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Existence of mASD connections on
4-manifolds with cylindrical ends

DaviD L. DUNCAN AND IAN HAMBLETON

Taubes’ gluing theorems establish the existence of ASD connec-
tions on closed, oriented 4-manifolds. We extend these gluing re-
sults to the mASD connections of Morgan-Mrowka—-Ruberman on
oriented 4-manifolds with cylindrical ends. As a corollary, we ob-
tain an ASD-existence result in the presence of degenerate asymp-
totic flat connections.
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1. Introduction

The results of Taubes [19] 20] on “gluing” establish the existence of non-
trivial anti-self dual (ASD) connections on closed, oriented 4-manifolds, pro-
vided one works with an SU(2)-bundle with sufficiently high second Chern
class. This was extended by Donaldson [3] to a general gluing theorem for
connected sums; see also [2, [9]. These gluing results have direct extensions
to cylindrical end 4-manifolds, provided one works with ASD connections
having a non-degenerate flat connection as an asymptotic limit [4]. However,
in the absence of such non-degeneracy assumptions, the space of ASD con-
nections on a cylindrical end 4-manifold is generally not well-controlled (e.g.,
the ASD operator is not Fredholm) and this now-standard gluing formalism
breaks down. Nevertheless, the question of existence for ASD connections in
this degenerate cylindrical end setting remains well-posed. One of our main
results, Theorem [A] below, establishes one such ASD-existence result in the
degenerate setting.

To state this, suppose X is a connected, oriented 4-manifold with cylin-
drical ends. Thus, we can write X = XoU End X, where X is a compact
4-manifold with boundary N, and End X = [0, 00) x N is diffeomorphic to a
cylinder. We refer to X as the compact part and to End X as the cylindrical
ends. Unless otherwise stated, we allow the case where N has multiple com-
ponents, or is empty. Fix a metric g on X that is asymptotically cylindrical
in the sense described in Section [2Al

Theorem A. Assume bt (X) < 1. Assume further that the 3-manifold N
is connected and satisfies one of the following:

(i) N is a circle bundle over a surface with positive Euler class: e(N) > 0;
or

(ii) N has first Betti number at most one: by(N) < 1.

Then, for any integer £ > b+ (X) + 1, the manifold X admits an irreducible
ASD-connection A on a principal SU(2)-bundle over X, and A satisfies

/ |Fa|? dvol = 87°.
X

We prove this in Section [6D] As a concrete example, the hypotheses of
Theorem [A] hold when X is diffeomorphic to the total space of a positive
Euler class disk bundle over a surface. To the authors’ knowledge, Theorem [A]
(and its extension, Theorem is the first general ASD existence result
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for cylindrical end manifolds that allows for a degenerate flat limit down the
end.

Our approach to Theorem [A] is to (locally) embed the space of ASD
connections into the larger space of modified ASD (mASD) connections of
Morgan, Mrowka, and Ruberman [I7]. This larger space is obtained by mod-
ifying the ASD operator in such a way that one obtains a Fredholm operator
whose zero set contains an open set in the space of finite-energy ASD con-
nections; it may also contain some new solutions. It is shown in [I7] that, by
allowing the auxiliary choices in this construction to vary, every finite-energy
ASD connection belongs to some mASD space of connections defined in this
way. The other main results of the present paper, stated below, show that
the gluing results of Taubes and Donaldson for connected sums have exten-
sions to this mASD setting. We then arrive at Theorem [A] as a consequence
of these mASD-gluing results; the topological hypotheses on N imply that
the mASD connections thus obtained are in fact ASD.

Before stating these mASD-gluing results, we give several remarks to
help provide further context for this mASD setting.

Remark 1.1. (a) Our primary motivation for developing these gluing re-
sults was to use the Morgan—Mrowka—Ruberman “moduli space” of mASD
connections to study the action on X of a finite group 7. Even in the ASD
setting, generic perturbations are usually not m-equivariant, so the standard
transversality arguments are not available, and one must appeal to some
other approach to handle singularities in the moduli space. As a sequel to
this paper, we planned to study the m-equivariant compactification of the
“mASD moduli space” as was done in [11], [12], and [I3] for the ASD moduli
space.

Unfortunately, the mASD operator fails to be gauge equivariant in any
reasonable sense (see Remark . This appears to be an oversight in the
original text [I7] (e.g., see [I7, p. 125]), and at present we do not know how to
define a suitable gauge quotient of the space of mASD connections that one
might call the “mASD moduli space”. It is a fundamental and interesting
open problem to construct an appropriate mASD-replacement for the ASD
moduli space. See Section for more information about this issue.

(b) The foundational work of Mrowka [18], Morgan—-Mrowka—Ruberman
[17], and Taubes [2I, 22] concerning instantons on cylindrical end 4-
manifolds was done shortly before the Seiberg—Witten revolution in gauge
theory. One of their striking results in this setting is that a finite-energy ASD
connection has a well-defined limiting flat connection on the 3-manifold N
“at infinity”.
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At that time, a central problem was to understand the behaviour of ASD
connections under neck-stretching within a closed 4-manifold, as well as the
reverse operation in which ASD connections on non-compact 4-manifolds
with matching data on their cylindrical ends could be glued together. In-
deed, the authors of [I7, p. 12] state: “The [mASD] moduli space seems
to provide the correct geometric context for a general gluing theorem for
ASD connections, although we do not treat this topic in this book” (see Re-
mark . This point of view was a main ingredient in a paper of Fintushel
and Stern [7] (and in unpublished work of Morgan and Mrowka [16]). An
account of gluing along cylindrical ends from the perspective of Floer homol-
ogy was later provided by Donaldson [4], simplified by assuming the presence
of a perturbation to avoid degeneracies (see (c), below). We note, however,
that the gluing results of the present paper take place on the compact part
Xp, and not on the ends.

(c) Researchers have worked around the technical issues involved in glu-
ing in the degenerate setting by various methods. Of these methods, one
of the most popular is to perturb the ASD equation on the ends in such a
way that all perturbed-ASD connections are asymptotic to non-degenerate
perturbed-flat connections [8], [4]. However, this approach has several draw-
backs. For one, ASD connections are generally not solutions of perturbed-
ASD equations of this type; this can obscure the geometric information one
can infer from an abstract existence result for perturbed-ASD connections
(e.g., to what extent do these connections depend on the perturbation?).
Another drawback is that these perturbation schemes are not well-behaved
in the presence of reducible flat connections (e.g., the trivial flat connec-
tion), and this limits the applicability of such approaches. For example, a
full SU(2)-instanton Floer theory for 3-manifolds N with b;(N) > 1 is still
lacking, and even the existing instanton Floer theory for integer homology
spheres handles the trivial flat connection separately. In summary, a more in-
depth understanding of ASD connections with degenerate limits is desired,
and we view the results of this paper as being a step in that direction.

To state our gluing results for mASD connections, let G be a compact Lie
group and fix a principal G-bundle F — X. We assume that F is translation-
invariant on the end; that is, we assume the diffeomorphism End X =
[0,00) X N is covered by a bundle isomorphism FE|gnqx = [0,00) x @ for
some principal G-bundle Q — N. We also fix a flat connection I' on Q).
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Given a connection A on E that converges sufficiently fast down the end,
one can define a quantity

K(E,A’EndX) = <FA/\FA> eR

)
87T X

that we call the relative characteristic number of the adapted bun-
dle (E,Algnax); see Section for more details. If A is ASD, then
K(E, Algna x) = (87%) 7! [ [Fa|? equals the usual energy of the connection
A. The upshot for us is that the quantity x(F, A|gnq x) is well-defined for a
much larger class of connections than those with finite energy. Indeed, this
relative characteristic number depends only on the topological type of the
adapted bundle (E, A|gnd x ), and it is a lift of the Chern—Simons value of the
connection on ) to which A is asymptotic. Note that if k(E, A|gnqx) # 0,
then A is not flat. When X is closed, then this relative characteristic number
is actually an integer that depends only on E, and we will simply write it as
k(E) (e.g., if G =SU(r), then x(E) = c2(E) [X] is the second Chern num-
ber). We will primarily use x(E, A|gnqx) to keep track of the topological
data in our gluing operations, just as the second Chern class keeps track of
the underlying bundle type when gluing in the standard SU(2)-setting for
ASD connections on closed 4-manifolds.

By making several auxiliary choices, collectively called thickening data,
one can define the modified ASD (mASD) operator, which is a non-linear
Fredholm map s defined on a suitable space of connections on E (see Sec-
tion 2] for definitions). In particular, we note that this space of connections
is defined so that all elements are asymptotic to connections close to the flat
connection I' fixed above. By definition, the mASD connections are those in
the zero set of s, and we say that an mASD connection A is regular if the
linearization of s at A is surjective when restricted to a Coulomb slice.

For k£ =1,2, suppose Xj is an oriented, cylindrical end 4-manifold
equipped with a principal G-bundle Fj; — X} and thickening data, as above.
Let X = X1#X5 be a connected sum of these manifolds, taken at points in
the compact parts of the Xj. Then the Ej can be used to form a connected
sum bundle £ — X, and we equip this with the thickening data induced
from those of the Ej; see Section Our basic gluing result can be stated
as follows.

Theorem B. For k= 1,2, suppose Ay is a reqular mASD connection on
Ey. Then for any e > 0, the bundle E = E1#Fo admits an mASD connection
A with the property that the distance between A|x,~x and Ag|x,nx is less
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than € for k = 1,2. Moreover,
2
(1.2) ’F&(E,A|Endx) - Zﬁ(Ek,Ak|EndX)‘ <e
k=1

In the statement of Theorem [B] the distance is relative to a L2(N) x
Lg* (X)-metric on the space of connections; see for a precise statement
(the connection A of Theorem [B]is what is called J (A1, A2) in (3.6))). The-
orem |B]is a special case of Theorem which works in the broader setting
where the Aj, are not necessarily regular. In this broader setting, the connec-
tion A need not be mASD, but its failure to be mASD is expressed through
an obstruction map. In Theorem [5.1 we extend Theorem [B] to a gluing
result for families of regular mASD connections. These results are mASD-
extensions of results familiar from the ASD setting; see [5], Section 7.2].

As an application of Theorems [B] and we establish the following
existence result, extending that of Taubes [19] 20] to the present cylindrical
end mASD situation.

Theorem C. Assume G =SU(2) and b"(X) <1, and fiz an integer { >
bT(X) + 1. Then for every € > 0, there is a principal SU(2)-bundle E — X
and an mASD connection A on E that is irreducible, and satisfies

(1.3) |I€(E,A|EndX)—f‘ < €.
If b (X) = 0, then the connection A is regular.

The cases b™(X) =0 and b*(X) =1 are special cases of Theorem
and Theorem respectively. Structurally, our proof strategies for these
are very similar to the analogous statements in the closed case [19, 20] by
realizing X as a trivial connected sum X = X#S5%. Under the assumption
that b7 (X) = 0, it follows that the trivial flat connection on X is regular as
an mASD connection (see Remark [2.19). It is well-known that the 4-sphere
admits irreducible ASD connections of every positive second Chern class, and
these are necessarily regular for topological reasons. Then Theorem [C] for
b (X) = 0 follows from the general gluing result of Theorem [Band adjacent
results designed to handle gauge transformations (more below). We note also
that Theorem (the more general version of Theorem |C]) is proved for an
arbitrary compact Lie group G, under mild hypotheses on £ and G.

Remark 1.4. If X is simply-connected and b1 (X) =0, we expect that
a modified gluing construction will produce an open subset of the space
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of mASD connections that are in Coulomb gauge relative to some fixed
connection. The issues involved in carrying out this improvement are briefly
indicated in Remark [5.3|(b).

The strategy for our proof of Theorem [C|when b+ (X) = 1 is similar, al-
beit more involved since the trivial flat connection on X is no longer regular.
Thus a careful analysis of the obstruction map of Theorem is required.
Just as in [20], we glue ASD connections on S* at several sites instead of
one, and this is sufficient to show that the obstruction vanishes for some
choice of gluing parameters. In this analysis, we use the assumption that
G = SU(2). As Taubes mentions [20, p. 518], it is likely that the restriction
to G = SU(2) can be removed, but that would call for a different approach.

We prove our general existence results only for b* < 1 because (i) these
are the cases of interest for our applications, and (ii) extending the discussion
to higher values of b™ would add considerable length to the paper (this can
already be seen in [20]). For similar reasons we also carry out our analysis
with connections that are locally in Sobolev class L} as opposed to, say, Lﬁ
for £ > 1. We do not see any inherent obstruction to extending our results
to higher Sobolev spaces and presumably such extensions would recover our
L-results by elliptic regularity. We leave the details of such extensions to
interested parties.

The appearance of € > 0 in the statements of Theorems [B] and [C]is new
to this mASD setting. To explain it, we note that in the standard set-up of
gluing ASD connections on a closed 4-manifold, the inequality would be
replaced by the equality k(E1#F2) = k(E1) + k(E»); likewise would be
replaced by k(E) = £. The presence of an inequality for us reflects a need to
freely vary the asymptotic values in order to obtain the mASD connection
A. Indeed, as discussed further in Remark the ability to freely vary
these asymptotic values is at the heart of what makes the mASD set-up
a viable candidate for the type of existence statement in Theorem [C] and
thus Theorem |[A] For example, when b1 (X) = 0, the trivial flat connection
is regular only because the mASD operator allows for this variation in the
asymptotic values.

In Section [7, we have included a discussion of how Theorem [C] for
bT(X) = 0 provides a “partial compactification” of the space of mASD con-
nections. We also discuss why this compactification is only partial, and what
a more complete compactification would require.

As mentioned above, the lack of gauge-equivariance for the mASD op-
erator means that we are not free to pass to the quotient modulo gauge.
Indeed, to obtain a Fredholm problem for the gluing constructions, we work
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entirely within a fixed Coulomb slice. Since the natural Coulomb slice varies
as the connections vary, this dependence becomes relevant when we glue over
families of connections, which is necessary for Theorem [C| This is a central
obstacle with which we must contend in the present paper: In the usual ASD
setting, one could apply suitable gauge transformations that put all nearby
ASD connections into the same slice. However, in this mASD setting, the
gauge-transformed mASD connections would no longer be mASD. To ac-
count for this, we establish a pair of gauge fixing results, Proposition
and Theorem that show that, by a making an additional perturbation,
an mASD connection in one Coulomb slice can be perturbed to an mASD
connection in a nearby Coulomb slice.

Apart from the failure of gauge equivariance in the mASD setting, the
main difference between the mASD and ASD settings is that we now need
to handle the additional nonlinearities that arise from the term modifying
the ASD operator. The key observation we use for handling this term is that
it factors through a finite-dimensional manifold.

Finally, we mention that if I" is non-degenerate, then every mASD
connection with asymptotic value near I' is in fact ASD. E.g., this non-
degeneracy hypothesis is satisfied when N is a rational homology 3-sphere
and I is the trivial connection. As such, our results recover standard glu-
ing results for ASD connections on cylindrical end manifolds with non-
degenerate asymptotic limits; see Sections and for more details.
More interestingly, there are situations for which I' is degenerate, but for
which every mASD connection with asymptotic value near I' is ASD. In such
cases, our mASD gluing theorem produces an ASD connection. Theorem [A]
is one result of this type.

2. Background on the thickened moduli space

In this section we give a rapid review of the relevant background material
from [17]; we also expand on some of the results of [I7], which will assist in
our discussion of gluing below. With a few exceptions, we use much of the
same notation and set-up established in [I7]. To allow for a more streamlined
discussion, we assume throughout that the 3-manifold end N is nonempty;
however, see Section for an extension to the case N = ().

We will write A(E) and G(E) for, respectively, the spaces of smooth
connections and gauge transformations on £ — X. When the bundle is clear
from context, we will simply write A(X) and G(X). Given a connection A,
we denote by F4 its curvature, which is a 2-form on X with values in the
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adjoint bundle gz. We will write Qf(X), and sometimes QF, for the space of
smooth adjoint bundle-valued ¢-forms on X that are rapidly decaying.

To touch base with constants associated with characteristic classes be-
low, we work relative to an inner product on g obtained as follows. Fix a
Lie group homomorphism

(2.1) G — SU(r)

that is also an immersion. Then the induced map g < su(r) is an embedding
of Lie algebras. Let (-,-) : g ® g — R denote the inner product on g obtained
by pulling back the inner product A ® B+ —tr(AB) on su(r). This inner
product is Ad-invariant, and so determines a metric on the adjoint bun-
dle gg.

Notation such as LF(Q2(X), g) will denote the LP-Sobolev completion
of Qf(X), relative to a metric g on X and the above-defined metric on gg.
When X or g are clear from context, or not relevant, we may drop them
from the notation.

2A. Auxiliary choices

2A.1. The center manifold. Recall from the introduction that we have
fixed a bundle Q — N as well as a smooth flat connection I' on Q. Fix a
metric gy on N. Let Ur C L3(A(N)) be a coordinate patch centered at T,
in the sense of [I7, Def. 2.3.1]; for our purposes, it suffices to know that Ur
is a small open neighborhood of I" in the Coulomb slice {I'} + ker(d}.). As
in [I7, Lemma 2.5.1], there is a unique Stab(I')-equivariant map

©: Ur — L3(Q°(N))
with ©(a) € (ker Ar)* and
dr(*Fy — dg©(a)) = 0.

It follows from this last equation, and uniqueness, that if @ has higher reg-
ularity then so too does O(a).
We will be interested in the densely-defined vector field

Vfr: Ur — TUr a+— Vfr(a) = —x%F, 4+ d,0(a).

Note that the zeros of V fr are precisely the flat connections in Ur. (As
described in [I7, Lemma 2.5.1(1)], this vector field is the (negative) gradient
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of the restriction to Ur of the Chern—Simons functional, where the gradi-
ent is taken relative to a certain inner product that takes into account the
possibility of a non-trivial stabilizer of I'.)

For m > 2, let H = Hr C Ur be a Stab(I')-invariant C™-center manifold
for the vector field V fr, as in [I7, Cor. 5.1.4]. In particular, this means that

e Hr is a finite-dimensional C™-manifold containing I,

e the tangent space to Hr at I' is the I'-harmonic space
H} = ker(dr @ d) € Q'(N),

e Vfr is tangent to Hr, and

e every zero of V fr sufficiently close to I' is contained in Hr.

We denote by = = Zr the restriction of V fr to Hr.
Fix a compactly supported cutoff function 5: H — [0, 1] that is identi-
cally 1 near I'. The trimmed vector field is given by

E(h) := B(h)Z(h).

Set Hip = 6_1(1) and Hoyr = 5_1((0, 1])
Fix a real number 7" > 1. The trimmed vector field is complete and so,
for each h € H, there is a unique solution h7: R — H to the flow
d

Shr(t) = 2" (1) hr(T) = h.

We then set
Oé(h) = OéT(h) = hT(t> + @(hT(t))dt.

Depending on context, we may view « as a connection on the submanifold
End X = [0,00) x N, or on the cylinder R x N.

Lemma 2.2. For all h € H, the connection a(h) is in L%,loc(R X N)N
C'(R x N), and hence in LY, (Rx N)NC*(Rx N) for any 1 <p<4.

Moreover, the map «: hw— a(h) is C™ relative to the L3(N)-topology on
the domain and the CO(R x N)-topology on the codomain.

Proof. The initial condition h is in L3(N) C C°(IV), by assumption. It then
follows from standard regularity arguments for flows that the path hp is
in L% loc N C% on R x N. Hence a(h) is in the same space as well, since the
regularity of ©(hr) is controlled by that of hy. That « is C™ relative to these
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topologies follows from a similar argument applied to its kth derivative for
1 <k < m. The assertion about L} follows from the embedding Lg loc <
L? . which holds provided 1 < p < 4.

1,loc?

In H;p, the flow defining hr(t) is gauge equivalent to the Chern—Simons
gradient flow. It follows that if hp(t) € int(H;y,) lies in the interior for some
t, then «(h) is ASD in a neighborhood of {¢t} x N. This has the following
useful linear analogue for the linearization (Da)r of « at T'.

Lemma 2.3. Ifne€ TrH = HL, then
(Da)rn =¥y
where m: R X N — N is the projection.

Proof. Since I is flat, we have O(I') = 0 and so «(I') = 7*I'. This is a flat
connection on R x NV and so it is ASD:

F+

_t  _
o) — Fﬂ*F =0.

Linearizing this in the direction of n € TrH implies
d;r*r((Da)Fﬁ) =0.
Note that, since n is I'-harmonic, we also have
df.p(7*n) = 0.

In general, we can view the kernel of djg on the cylinder R x N as defining
a flow on the space Q'(N) x QY(N). In the case of (Da)rn and 7%y, these
both take values in the graph

Graph((DO)r|r.) C TrH x L3(Q°(N))

of the linearization of ©. Observe two things: (i) this graph is finite-
dimensional, and (ii) the 1-forms (Da)rn and 7*n, viewed as paths in the
graph, both equal 7 at time 7. Then (Da)rn = 7*n follows by the unique-
ness for flows on finite-dimensional spaces. O

2A.2. The choice of metric. We will use ¢t: End X — [0, 00) to denote
the projection relative to the identification End X = [0,00) x N. With the
use of a cutoff function, we can view ¢ as a smooth real-valued function
defined on all of X, which we will denote by the same symbol.
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Fix a smooth cylindrical end metric gg on X; this means that the re-
striction

golEnd x = dt* + gy

is a product metric, where gy is the fixed metric on N. Let B be a C3-
neighborhood of gg in the space of C™®*("™:3)_metrics on X so that the con-
clusions of [17, Theorem 2.6.3] hold (the proof of Theorem 2.6.3 shows that
such a set exists; the details of the theorem will not play an active role in
the discussion that follows). Let u? be the smallest positive eigenvalue of
Fxdp : QY(N) — QY(N). The sign convention here is to agree with that of
[I7, Def. 2.1.1]. Then we will say that a metric g on X is asymptotically
cylindrical if g € B and

- -
Hg - gOHcl({t}X]\;) S e max(:“’r 7Nr)t

for all t > 0. (This is effectively Condition A3 of [I7, p. 116].) Throughout,
we will always assume our metrics are asymptotically cylindrical in this
sense. Note that every cylindrical end metric is automatically asymptotically
cylindrical.

2A.3. Thickening data. Fix data as in [I7, Section 7.2]; we will refer to
this as the thickening data and denote it by 7r. In particular, this includes
the choice of positive numbers €y and §, that we will describe momentarily.
The details of the remaining data in 7t will not play an active role in our
discussion. For convenience, we also assume that 7r includes the choice of
the fixed T' > 1 from above.

The key feature for us regarding €y is that |CS(h2) — CS(h1)| < €/2
for all hy, he € supp(B), where CS is the Chern-Simons function. For any
€op > 0, this inequality can be arranged by shrinking the support of 3, if
necessary. The remaining requirements for ¢y will not be directly relevant
to us, but see [17, Definition 4.3.2] for more details. As for §, we assume
0 > pr and that 6/2 is not an eigenvalue of — * dp. By shrinking the size
of the coordinate patch Ur, if necessary, we may assume further that 6/2 is
not an eigenvalue of — * d, for any a € Up. At various times, we may place
additional restrictions on §.

2A.4. Weighted spaces. We define the space L} ;(X) to be the comple-
tion of the set of compactly supported smooth forms f on X, relative to the
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weighted Sobolev norm:

. 0
1fllep, = 1”7 Iy

When p = 2, this recovers the family of norms used in [17]. The subspace
of ¢-forms will be denoted by L% +(Q°) or L} (Q(X)). Following standard
conventions, when k = 0, we will write LY for Lg’é. Note that the norm
| fllz , is equivalent to the norm:

> e

0<j<k

In particular, we can use this equivalence to transfer Sobolev embedding
results for L} to the weighted setting; e.g., see the proof of Lemma

2B. Gauge theory

2B.1. The space of connections. For 1 < p < 4, define AP (7r) to con-
sist of the connections A on FE satisfying the following:

p
1,loc’

o there is some h € Hoyr so that A — a(h) € Lﬁ’,é(Ql(End X)),

e A has regularity L

e for each ¢t > T, the connection A|{t}X N is gauge equivalent to a con-
nection in the coordinate patch Ut centered at T'.

This space of connections is generally not an affine subspace of LY, (A(E));
this reflects the nonlinearities in the definition of the map h a(fL). We give
ALP(Tr) the structure of a C™-Banach manifold, as in [I7, Section 7.2.2].
(Equivalently, this C™-Banach manifold structure is precisely the one for
which the map ¢, defined in below, is a C™-diffeomorphism.) By [17,
Prop. 7.2.3] (see also [I7, p. 120]), given A € AYP(Tr), the element h € H oyt
from the second bullet point is uniquely determined; this uses the assumption

that & > p. As such, there is a well-defined map
pr: Al,p(%) — Hout
that is C™-smooth.

Remark 2.4. (a) Note that our space ALP(Tr) consists of connections with
weaker regularity than the one in [L7, Ch. 7], which is modeled on L3 instead
of LY. This changes little as far as the exposition of [I7] is concerned; the
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only significant exception to this is the gauge group, which we will discuss
in the next section.

(b) The restriction to p less than 4 is, at the moment, coming from
Lemmal[2.2] A much deeper reason for restricting to p less than 4 will appear
in our gluing analysis of Section (in particular, ), where this condition
ensures we have a right inverse to our linearized operator that is uniformly
bounded; see also [5 p. 293].

Fix a smooth cutoff function 5" on X supported on [T —1/2,00) x N
and identically 1 on [T, 00) x N. Fix also a smooth reference connection A, s
on E; we assume this belongs to the space AP (Tr). Using these objects, we
can form the map

7 Hout — Al”’(Tr)
h — Aref + ,3”(04(h) — Aref)

where a(h) = hr(t) + ©(hr(t))dt is as above. This map 4 is C™-smooth. As
in [I7, Lemma 10.1.1], it is convenient to introduce the map

v Hour X LY 5(QY(X)) —  AP(Tr)

(25) (V) s (V) = i(h) + V.

This map ¢ is a C™-diffeomorphism with inverse given by A — (pr(A), A —
i(pr(A))). It follows immediately from the definitions that

pr(i(h)) = pr(c(h,V)) = h

for all h € Hoye and V € LY J(Ql). We view ¢ as providing something of a
coordinate system on the space of connections.
The tangent space to AYP(Tr) at A is the space of all 1-forms W €

L} ,,.(Q1(X)) so that there is some 1 € T, 4yH with

1,loc

W — (Di)pT(A)n S L]ié(X)

where (Di)y, is the linearization at h € Hoy of the map i: Houe — ALP(Tr).
Linearizing ¢ at (h, V'), we obtain a Banach space isomorphism

(DO vy TnHout x L2 5(Q1(X)) — TaAP(Tr)

(2:6) (W) s (D) + W,

The 1-form (Di)pn vanishes on Xo, so the operator norm of (Dt)p, vy is
independent of the metric on Xj.
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2B.2. The gauge group. When 2 < p < 4, we will write g}p(r) for the
set of bundle automorphisms u of E with the property that u*A € A (Tr)
for all A € AYP(Tr). The condition that p be less than 4 is a carry-over from
Remark (b). The condition that p be larger than 2 ensures that g(?’p (T) is
a well-defined Banach Lie group that acts C™-smoothly on AYP(Tr); these
claims follow from the Sobolev multiplication maps Wli’p X Wi’f — WP

c loc

and VVlif X Wﬁ)f — T/Vlif being well-defined in dimension 4 for p > 2. See,
for example, [23, Lemma A.6]. We will only consider gg’p (T") for p satisfying
2 <p<A4.

The proof of [I7, Lemma 7.2.7] carries over to this setting to imply
that the group g}p (T") is equal to the space of Lg,l o-gauge transformations
with the property that there is some 7, € Stab(I'), viewed as a t-invariant
gauge transformation on End X, so that u|guqx o7, ! is in Lg, s(End X).
The gauge transformation 7, is uniquely determined by u, and we denote
by gg’p C g}p (T') the (normal) subgroup of all gauge transformations u with

Tu = € equal to the identity. Thus, we have a short exact sequence of groups:
(2.7) {e} — G37 — G37(T') — Stab(T') — {e}.

We will write Stab(A) for the stabilizer of A under the action of gg’p ().
The center Z(G) of G embeds into g}p (") as the set of constant maps
X — Z(G), and we will identify Z(G) with its image in the gauge group.
Note that Z(G) is also the center of g}p(r) and Z(G) C Stab(A). We will
say that A is drreducible if Z(G) and Stab(A) have the same dimension
(equivalently, if they have isomorphic Lie algebras). Note that the term
“irreducible” is only defined when 2 < p < 4.

Lemma 2.8. Fiz2 < p < 4, and assume A € AYP(Tr) is irreducible. Then
there is a neighborhood U C AYP(Tr) of A so that A’ is irreducible for all
AeU.

Proof. We begin with a few preliminaries. Set A := A" (7r) and G :=
gg’?’ (T"). Linearizing the gauge group action at A € A, we obtain a map

dy :Lie(G) — Ty A ¢ +—> dao.

Then a connection A € A is irreducible if and only if the kernel of d 4 equals
the Lie algebra 3 := Lie(Z(G)) of the center of G. It follows form the defini-
tion of the topologies on A and G, as well as from standard elliptic estimates
for d-decaying spaces, that the operator d4 is bounded. Moreover, this op-
erator has a range that is closed and admits a complement in T'4.A.
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Let HP := ker(dr) C Q2°(N) be the Lie algebra of Stab(I'). The center j
is naturally a subalgebra of HY, so we can write

H =303

where 3% is the L?(N)-orthogonal complement of 3. Then for 7 € HQ, we
will write 7 € 3+ for its projection.

Just as the map ¢ provides “coordinates” for A, there is an analogous
Banach space isomorphism

LQOo Hg X LI2)76(QO) — Lle(g) (7'75) — (T _ TJ_) 4 5//TJ_ +§

where we are viewing 7 — 7+ € 3 as a O-form on X. This map uqo takes
3 x {0} isomorphically to 3 C Lie(G). Let T C Lie(G) be the image under
1o of the complement 3+ x Lgyé(QO) to 3 x {0}. Then we have a direct sum
decomposition

Lie(G)=3® Y.
The key point is that A is irreducible if and only if the restriction

dy i=dsly : T — T4 A

is injective. We will want to view this operator as a function of A, and for this
it would be convenient if dj were to have a codomain that is independent of
A. Though this is not the case presently, we can arrange for A-independence
of the codomain as follows: Let (Du)a : TpH x L’i(s(Ql) — T4 A be the
linearization of the coordinate map . The L2-inner product for 1-forms
on N provides a Riemannian metric on the finite-dimensional subspace
H C L3(A(N)) of connections on N. Use this Riemannian metric to define
the parallel transport map PT}, : Tp’H — I1H. Letting I denote the identity
on L} 5(Q"), we will be interested in the operator

Dy i= (PTy x I) o (Du)y o dg: T — TrH x L 5(01),

This is a bounded linear map, and expansions of the form d4 = da +
[(A— A’),:] show it depends continuously on A € A in the operator norm
topology on the space B(Y,TrH X L’l”é(Ql)) of bounded linear maps from Y
to TrH x LY 4(Q'). Since T has finite codimension, and d4 has closed range,
the operator’ D 4 has closed range as well.

It follows from the construction that D4 is injective if and only if A is
irreducible. Assume that A is irreducible. Then the fact that im(d4) has a
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complement in T4 A implies that D4 admits a bounded left inverse, which
we denote by L4. In summary, the map

A — B(T,T) A LoD

is a continuous map into the space of bounded linear operators on the Banach
space Y. It is clearly invertible at A’ = A. Since the set of invertible bounded
linear maps on a Banach space is open, there is some neighborhood U C A
of A so that LsD 4 is invertible for all A’ € U. Thus if A’ € U, then A’ is
irreducible. O

Remark 2.9. Completing L% () to L (), the map D4 extends to a
bounded linear operator of the form

Da: Lf 5(T) — TrH x L{(Q1(X)).

Let p* = 4p/(4 — p) be the Sobolev conjugate of p € (2,4). Then one can
show that the map A Dy € B(L] 5(T), TrH x LE(QY(X))) is continu-
ous in A = i(h) + V relative to the topology (h, V) € C°(N) x Lg’* (X). The
proof we gave for Lemma [2.§| carries over to show that A’ = ¢(k’, V") is irre-
ducible whenever A = ((h, V) is irreducible, and ||k — h/||co + ||V — V’||L§*
is sufficiently small.

2B.3. The mASD equation. Fix a cut off function 5’ on X that is
identically 1 on the cylinder [T'+ 1/2,00) x N and supported on the slightly
larger cylinder [T, 00) x N. Consider the map

s: AYP(Tr) — LE(QH (X)) Ar— Ff = B'F, 4y
We will call s the modified ASD (mASD ) operator. The equation s(A) = 0 is
the modified ASD (mASD) equation, and any A satisfying s(A) = 0 will be
called modified ASD (mASD). The map s is C™ in the specified topologies;
see [I7, Lemma 7.1.1] and use the fact that the composition of C™ functions
is again C™.

The following will help us understand the linearization of s.

Lemma 2.10. If A= (h,V) for (h,V) € Hout X Lzl”é(ﬂl(X)), then

1
(2.11) s(A) = s(u(h, V) = (1= B)Ef,) + djpy V + F VA VT,
Proof. This follows from the identity FiJ(rh) V= F;(Lh) + d;h)V + % VAVt

and the fact that pp(c(h,V)) = h. O



2204 D. L. Duncan and I. Hambleton

Remark 2.12. Unfortunately, when G is not abelian, the mASD operator
s is not generally well-behaved under any suitable gauge group; e.g., it is not
equivariant relative to the action of the gauge group of Section [2B] The issue
is that the term Fj(, (4)) is gauge equivariant relative to the trivial G-action
on g, while the term Fj4 is gauge equivariant relative to the adjoint G-action
on g. Consequently, any non-trivial linear combination of these (e.g., as in
the above formula for s) is not equivariant relative to either G-action. This
issue is apparent even in the smooth compactly supported setting, and hence
persists regardless of which Sobolev completion we choose. See Section [2B.5]
for some comments about the effect of this issue on the results of [17].

2B.4. A Coulomb slice. To obtain a Fredholm operator, we will restrict
the operator s to a Coulomb (gauge) slice

SL(A) = {L(h, 1) ‘ heH and V e ker(d)) C Lgé(gl)}

for some fixed connection A’. Here dz’a = e_t‘sdjlet‘s is the adjoint relative to

the L2-inner product. For more details on this slice, see [17, Prop. 10.3.1].

Since /2 is not in the spectrum of — * dr on 1-forms, it follows from [I7,

Lem. 8.3.1] that the restriction s]SE(A/) of s to this slice is a Fredholm map.
We set

M = M(Tr, A') := s7H0) N SL(A)

which we refer to as the space of mASD-connections. For us, this will play the
role that the ASD moduli space usually plays in the closed setting (though,
as discussed in the introduction, this is less than satisfying for global con-
siderations due to its dependence on A’). Elliptic regularity implies that any
element of M has regularity C™.

Consider the restriction of the mASD operator s to this slice SL(A').
Then the linearization at A € SL(A’) of this restriction is a bounded linear
map

(Dslseian) 41 TaASL(AT) — LE(QT).

We will say that an mASD connection A is A’-regular if this operator is
surjective. When A’ = A, we drop the A’ and say that A is reqular if it is
A-regular. We will also be interested in connections that are not regular,
and for these we will need to consider the cokernel

(2.13) HX(; := coker (Ds|3£(A))A.

Clearly HX s = 0 if and only if A is regular.
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We will write
M\reg = -/\//Treg(lﬁ", A,) c M\(,ﬁ"a A/)

for the subset of A’ -regular mASD connections. It follows from the implicit
function theorem that M., is a C™-smooth manifold.

2B.5. Navigating Morgan—Mrowka—Ruberman [I7]. Since the op-
erator s is not gauge equivariant, we do not currently know how to define a
suitable gauge quotient of s~1(0) € AYP(7Tr) in order to obtain the mASD
moduli space My, (Tr, Ty, g) envisaged in [I7, p. 125]. Though this appears
to be a significant error in [I7], the major results of [I7] remain intact. For
the reader’s benefit, we will now review [I7], highlighting those areas that
need adjustment. In this section, we refer freely to the notation established
in [I7], and the phrase “thickened moduli space” will refer to any of the
following spaces

M&w(%)TOag)a Mg,w(’]’f‘aT()ag)v Mf,w(ha’rFaTOag)

(note that sometimes the w or the g are dropped from the notation in [I7]).

The thickened moduli space does not appear in any significant way in
Chapters 1-6, 10-13, 15-16, and the results therein remain intact as stated.
In Chapters 7-9, it is often the case that claims about the thickened moduli
space remain intact if one interprets the term as meaning an object defined
by a gauge slice as opposed to a quotient by the gauge group (e.g., replace
the based version MY (7Tr, Ty, g) by what we called M(Tr, A’) above). Such
is the case with the ﬁatching results of § 7.4, the index calculations of Ch.
8 (more details below), and most of the generic metrics results of Ch. 9.
However, it is not immediately clear to us how best to interpret the claims
in Lemma 7.5.3 and §9.4 since they refer to the p-map on the thickened
moduli space, which is an inherently global object.

At first sight, Chapter 14 appears to have issues but, upon closer in-
spection, the results of this chapter remain intact as well, with the possible
exception of the claims of [I7, Remark 14.0.5] (which don’t appear to be
used elsewhere in [17]). Here are some more details regarding Chapter 14:
The main goal of this chapter is to prove Theorem 14.0.1, which is a struc-
tural result that gives dimension formulas for various ASD moduli spaces.
This theorem has two cases. In the situation of Case I, as the authors point
out explicitly (p. 202), every mASD connection is actually ASD and so the
“thickened moduli space” is indeed well-defined because it is really (an open
set of) the ASD moduli space (this coincidence is one that we too exploit,
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and is discussed more in Section . Thus, there is no problem with this
case. The remaining Case II in Theorem 14.0.1 does not appeal to the thick-
ened moduli space at all, and instead works with the space Bg 5(X) (despite
being a gauge group quotient, the space BY ;(X) is indeed well-defined as it
does not make reference to the mASD operétor s). Thus, the statement and
proof of Theorem 14.0.1 need no adjustment and appear to be correct as
written. However, we are not sure how to interpret the argument of Remark
14.0.5, which uses the thickened moduli space to deduce a Whitney strati-
fication on the ASD-moduli space. In the setting of this remark, there are
mASD connections that are not ASD, so the above-referenced coincidence
does not apply.

We end this section with a more detailed discussion of Chapter 8 in
[17], with the aim of salvaging the index calculation of Proposition 8.5.1.
As in [I7, Ch. 8], in addition to our usual hypotheses on d, we also assume
that 0 < 2u;. We also restrict to the case where G = SO(3) or G = SU(2);
the index for more general compact G can be computed using the strategy
outlined in [5, Section 7.1] (e.g., when G is simple and simply-connected,
use the data from [IJ, Table 8.1] to pin down the constants specific to G).

The first issue appears on p. 139, since the image of the map D,m is
not generally contained in the kernel of D,s (this is the linear version of
the fact that s is not gauge-equivariant). As a consequence, Es(w) is not a
complex in the usual sense. Nevertheless, much of what is desired of Es(w)
can be salvaged by “wrapping it up” and considering the operator

D := (d%°, Dys) : Ty Arw(Tr, To) — T.Gs(T) x 03 5(X)

where d° = e~d? e is the L2-adjoint of d,, and D,s is the notation used
in [I7] for the linearization of s at a connection w (what they call w is what
we call A). Then Proposition 8.5.1 can be interpreted as saying that this
operator D is Fredholm with index given by the formula:

Ind(D) = 8¢ — g(X(X) Fo(x) 4+ 5 e p(zr).

There is a “based” version of this that replaces Gs(I") by the normal subgroup
Gs. Wrapping in this case produces a map

D° = (d5°, Duys) : T Agw(Tr, To) — TeGs x Q% 1 5(X).
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This operator is also Fredholm and, in light of the sequence ([2.7)), its index
is given by

Ind(D°) = Ind(D) + hY = 8¢ — g(x(X) o)) 4 J2r Ui p(QF)

since h{ = dim(Stab(T')). Restricting D° to a slice SL(A’) and project-
ing to the Qil 5(X)-component, we obtain the operator that we called
(Dslsziary)a above. When A = A’ and this connection is flat down the end,
it follows readily that the index of (Ds|sz(4))a equals that of DY. Since the
index remains unchanged under addition of compact operators, it follows
that

(2.14)  Ind((Ds|sgay)a) =8¢ - %(X(X) o(x)) 4 . Ui P<2F>

for all A € SL(A’). The right-hand side of (2.14)) is the expected dimension
of the mASD space M(Tr, A’), and it is the actual dimension of the C™-
manifold M,¢4(Tr, A’) of A’-regular mASD connections.

2C. Special cases

2C.1. Flat connections. In this section, we study the linearized operator
(Ds) 4 and its cokernel in the special case when A is flat and asymptotic to
I'. To simplify the discussion, we assume A is in temporal gauge on the end
[4, p. 15] (though we continue to work in the general setting where the metric
is asymptotically cylindrical). It follows that, for each ¢ > T', the restriction
Algyxn =T is constantly equal to I' on the end. Then A € AYP(Tr) and
p(A) =T'. The associated flow a(I') = A recovers the flat connection A on
End X. This implies A is mASD.

The operator s is defined in terms of the map ¢, and we recall that
the definition of ¢ required the choice of a reference connection A,.r on X.
Likewise, the space of mASD connections is defined by restricting s to a slice
SL(A’) for some choice of connection A’. It is convenient to take A, s := A
and A’ := A; the reader can check that any other choice of A,; does not
affect the outcome of the discussion that follows, though different choices of
A’ may. In particular, our choice of A,.f gives

A=4I)=(T,0).
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Let b (X, A) be the dimension of a maximal positive definite subspace
for the pairing map ¢4: H%(X,ad(A4)) ® H*(X,ad(A4)) — R, as in [17, Sec-
tion 8.7], where X is the natural compactification of X obtained by adding a
copy of N at infinity. For example, when A = Ay, is the trivial connection
on the trivial G-bundle, then b (X, Agiv) = dim(G)bT(X) is a multiple of
the usual self-dual Betti number of X. We will need the following result.

Proposition 2.15. Assume 0 < §/2 < pup., where pp. is as in Section .
Then the cokernel H}; s = (Ds|sziay)a has dimension b*(X, A).

This is proved in [I7, Prop. 8.7.1(4)], however the discussion there does
not deal with the linearized operator (Ds)4 directly. In preparation for
our gluing arguments below, we will summarize the argument given in [17,
Prop. 8.7.1(4)], but from the present perspective. Our proof is sketched be-
low, after we give some preliminary computations that will be useful in their
own right.

The restriction ¢|: H x ker(d ) — SL(A) is a diffeomorphism, essen-
tially by definition. To understand the cokernel H;{ s it suffices to under-
stand the cokernel of the linearization of s o . Towards this end, d1fferen—
tiating at A =(T',0) in the direction of (7, V) € TrHour X ker(dA )
gives

(216)  (Ds)ao (Di)po(n, V) = (1 — B)d§(Di)rn + d3V.

Next, it follows from Lemma that (Di)rn = "n. Since we also have
drn = 0 for n € Tr'H = H{, it follows that

(2.17) a4 (Diyrn = (8,8")(dt A ).

This is zero everywhere except on (7' — 1/2,T) x N, where it vanishes if and
only if n = 0. Combining this with (2.16]), we therefore have the formula

(218)  (Ds)ao (Do) w0, V) = (1 B)@B")(dt An)* +diV.

This shows that, relative to the coordinates afforded by ¢, the leading or-
der term of (DS|$£(A))A is dmker(dj;“)' The remaining term is compactly-
supported and of order zero.

Proof of Proposition (sketch). A maximal positive definite subspace for
ga can be realized as the space H'(X,ad(A)) of self-dual 2-forms W €
L2(0F(X,ad(A))) satisfying daW =0 and so that the restriction to any
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slice {t} x N has trivial I'-harmonic part; note that this definition does not
depend on §, but see also Lemma Setting

D := (Dslsc(a)) 4

we can similarly represent the cokernel H * A of D as the L2 orthogonal com-
plement (im D)% to the image. Then Proposition n 2.15| follows by showing
that the map

j: (im D)Y° — HH(X, ad(A)) W —s eX'W

is well-defined and bijective. That the map j is well-defined follows from the
formula in (2.18)). Indeed, if W € (im D):?, then the identity (2.16]) implies

0= (W, Do (D)) (0,V))s = (W,d5V)s = (d7W,V);

where (-,)s is the L-inner product. This holds for all V € L? ;(Q'), so it
follows that dj(W) = —e' * dz’éW = (. Similarly, we have

0= (W, Do (Di)r(n,0)s = (W, (1= 8)88")(dt An)T)s.

Since (1 — ")0,8" is non-zero on the cylinder (T'—1/2,7) x N, and since
nelrH = Hll is allowed to roam freely over the I'-harmonic space, it follows
that the harmonic part of W]{t}xN must vanish for any ¢t € (T'—1/2, T)

It is clear that the map j is injective; this already gives dim(H A 6) <
b (X, A). Surjectivity of j is equivalent to the reverse inequality holdlng, and
this follows from a dimension count: By [I7), Prop. 8.7.1(4)] (which uses the
assumption 0 < §/2 < pr ), the integer b+ (X, A) is equal to the dimension
of the cokernel of (Ds) 4 : TaAYP(Tr) — LE(T). The result follows because
cokernels are non-decreasing under domain restriction:

b (X, A) dim coker((Ds)4 : TaA(Tr) — LE(QT))
dim coker((Ds|sg(a))a : TaASL(A) — LE(QT))

: -
dim HA,&-

IIA

g

Remark 2.19. Proposition is the observation that makes the mASD-
operator—and not the ASD-operator—a viable candidate for our existence
results, including Theorem [A] which is purely in the ASD setting. Indeed,
consider the case where b™(X) = 0 and A is the trivial flat connection. Then
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bT(X,A) =b"(X) =0 and so Proposition implies A is regular as an
mASD connection. However, when I' is degenerate, the trivial flat connec-
tion A is not regular as an ASD connection: The proof just given shows
that, for the operator (2.18), the image of 7~ (1 — 8')(9:8")(dt An)* is
not contained in the image of djl. Thus, the additional degree of freedom
afforded by n € Tr’H in is necessary (and sufficient) to obtain surjec-
tivity of (Ds|sz(a))a when A is the trivial flat connection, I' is degenerate,
and bT(X) = 0.

We end with the following exponential decay estimate that we will use
in Section

Lemma 2.20. For each W € H*(X,ad(A)), there is some C so that the
restriction Wy« n satisfies

.
Wi xnlleoqwy < Ce™#r
for all t > 0. In particular, H"(X,ad(A)) C L3(X) for any & < 2u-.

Proof. It suffices to establish the estimate of the lemma under the assump-
tion that the metric g is cylindrical. Since A is in temporal gauge on the
end, its covariant derivative decomposes as d4 = dt A 9 + dp. Standard el-
liptic estimates for the operator Ar = djdr + drd}. on N provide a uniform
constant C' so that

[vllcony < C(lIvll2eny + 1ALV 2(ay)

for all v € QY(N).

Fix W € H*(X,ad(A)). On End X, we can write W = dt A v + *yv for
some path v =v(t) € QY(N) of 1-forms. The condition do4W = 0 implies
dr *y v = 0 and *ydrv = 9. In particular, the above elliptic estimate im-
plies

lo(®)lleovy < C(lo@lz2(vy + 1070 )2y ) -
It suffices to show that f(t) := ||v(t)||%2(N) + H@?v(t)”%z(m decays exponen-
tially in ¢ at a rate of 2;@? . To see this, differentiate twice to get

() = 2000w 72y + 21070 (O 12y

+ 2(8Ev(t), v(t)) + 2(8fv(t), 8t2v(t))
= 4||drv(®) |72y + 4l drofo()1Z:(ny
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where we used 0;v = xydrv and integration by parts. By definition of
H*(X,ad(A)), v(t) is orthogonal to the I'-harmonic space and dr *x v(t) =
0. It follows that v(t) lies in the image of % ydr. Moreover, the 2-form W, and
hence v, is in L2, by definition. This combines with the equation * ydrv = Oy
to imply that v(t) lies in the span of the negative eigenspaces of *ydr: ex-
press v(t) as a t-dependent linear combination of an orthonormal basis of
eigenvectors, use a separation of variables argument to show that each coef-
ficient decays or grows down the end according to whether the eigenvalue is
negative or positive, and then use the fact that v is in L? and so must decay
down the end.

Likewise, 0?v(t) always lies in the negative eigenspace of *ydr. Recall
that ,uff is the smallest positive eigenvalue of — % dr. Thus, it is the absolute
value of the largest negative eigenvalue of *dr, and so

F'(8) = dlldro ()17 vy + Alldrofo®)| vy = 40E)2f (D).

Since f(t) is non-negative and converges to 0 as ¢t approaches oo, it follows
from this estimate that f(t) < Ce 24t (e.g., see [6, p. 623]). O

2C.2. Non-degenerate I'.  Here we assume that I' is non-degenerate in
the sense that the harmonic space H: = {0} is trivial. Then any center man-
ifold necessarily consists of a single point and so there is a unique choice of
cutoff function . Then the mASD operator is the ASD operator. Moreover,
non-degeneracy implies that any finite-energy ASD connection asymptotic
to I' decays exponentially on the end at a rate of e~ for any 6/2 < T
where p is as in Section (the proof of this assertion is similar to the
proof of Lemma but pup appears in the present setting since the cur-
vature is anti-self dual). We also assumed that § is greater than up., but
that was only to construct the map pr, whose existence is trivial in the non-
degenerate setting since the center manifold consists of a single point. Thus,
in the non-degenerate case this lower bound restriction on ¢ can be dropped,
though we still need to retain the assumption that /2 is not an eigenvalue
of — xn dr. In particular, it follows that whenever —,uff < 8/2 < pp, the re-
sulting mASD/ASD space is independent of the choice of this §, and the
dimension of the space is given by (apart from this paragraph, we
always assume 0 > 0).

In summary, when I' is non-degenerate, there is an essentially canonical
choice of thickening data 7Tr can. Moreover, if A’ is any connection defining
a slice, then the associated space of mASD connections

M(Trcans A') = {A € AX) | Ff =0, di(A— A') =0, Jim Aly.0 =T}
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is the set of ASD connections in the A’-Coulomb slice that are asymptotic
to I

2C.3. Closed X. Here we assume that X is closed. View X as a cylin-
drical end 4-manifold with an empty end. Then one can check that it makes
sense to choose the empty set Tp = 0 of thickening data, and that, e.g., the
mASD space M(Ty, A’) is exactly the set of ASD connections on F in the
A’-Coulomb slice.

3. Gluing two mASD connections

Here we state and prove our first gluing result, which discusses gluing to-
gether mASD connections over the compact parts of two cylindrical end
4-manifolds. When the connections are not regular, the resulting connection
may not be mASD, and its failure to be mASD is captured by a suitable
obstruction map. Our set-up is very similar to that of ASD gluing outlined
in Donaldson-Kronheimer [5, Section 7.2], to which we refer the reader for
more details at various points. When introducing new terms for the analysis,
we have tried to keep our notation as consistent with that of [5] as possible.
Our emphasis below will be on the new features that arise in the mASD
setting. In the present section, the only serious new features arise from the
fact that the mASD operator s has a nonlinear term not present in the usual
ASD setting; these features manifest themselves in the proofs of the claims
appearing in the proof of Theorem

3A. Set-up for gluing

Let X7 and X5 be oriented cylindrical end 4-manifolds equipped with asymp-
totically cylindrical metrics as in Section We will write Xpq for com-
pact part of X, and we set N} := 0X}o. We will need parameters A > 0 and
L > 1 so that b:=4L\/2 < 1. The constant L will be fixed later, but we
will ultimately be interested in allowing A to be arbitrarily small. For each
k, fix a point

Tk € By(xr) C int(Xo)

in the interior of the compact part. To simplify the discussion, we assume
that the metric on X, is flat over By(z); see [3, Section IV(vi)] for how to
extend the discussion to handle more general metrics.
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Following the approach in [, Section 7.2.1], we glue along the annuli
O := Bz (vp)\Br-1a2 (k)
using an “inversion” map fy: €23 — s to produce a connected sum
X = X(L,\) == (X:\Bp-n2(21)) U, (X2\Bp-uyz(22)).

Then X is an oriented cylindrical end 4-manifold with asymptotic 3-manifold
N = Ny U No. We will write X for the compact part of X; this is formed
by analogously gluing the compact parts Xig of the Xi. The metrics on
the X} can be glued to form a metric on X, and we assume this is done as
outlined at the end of p. 293 in [5]. We denote this metric by gr, 1. Since we
are interested in the limiting behavior of this for small A, we will include
the metric in the notation for our various norms and spaces of connections,
forms, etc. whenever it is relevant.

End X

Xo

(b)

Figure 1: Illustrated above are the manifolds X7, X5 in (a), and their con-
nected sum X in (b). The 3-manifolds N1, Ny, and N are unlabeled, but are
illustrated as dotted lines in the figure above.

Fix principal G-bundles Ej; — X and flat connections I'y € A(Ny) for
k = 1,2. These induce a bundle over N as well as a flat connection I on V.
Fix § > 0 as in Section associated to this flat connection I'. It follows
that, for k = 1,2, the quantity /2 is not in the spectrum of — xdr, on
1-forms. Let T r, be thickening data for Ej with this 6.

Fix an isomorphism p: (E1),, — (E2),, of G-spaces, as well as flat con-
nections A, for Ej over By(xy). Using these flat connections and radial
parallel transport, we can extend p to a bundle isomorphism E|q, = Es|q,
covering fy. It is with this bundle isomorphism that we glue the Ej over the
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), to obtain a bundle
E =E(p,L,\) — X(L,\).

Since the gluing takes place away from the cylindrical end, the thickening
data T, for the Ej, induce thickening data 7r for E.

Fix 1 < p < 4 and suppose that, for each k, we have a smooth mASD
connection

Ak S A17p(77{;71—‘k)

on Xj. By performing the cutting off procedure described in Sections 7.2.1
and 4.4.5 of [5], we can form a connection A} on Ej that is equal to Ay,
outside of the ball By(xy) and equal to the flat connection A, ;, inside of the
ball B, /2($k). Then the A} patch together to determine a smooth connection
A’ = A'(Aq, A2) on E; this depends on p, L, A and the Aj. It follows that A’
is equal to Ay in Xi\By(zr) € X and that A’ is approximately mASD:

(3.1) Is(A) | L2 (x.g,0) < CEapb™”

where Cg) is a constant independent of L, A (see (7.2.36) in [5]). We will
refer to A’ as the preglued connection. We define the maps 7 and ¢ of Sec-

tion by taking A,ef := A’

Remark 3.2. Assume 2 <p <4 and set p* = 4p/(4 p). By [B Eq.
(7.2.37)], as b — 0, the connections A} converge in Lp to Ag. In partic-
ular, by Remark [2.9 ., if Ay is 1rredu01ble then so too is A} provided b is
sufficiently small. The stabilizer group of A’ is contained in that of A} and
so it follows that A’ is irreducible when either of A; or As is irreducible and
b is sufficiently small.

On X, use the slice SL(Ay) defined by Ay and denote by H = HJr
the cokernel of the linearized operator Dy, := (Ds|sz(a,))A,, as in - As
described in [5, p. 290], we can choose lifts

Ok H}j — ng(QJr(Xk))

so that the operator Dy, & oy, is surjective. Moreover, we can do this in such a
way that, for every v € H ,j , the form oy (v) is supported in the complement
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of the ball Boy(xy). Set
H:=H/ @ Hf
and consider the linear map
o:=01 @0 H" — LE(QT(X), gr.).

Relative to the LY(X, gz x)-norm on H*, this map o is bounded with a
bound independent of L and .

3B. Gluing two connections
The main result of this section is as follows.

Theorem 3.3. Assume 2 < p < 4 and set p* =4p/(4 — p). Fiz p,d, thick-
ening data, and mASD connections Ay, As as in Section [3A] Then there
are constants C, L, A\g > 0 so that the following holds for each 0 < X < Ag.

Let A" = A'(Aq, As) be the preglued connection constructed from p, L, \,
and the Ay.

(a) There is aC™-map Ja, a,: LE(QT(X), gr\) = SL(A") C AYP(Tr) that
satisfies Ja, a,(0) = A'. The first m derwatives of & — Ja, a,(&) are
bounded in operator norm by a bound that is independent of A.

(b) There is a linear map m: LY(QT(X),gr) = H™T satisfyingoomoo =
o and

Im€llm+ < CllElyx,gz.0) vE € QT (X).
(c) There is a unique 2-form (A1, Ag) € LE(QT (X)) so that
(3.4) €A1, A2)llzpx..0) < COYP
and so that the connection J (A1, Az) := Ja, a,(E(A1, A2)) satisfies
(3.5) s(J (A1, Az)) = —omg(Ay, Az).

In particular, for k=1,2 the connection J(A1,As) is close to Ay on
Xi\Bpriz(xr) € X in the sense that

(36) 17T (A1, A2)) = T (AR vt (x5, 1 () < COP-
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If Ay and Ay are regular, then the connection J (A1, As) is regular. In
this case, J (A1, A2) is mASD and the maps (A1, A2,&) — Ja, 4,(§) and
(A1, A2) — &(Aq, A2) are both C™-smooth, relative to the specified topologies.

If p > 2 and either Ay or Ay is irreducible, then so is J (A1, As).

Before getting to the proof, we briefly discuss the maps appearing in this
theorem, and their analogues in the standard ASD theory; precise definitions
of these maps are given in the proof, below. First, the most interesting part
of the theorem is part (c), with parts (a) and (b) serving to set up (c). The
map 7 from (b) is a measure of the failure of A’ to be regular. It serves
the same role here and enjoys the same properties as the map of the same
name [5, pp. 290—291] in the ASD setting. As for J in (a), this map is
formed from a near-right inverse P of (Ds|sr(a/))a @© o, pre-composed by
an exponential map (see Claim 1 below for a precise statement). As an
example, in the special case where I' is non-degenerate (so mASD = ASD)
the relevant space of connections is an affine space, and this exponential map
is simply given by the affine action. In this case, the map Ja, 4, simplifies
to Ja, 4,(§) = A’ + P&, just as in the usual ASD setting [5, p. 289].

The object J (A1, Ag) is the glued connection we are after. Equation
expresses the degree to which this connection is mASD. In particular, the
obstruction map mentioned in the introduction can be taken to be the map
(A1, Ay) + 70 &(Aq, Ag). Finally we mention that the diffeomorphism !
appears in only to make explicit the sense in which J (A1, A2) approx-
imates the Ay away from the gluing points.

The proof of Theorem that we adopt relies on the following two
lemmas.

Lemma 3.7. LetS: B — B be aC™-map on a Banach space B with S(0) =
0 and

(3.8) 15(61) = S(&)Il < wlll&all + €261 — &,

for some k >0 and all £,& € B1(0) C B in the unit ball. Then for each
n € B with ||n|| < 1/(10k), there is a unique £ € B with ||£]| < 1/(5k) such
that

£+ 5(6) =n.

Moreover, if n =n(a) depends C™-smoothly on a parameter a, then the so-
lution & = £(a) depends C™-smoothly on this parameter as well.
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Proof. The existence and uniqueness claims follow from the contraction
mapping principle and is carried out in [5, Lemma 7.2.23]. The C"-smooth
dependence of £ on a follows from, e.g., the discussion in [I4] Section I.5]. O

The remaining lemma will be used to establish the nonlinear esti-
mate (3.8]) in our mASD setting.

Lemma 3.9. Assume 2 <p <4 and set p* = 4p/(4 — p). There is a con-
stant C so that if LA > 0 are any constants for which the connected
sum X s defined, then

HngLg’(X,gL,A) < CHfHLg* (X7gL,A)||9||L§*(X7gL‘A)
for all real-valued functions f,g € Lg* (X).

Proof. Writing X = XgU End X, it suffices to show that there is a uniform
constant C' so that
Hfg”Lp(XmgL,)\) CHfHLP* (Xo0,9L.%) Hg”LF’* (Xo,9L.1)

<
1f9llrEnd X900 <

C“fHLg* (End X,g1.) Hg”Lfg* (End X,g2.1)"

We begin with the estimate over End X. Note that the metric gz, ) is inde-
pendent of L, A over this region, so we do not need to worry about showing
that any such constant C' is independent of L, \. To obtain the estimate, use
the definition of the d-dependent norms, together with Holder’s inequality
to get

Ifgllz@mnaxy = €92 fgllLo(mnd x)
= H((M/foté/zf)(ewmg)”Lv(EndX)
< Heiwﬂ(eta/zf)HL4(EndX) Hew/QQHLP* (End X)-

Since 2 < p < 4, we have 4 < p* < 0o. Hence there is some 4 < r < oo with
471 = =1 4 (p*)~L. Then we can use Hélder’s inequality again to continue
the above:

Hefté/z

HfQHLﬁ(EndX) < ”LT(EndX)HfHLg* (Endx)”gHLg* (End X)*

Then the requisite estimate holds with C = ||e~*/2] L(End x), Which is
plainly finite.
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As for the estimate over X, the same type of argument gives

||f9\|Lp(X0,gL,A) < VOI(XO,9L7/\)1/r||f”Lp*(Xo,g“) gl (Xo0,9L.2)"

As discussed on p. 293 of [5], the condition p > 2 implies that vol(Xo, g1, 1)
can be taken to be independent of L, \, provided LA\'/2 is uniformly bounded
from above (which is necessarily the case whenever the connected sum is
defined). O

Proof of Theorem [3.3 Our intention is to apply Lemma To do this, we
need to recast solving s(A) =0 for A into solving an equation for a self-
mapping S of a Banach space. Ultimately, the Banach space will be the
codomain of the mASD operator s, and S will essentially be the quadratic
part of s.

We begin this process by passing to a local chart on AMP(Tp) (recall
from Section that this space of connections is generally not an affine
space). For this, write

A =1,V =i(l)+ V'

for (B, V') € Hour % Lﬁ”é(Ql(X)). Let expy, : Be(0) C TpyH — H be the ex-
ponential map associated to the L3(N)-metric on H := Hr; here € > 0 is
small enough so that the exponential is well-defined. This is all taking place
on the 3-manifold N, and so this exponential and this ¢ are manifestly in-
dependent of L, A\. Coupling this exponential on ‘H with the exponential on
Q'(X) given by the affine action, we obtain a map

exp( vyt Be(0) x LY 5(QY(X))  —  H x L} 5(Q4(X))
(V) = (expy(n), V' +V).

The chart for AYP(Tr) that we will use is ¢ o exp h,vry- We note that ¢ o
exp(y, ) identifies the “slice” B(0) x L} s(ker(d’y))) with a neighborhood
of A in SL(A").

Remark 3.10. Throughout the proof that follows, we will work with the
L3(N)-norm on T}, H; we will often not keep track of this in the notation.
Note that this choice of norm is effectively immaterial since H is finite-
dimensional and so any two norms are equivalent, provided they are well-
defined.
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Consider the map
51 Be(0) x LY s(ker(dy))) —  LE(QT(X),g1.0)
V) — 5<L(eXp(h/,V’)(777 V)))

which is the map s|s £(An) relative to the chart just described. This satisfies
5(0,0) = s(A’) and so (3.1)) gives

(3.11) 1500, 0) [l £r(x,g,.0) < CEapb™”.

Write (Ds) 1) for the linearization of s at (n,V). As the following claim
indicates, the definition of o implies that the operator (DE)(Qo) @ o is sur-
jective.

Claim 1: For 2 < p < 4, there are constants C,)\g >0, and L > 1, as
well as linear maps

P L§(9+(X)79L,)\) — TpH % L}f,& (ker(dZ?),gLM\)
T Lg(ﬂ+(X>,gL7)\> — HT

so that P ® 7 is a right inverse to (D3) o) ® o that, for all 0 < X < Ao,
satisfies
(3.12)

1P &™)l w3 2y” (xgrporsx g S CEDIENLE L) TE € Q7).

This claim also has an extension to some p < 2; see Corollary for
details. We will prove Claim 1 shortly. At the moment, we will show how we
use it to finish the proof of the theorem. To prove Theorem (a), set

J(€) = Ja,,4,(6) = t(expg, v (PE)) e SL(A).

Clearly J(0) = A’ and J is an immersion near 0. That the derivatives of
J are bounded uniformly (A-independent) follows from the fact that P is
uniformly bounded (by the claim) and the fact that the maps ¢ and exp, v
are uniformly bounded. The map in Theorem (b) is the map 7 from
Claim 1.

We now prove Theorem (c). Define S: LY(QT(X),g1)) —
L (X), 1) by

5(8) := s(Pg) — (D5)(0,0P€ — 5(0,0).

This is C"™ and is the nonlinear part of the map s o P. The following claim
says that this map satisfies the requisite nonlinear estimates.
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Claim 2: The map S satisfies the hypotheses of Lemma with a constant
K that is independent of 0 < X < Ag.

Once again, we defer the proof of this claim until after we have finished
the argument for Theorem [3.3] It follows from Claim 2, Lemma [3.7, and
the estimate that, provided A is sufficiently small, there is a unique
£ =E&(A1, Ag) € LY(QT) satisfying

(3.13) §+5(§) = —5(0,0) and 1€l 2z (x) < 1/(5K).

Setting || - [z == || - [l z2(x,g, ) and using (3.8)), we get

- 1
€1z < 13(0,0) 2z + 1S(E)l2z < CEmpb*’” + S lElly-

This implies the requisite estimate on &. Unraveling the definitions, we also
have

s(J (A1, Ag)) = s(P§) = 5(0,0) + (D3)(0,0)P§ + S(§)
= =+ (D3)(0,0)P§ = —oé,
where J (A1, Ag) := J(&), by definition. This finishes the proof of (c).
To prove , note that
NI (Ar, A2)) = HA) = expy,vn (PE) = expgy 1) (0).

From our definition of the exponential appearing on the right, we see that
the difference exp(y, 1) (P€) — expgy v (0) equals PE plus some higher order
terms supported only on the center manifold component, and thus in a
component with a norm independent of A. In particular, since £ is small,
these higher order terms can be uniformly controlled to yield a uniform first
order estimate of the form

7T (A, A2) = T gy (x.gum) S CUPE N gy iz (g0

We can then combine this with (3.12)) to get

(3.14) ||L_1(~7(A1a Az)) — L_l(A,)||L§(N)><L§*(X,gm)
< O0ED 1€l rrx,g00) < C2b*P

where the second inequality comes from the estimates of the previous para-
graph. The estimate (3.6)) follows from this and the fact that A agrees with
A = A/(Al,AQ) on Xk\BL)\lﬂ(xk)-
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When the Ay are regular, the map 7 is the zero map so J (A1, A2)
is automatically mASD by . In this case, the operator (Dt vy o P
is a right inverse to (Ds| sc(any)ar, essentially by definition; in particular,
(Ds|sg(any)ar is surjective. Thus (Ds|sz(a))a is surjective whenever A is
close to A’. In particular, by , this is the case with A = J(A;, A2) and
so J (A1, Az) is regular. The C™-smooth dependence of J on the Ay follows
from Remark (a) below, and the C"-smoothness of £ follows from the
C"-smoothness assertion of Lemma

Finally, assume A; or Ag is irreducible (assume p > 2 so this term is
defined). It follows from Remark that A’ is irreducible as well. The
irreducibility of J (A1, A2) then follows from and Lemma

To finish the proof of Theorem it therefore suffices to verify the
claims; we begin with Claim 1. Let H be the space H,y: for the connection
g, and set

hi, = pr(Ag) € Hy

where pr is the map from Section Similar to what we did above over
X, for each k, we can form a map

St Th M x LY g(ker(d)) — LE(QT (X))

by precomposing s with + and the exponential exp,, for Hj based at hg.
Linearizing at (0,0), and coupling with o, we obtain a bounded linear map

Dy := (D31)(0,0) ® o (Th,ﬁk X Li(s(ker(de))) ® H;" — LE(QF(Xy)).
This is surjective by the construction of oj. Standard elliptic theory for

d-decaying spaces [I5] and the finite-dimensionality of Hj imply that Dy
restricts to a bounded map of the form

Ek : (Tthk X Lfﬂﬁ(ker(di{f))) S H]j — L§75(Q+)

for each ¢ > 0, and this restriction remains surjective. In particular, the
“Laplacian”

DD}’ LB s(F) — LR(QF)

is a Banach space isomorphism, where 52’5 is the adjoint of l~)k relative to
the d-decaying L2-inner products on the domain and codomain. It follows
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from these observations that the formula
Py =D (DyD;°) ' LR(QY) — (Thﬂ-lk X L’;(S(ker(dj;f))) @ H

defines a bounded right inverse for Dy. Coupling this with the embedding
LY s — LY it follows that there is a constant ¢; with

(3.15) IPeEll 12 (v <z (xonarzxy < ckllélzx, Ve € OF(Xk).

The argument at this stage is almost identical to that given in [5, Section
7.2.3] (see also [B, Prop. 7.2.18]); however, we supply some of the details
since we will refer to them below. Following [5], p. 288], the operators P;, P,
can be glued together to produce an operator

Q: L§(Q7(X),910) — (Tth X L]f,g(Ql(X),gL,A)) S H*
that satisfies

Q€N (L2 (nyx 22 (x.ge L2 (X.gen) < (€1 F )€l L2(x000)s V6 € QT(X).

Somewhat more explicitly, we have

Q = 1P + B Poye

where the {01, 52} and {71,72} are partitions of unity on X. The only prop-
erty we need about these partitions is that the derivatives V3 are supported
in the gluing region and satisfy ||V S| z+x) — 0 as L — oo and b — 0. For
future reference we note that since A’ equals the Ay away from the gluing
region and the Py take values in the Ag-slice, there is a uniform constant C5
so that

(3.16) 1457 Q¢ Lz < Cs(IV Bl e + 1V Ball o) | Q¢

It also follows that @ is an approximate right inverse to (Ds) o) © o in the
sense that

((D3)00) @0)oQ=1+R

for some R satisfying

IRy < e(L,b,p)l€]l e

where ¢(L,b,p) — 0 as L — oo and b — 0 (the assumption p > 2 is used here
to establish this decay property for €(L, b, p), see [5, pp. 293,294]).
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At this stage, Donaldson and Kronheimer [5] take their right inverse to
be Q(I + R)~!. However, this is not sufficient for us since we want our right
inverse to take values in the slice, and the operator Q(I + R)™! generally
does not. We thus want to modify the construction above, and we do this
by simply projecting to the slice. Spe01ﬁcally, let II be the L5 -orthogonal
projection of Q'(X) to the kernel of dA, (note that dA, is injective on the
image of I — II). This projection II extends to the codomain of @) by acting
on the Q! (X)-factor only. Thus, the map

@::HOQ

takes values in the slice. We want to use this @ in place of (), but for this we
need to port the estimates on @ over to Q. To achieve this goal, note that the
difference @) — @) takes values in the image of I — II, on which the operator
dj{fS is injective. From this we have the following Sobolev-type estimate

1QE = Q&ll 133y 12" (x.g 012 (X.g ) < Callds (QE = QE) |1z

for all £ € LE(QT(X)). As in [5, Section 7.2.3], our range restriction on p
implies that thls constant Cy can be taken to be uniform in the neck scaling
parameter b. By construction, Q takes values in the kernel of d e % and so we
can combine the above with - ) to get

(3-17) ”Qf - Qf”(Lg(N)xL{;*(X,gL,A))@Lf;(X,gL,A)
< C3C(IVBillze + IV B2llLa) |QE ] 1-

By taking L large and b sufficiently small, we can now transfer our estimate
from Q) to Q to conclude that Q is uniformly bounded and is an approximate
right inverse to (D3)(g,0) © o in the sense that

(D3)p0) ®0)0oQ=T+R
for some R satisfying

(3.18) IR(E) Iz < &L, b,p) €] s

where €(L,b,p) — 0 as L — oo and b — 0. The whole point, of course, is
that

@: L§(9+(X),9L,A) SN (Th,H X Li(s(ker(d*A’fs))) o HT

takes values in the slice where ) may not have.
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Choose L > 1, \p > 0 so that e(L 4L)\1/2,p) < 1/3 and C3C4(||V 1|l Ls +
IVB2|z+) < 1. Then Q(I + R)~! is a right inverse to D @& ¢ and has oper-
ator noim at most 3(c; + c2 + 1). Then we can write this right inverse as
Q(I + R)~! = P @ &, where the splitting corresponds to the direct sum de-
composition of the codomain of Q The estimate 2) immediately follows,
so this finishes the proof of Claim 1.

Remark 3.19. (a) It is not hard to show from the construction outlined
n [5] that, when the Ay are regular, then the right inverse P depends C™-
smoothly on the Aj. The key observation here is that, though many choices
have been made in this construction (e.g., cutoff functions), the only ones
that depend on the Aj are the choices of oy, but these can be taken to be
zero when the Ay are regular.

(b) By construction, the connection J (A1, A2) of Theorem [3.3|naturally
belongs to two slices: The one centered at itself, and the one centered at A’.

Now we move on to prove Claim 2. Fix L, A\g as in Claim 1 and we assume
A € (0, ). We clearly have S(0) = 0, so it suffices to show that S satisfies
the quadratic estimate for a uniform constant x. For this, note that by
Lemma and Taylor’s Theorem, we can write

i(expy, (n)) = i(h') + (Di)wn + aw (n)
where gy : ThH — L11° 1oe(X) NCP(X) vanishes to first order. Since Moy is
finite-dimensional, we can quantify this relative to any metric with respect
to which the terms are well-defined. In particular, there is a constant C
so that
(3.20)

llgn (m) = aw (n2)lleo(x) < Cgzm) (Imllzzovy + [Im2llzov)llm = n2llz v
for all 71, m2 in the unit ball in Ty H. Note that g (1) need not decay to zero

down the ends of X since i(h’) and i(expy, (1)) generally do not converge to
the same connection at infinity. However, on the compact part we have

(3.21) an (n)]x, = 0.

Indeed, on Xy the connection i(h) equals the reference connection for all
h € Hout, and ¢ vanishes to all but the zeroth order on Xj.
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To verify (3.8), fix &1,& € LE(QT(X), gx) with [[&]|zz < 1 and set
(nj, V3) := P& € TiyH x LY {(Q'(X)).
Then using the definition of S and the formula (2.11]), we can write

(3.22)
1- 4

S(65) = 3 Vi A VT + 22 (DD + () A (Didwen; + ()]

+ (1= B)daw () + [V A ()]
+ Vi Aaw ()] + [V A (Di)wns]

(These are the higher order terms in the mASD operator s, expressed in
terms of V; and 7;.) It suffices to show that each term on the right satisfies
an estimate of the form . Below we set || - ||z == || - |2 (x,9,)-

We begin with the first term on the right of . This shows up in
the ASD setting as well (see [5, p. 289]), but our argument is a bit more
involved due to the non-compactness of X. For this, we use Lemma to
get

1 1
S Vi AVl = Ve AVt | = S [(Vi+1V2) A (Vi = 12) ]|

L
< o|[Va + V2l Vi — Val||
< ¢Cm (Ml + 1Vall ) IVa = Vel
where ¢ is defined by
(3.23) €g = ( sup )|(y1, [v2, v3])|

with the supremum running over all v; € g with |v;| = 1. Since V} is a com-
ponent of P¢;, we can then use the estimate of Claim 1 to continue the
above and get

%H Vi AVA]T = [Va A V)T |

Lg
< «CaaCmy (1611l + leallzz ) 16 — &allg

which is the desired estimate.
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Now we move on to the second term in (3.22)). Set r(n) := (Di)pn +
qn (), so we want to bound the L{-norm of

1-p
2

(rm) A el = [r(m) Ar(m)] ")

- _25/ [(r(m) +7(m2)) A (r(m) = r(n2))]"

in terms of the right-hand side of (3.8]). Note that this is supported on
the compact cylinder Cyly := [T'—1/2,T +1/2] x N, and so its L}-norm is
bounded by a constant times

2
(D2 Irmly ey ) ) =)l gy
j=1

2
1)
<122, o (3 Il ) Irm) = rmlleogesy
j=1
By Lemma this is bounded by a constant times

(I llzzw) + Imelzzn )l = nellzzny
< Cgmg (s + lallog ) e — allus-

as desired.

The estimate for the third term (1 — )d;zh,)qh/ (n;) is similar and we
leave it to the reader. Moving on to the fourth term in , recall from
that gx/(n;) vanishes on Xg. This observation combines with

and then Claim 1 to give
| V" A ()] = V! A g ()] HL‘;
+
= [ [V A (aw () = aw (12))] ™ (| o goma )
ol VNl 22 (End x) lan (M) — qrr (02)lleo (Ena x)
CQO”V/HLf;’(EndX)<||771||L§(N) + ||772||L§(N)) lm = nallz (v

IAIA

IN

¢aCEz0) Cirg IVl 7 (na x) <||§1HL§ + ||§2HL§> 1€ — &l ze-

This is the desired estimate for this term because ||V'||zz(gnd x) is plainly
independent of A and the ;.

The remaining two terms are the most difficult to bound. This is because
(i) these terms involve both the infinite-dimensional terms V; as well as the
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finite-dimensional terms gy (n;) and (D37)n;, and (ii) neither of these finite-
dimensional terms generally decays to zero at infinity (nor do the differences
qn (m) — qw (n2) and (Di)pm — (Di)pn;). The main estimate we need is the
following, which we will see is equivalent to the fact that the operator dj,
is Fredholm (on the appropriate spaces) with our choice of 6.

Claim 3: There is some Ty > T + 3/2 and a constant Cgzg) so that
(3.24) IVl L2 (7r00)x vy < Cgamlldia VIlLe 1,000 < v)

for all V€ L% (Q1(X)) with d5 Vg, _1,00)xn = 0.

We prove Claim 3 after we finish our estimates for the last two terms
in (3.22). The argument we give applies to both of these last two terms, so
we focus on establishing the estimate for the second-to-last term:

Vi A g ()] = Ve A g (m2)] ™

_ l( [(Vi = V2) A (gw (m) + aw(m2))] "

2
+[(Vi +V2) A (an (m) — Qh'(’72))]+>‘

It suffices to bound the Lf-norm of each term on the right by the right-hand
side of (3.8); we will carry this out for [Vi + Va A qu (1) — @ (172)] T, the
other term is similar. Since the g (n;) are supported on End X, we do not
need to worry whether our constants are A-dependent. With T as in Claim
3, write

(325) || [(Va +V2) A (aw(m) = aw ()] ||
< (11 + V) A (awtn) = awe )] [l o ey

+ [ T(VA+V2) A (an (m) = aw (12))] HLg([Tl,WN))-

Set Cyl; :=[0,T1] x N and estimate the first term on the right as follows:

[ TV + V2) A (g (m) = aw (m2)] | L2(Cyl,)

< ¢ (HVlHLg*(cyll) + 1Vl o g1,y Mg (m) = an (m2) | Lacen,)
15/2

A

< cqlle

ety (1l + 1Vall g Yliaw () = aw (m2)lleoicsn,

2
o Cm Cimy e/ lpsccn,y (€111 + ey ) lén = Ealliy

IN
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which is the desired estimate for this terms since we have assumed ||| z» <
1, and so

(€allzs + l1€2lls)? < 2(léll oy + l1€allzs)-
As for the remaining term on the right of , note that it is bounded by
a constant times
(HVIHLf;([Tl,oo)XN) + ||V2||L§([T1,oo)xN)) llgn (m) — an (m2)llco (17 00) x )
< CC (||V1||L§([T1,oo)xN) + HV2HL§([T1,00)><N)>
x (11l 2z + [1€2llz2) 161 — E2ll e

We will therefore be done with the proof of Claim 2 if we can show that the
terms ||V;| Lz ((1,,00)xv) are bounded. For this, note that the linearization of
S can be written as

(D3)0)(m, V) = di((Di)n+V) = Bdf,,(Di)wn
= 4V + (1= B)d, (Din + V! A (Diyn]

Note also that, by the definition of P, the 1-form V; lies in the kernel of dZ’fs.
We can therefore use Claim 3 and the above formula for (Ds) o) to write

IVill Lz (11,000 v) < Cgamlldin Vill Lz (i —1,00)x V)
. +
< Czn (D300 (13 Villez + 1 [V A (D] * g )

where we also used the fact that §’ =1 on [T} — 1,00) x N. Since (n;,V;) =
P&j and P @ is a right-inverse for (Ds) ) © o, we can continue this as

< gz (1€l + lomgslg + oVl | (Diwnsleo)
< Czp 1+ Con + aCiiy, IVl il 30 )
< Cgz(1+ Con + ¢oClpiy,, CgmaIV'lrz )

where Cyr and C(p;),, are the operator norms of o and (Di)p, respectively
(we are viewing the latter as a map L3(N) — C°(X); see Lemma and
the definition of 7). This is the uniform bound we are after, and thus finishes

the proof of Claim 2.
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Finally, we prove Claim 3. Let h/.: [T, 00) — Hout denote the flow of the
trimmed vector field =" with h/,(T) = I'. Let
héo = tll)rélo h/{r(t) E %out
be the limiting connection of this flow. This is a connection on N, but
we will view it as a connection on End X = [0,00) x N that is constant in
the ¢-direction. Let X' be the L} 5—complet10n of the space of 1-forms on X
supported on End X, and let y be the Lp completion of the elements of

O+ @ QY supported on End X (so the elements of X and ) vanish on the
compact part). Then the map

df, ©dy’ X —Y
is bounded and elliptic. We have assumed that /2 is not in the spectrum
of — xdp, so it follows that the above operator has trivial kernel (it also

has trivial cokernel, though we do not need this). In particular, there is a
constant C5 so that
1,6 —

IVlles < I1VIez, < Cs (Il Vilag + lld5 Vi)

for all V € X. The connection A’ is C’-asymptotic to AL, . In particular, we
can choose T} large enough so that

[A” = I lleoqm —1,00)x ) < 1/(6¢gCl).

Then if V' € X is supported on [T7 — 1,00) x N and in the kernel of d;{,‘s we
have

IV ez -1.00w) < Cs (Il Vil 1008 + 1452 Vilizz-100xm) )
= Cs ([l + [(hhe — 4) A V]

LE([Ty—1,00)x N)
+ [ [(nl = A) A=V |

L§([T1—1,oo)xN)>

< Cs |8 VI Lz —1,00)x V) + §||VHL§([T1—1,oo)xN)-

Then Claim 3 follows (with Cgzg) := 3Cs5/2) from this estimate and a cutoff
function. n
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3C. Extensions to p < 2

In our existence result of Section [6C] we will need extensions to p < 2 of the
estimates and ; we state and prove the relevant extensions here.
In fact, all we will need is an extension to p = 4/3 (so p* = 2); we leave any
more general extensions to the interested reader. Throughout this section,
we fix data as in the statement of Theorem 3.3

For the first result, let L > 1, A\g > 0, and P & 7 be as in the statement
of Claim 1 appearing in the proof of Theorem

Corollary 3.26. There is a constant C' so the following holds for all 0 <
A< Ao and £ € QT(X):

1P @ 7€l (avyx 22 (x g2 D@L (Xogn ) < CHEN L3 (x g0 -

Proof. We refer to the notation established in the proof of Claim 1. Momen-
tarily suppressing Sobolev completions, let

(P& )™ (Th,H x ker(d’;;?)) @ HY — QF(X)

be the formal adjoint of P & =, relative to the Lg—inner product on X. By the
duality isometries (L2(X))* & L3(X), (L4(X))* = LY3(X), and (L3(N))* =
L% ,(N), we will be done if we can establish a uniform bound of the form

1P @m0, Vo)) < Cr (Inllz oy + 1V 220 + lallzax ) -

Since TjH is finite-dimensional, there is a bound of the form [[n||zzv) <
Calnllzz vy for all n € Ty H. It therefore suffices to show

(3.27) (P& m)*°(n, Vollaxy < Cs (Inllcavy + 1V 2 x) + llellacx))

for a uniform constant C'5. This is precisely the estimate of Claim 1, except
with the adjoint operator (P @ 7)*9 in place of P @ 7. We will show that
the proof of Claim 1 can be sufficiently modified to hold for this adjoint.

Towards this end, note that the adjoint of P, = DZ’é(DkDZ’(S)_l is given
by P° = (D.D}°)~' Dy, and so satisfies

*,0
1P (s Vies )l sy < e (Imellzz vy + 1Vellzz oy + liwllzax) -
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Just as before, these can be glued together to form an operator Q*° that
satisfies

(3.28) |Q™°(n, Vi)l raxy < (ex + e2) (Imllpavy + IV 2y + il zacxy) -

Moreover, it is not hard to see that this gluing can be done so that Q*9 is
exactly the formal L2 adjoint of the operator @ appearing in the proof of
Claim 1. It follows that the formal L2 adjoint of Q is the restrlctlon of Q*9
to the slice (this just restricts V' to hne in the kernel of d, )

Then the defining formula P o7 = Q(I + R)~! implies

(3.29) (Pom)" = (I+R)'Q™

where R*% is the formal adjoint of R and so satisfies |[R*%€.2(x) =
i3 28

||§§H r2(x)- Then the estimate 1} follows from 1’
and (B.19).

For the second and last of the extensions we need, let £(A;, Ag) €
LZ(Q7(X)) be as in the conclusion of Theorem (c).

Corollary 3.30. There are C, X\ > 0, so that if 0 < X\ < X[ then

JE(AL, A2) o x g, 1y < CAY2.

Proof. Setting £ := £(A1, A2), the identity in (3.13)) gives
H€||L§/3(X) < H’SV(OaO)HL;/?'(X) + HS@)HL‘;/S()Q-
The estimate (3.1 holds with p = 4/3, so the same is true of (3.11)); that is,

1500, 0)1] L5y < C1b

for a uniform constant Cy, where b = 4LAY2. To estimate S(€), note that
the formula (3.22) implies that S(&) is quadratically bounded in P¢. Then
we can argue as we did in the proof of Claim 2, but use Holder’s inequality
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1f9ll2s < fllLsllgllLz, to get a uniform estimate of the form
8
IS©0 ) < Call Pl 1PE 3.
By (3.12) and Corollary this implies
HS(§)||L§/3(X) < C3H§||L§(X)H§||L§/3(X)-

It follows from (3.4) that we can assume [|€]|;2(x) < (2C3)~!, provided X > 0
is sufficiently small. In summary, this implies

1
3
Hé”[,j;/?’(x) < C1b° + §||§”L§/3(X)
from which the corollary follows with C' = 128L3C}. U
4. Gauge fixing and the mASD condition

In the next section, we will find ourselves in the situation where we have an
mASD connection A and a nearby connection A,.r. We will want to find
a gauge transformation u so that u*A is in the Coulomb slice of A,.f. The
issue is that, due to the failure of the mASD equation to be gauge invariant,
the connection u*A will no longer be mASD. Nevertheless, we will show in
this section that, when A is regular, the connection u*A is close to a unique
mASD connection that lies in the A,.r-Coulomb slice. This is made precise
in Theorem which extends the discussion to handle connections A that
are not regular by means of an obstruction map. To accomplish this, we
first prove a general gauge fixing result that is tailored to our setting; this
is stated in Proposition 4.3

4A. Gauge fixing

We begin by refining our choices of § and the cut-off function 3 used to create
Hout- For the former, we assume 62/4 is not in the spectrum of the Laplacian
A on real-valued functions. It then follows from Sobolev embedding that,
for each 1 < g < 4, there is a constant ¢, so that

(4.1) I legcxy + 11 e (x) < calldflzex)

for all compactly supported real-valued smooth functions f, where ¢* =
4q/(4 — q) is the Sobolev conjugate.
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As for the cutoff function 5: H — [0, 1], we assume this is chosen so that
it has small support in the sense that

1
(4.2) sup [|h — holleony + [[©(R) — O (ho)llconwy < 5
h,hoE€supp(B) t2tg

where ¢4 is the constant from (3.23) and ¢y is the constant from (4.1) with
q=2.
The main gauge fixing result we will need is as follows.

Proposition 4.3. Fiz 2 < p < 4, set p* = 4p/(4 — p), and assume d, 3 are
as above. There are constants C,e >0 so that if A=1(h,V) and A,cr =
U hrefs Vier) are in AYP(Tr) and satisfy

*,0
||V - V;ﬂefHLg*(x) + ”dAref(V - Vref)HL‘g(X) <e
then there is a unique p = p(A, Ayer) € Lb 5(Q%(X)) so that
* *,5 *,5
exp(u)*A € SL(Arer), and || dapllpzx) < Clldy" (V= Viep)llLz(x)-
Moreover, this 0-form (A, Arer) depends C™-smoothly on the pair (A, Ayef).
Proof. We will show below that

F)
llla = 145 dapllrzx)

ref
defines a norm on the space Q°(X) of smooth rapidly decaying adjoint
bundle-valued 0-forms. Assuming this for now, we denote by X the com-
pletion of Q°(X) relative to || - ||x. Let ) be the completion of Q°(X), but
relative to the norm || - ||y := || - ||z (x)- Since p > 2, the map

F:AYP(Tp) x AYP(TR) x X — Y
(A Avego) 0 (u"A = i(p(u”A)) = Viey)

is C™-smooth, where we have set u = exp(u) € Q?’p. Note that, relative to
the product structure given by ¢ via (2.5)), the quantity u*A — i(p(u*A)) is
the L ;(Q'(X))-component (i.e., non-center manifold-component) of u*A,
and so u*A € SL(A,er) for u = exp(p) if and only if F(A, Ayep, ) = 0. It
therefore suffices to solve F(A, Aycf, 1) =0 for p. For this, we have that
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1 =0 is an approximate solution since
F(A, Ay, 0) = di° (V= Viep)

which we have assumed is bounded by e. The linearization in the third
component of F at (A, A,cr,0) is the operator

*,0
o dA,.efdA/L

This has operator norm 1 relative to the norms on X and ). In particular, it
is invertible and so the proposition follows from the inverse function theorem
(e.g., precompose F in the third component with the inverse of d;{ifd 4 and
then use Lemma .

All that remains is to show that || - || x defines a norm; it suffices to show
that the operator

*76 .

dA'refdA' L]2)75 —_— Lg
is injective. For this, suppose p lies in its kernel and let (-,-)s be the J-
dependent L2-inner product. Note that p € L% s by Sobolev’s embedding

theorem L5 < L? on cylindrical end 4-manifolds [4, Prop. 3.20]. This justi-
fies the following computation:

0 = (d5° dap,p)s = (dap,da,.,1)s
ldansillds + ([(A = Aves)s ] da.yn)

Hence

I mllez < [[[(A= Avep)n] |
The definition of ¢+ gives A — Ayep = B"(h — hype + (O(h) — O(hyey))dt) +
V' — Vies. Then Hélder’s inequality and (4.2]) allow us to continue the above
inequality to get

lda,,plles < cq(IV = Vieglloallllpg + B — ey
+(O(h) = O(hrep))dtl|col| el 2) 1
calle 2LV = Viegll e llall s + 5 el 22

IN

where 7 is defined by r~! + (p*)~! = 471, Using (4.1)) with f = |u|, and
then Kato’s inequality |d|u|| < |da,.,u| (which holds for arbitrary metric
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connections), we can use the above to get

< cofld|pl Lz
< CzlldATeféulng 1
< acglle 2| L IV = Viegll o Nl e + a2

lallzz + [l s

When € < 1/(2¢c2¢4 [ e™%/2|

L), this implies that p = 0. O

Remark 4.4. The operator d;’if da: Lg s Lg is Fredholm, and we have
just seen that it has trivial kernel under the hypotheses of the proposition.
It then follows from the embedding Lg s C Lg N CY that there is a constant
C so that 7

*,0
el x) + lleoxy < Ol dapllzix)

for all p € LY 5(Q°(X)). It follows from arguments similar to those just used
that this constant can be chosen to be independent of A and A,.y provided
these connections satisfy the hypotheses of Proposition

4B. Recovering the mASD condition within a slice

Throughout this section, we assume 2 < p < 4, and 9,5 are chosen as in
Section EAl

As suggested in the introduction to this section, we will use Proposi-
tion to put mASD connections into a fixed nearby slice, but this process
will generally not preserve the mASD condition. The following theorem is
our main readjustment tool that will recover the mASD condition, while
simultaneously preserving the slice condition. To state it, use the L%—inner
product to identify the cokernel H;L 5 = coker(Ds|sr(4))a with the subset
of A-harmonic self-dual forms in L(Q%(X)). We denote by

oa: Hy 5 — L5(Q7(X)) ma: L5(QF(X)) — Hyg

the inclusion and L%—orthogonal projection, respectively. (These maps will
play a role analogous to the one played by ¢ and 7 in Section ) It follows
that (Ds|sz(a))a © 04 maps surjectively onto L5(Q*(X)).

Theorem 4.5. Fiz Ayef = t(href, Vies) € AYP(Tr). Then there are con-
stants C,e > 0 so that the following holds for all mASD connections A =
t(h, V') satisfying

*,0
(4.6) Nh = heeplizony + 11V = Veegllpor (x) + 14, (V = Viep)llpx) <€
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(a) There is a C™-map Ka: LE(QYT (X)) — SL(Ares) that restricts to an
embedding on a neighborhood U of 0.

(b) There is a unique 2-form ((A) € U C LE(QT (X)) so that
16z x) < CINAZ (V= Veep)lzex)
and so that the connection K(A) := Ka(C(A)) satisfies
S(K(A)) = —oamal(A).

In particular, the connection IC(A) is close to A in the sense that there is a
constant C" so that

lM KA = T Dz o) < O (V = Viep) oo

If either A or A,cy is regular, then all three connections A, Ay and K(A)
are regular and KC(A) is Apcp-reqular. In this case, the connection IC(A) is
mASD and the maps (A,() — Ka(¢) and A ((A) are both C™-smooth,
relative to the specified topologies. If A is irreducible, then so is KK(A). The
constants €, C,C' can be chosen to vary continuously in Aycy.

SL(Arer)

M\reg(’]}HAref) Sﬁ(A)

Myeg(Tr, A)

Figure 2: Pictured above is the special case of Theorem where A is
regular. The curved lines represent the spaces of regular mASD connections

in the slices SL(A,cf) and SL(A), respectively.

Proof. Take € > 0 to be no larger than the epsilon from the statement of
Proposition [4.3] Then it follows from that proposition and Remark [£.4] that,
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given A = v(h,V) with

*,0
s(A) =0, and |V = Viesllpp x) + |45, (V = Vi)

Lyx) <€

there is a unique p € Lg’é(QO) so that exp(u)*A € SL(Acr) and

*,0
lllzg + il < Cullase. (V — Vieg)]

Ly:

Set u = exp(p) and write u*A = 1(ha, Va) for ha € Hou and Va € LY 5(Q1).
Let expy,, : Be(0) C Ty, — H be the exponential map for the center man-
ifold based at h 4, and extend this to a map

exp(y, vyt Be(0) x LY 5(ker(d2’if)) — Hx sz,é(ker(dz’if))
(n,V) — (expy,(n),Va+V)

which is a C™-diffeomorphism in a neighborhood of (0,0). Using this, define
~ *,0
$: Ty M x L g (ker(dy ) — LB(QY), (3, V) — S(L(exp(hA’VA)(n, V))).

By definition of 04, the operator (Ds|sr(4))a @ 0 is surjective. The oper-
ators (Ds)4 and (Ds),- 4 are approximately equal when v is C%-close to the
identity (i.e., when ||pu||co is small). Thus, when e is sufficiently small, the
operator (Ds|sz(a,.,))u-4 © 04 is also surjective, as is (D5s) (g 9) @ 0. Then
we can choose a right inverse to (D3) o) © o of the form P @ 74, where
74 is the projection to HX,(;. For ¢ € LE(Q7 (X)), define

Ka(¢) = t(expp, vy (PC)).

This proves (a) in the statement of the theorem, by taking U C LY(QT (X))
to be small enough so that P(U) C B(0) x ker(dj{if).

To prove (b), we use the same implicit function theorem argument as in
Theorem Namely, set

S5(¢) = 5(PC) = (D3)(0,0P¢ — 5(0,0).

The argument of Claim 2 in the proof of Theorem [3.3] carries over to show
that S satisfies the quadratic estimate of Lemma We will show in a
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moment that there is a uniform constant Cy so that
(4.7) 13(0,0) [ < Cal|di (V= Viep)| -

From this and Lemma[3.7]it follows that, by assuming e is sufficiently small,
there is a unique ((A) so that

((A) + 5(¢(A)) = —5(0,0).

As we argued in the proof of Theorem this ((A) satisfies the asser-
tions of (b). The regularity and irreducibility assertions also follow as in
Theorem [3.3

It therefore suffices to verify ([4.7)). By definition of 5, we have $(0,0) =
s(u*A). Recall that the projection pp to the center manifold is gauge invari-
ant, so pr(u*A) = pr(A) = h. This implies

5(0,0) = s(u*A) = F[., - BES,
= Ad(zfl)F+ BET, i)
= Ad(uil)ﬁ B i(h)

B~ DES
where, in the penultimate equality, we used the assumption that s(A) =
F:{ — BF;(Lh) = 0 vanishes. By shrinking e further still, we may suppose
|lgellco < 1. Then the Taylor expansion for the exponential v = exp(u) gives

150,01 < CsllFfylesllall,
C1Gs [y oo

INIA

e

)Hco f V_Vv"ef)HLg'

The quantity HF Hco is bounded independent of h since Hyyr is compact.
(]

5. Gluing regular families

Throughout this section we work with the space AYP(Tr) for fixed 2 < p < 4.
We assume that § and the cutoff function S are chosen as in Section [4A]
We also assume /2 < pur., so the index formula discussed in Section
applies.
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We freely refer to the notation of Section[3] For k = 1,2, fix a precompact
open set

Gk g M\reg(ﬂ,rk,y Aref,k)

of Ayeyr-regular mASD connections on X, relative to some reference con-
nection A,r . Since the G}, are precompact, we can fix L, A > 0 so that
conclusions of Theorem hold for all (41, A2) € G1 X Ga2. (In our appli-
cations of the material of this section, the values of L and A will be fixed, so
we do not keep track of them in the notation.) Then Theorem produces
a regular mASD connection J (A1, A2) € AYP(Tr).

Ideally, we would want to view the mapping (Ai, As) — J (A1, A2) as
a function from G7 x G5 into a fixed mASD space. However, since the
Coulomb slice to which J(A;, A2) belongs depends on (Aj, A2) (cf. Re-
mark (b)), it is more natural to realize this mapping as a section of a
bundle. Towards this end, set

E = {(A1,A2,A) } A € Gy, A€ M\reg(ﬁaj(Al’AZ))}‘

Let II: £ — G1 x G4 be the projection to the first two factors. Then the
map

U(Ay, Az) := (A, A, T (A1, A2))

is clearly a section of the map II.

Theorem 5.1.

(a) For all sufficiently small A\ > 0, there is a neighborhood U C € of
the image of ¥ so that the restriction |y : U — G1 X Go is a locally triv-
ial fiber bundle. The fibers of II|yy can be identified with open subsets of
Moeg(Tr, Arey) for some Ayey.

More specifically, every (Ao, Ago) € G1 X Go is contained in an
open neighborhood V C G1 x G so that the following holds. Let A,eyr =
A'(Aqg, A2g) be the preglued connection, and consider the map K from The-
orem defined relative to this reference connection A,cr. Then the map
(5.2)

T (V) N U — V X Miyeg(T0, Avey) (A1, Az, A) —> (Ay, Ag, K(A))

1s a well-defined C™-diffeomorphism onto an open subset of the codomain,
and this map produces a local trivialization of Il|y; over V.
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(b) The map
P:=KoJ:Vr— M\reg(lrf‘aAref)

is a C™-embedding. If Ay or Ay is irreducible, then the connection ®(A1, Ag)
s also irreducible.

Part (b) can be restated by saying that, relative to the local trivilization
of (a), locally the section ¥ becomes a C"™-embedding onto an embedded C"™-
submanifold of the fiber. This is an mASD version of the familiar result for
ASD connections that gluing produces a parametrized family of connections
in the ASD moduli space for a connected sum. See Figure|3|for an illustration
of the fiber bundle in (a), and Figure |4] for an illustration of the specified
trivialization, as well as the map ®.

im(0)
E U
AN T ANV T AT N AN AN AN
1I v
G1 X Gg

Figure 3: The above picture illustrates the fiber bundle I|;; : U — G X
(G5 obtained by restricting the projection II: £ — G1 X Go to the open
submanifold ¢ C £. The fibers are C™-diffeomorphic to open subsets of
Mreg(%aA'ref)-

Remark 5.3. (a) We will also be interested in the case where G consists
of a single point (and so not necessarily an open set in the mASD space).
In this case, Theorem [5.1| continues to hold verbatim; there is no significant
change in the proofs to account for this extension.

(b) Recall the fiber isomorphism p from the beginning of Section 3| The
usual ASD gluing results (e.g., those of [0, 19, 20]) allows p to vary as a
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VQG1XG2

Figure 4: The horizontal arrow on the left is the C™-diffeomorphism
trivializing II|;; over V. This is a C"-diffeomorphism onto the region in V x
M\Teg(Tp, A,cy) represented by the dashed lines. It takes im (W), represented
by the solid arc, C"-diffeomorphically onto the region in V x M\Teg(ﬁ, Aref)
represented by the solid diagonal line. The horizontal arrow on the right is
the projection of V x Myeq(Tr, Ares) to the second factor. This takes the
region represented by the dotted (resp., dashed) lines in the domain onto
the region represented by the dotted (resp., dashed) line in the codomain.
It restricts to a C™-diffeomorphism from the region represented by the solid
diagonal line onto the region in the codomain represented by the solid line.
The vertical arrow is the projection of V x Myeq(Tr, Are f) to the first factor.
This restricts to a C™-diffeomorphism from the region represented by the
solid diagonal line onto V. The map ® is a C™-embedding and its image
is represented by the solid line in the picture on the right (despite what
the picture suggests, the dimension of the image of ® may not equal the
dimension of M,eq(7r, Arer); a higher dimensional illustration would be
needed to accurately represent this phenomenon).

“gluing parameter”. Presumably a similar construction could be carried out
in the mASD setting, with the expectation that a parametrized version of
the map ® from (a) would be a C™-diffeomorphism onto an open subset of
./T/l\reg(,]}, A,cr). Though we do not pursue the details of this parametrized
gluing construction here, the isomorphism p will play an active role in our
existence result of Section
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(c) We have chosen to phrase Theorem in terms of the reference con-
nection Aoy = A’(A10, A2o) given by the preglued connection. This is only
in preparation for our applications below, and this specific choice is by no
means necessary. Indeed, the proof will show the connection A,.s can be re-
placed by any connection that is sufficiently close to J(A1g, A2p) in the sense
that the coordinates of A,.y and J(A1o, A2g) satisfy the estimate (5.12).

We begin by giving several technical lemmas in Section which are
used to prove that @ is an immersion. The proof of Theorem [5.1] is given in

Section 5Bl

5A. Immersion lemmas

Our ultimate goal is to show that the map ® is an immersion. Recall this
is made up of the maps J and K, and hence of the maps J, &, K, of The-
orems [3.3] and .5l Each of the four lemmas below establishes an estimate
on the derivative of one of these latter four maps. To state the lemmas, we
introduce the following seminorms on the tangent space T4 AP (7r): Fix an
open subset U C X containing End X and let W € T4 AYP(Tr). Using the
isomorphism , we can identify W with a pair

(n,V) € TyayHr x I 5(Q1(X)).
Then set

*,0
IWllcwya = Inllzovy + IV ey + 145V ey + 145°V I ey

where the derivatives defining the norm || - [|zz(n) on T4 Hr are defined
using the connection I'. Then || - [[£(1r);4 is a continuous seminorm. These
seminorms are gauge-invariant in the sense that

(5.4) Wl 2@ya = 1AW YW | 20y 4

for all gauge transformations u € Qg’p (T"); here, via a slight abuse of notation,
we are writing Ad(u=!)W for the linearization in the direction of W of the
map A — u*A. We use similar notation on the Xj;. We note that if U = X,
then || - [|z(x);4 is a norm that induces the topology on T4 A"P(Tr). When
the metric g7, ) is relevant, we will include it in the notation by writing

H : HE(X,gL,A);A'
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Our first lemma deals with the map (A1, A2,§) — Ja, a,(§). To first
order, this map is the sum of the pregluing map (A, Ay) — A'(A;, A3) to-
gether with a map that is bounded in £. We now quantify this to an extent
that is sufficient for our purposes.

Lemma 5.5. Fix connections Ay € Gy for k=1,2. There are constants
C,L, )y, e >0 so that the following holds for all 0 < X < Xy and all & €
Lg(Q"’(X),gL,)\) with H§||L§(X,gL,A) < €. Let DJ(A17A2,£)(W1,W2,$) denote
the linearization at (Ay, A2, &) in the direction (W1, Wa, ) of the map

(A1, A2,6) — Ja, a,()

from Theorem|[3.9 (a). Then

2

S IWall 2, < C(HDJ(A1,A2,£)(W17 Wa, )|l 2(x,g1.0),4° + HmHLf;(X,gL,A))
k=1

for all Wy, € Ta, Gy, and all x € LY(Q(X), gr,\), where A" := A'(Aq1, Ag) is

the preglued connection. The constants C, L, \g, € can be chosen to depend
continuously on the Ay € Gy.

The next lemma shows that the map (A, A2) — &(A1, A2) depends min-
imally on the connections A;, As. In the next section, this will combine with
the previous lemma to show that the map J (A1, A2) = Ja, 4,(&(A1, Az)) is
approximately the pregluing map (Aj, As) — A’(A1, Ay) for X small; at this
point it will follow that 7 is an immersion.

Lemma 5.6. Fiz Ay € Gy, for k = 1,2. Then there are constants C, L, \y >
0 so that the following holds for all 0 < X\ < Ag. Let D&, 4,)(W1, Wa) de-
note the linearization at (A1, As) in the direction (W1, Wa) of the map

(A1, Ag) — §(A1, Ag)
from Theorem[3.9 (c). Then this satisfies
2
D&, 4,) (W1, Wo)ll Lo (x,g, ) < b4/p02 Wl 2(x);A%
k=1

for all Wy, € Ts, Gy, where b = ALNY2. The constants C, L, \g can be chosen
to depend continuously on the Ay € Gy.
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These next two lemmas are analogues of the previous two, but for the
map K(A) = K4(C(A)) in place of J (A1, A2) = Ja, 4,(£(A1, A2)).

Lemma 5.7. Fiz a regular connection Ayef € AYP(Tr). Then there
are constants C, € >0 so that_the following holds for all connections
A€ Myey(Tr, Arey) satisfying (@/ with respect to any 0<e<¢€. Let
DK 5,)(W, z) denote the linearization at (A,() in the direction (W, z) of
the map

from Theorem[{.5 (a). Then this satisfies

IWllzoo.a < C(IDE 0 (W, 2l a0 + 12l zs0))

for all W € TA./(/l\Teg(’Hﬂ,Aref) and all z € LY(QT(X)). The constants C, e
can be chosen to depend continuously on A and A,y.

Lemma 5.8. Fiz a regular connection Ayer € AYP(Tr). Then there are
constants C, € >0 so that_the following holds for all connections A €
Meg(Tr, Arey) satisfying with respect to any 0 < e < €. Let D{aW
denote the linearization at A in the direction W of the map

A— ((A)
from Theorem[.5 (b). Then this satisfies
*,0
[DCaW ||z x) < Clld5" (V= Viep)llz )Wl 2(x),a

for all W € TA./T/l\Teg(’E, Aref). The constants C, e can be chosen to depend
continuously on Ayey.

Now we give the proofs of Lemmas and in that order.

Proof of Lemma [5.5 The tangent space T4, Gy is cut out by linear elliptic
equations. In particular, unique continuation holds for the elements of this
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tangent space, and so the assignment

Wi = Wil cxnB, 2., )i
defines a norm on T4, Gi. Since T4, Gy, is a finite-dimensional vector space,
any two norms are equivalent and so there is a constant C; so that

IWellexosae < CillWelle(xn\B, 120, )iAx

(zg)

for all Wy, € T4, G. A simple contradiction argument shows that this con-
stant can be taken to be independent of L, A, provided L > 1 and A is suffi-
ciently small.

Now fix tangent vectors Wy € T4, G for k = 1,2. Since Ay is regular,
we can find a C™-smooth path Ag(7) of Ag-regular mASD connections with
Ak(O) == Ak and %|T:0Ak(7—) = Wk. Let W, = %|T:0A/(A1(T), AQ(T)) Note
that the construction of the preglued connection A’(A1, A2) implies there is
a uniform constant C9 so that

D IWalleas, s @) < Co W] 2 xyaranan)
!

provided A\ > 0 is sufficiently small. Thus we have

(5.9) > Wl zxyia, < CLCo Wl 2 xey.a
k

The next claim ties this in with the linearization of the map J at
(A1, Az, €) when £ = 0.

Claim 1: DJ(Al,AQ,O)(Wla Wy, x) =W'+ (DL)L—I(A/)P(L', VY € L§(9+(X))

Here P is the right-inverse from the proof Theorem This depends on
Ay, As, so to emphasize this, we will temporarily write P4, 4, := P. Consider
the map

(5.10) (A, &) — voexp,-1(4) (Pa, 4,€)

where A ranges over all connections near A’ = A’(A1, A3) and £ ranges over
all self-dual 2-forms near 0. The linearization of (5.10)) at (A’,0) is the op-
erator

(W,x) — W + (DL)L—I(A/)(PAhAZI').



2246 D. L. Duncan and I. Hambleton

Recall from the proof of Theorem [3.3] that

Ja,,4,(§) =1 (eXpL*I(A’(Al,AQ)) (PAI,A25)> :

That is, (A1, A42,8) — Ja, 4,(§) is the map precomposed with
A'(Aq, As) in the A-component. Then Claim 1 follows from the chain rule
and the fact that we are differentiating at £ = 0, which Kkills off all terms
involving the Aj-derivatives of Py, 4,.

In summary, we have

D IWallexa, < CrO2 W4 xyenrcaran
k

C1Co([[W' + (D)1 ary P £ xy,a0 + H(DL)L—l(A')PwHL(X);A’)
C1C2( |DJ 4, 4,,0) (W1, Wa, )| £(x);40 + H(DL)rl(A/)Px||c(X);AI>-

IN

We will discuss each term on the right individually.

The first term on the right is almost satisfactory, except we linearized
at (A1, A2,0) instead of (A1, As, ). To account for this, note that it follows
from our regularity assumptions and Theorem that J is C™-smooth. In
particular, Taylor’s theorem gives

[(DJa,,45,6) = DJ(a,,4,,0) W1, Wa, )| (x40
< Gz (Il + 3 1Wellexa, )
k

for some constant C3 that depends continuously on the A and A.

Claim 2: The constant C3 can be taken to be independent of A\, provided A
is sufficiently small.

To see this, recall that the proof of Taylor’s theorem shows that C3 can
be taken to be a constant multiple of the supremum of the operator norm of
the second derivative of J at (A1, A2,0). By the chain rule, it therefore suf-
fices to uniformly estimate the first two derivatives of ¢,exp,-1(4/(4,, 4,)) and
P = Py, a,. Obtaining such estimates for ¢ and the exponential map follow
readily because the gluing region is in the complement of the cylindrical end
(e.g., ¢ is affine-linear over this gluing region). That the derivatives of P are
uniformly bounded is addressed in Remark (a), above.
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With this claim in hand, we have

D 1MWl x5
!

< ClC?(HDJ(Al,Az,E)(le Wa, @)l cx)ar + H(D")L—l(A')PxHE(X);A/>
+C1CCs€ a0y (I zzx) + 3 IVl o, )
k

When [[¢]|zp(x) < € :=1/2C1CoCs this implies that »  [[Willz(x,)a, is

k
bounded by

20102(”DJ(A1,A2,§)(W17 Wa, )l £(x),ar + H(Db)b—l(A/)PJUHaX);A/) + %l 2 x)-

The lemma now follows from the next claim.

Claim 8: There are constants Cy, L, \g > 0 so that

(D), 14 Pl £x,9, )40 < CallZl e (x,9.0)

for all x and all 0 < X\ < X\g. These constants can be chosen to depend con-
tinuously on the Ay, € AP (Tir,).

We briefly sketch the proof, leaving the details to the reader. Use the fact
that P is uniformly bounded to control the zeroth order terms appearing
in the definition of || - ||z(x);a-- The term involving dZ’fS vanishes because P
takes values in the slice. To control the d;, term use the fact that P is a right
inverse to an operator that is essentially d, plus lower order terms. O

Proof of Lemmal[5.7 Fix A and W as in the lemma. Let A(7) be a path in
Meg(Tr, Arey) that is C™-smooth and satisfies A(0) = A and d%\T:oA(T) =
W. Let pir = pu(A(7), Arey) be the 0-form from Proposition [£.3] associated to
A(7) and A,c5. Set

ur :=exp(p,), A =ujd, W = .

By the product rule, we have

d
dr

W' = Ad(ug )W + dA,<

TZOMT) '
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Now the gauge invariance (5.4) and the definition of our norms give

IWllzx)a = [1Ad(ug YWl (x40

< I lecom + e (3o
14 d |
=W ||£(X);A’ + HdA,(dT rzouT)‘ LE(X)
‘*"[EE;’(éiT:o“T>} ’L§¢x>+_‘d2§dA/(;iT=0“T>‘L§LXY

Focusing on the second term on the right, we note that the operator dj{fS is
injective on im(d /) so there is a bound of the form

o (il o) o)

dr
As for the third term on the right, the fact that A is mASD implies that FX
is uniformly bounded in C% the same is therefore true of Fii, = Ad(ual)FX.
Combining this with the fact that the operator djﬁ{fsd A/ is injective on O-forms,
we obtain

a
dr

L§(X)

L) = CH‘

dj?dA,<

Pl (#, )] Cal[ | _
H[ A \ar | o ) — e o LE(X)
< C Hd“?d (& pe) .
= |t ar | oh ) s
In summary, we have
IWheona < W e+ (0 Cot )|l ()|, o

Our hypotheses imply that A" and A,y differ by a term that is controlled
by the C%-norm of p. This implies we have an estimate of the form

| ) )

To estimate this further, differentiate the defining identity 0 = d;’if (urA; —
Aper) at 7 =0 to get

d
dr

a
dr

dlda(

<:cu‘

*,0
dAref dA/ (

L L
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Thus
e (#] gl = el
< |atwl| , +csiwi
= |legw| + cowg
< max(L, C5) [ W7 cxyear-
Hence

IWlzix)a < CsllW'l| £(x),ar

where Cg =1+ (1+ Cy + C3)Cymax(1,C5). To finish the proof of the
lemma, argue exactly as we did in the proof of Lemma [5.5] starting after

the estimate (5.9)). O

Proof of Lemmal5.6 Let Ag(r) be a C™-smooth path in Gj satisfying
Ap(0) = A and | —0Ag(1) = Wi. Set &; := £(A;(7), A3(7)). Note that the

T-derivative

d
2l &=D Wy, W
7 13 Ay, A,) (W1, Wa)

is the term that we are looking to bound.

The regularity hypotheses and Theorem [3.3| (¢) imply that &, satisfies
0 = s(J7(&r)) for all 7, where J; := Jy4, (1), 4,(r) is the map from Theorem
(a). Continuing to use a subscript 7 for any term defined in terms of the
Ag(7) (and hence dependent on 7), we recall the definition of s from the
proof of Theorem in particular, this satisfies s(J;(-)) = s(P;(-)). The
Taylor expansion of s therefore gives

=0

0=s(J7(&)) = s(Pr (&) = 57(0,0) + & + S-(&7)-
Differentiate the right-hand side at 7 = 0 and rearrange to get

d d d

(511) E 7:067— - _% TzOST(O,O) - %

d

S (60) = (DS0)e, (-

TZOST)

where (DSp)e, is the linearization at & of Sy. We will return to this after
we estimate each term on the right individually.

For the first term on the right of (5.11]), note that s-(0,0) = s(A”) de-
pends on 7 only through the preglued connection A’ := A'(Ai(7), Aa(7)).
Moreover, the proof of shows that s(A’) is equal to a product of a cut-
off function supported in the gluing region, times the connection form for

7=0
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A’ in this region. In particular, differentiating this in 7, the same argument
used for (3.1]) allows us to conclude a uniform bound of the form

IN

5:(0,0)

c, b4/p’

!/
_OAT

a da
dr 7=0 L?(ngL)\) dr T ‘C(XagL-)\):A()

Cob?/e Xk: HWkHL‘,(X);Ak

IN

where the second inequality follows by differentiating the defining formula
for the preglued connection A’(Aj, A). This is the desired bound on the
first term.

The second term on the right of is similar, albeit a little more
involved. The point here is that the quadratic estimates on S; give a uniform
bound of the form

57(50)‘

< Cslléoll e (x.,g..0) Z HW’“HTA A
k k

=
dT Lg(ngL,A) -

=0

Theorem (c) gives [[€ollLr(x,g0.0) < C4b*/?, so the desired estimate for
this term follows.

Turn now to the last term on the right of . By the estimate ,
the linearization (DSp)e, satisfies

1(DS0)eo& |2z (x,90.0) < 2610l 2z (x.9. ) 1E I 2 (X g2 0)

for all &' Since (ol zz(x,g,.,) < C4b*/P, we may assume that 1€l 2z (x,g.0) <
1/4k, which gives

1
|| (DSO)§0§/|’L§(X79L,/\) < D) ||£/HL§(X79L,A)'

To see that the above estimates imply the lemma, take the norm of each
side of (5.11]) and use the estimates just established to obtain

|21, ¢
drlr=0""11L2(X,g1.2)

< (CQ + 0304)()4/;02 HWk
k

&|

yr
Ta, A 2lldTlr=0 Lf;)(XygL,)\).

The corollary follows by subtracting the last term from both sides, and using

the identity Df(Al,Az)(Wh WQ) = %‘ 7067- .
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Proof of Lemma[5.8. This follows from the same type of argument given for
Lemma 0

5B. Proof of Theorem [5.1]

Let € >0 be small enough so that Theorem holds with this value
of e. Define U to be the set of triples (A1, Ag, A) with A € Gy and
A e M(Tr,TJ(A1, Ag)), and so that

*,0
(5.12)  [[h = hollzz(ny + IV = Voll g () + 15, (V = Vo)l Lz (x) < €/3

where A = ¢(h, V) and Ag = t(ho, Vo) := J (A1, Az). Since all elements of the
G are regular, it follows from Theorem that J (A1, Ag) is regular, so
any connection A satisfying is automatically Ag-regular. Thus i C £.
To show that I|;;: U — G1 x G2 is locally trivial, fix (A1g, Ag) € Gy X
Ga, and set A,cp:= A'(A1, A2). By and the fact that J (Ao, A2o)
takes values in the A,.s-slice, by choosing A sufficiently small, it follows that
the coordinates of A,y and J(A1o, A2g) satisfy the estimate ; in fact,
this estimate is uniform in A, in the sense that it holds for all sufficiently
small . Fix any such \; we will refine this choice in the next paragraph.
Take V C G1 x G3 to be a neighborhood of (A1, A20) that is small enough
so that if (Aq, A2) € V, then the components of A,.r and A’'(A, Ag) satisfy
. Though we do not use this observation presently, we note that the set
V can also be chosen to be uniform in A, provided A > 0 is sufficiently small;
this is due to the scaling properties the LP -norm of 1-forms [5, p.293].
Use two applications of the triangle inequality to conclude that, for any
triple (Ay, Az, A) € II71(V) NU, the pair A, A,.f satisfies the hypotheses of
Theorem Thus the map is well-defined and indeed provides a local
trivialization of II|y,.
__ To finish the proof, it suffices to show that the map ® =Ko J:V —
Meg(Tr, Arey) is a C™-immersion; it can then be made into an embedding
by further shrinking V, if necessary. Since ® = K o 7, it suffices to show that
J and K are immersions for all A > 0 sufficiently small. For 7, note that
the linearization at (A, A2) is the map

(W1, Wa) m— DJ(a,, a5.6(A1,42)) (W1, Wa, DE( 4, a,) (W1, Wa)).
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Suppose this vanishes at some (W7, W3). Then by Lemmas and we
would have

Z ||Wk:||£(Xk)7Ak < Cb4/p Z ||W]€||£(Xk),Ak
k k

By taking A > 0 sufficiently small, we may assume Cb%? < 1 and so W}, = 0.
Thus J is an immersion. A similar argument, but using Lemmas[5.7]and [5.8]
shows that K is an immersion for small A.

The irreducibility claims follow from the analogous claims appearing in

Theorems [3.3] and .5l O
6. Existence results

Let X be an oriented cylindrical end 4-manifold with b*(X) = 0 or 1. In this
section, we will show how to use the above framework to prove the existence
of families of mASD connections on X the cases b™(X) = 0 and b+ (X) = 1
are treated in Sections [6B] and [6C] respectively. The ASD existence result
Theorem [A] is proved in Section [6D]

Part of our existence results state that the connections we construct are
topologically non-trivial in a certain sense. In the case of closed 4-manifolds,
this non-triviality is captured by the non-vanishing of a characteristic class
of the bundle supporting the connections. In the present cylindrical end
setting, we will use a certain relative characteristic class to measure this
non-triviality. The details of this are carried out in Section [6A]

6A. Relative characteristic classes and adapted bundles

This section reviews topological quantities associated to 4-manifolds with
cylindrical ends. We begin with a review of characteristic classes in the
closed (compact with no boundary) setting.

Suppose Z is a closed, oriented 4-manifold and P — Z is a principal
G-bundle. We define

P) = L
Ii( ) = _W Z<FA/\FA>

where A € A(P) is any connection and (F4 A Fy) is obtained by combining
the wedge and the inner product on g defined via the immersion . Then
k(P) is independent of the choice of A by the Bianchi identity. Topologi-
cally, k(P) = ca(P x¢ C")[Z] is the second Chern number of the C"-bundle
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associated to P via the map and the standard action of SU(r) on C".
In particular, k(P) € Z is an integer representing an obstruction to P being
trivializable.

Now consider the bundle Q —+ N over the 3-manifold N, and fix a
gauge transformation u € G(Q). We can form the mapping torus @, =
[0,1] x Q/(0,u(q)) ~ (1,q) which is a principal G-bundle over S' x N. Then
we define the degree of u to be the integer

deg(u) = £(Qu).

This depends only on the homotopy type of u and so descends to a group
homomorphism

deg: m(G(Q)) — Z

from the group of components of G(Q). The degree is an obstruction to
extending u to a gauge transformation on Xy (or equivalently X ). We denote
by Go(Q) the subgroup of degree-zero gauge transformations. When G is
simply-connected, the degree deg: my(G(Q)) — Z is injective, and so Gy(Q)
is exactly the identity component of G(Q).

Since the cylinder End X deformation retracts to the 3-manifold N,
we have a natural isomorphism 7y(G(End X)) = 7o(G(N)) and so the de-
gree provides a homomorphism deg: 7o(G(End X)) — Z. We denote by
Go(End X) the degree-zero elements of G(End X).

We will be working with principal G-bundles on the cylindrical end 4-
manifold X. Bundle isomorphism is too course of an equivalence relation to
be useful in the cylindrical-end setting (e.g., when G is simply-connected, all
principal G-bundles are trivializable since H*(X) = 0). A more useful rela-
tion for our purposes deals with adapted bundles, which are pairs (E, Agnqg),
where ¥ — X is a principal G-bundle, and Ag,q is a connection on the cylin-
drical end End X. Then we say that (E, Agna) is equivalent to (E', Af,q) if
there is a bundle isomorphism from F to E' that carries Agnq to Af, . See
Donaldson’s book [4, Section 3.2] for more details; note that Donaldson only
treats flat connections Agnq, but our applications require that we extend the
discussion.

By the above discussion, it follows that Go(End X) consists of gauge
transformations on End X that have extensions to E — X. Thus, any
adapted bundle (F, Agnq) depends on Agng only through its Go(End X)-
equivalence class. The next example illustrates an interplay between the
degree and the equivalence classes of adapted bundles; it will be relevant to
our gluing discussion below.
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Example 6.1. Fix an adapted bundle (F, Ag,q) and a point x € X. Sup-
pose By — S* is a principal G-bundle with x(E;) = ¢ € Z. Taking the con-
nected sum of X and S* at x, we recover the same manifold back X = X#54,
up to diffeomorphism. At the bundle level, we can carry out a similar con-
nected sum procedure to obtain a bundle E' = E#E, over X. Provided
x € X is not on the end, the connection Ag,q can be viewed as a connec-
tion on E’. Then the adapted bundles (E, Agnq) and (E’, Agpq) are equiva-
lent if and only if £ = 0. More generally, there is a gauge transformation u
on End X with deg(u) = ¢, and so that the adapted bundle (E,u*Agyq) is
equivalent to (E’, Agpqg)-

Assume that the connection Ag,q converges on the end in the sense that
lim A =T
Jim Agnal ey

for some connection I' on N, where the limit is in L2(V), say. Let A be any
connection on £ that restricts on End X to Agnq. Then the quantity

1
KJ(E, AEnd) = lim —2/ <FA /\FA>
T XoU[0,T]x N

is well-defined and independent of the choice of A. We will call k(E, Agna)
the relative characteristic number of the adapted bundle (E, Agnq). It de-

pends on Agnq only through the value of I' and the topological type of E.
Indeed, if B/ = E#E, is as in Example then

k(E', Agna) = &(E, Agna) + £.
Moreover, if Agnq is asymptotic to I', then working modulo Z, we recover
872k (E, Agnq) = CS(I) mod 7Z

the Chern—Simons value of I" as defined in [17, Section 2.1] (here one should
interpret the trace in [17] as the one induced from (2.1))).

6B. Existence when b+ (X) =0

Let FEiiv — X be the trivial bundle, A4y the trivial connection on Eiiy,
and I'yyy the trivial connection on the end. Fix thickening data 7r,, . Here
we assume § and [ are chosen as in the beginning of Section |5l We recall
from Section that the thickening data also includes the choice of €5 > 0
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so that any two points in the center manifold have Chern—Simons values
differing by €p/2. For each 0 < € < €y, we will write 7 (¢) for the same set of
thickening data as Tr,,, , but with € in place of €.

Let Ey — S* be a principal G-bundle with x(Ey) = £ € Z, where  is the
characteristic number of Section [6Al We will write

M(S*,G) :={A € A(Ey) | F{ =0} / G(E)

for the moduli space of ASD connections on Ej; here we are working relative
to the standard metric on S*. Let M (S%, G) € M,(S*, G) denote the subset
of irreducible ASD connections. The existence of irreducible ASD connec-
tions on S* was studied extensively in [II, Section 8]. For example, when G' =
SU(r) and the embedding is the identity, then the space M (S%,SU(r))
is nonempty if and only if ¢ > r/2. The most famous situation is when
G =SU(2) and £ = 1, in which case M (5%, SU(2)) = M}(S* SU(2)) and
this is diffeomorphic to the open unit ball in R®. The dimension of M} (5%, G)
for general simple, simply-connected G is given in [I, Table 8.1].

The following is the first of our main existence results for mASD con-
nections; Theorem [C|with b (X) = 0 from the introduction is an immediate
consequence.

Theorem 6.2 (Existence of mASD-connections when b+t =0). As-
sume bT(X) =0 and Ay is an irreducible ASD connection on E; — S* for
some ¢ € Z. Then for every 0 < € < €g, there is

(a) a neighborhood V C My(S*, G) of [Ag] € My(S*,G);

(b) a trivializable principal G-bundle E — X that is canonically trivial on
the end;

(¢) a connection A" on E that is flat in the complement of a compact set,
asymptotic to T' on the end, and satisfies k(E, A'|gnax) = ¢; and

(d) a C™-embedding
BV — Myeg(T(e), A).

The image of ® consists of irreducible connections. In particular, there exist
an irreducible, reqgular mASD connection A on E with |k(E, Algna x) — ¢| <
€/2.

For £ # 0 and 0 < € < 2|/, the condition |k(E, Algnax) — | < €/2 im-
plies that A is not flat. (The analogous statement in the case where X
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is closed and G =SU(r) is that A is supported on a bundle P with
c(P)[X]=1¢.)

Proof of Theorem[6.3 View S* as a cylindrical end 4-manifold with no ends,
and let 7y be the empty set of thickening data as in Section Form the
connected sum of S* and X at any point in S* and any point in X lying
in the interior of the compact part. Note that all ASD connections on S*
are regular (e.g., use the Weitzenbock formula [5, (7.1.23)]). In particular,
since Ay is irreducible and regular, there is a neighborhood V C M}(SA‘, G)
of [Ay] that is diffeomorphic to a precompact open set G; C M\Teg(%, Ap)
containing Ay; that is, V consists of gauge equivalence classes of regular,
irreducible ASD connections on S*, and G consists of their lifts to the
Coulomb slice through Ay. Using this diffeomorphism, we identify V and G;.

By Proposition the assumption b (X) =0 implies that Aggy is
regular; see also Remark Then the singleton set G := { Ay} plainly
consists of regular connections. By Remark (a), we can apply Theo-
rem with this Gs. Define E := Ei#FE; to be the connected sum bun-
dle as in Section equipped with thickening data T (€¢). Take A’ to be
the preglued connection, which is plainly asymptotic to I'yiy. In particular,
k(F; A'|gna x) = £ due to the discussion of Section By possibly shrinking
V, if necessary, we define ® to be the C""-embedding of the same name from
Theorem[5.1] (b) (here we are using the identifications V & G; = G x Go). If
A is any connection in the image of ®, then |k(E, A|gna x) — ¢| < €/2 follows
from the definition of € as a parameter in the set of thickening data and the
fact that k(FE; A|gng x) recovers the Chern—Simons value of the asymptotic
limit of A. [l

6C. Existence when b1 (X) =1

Here we consider the case where b™(X) = 1 and G = SU(2). We assume
is the identity (so r = 2); then the characteristic number £ from Section
is the second Chern number. Fix thickening data 7r,,,, and assume § and 3
are chosen as in the beginning of Section 5 Define 7 (€) as in Section [6B] The
following is the second of our main existence results for mASD connections.
Theorem |C| with b (X) = 1 is an immediate consequence.

Theorem 6.3 (Existence of mASD-connections when v* =1). As-
sume bT(X) =1 and fix an integer £ > 2. Then for every 0 < € < €, there
18
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(a) a trivializable principal SU(2)-bundle E — X that is canonically trivial
on the end;

(b) a connection A" on E that is flat in the complement of a compact set,
asymptotic to T' on the end, and satisfies k(E; A'|lgnax) = ¢; and

(¢) an irreducible mASD connection A € M\(T(e), A") on E satisfying
’K(E, A’EndX) — €| < 6/2.

Proof. Our proof follows that of [20, Section 7] and [3, pp. 327—334].
The assumption that b = 1 implies that the cokernel of the operator d™ :
L (X, R)) — LE(Q* (X, R)) is one-dimensional. As in Section this
cokernel can be realized as the space HT(X,R) of closed self-dual 2-forms
in L?(Q7(X,R)) that restrict on each slice {t} x N to be orthogonal to
the space of harmonic forms on N. Fix a non-zero element wg € HT (X, R);
this is unique up to scaling. By unique continuation for solutions of el-
liptic equations, it follows that the set of points in X where wg does not
vanish is open and dense. In particular, we can find two distinct points
x1,x2 € int(Xp) with wo(x1) # 0 and wo(z2) # 0. When ¢ > 2, choose ad-
ditional points xs,...,xs_o € int(Xy); these can be arbitrarily chosen, pro-
vided the z; are all distinct. The gluing Theorem [3.3] has a straightforward
extension to handle gluing for multiple connected sums that we briefly de-
scribe now.
Fix scaling parameters A1,..., Ay > 0, and set

A= max(A1, ..., \g).

Here we will consider ¢ copies of S*; denote these copies by S7,...,S#, and
fix points x} € S¥. Then as we did in Section glue z; € Xp to o} € S}
over balls with radii controlled by A;.

At the bundle level, let Ey, — X be the trivial SU(2)-bundle, and
let By — S* be the SU(2)-bundle with (E;) = c2(E1) [S*] = 1. More con-
cretely, we can take F; to be the frame bundle of AT7T*5* (then ATT*S*
is the adjoint bundle of E7). In Section [3| gluing the bundles depended on
the choice of fiber isomorphism p identifying the fibers of the principal bun-
dles at the gluing points. In the present setting with ¢ gluing points, this
corresponds to the choice of a fiber isomorphism

pi € Gl; = Homgy (o) (Etriv)z:s (E1)2;)

foreach 1 < < /.
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Let Aty be the trivial connection on Eiy. Let A’ be the preglued con-
nection on F obtained from Ai;, and the standard “one-instanton” Ag
on each of the bundles F; — 5’14 for 1 <i< /. Then k(E,A'|gnax) =4
note that A’ depends on the \; and p;. The proof of Theorem extends
to produce C, L, Ao, J,7, and § € LE(QT (X)), satisfying the conditions of
Theorem [3.3| (a)—(c) and Corollary whenever 0 < A < Ag; though we
suppress this in the notation, these quantities depend on the connections
Agriv and Agt, as well as the isomorphisms p;. In particular, the connection
A = J(§) is irreducible and satisfies

s(A) = —om§ and |k(E, Algnax) — 4| < €/2.

It suffices to show that the A; and p; can be chosen so that onf = 0,
since this implies that A is mASD. For this, let X’ be the complement in X
of the L)\(l)/ ?_balls around the x;; we assume A is small enough so these balls
do not intersect and are contained in Xy. Note that the bundles £ and FEiy
are canonically identified over X'/, and so over X’ we can compare 2-forms

on Fy, with 2-forms on E. The self-dual 2-form on§ vanishes if and only if
the integral

(6.4) / /(w Nom€) =0

vanishes for all w € HT (X, ad(Auiv)) = HT(X,R) ® g.

Claim:
(65) [ wnome) = di({up}) + 00
where

‘
do({ i, o) },) =Y Abtr(pieo(a:).
i=1

Here tr(piw(z;)) € R is the pairing of p; and w(x;) as described in [3|
Equation (5.3)]. We will prove this claim below, but first we will show how
it is used to finish the proof of the theorem. From the discussion leading up
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to the claim, we are interested in the simultaneous system of equations
(6.6) a,({(Xi,pi)},) =0 Vw € HT (X, ad(Ayiy))-

When ¢ = 2, the argument of [3, Section V(ii)] carries over verbatim to show
that the solutions set of the system is non-empty and cut out trans-
versely, whenever max (A1, A2) is sufficiently small. This uses the assumption
wo(z1),wo(w2) # 0. Note that Donaldson’s argument uses b+ (X) = 1. (Al-
ternatively, the reader could follow the original argument of Taubes [20]
Prop. 7.1], but our notation is more inline with that of [3].) When ¢ > 2, it
was pointed out by Taubes [20, Prop. 6.2] that by taking max(As, ..., )
sufficiently small relative to max (A1, \2), any transverse zero of ¢2 implies
the existence of a transverse zero of ¢/,. In summary, for each £ > 2, there are
Ay >0 and p € (0,1) so that the system has a nonempty, transverse

solution set, for all A\1,..., Ay > 0 with
max(A1, A2) < Af and max(Ag, ..., A\¢) < pmax(Ar, A2).
For any such A1, ..., Ay, since ¢/, is O(A?), it then follows from the transver-

sality of ¢©, = 0 and the identity (6.5) that the solution sets to (6.4) and

are diffeomorphic, provided A is sufficiently small. In particular, there is a
simultaneous zero {(\;, p;)}Y_, of the solution set to (6.4)). For this collection
of gluing data, the glued connection A is therefore mASD, as desired.

It therefore suffices to verify the above Claim. We will first unpack the
notation. Note that the preglued connection A’ restricts on X’ to equal the
trivial flat connection. Let A’(\g) be the preglued connection defined using
Ao at every gluing site, and the same p; as was used to define A’ (so the
only difference between A’ and A’()\g) is that the former uses \; at the
gluing site x;, while the latter uses Ao at all gluing sites). Define the map
i (and hence ¢) using A’(\g) as a reference connection. Write I' = I,y for
the trivial connection on N. Then we can write A’ = t(Tiiv, V') = i(Tiriv) +
V' = A'(A\o) + V' for some 1-form V'. It follows that V'|x» = 0, and we note
also that A'(Ao)|x' = Atriv-

Next, recall the map P : L§(Q%) — TrH x Lf 5(2') from Claim 1 in the
proof of Theorem and write P¢ = (n,V). The definition of the map
J = Ja,.. A, gives

J(€) = i(expp(n) + V' +V

where expr : TtH — H is the exponential. The observations of the previous
paragraph combine with the formula (2.11]) to give that the restriction of
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s(A) takes the following form:

s(A)|x = (1—-BE}

i(expr(n

1

+ L +

N T Liexpoap)V 3 VAVE
Returning to the integral (6.4), we can use the defining property of £

and the above identity for s(A) to get

(6.7)

| wnomgy = = [ wnsay

_ Y + _ +
= /X’(l p )<w A ‘Fi(expr(n))> / , <w A di(eXPr(n))V>

—;/ WAV AV,
.

Focus on the last term on the right. Recall from Lemma that w decays
. . + . .
in CO like e~#rt. In particular, w is bounded and so

// (WA VAV S GV x) < CrlVIT2x) < CillPEIIT2x

for some constant C7. By Corollaries and this term decays like A3:

—% / (A VAV = 0()

We can control the nonlinear parts of the other two terms in (6.7]) similarly.
Indeed, use i(expr(n)) = Awiv + (Di)rn + O(n?) and the expansion formulas
for the curvature and covariant derivative, to get

/l<w/\a7rf> = —//(1—5’)<wAd+(Di)p7]>—/ (wAdTV) +O0(N\3)

’

where d = d4,,, . Focus on the first term on the right (there is no analogue
of this term in the standard ASD framework). It follows from the definitions
of 8" and i that (1 — 8")(d™(Di)rn) is supported on [T — 1/2,T +1/2] x N.
Using the formula , we have

_ / (1= 8w A d* (Di)rn) = —/ (1= BY@WB")(w A (dt Am)*t) =0

/

where the last equality uses the facts that (i) n € Hf, s in the harmonic
space on N, and (ii) elements of HT (X, ad(Aty)) restrict on each slice to
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be orthogonal to H%mv. In summary, this gives

//(w/\mr@ _ —//(wAdJrV)—l—O()\?’)

= / (WA V) +O0(N).
1.4

What remains is to estimate the integral [, (w A V). This is an integral tak-
ing place at the boundary of the disks centered at the gluing sites z1, . .., zy.
In particular, this integral is identical to the analogous term that arises when
gluing in the standard ASD setting (e.g., see the top of [3, p. 328]). Then
the argument of [3| pp. 328—331] carries over verbatim to give

/ WAV = (L)) + OY).
o0xX’

This proves (6.5]). O

6D. An ASD existence result and a proof of Theorem [A]

Recall from Section the definition of the vector field Zr on the center
manifold. We will be interested in the case where the flat connection I’
satisfies the following hypothesis:

Hypothesis H. There is a neighborhood U C Hr of I so that every a € U
flows under Er to a flat connection in U.

Example 6.8.

(a) Recall from Section that Ur is a neighborhood of I' in the
Coulomb slice through I'. Suppose the set of flat connections in Ut is smooth
in a neighborhood U’ C Ut of I" and has the same dimension as Hr. Then
U := U’ N Hr satisfies Hypothesis

(b) The assumption of (a) trivially holds when I' is non-degenerate, since
Hr consists of a single point. More generally, the assumption of (a) also
holds when the Chern—Simons function is Morse-Bott in a neighborhood of
I’ (though there is no assumption in part (a) about the nondegeneracy of
the Hessian in the normal directions).

(c) Suppose N = T3, and let T be a flat connection on the trivial SU(2)-
bundle. If T" is not gauge equivalent to the trivial connection, then I satisfies
the assumption in (a), and hence Hypothesis [Hf see [10, Lemma 14.2(i)].
However, the trivial connection on T does not satisfy Hypothesis
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The main usefulness of Hypothesis [H] for us is through the following
theorem.

Theorem 6.9. Consider the situation of Theorem and assume A1 and
Ay are regular. In addition, assume that T'y and Ty each satisfy Hypothesis[H}
Let A\g > 0 be the constant from Theorem . Then there is some 0 < )\6 <
Ao so that for all X € (0, X)) the mASD connection J (A1, A2) guaranteed by
Theorem (and hence by Theorems @ and@ is in fact ASD.

Proof. Fix 0 < A < ¢ and let Ay := J (A1, A2) be the mASD connection
from Theorem [3.3| associated to this value of A. Recall that I' =1y LI o,
and so I' satisfies Hypothesis [H| since the I'y, do. It follows from that
pr(Ay) € Hin converges to I' as A approaches 0. In particular, by taking A
sufficiently small, Hypothesis [H] implies that the Zp-flow line beginning at
pr(Ay) lies in H;y, for all positive time. This implies i(pr(Ay)) is ASD (see
the paragraph just before the statement of Lemma , and so

Fi, =Fui = BFy, 4y =s(4)) =0.

Now we can prove our application from the introduction.

Proof of Theorem[4] Take I' to be the trivial flat connection on the trivial
SU(2)-bundle. We will show that the two conditions on N stated in Theo-
rem [A] each imply that I" satisfies Hypothesis [H} it will then be immediate
that the mASD connection guaranteed by Theorem [C] is in fact ASD, as
desired.

First assume N is a circle bundle over a surface with positive Euler
class. Then [I7, Corollary 13.2.2] implies that I' satisfies the condition of
Example (a), and thus Hypothesis

Now assume that b1 (N) < 1. If by(N) =0, then H} = H'(N)®g=0
and so I' is nondegenerate. Thus, I' again satisfies Hypothesis [H] but this
time by Example (b).

Finally, suppose b1 (N) = 1. We will show here that I" satisfies the con-
dition of Example (a). Since by (N) = 1, there is a loop 7 : S' — N and
a harmonic 1-form n € Q'(N,R) so that f7 n = 1. For each £ € g, let

ag :=T'+E®@n.
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We claim that a¢ lies in the center manifold Hr for all sufficiently small .
To see this, first note that a¢ is flat, since

1
Foe = Fr +£@ (dn) + 5[ (] @n A= 0.
This connection also lies in the Coulomb gauge slice for T, since
di(ag —T)=¢(@d'n=0.

Recall the map © and the vector field V fr from Section [2AT] Since F,, = 0,

we have
O(ag) = 0.

Thus Vg, fr = 0. One of the defining features of Hr is that it contains all
zeros of V fr that are sufficiently close to I', so this proves the claim.
It thus follows that there is some € > 0 so that the map

BJO)QQ—)Hr §>—>a§

is well-defined. It is clearly an immersion, so a dimension count implies that
it must be a local diffeomorphism; this uses the fact that b;(N) = 1. This
establishes the condition of Example (a). O

7. Partial compactification—the Taubes boundary

Here we give a more global formulation of the result of Theorem in
the case where G = SU(2) and ¢ = 1. Fix a closed set X|) contained in the
interior of the compact part Xg. Let Ag be the standard one-instanton on
the SU(2)-bundle E; — S* with co(F1) [5’4] = 1. For = € X{, let X, be the
connected sum of X and S* obtained by gluing = € X to the north pole
in S*. Similarly, glue the trivial SU(2)-bundle on X to E; — S* and let
E, — X, be the resulting bundle. Let A! = A’(Aiv, Ast) be the preglued
connection on E,, where A,y is the trivial connection on X . Note that in the
present situation, all auxiliary gluing data can be chosen to be independent
of . For example, the fiber isomorphism p of Section can be taken to
be independent of = since we are starting with the trivial bundle on X.

7A. The Taubes Boundary

Fix € > 0, and let 7 (¢) be thickening data with this choice of €, as in Sec-
tion [6B] By Theorem there are €, \g > 0 so the following holds: For all
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0<e<eand 0 < A< Ag, there is an irreducible, regular mASD connection
Az, \) 1= T (Auiv, Ast) € AYP(T (e))

with the property that A(x, A\) — Agiv|x\nbhd(z) g0es to zero in A in the sense
of . This €y depends only on the trivial flat connection on the 3-manifold
N; hence ¢ is independent of z. Since X, is compact, we can assume this
Ao is independent of x as well.

We want to allow z to vary, and for this, we form the space

g = {(:L‘, )\,A) S X(l) X (0, )\0] X Al’p(T(€)) Ae M\reg(T(e)>A(x> )‘))} :

Let II' : & — X{; x (0, Ao] be the projection to the first two factors. Then the
assignment U'(z, \) := (x, A\, A(z, \)) defines a section of II". Just as in The-
orem there is an open neighborhood U’ C £’ of the image of ¥’ so that
the restriction II'|yy is a locally-trivial C™-fiber bundle over X x (0, Ao]. By
construction, the fiber over (z,\) is an open subset of M,.¢4(7T (€), A(z, X))
containing A(z, \).

Remark 7.1. Here we describe a sense in which Theorem [6.2] can be viewed
as a local version of this fiber bundle construction. Fix a small neighborhood
U, C X around z. The gluing procedure of Section identifies this with
a small neighborhood of the north pole in S*. The standard description
[9 Ch. 6] of the ASD moduli space M;(S*, SU(2)) gives an embedding
S% % (0, \o] — M1(S*,SU(2)) with the S*-component specifying the center
of mass and (0, A\g] parametrizing the scale of the curvature; here the energy-
density of the curvature is concentrating, as A approaches 0, to a Dirac
delta measure supported at the center of mass. Combining these, we have a
diffeomorphism

f iUz x (0,M] — V C M, (S*,SU(2))

onto an open set V. It follows from this construction that there is a local
trivialization of the fiber bundle IT'|;;» relative to which ¥’ takes the form
(y, A) — (y, \, ®(f(y,\))) where ® is the map of Theorem In fact, by
possibly shrinking U, further, this local trivialization can be taken to be over
the full cylinder U, x (0, Ao]; this due to the fact that the constructions in
the proof of Theorem can be taken to be uniform in A. This construction
is exploiting a coupling between the parameter A and the “scale” parameter
for the concentration of instantons on E; — S4; see [5, p. 323] for a related
discussion.
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Now we consider the behavior of this section ¥’ near A\ = 0. For this,
suppose (Zn, A\n) € X{ % (0,X0] is a sequence with A, — 0; we will call
U/ (2, A) & bubbling sequence in X|,. By passing to a subsequence, we may
assume the x,, converge to some zo, € X{. It follows from a straight-forward
Uhlenbeck-type compactness argument and that, after passing to a sub-
sequence, the associated connections A(x,, Ay,) converge weakly to the ideal
connection (Atriv, To) in the sense that the energy densities |Fy,, x,) 2 con-
verge in measure to the delta measure supported at xg, and

lim =
n—oo

L_I(A(l'n, )\n)) - L_I(Atriv)

LE(N)XLY 5(X\By(x0))

for all r > 0; see [0, Section 4.4.1] for the analogous ASD case.
Following the lead of [5, Section 4.4.1], the discussion of the previous
paragraph can be framed geometrically as follows. Consider the set

IU) :=U"U (X x {Auiv})

which we view as coupling the connections in U4’ C £’ into the same space
as the above-mentioned ideal connections. We can extend II'|;; to a map
I(IT) - I(U') — X{) x [0, Xo] by declaring it to send (x, Aguiv) to (x,0). Give
I(U") any topology (more below) for which the map I(II') is continuous and
so that the notion of weak convergence from the previous paragraph implies
convergence in I(U'); we assume also that this topology is first countable.
Then the observations of the previous paragraph imply the section ¥’ ex-
tends continuously over X x {0} to a section U’ of I(I'). Tt is due to this
that we may view I(U’) as a “partial compactification” for mASD connec-
tions: The bubbling sequences in X{| converge in I(U").

7B. Compactification Issues

We end this section with several comments about the construction of the
partial compactification I(U’), as well as some of its limitations. This par-
tial compactification is constructed only so that bubbling sequences in X
converge—our assumptions on the topology on I(U4’) do not necessarily im-
ply subsequential convergence of other types of sequences. The simple reason
for this is that we do not yet know how such sequences behave, and what
additional limiting objects we would need to include in I(II') to ensure their
subsequential convergence. What we are presently lacking is a sufficiently
strong version of Uhlenbeck’s compactness theorem for mASD connections.
In the end, such a theorem would need to (at least) address the following:



2266

(a)

D. L. Duncan and I. Hambleton

Bubble formation on the end: To what extent is the mASD condition
preserved under Uhlenbeck limits where the curvature concentrates
at a point in End X? More fundamentally, is the connections space
ALP(Tr) suitably closed under such limits? This is related to (c) below.

From the gluing perspective, we avoided these questions altogether
by only gluing at points in the compact part where mASD connec-
tions are ASD; that is, I(U’) only corresponds to the points in the
“Taubes boundary” that corresponds to bubbles in X)) C X\ End X
(and relative to a fized gluing parameter p; see Remark (b)). A
more thorough investigation would require not only an understanding
of the mASD condition under Uhlenbeck limits, but also an under-
standing of how to glue at points on End X.

Energy escaping down the end: One example of this is bubbling on
the end, as discussed in (a). Another example is where a non-trivial
amount of energy escapes down the end. This is familiar in the ASD
setting, where compactification can be achieved by including spaces of
translationally-invariant ASD connections on R x N (spaces of “Floer
trajectories”); see [4,8]. In the mASD setting, one would likely need to
include spaces of mASD connections on R x N to account for energy
escaping. The details of this appear to be subtle, since the energy
values of such connections are not governed by topological quantities,
as is the case in the ASD setting. (In the discussion above, where
we considered sequences in the image of ¥/, we were able to exclude
non-trivial energy on the end by appealing to (3.6]).)

Failure of the slice-wise gauge fixing condition: In the definition of the
space ALP(Tr) from Section we restricted attention to connec-
tions that restrict on each time slice {t} x N, for t > T, to be gauge
equivalent to a connection in the gauge slice Ur. This is an open con-
dition in the space of all L}f,l e connections, and we do not see a reason
why this condition should be retained through limits of mASD con-
nections.

It is clear from these observations that I(U’) is by no means the end
of the story when it comes to compactification. It is due to this that we
have avoided defining a specific topology on I(U’) above, choosing instead
to axiomatize a minimal set of desirable properties.

Remark 7.2. A challenging problem is to establish a general “gluing
theorem on the ends” for mASD-connections (Xi, A1) and (X3, A2) with
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“matching boundary conditions” on two given 4-manifolds with cylindri-
cal ends. Such a theorem was obtained in [16], for ASD-connections as-
suming that their flat limits in the common 3-manifold N end where ir-
reducible smooth points in the representation variety of N. In this case,
the gluing was unobstructed. More generally, in order to glue two mASD-
connections, the matching conditions should at least include (i) an identifica-
tion End X; = End Xo = N x [0, 00), (ii) the same flat reference connection
I' on N and center manifold Hr, and (iii) the same flow lines wp in Hr,
where h = pr(A;1) = pr(Asz). We would expect the glued-up connections to
provide an embedded submanifold of connections on the closed 4-manifold
X = X1 U Xs obtained by identifying along their cylindrical ends. In this
general mASD case, the glued-up connection would presumably satisfy some
version of the mASD equation on X that equals the ASD equation on the
complement of the neck. How do the ASD connections on X compare to
these “mASD connections” on X7 For example, do these “mASD connec-
tions” on X form some sort of local thickening of the ASD moduli space, as
is the case for cylindrical end manifolds? Since X is compact, it seems likely
that the ASD operator differs from the “mASD operator” by a compact
operator. Can this operator be scaled in some way to show that ASD and
mASD spaces on X are, in some sense, cobordant?
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