + r¢inc Soo
V- Tt ¢pir a B (1(6 + qbinC) B + ¢inc I—p

which is equivalent to
SOO _ a (5 + O“binc + 7’(1 - a)(binc) - T(ﬂ + Qbinc)
1 - bi a(ﬁ + 70¢inc)

Plugging Equation (S110) into Equation (S50)) and rearranging gives the individual
equilibrium,

(S110)

ay(B 4 7¢inc)
(B + Gine) (B + acdinc)
< In (‘1 (B + adine +7(1 — @) Pinec) — (B + ¢inc)) .
a(l — @) (B + réimne)

pi=1+

(S111)
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G.3 Vaccination rate «x proportion still susceptible

Recall that for this model, ¢, = 1 —m, (see Appendix [E.3)) and that we assume 7, decreases
with p (as stated in §[5.2)). Thus, 8, (7, +rp,) = 8, (1 —r)m,) < 0, and we can infer that:

o If my + 1y < r/a then m, +r¢p, < r/a Vp > 0. Hence p; = 0 is the unique Nash

equilibrium. From reasoning similar to that given in Appendix|[G.1.1] p; is convergently
stable.

o If  =m + 1y > r/a, then m, + r¢p, > r/a Vp < 1. It follows that p; = 1 is the

unique Nash equilibrum and that it is convergently stable. The condition is equivalent
to aar; > ry, which is quite intuitive: aar; is a lower bound on the cost for a delayer
(attained when there are no new cases after the initial outbreak). If even this lower
bound is higher than the cost of vaccinating, then clearly everyone should vaccinate.

o If my + rihg > r/a > m + riy; = « then there is a unique CSNE, p; € (0, 1) such that

T, + 1y, =1/a.

Thus, there is always a CSNE for this model.

= G.4 Instantaneous vaccination of a proportion ¢;,s; of the popu-
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In this case, ), = Ginst(l — ) and m, =1 — 1), — S Thus,

1-p°

AE = [mp + ¢t (1 — a)r — r/ala(P — Q) . (S112)

Letting p = r/a — r¢mst(1 — @), since m, decreases monotonically with p, we can use an
argument similar to those used for the models considered above to show that:

o if 1y < p the p; = 0 is the unique CSNE.

e if m; > p then 7, > p for any p € [0,1) and so p; = 1 is the unique CSNE. Rearranging

the condition 7 > p gives aa + ragms (1 — «) > r. This admits a simple biological
interpretation: ac+ragis(1—a) is the relative risk of delaying when the epidemic does
not successfully spread (that is, one can only be infected during the initial outbreak).
Thus, if the risks of delaying are greater than vaccinating even if the disease does not
spread beyond the cohort initially infected in the outbreak, then it is worthwhile for
individuals to vaccinate pre-emptively.

if myp > p > 0 then there is a unique CSNE, p; € (0,1) such that 7, = p. In order to
find p; explicitly, we use Equation (S82]) and substitute m,, = r/a — rdmst (1 — @):

i )= ~ o L—7r/a—(1—7r)puns(l — )
rfa=rondl o) = —gr ] < TR T—— >

and consequently,

pi=1+

o a (1= (1= 7)gma(l —a)) - 7“) . (S113)

Tﬁ(l - a¢inst(1 - a)) ln ( a(l - Oé)(l - Cbinst)
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G.5 constant rate vaccination

As in [7], we assume 7, is a decreasing function of p. The analysis (performed originally
in [7]) is then identical to Appendix [G.1.1} implying the existence of a unique CSNE, which
we denote by p;. Using the definition of p; given in Equation (S102)), we have

o if 1 > p; then p; = 1.
o if m < p; < mp then p; is the unique solution of m, = py

o if p; > my then p; = 0.

H The group optimum

We have obtained an analytical formula for the group optimum (defined in §, for one
sub-case of one of our models. The calculation is given below.

H.1 Vaccination rate x disease prevalence

We consider the case when p,, > 1. Recall that if p,, > 1, then Sy =0, ¢, = dprev_ 1) (LS(O) + 1),

~ B(1-p) bprev

and 7, = 1 — 4, (see Appendix [E.1)). Thus,
C(p) =rp+ (1 =pla(l — (1 = 1))

_Tp+(1—p)a(1—(1—7”> Gprev ln( p 5(0)+1>>

B(l_p> gbprev

— _ —r ¢prev n ,6 —a
0=t (5 0= 41)
Cl)y=r
) = T _rm 0 -« __
C(p)—r+a( 1-(1 )6 (d)mvu )) ¢inS(0)+1>

Y e o L SO

- ( BS(0) + Pprev 1) (S114)

Note that C’(p) increases with p since S(0) decreases with p and critical points of C(p) are
minima. Thus, if there is a critical point within [0, 1], then it is the global minimum; other-
wise, the global minimum is at C(0). To find critical points, set C'(p) = 0 or equivalently,

r L el a)(1-7)
a 3500) + Opren

which can only happen if 7 < a (since @« < 1 and r < 1), that is, the relative risk (of
vaccination wversus infection) is less than the probability of an outbreak. If » > a then

(S115)
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C’'(p) > 0 throughout [0, 1] and the minimal group cost C(p) is attained at p, = 0. This is
easily explained: If r, > ar; then the mortality risks from vaccination are no less than those
of dying in an outbreak. In this case, vaccinating is not worthwhile for either the individual
or the group. We now solve Equation for the initial coverage p at the critical point
of the group cost, C(p), assuming r < a:

_ (bpreV(l - a)a(l - T)

58(0) a—r - ¢prev
o ¢prev (1 - CY)CL(l — 7“) B
1 p_ﬁ(l—a)( o 1)
1 _ gbprev (1 - CL)T — (1 — r)aa
p=1 301 — a) < p—— ) (S116)

The critical point is attained at p > 1 if and only if (1 — a)r < (1 — r)aa, which is
equivalent to
ry < a(ria+ry(l —a)), (S117)

and in this case the group optimum is vaccinating the entire population (py = 1). Biologi-
cally, Equation means that more people are expected to die if, in case of an outbreak,
all individuals not infected initially are vaccinated (discounted by the outbreak probability,
a), than the number of people expected to die if the entire population is vaccinated pre-
emptively. To see this, note the probability of death due to vaccinating is r, (the left hand
side of Equation (S117))). To interpret the right hand side of Equation , consider an
individual who is not vaccinated pre-emptively. If there is an outbreak (represented by the
factor a), the first term in brackets (r;a) represents the probability of being in the initially in-
fected cohort (), and then dying due to the disease. The second term (r,(1—«)), represents
the probability of not being in the initially infected cohort, and dying due to the vaccine side
effects. Note that because in this scenario S, = 0, no delayers remain susceptible (they are
either infected or vaccinated). Thus, any individual who is not pre-emptively vaccinated,
and who is not in the initially infected cohort (1 — «) has either a probability r, of dying
due to vaccine side effects, or a probability r; of dying due to the disease. But since r, < rj,
the term r, (1 — «) is a lower bound on the probability of death for an individual who is
susceptible immediately after the outbreak is seeded (that is, not pre-emptively vaccinated,
or in the cohort initially infected at the beginning of the outbreak).
Note that not vaccinating anyone pre-emptively is the group optimum (p, < 0) iff

Bl —a)a—7) < Pprev (1 —a)r — (1 —r)aa) , (S118)

(but this condition is difficult to interpret biologically).
Lastly, if ¢prevy < ﬁ% and (1 —a)r > (1 — r)aa, then p, € [0,1) and is given
by Equation (S116). It is thus interesting to note that p, depends piece-wise linearly on

¢prev .
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