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1. Introduction

Freedman [13] classified simply connected, topological 4-manifolds up to homeomor-
phism, and established a framework for studying non-simply connected 4-manifolds.

For a non-simply connected 4-manifold M, the basic homotopy invariants are
the fundamental group 7 := 71 (M), the second homotopy group 7o (M), the equiv-
ariant intersection form sz, and the first k-invariant, ky; € H?(m;mo(M)). These
invariants give the quadratic 2-type

Q(M) := [m (M), ma(M), knr, su]

which has been shown to determine the classification up to s-cobordism of TOP
4-manifolds with geometrically 2-dimensional fundamental groups (see [20]). For
manifolds with finite fundamental groups, it is likely that additional invariants are
needed (see [1§]).
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Question. Are closed, oriented, spin 4-manifolds with isometric quadratic 2-types
and torsion-free fundamental groups always s-cobordant?

In this paper, we study spin 4-manifolds with fundamental groups belonging
to the interesting class of right-angled Artin groups (or RAAGs). We build on the
methods of [20] 29], but new difficulties appear since our fundamental groups have
cohomological dimension > 2 in general. Recall that a right-angled Artin group is
defined by a presentation associated to a finite graph I' (see Sec. 2). An i-clique in
I is a complete subgraph of I" with ¢ vertices, and we let b;(7) denote the number
of i-cliques in I.

Theorem A. Let m be a right-angled Artin group defined by a graph T' with no
4-cliques. Suppose that M and N are closed, spin™, topological 4-manifolds with
fundamental group w. Then any isometry between the quadratic 2-types of M and
N is stably realized by an s-cobordism between M # r(S? x S?) and N # (5% x 5?),
whenever r > bs(m).

A spinT manifold is a spin manifold with an additional evenness property for its
dual intersection form has on mo(M)* (see Lemma [611(ii) and Definition 6.7). We
will recall below the notion of (stable) isometry for quadratic 2-types.

Theorem A is an application of our main result, Theorem [IT.2] which covers
the large class of fundamental groups with cohomological dimension cd 7 < 3 sat-
isfying certain assembly map conditions (see the properties (W-AA) given in Def-
inition ITT). For example, this class contains all torsion-free fundamental groups
of 3-manifolds [I]. Theorem [T extends the results of [20] which handled the class
of geometrically 2-dimensional groups. If the fundamental group 7 happens to be a
“good” group for topological surgery [1416], then we show that any isometry can
be realized by a homeomorphism.

For a right-angled Artin group m, these assembly conditions (W-AA) also hold
[2], and 7 has cohomological dimension cd 7 < 3 if and only if the defining graph
has no 4-cliques (or equivalently if Hy(m;Z) = 0). Thus, Theorem A applies to an
infinite number of right-angled Artin groups, including 7 = Z3 (see the examples
following Proposition B.0)).

Here is a brief summary of the definitions in [18, 20].

Definition 1.1. For an oriented 4-manifold M, the equivariant intersection form
is the triple (71 (M, x0), 2 (M, x0), Sar), where xg € M is a base point and

sy (M, z) Qg o (M, xo) — A,

where A = Z[’IT}_\(/M ,xo)]. This pairing is derived from the ~_cup product on
H2(M;Z), where M is the universal cover of M; we identify H2(M;Z) with 7o (M)
via Poincaré duality and the Hurewicz Theorem, and so sj; is defined by

sm(z,y) =Y eo(@Ugg™") - g € Zlr),
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where 2,9 € HE(M, Z) are the images of z,y € my(M) under the composite iso-
morphism w2 (M) — Ha(M;Z) — HZ2(M;Z) and ¢ is given by e : H}(M;Z) —
Ho(M;Z) = Z.

Unless otherwise mentioned, our modules are right A-modules. This pairing is A-
hermitian, in the sense that for all A € A, we have
SM(xvy)‘) :SM(x7y))‘ and sM(y7x) :SM(IL',y)7

where X — X is the involution on A given by the orientation character of M. This
involution is determined by g = g~ for g € 71 (M, z0). For later reference, we note
that when M is spin the term €o(Z,5) = 0 (mod 2), so sps is an even hermitian
form.

Definition 1.2. An isometry between quadratic 2-types Q(M) and Q(M’) is a
pair (a, ), where a: 7 (M,z9) — 7 (M’', x}) is an isomorphism of fundamental
groups and

ﬁ : (7T2(M7$0)78M) — (7T2(M/,$6),SM/)
is an a-invariant isometry of the equivariant intersection forms, such that

(a*, B 1) (kar) = kar. In addition, the following diagram:

0 ——> H2(m A) ——> H2(M'; A) —> Homp (Ha(M'; A), A) ——> H3(m: A) ——> 0

Nlﬁ* Nlﬁ*

0 —— H?%(m;A) —— H?(M; A) M Hom (Ha (M;A),A) —— H3(m;A) ——=0

arising from the universal coefficient spectral sequence commutes, with maps ey,
ey induced by evaluation, and § after identifying 7 := m1 (M, x0) = m (M, z() via
. We will assume throughout that our manifolds are connected, so that a change of
base points leads to isometric intersection forms. By a stable isometry, we mean an
isometry of quadratic 2-types after adding a hyperbolic form H(A") to both sides.

Stabilization of quadratic 2-types corresponds geometrically to connected sums
with finitely many copies of $2 x S2. Two closed topological (or smooth) 4-manifolds
M and N are said to be stably homeomorphic (or stably diffeomorphic) if

M #7(5% x §?) =~ N #5(5% x §?)

are homeomorphic (or diffeomorphic) after stabilization, for some r,s > 0. Man-
ifolds which are s-cobordant are stably homeomorphic, but it turns out that the
k-invariant is not needed for the stable classification.

Our main result implies the following (compare [20, Lemma 4.5; 24] Theo-
rem 1.5)):

Theorem B. Let w be a finitely presented group with cdm < 3 satisfying the
assembly property (W-AA)(iii). If M and N are closed, oriented, spin™, topologi-
cal (respectively, smooth) 4-manifolds with fundamental group m, then M is stably
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homeomorphic (respectively, diffeomorphic) to N if and only if their equivariant
intersection forms sp; and sy are stably isometric.

Remark 1.3. If 7 is the fundamental group of a closed, oriented aspherical 3-
manifold, then Theorem B was proved by Kasprowski, Land, Powell and Teichner
[24] Theorem 1.5], as a special case of their stable classification of closed topological
4-manifolds with these fundamental groups. In this setting, the authors also gave
explicit invariants to completely describe the stable classification for every we-type.

Here is a short outline of the paper. In Sec. 2] we recall some background on the
cohomology of right-angled Artin groups. In Sec. Bl we discuss the notion of tame
cohomology for discrete groups, which is motivated by studying 4-manifolds and
may have some independent interest (see Definition BI)). Section Bl establishes the
key cohomological properties we need for groups with cdn < 3, and Sec. B shows
that the A-dual mo(M)* := Homy (m2 (M), A) is a stably free A-module, for every
closed spin 4-manifold M with cdm (M) < 3. These results are applied in Sec.
to define the reduced equivariant intersection form on mwa(M)*, and prove that it is
non-singular. Examples are provided in Corollary [6.10] of spin™ manifolds for every
such fundamental group.

Our strategy for proving Theorem A uses Kreck’s modified surgery [29] (see [20]
Sec. [2] for an overview of this theory). In this approach, one studies the bordism
groups 4(B) for a fibration B — BSTOP. If two manifolds M and N admit
suitable B-bordant reference maps, then M and N will be stably homeomorphic
after connected sum with finitely many copies of S? x S2. Moreover, M and N will
be s-cobordant provided a certain assembly map obstruction vanishes.

In Sec.[q we define an appropriate fibration B := B(M) = Px BTOPSPIN for
our setting, where P is the reduced 2-type of M (see Definition [ITl). We show that
two manifolds M and N with isometric quadratic 2-types admit reference maps
into B. In Secs. BHIT we compute the bordism groups Q4(B) = Q3" (P) and give
explicit criteria for deciding when two spinTmanifolds M and N are B-bordant.
Finally, in Sec. Il we put these ingredients together to prove our main result,
Theorem [[T.2), and its application to Theorems A and B. The “extra” stabilization
needed in our setting to obtain an s-cobordism classification arises from the fact that
our reference maps are not 2-connected unless H3(7; A) = 0. When this cohomology
group is nonzero, we must stabilize by bz(7) copies of S? x S? to complete the
argument.

Some background material on homological algebra and the universal coefficient

spectral sequence is provided for the reader’s convenience in [Appendix Al

Remark 1.4. We restrict to spin™ 4-manifolds for simplicity, but expect that
analogous results hold by including the full ws-type in the data (see [20]). To
shorten notation in later sections, we will let Q5P™(P) denote either the smooth
or the topological spin bordism group of a space P, depending on the context. Note
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that the Kirby—Siebenmann invariant [26] is determined by sign(M) (mod 16) for
spin manifolds.

2. Cohomology of Right-Angled Artin Groups

A right-angled Artin group w is a finitely generated group whose relators consist
solely of commutators between generators. Right-angled Artin groups are also called
graph groups since each generator of m can be represented by a vertex of a graph

= I'(n), and pairs of commuting generators in 7 are represented by edges in I’
between the corresponding vertices.

If 7 has a presentation with g generators and r relators, we construct a handle-
body with fundamental group 7 using one 0-handle, g 1-handles, and r 2-handles
attached to reflect the relations of 7. In the case that m is a right-angled Artin
group, this handlebody is homotopy equivalent to the 2-skeleton K of a standard
classifying space for 7, known as the Salvetti complex (see Charney [1, Sec. 3.6]).

The integral homology and cohomology ring of 7 are calculated in [8] 25]. In
[8], it is shown that the ith homology group and ith cohomology group are both
isomorphic to the ith group of cellular chains of the Salvetti complex, and thus are
free abelian groups. In fact, the rank b;(m) of H;(m;Z) is equal to the number of
i-cliques (complete subgraphs on ¢ vertices) in the defining graph I' for 7. Thus, the
(co)homological dimension cd 7 of a right-angled Artin group 7 equals the maximum
number of i-cliques in T'.

In [23], Jensen and Meier calculate the cohomology of right-angled Artin groups
with group ring coefficients using a simplicial complex I' induced from the defining
graph T' of 7. In [I0], Davis and Okun give a different formulation of the same
theorem. We first give some necessary definitions before the statement of their
results.

Let T' be a simplicial graph. Then the flag complex I' generated by T' is the
minimal simplicial complex in which every complete subgraph in I" spans a simplex.
In other words, the (i — 1)-simplices of I" are the i-cliques of I". The link Lk(o) of a
simplex o in I is the collection of simplices T € T’ disjoint from o, such that o and
7 are sub-complexes of a higher dimensional simplex in I. By definition, the link
of the empty simplex is the entire flag complex I' and by convention, dim () = —1.

Definition 2.1. For a simplex o € f7 we define the subgroup 7, < 7 to be the
right-angled Artin group generated by the subgraph of I' spanned by the vertices
of o. By convention, w3 = 1.

In general, an induced subgraph of I' defines a subgroup of = which is also a
right-angled Artin group, but in this case, since simplices in I' are in bijection with
complete subgraphs in I', we see that 7w, is a free abelian group of rank equal to
dimo + 1.

Theorem 2.2 (Jensen—Meier [23], Davis—Okun [10, Theorem 3.3]). Let
T be the defining graph for a right-angled Artin group w, and let S be the set of
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simplices in the induced flag complex I'. There is a spectral sequence converging to
H*(m; A) whose associated graded groups are given by

GrH*(m;A) = P <f[*dim"2(Lk(a)) ® Z[w/wg])

ceS

when T is not a single simplez. Iff is a single simplex, then m = 7™, and H™(m; A) =
Z 1s the only non-vanishing cohomology group.

Example 2.3. We describe the associated graded group for H?(m; A) using The-
orem In the corresponding filtration, the empty simplex is the bottom of the
filtration, so we have the following filtration subgroups (indexed so that the top
index matches the cohomology degree in question):

0( fTro( ?1( ?QZHQ(W;A)
3:0 9:1/9:0 3:2/3:1

Note that H ~1())) = Z is the only nontrivial cohomology group of the empty sim-
plex. The filtration quotients are given by

1) Fox=H' ()@ Z[x],
(2) 51/F0 = @, cvere(r) (H°(L(0)) ® Zlr /7)), and

(3) F2/F1 = D, epage(r) (H ' (Lk(0)) ® Z[r/75)).

The A-action on the right-hand side is given by the identity on the integral coho-
mology of the links, tensored over Z with the natural action on the induced modules
Zw/7s).

3. Right-Angled Artin Groups With Tame Cohomology

In this section, we investigate certain group cohomological conditions arising in
the study of 4-manifolds. Recall that finitely presented groups have either 1, 2,
or infinitely many ends, where the number of ends of a group G is equal to the
number of ends of any Cayley graph of G. In [33], Stallings proved that a finitely
presented group G has more than one end if and only if it decomposes as a nontrivial
amalgamated product or an HNN extension over a finite subgroup.

Since a right-angled Artin group 7 is infinite and torsion-free, 7 will have more
than one end if and only if it decomposes as a free product (see Dunwoody [12]).
Thus, right-angled Artin groups are 1-ended, or equivalently H!(m; A) = 0, if and
only if 7 # Z and the defining graphs are connected (see [7] Sec. 3.7]). Note that
the group cohomology H(m; A) of any group m with group ring coefficients is also a
A-module since A is a A-A bimodule. We say that A is a torsion A-module whenever
HOInA(A,A) =0.
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Definition 3.1. A finitely presented group 7 has tame cohomology if the following
conditions hold:

(i) Homp (H?(m; A), A)
(ii) Homp (H3(m; A),A) =0,
(iit) Extj(H?(m;A),A) = 0.

0,

In Sec. B, we show that when the fundamental group m (M) of a closed 4-
manifold M has tame cohomology, then the dual of its equivariant intersection
form sjps is non-singular. We expect this property to have a key role in extend-
ing our classification results to right-angled Artin groups of higher cohomological
dimension.

In the special case, when cd 7y (M) < 3, our classification results do not assume
tame cohomology: we will establish conditions (ii) and (iii) in Proposition[41] and
prove the non-singularity of this form in Lemmal[G.1] without assuming condition (i).

Remark 3.2. In the first version of this paper, we asked whether all right-angled
Artin groups have tame cohomology. In response, Jonathan Hillman kindly provided
the following example: H?(m; A) = A, for 7 = (Z? x Z?)?. However, we do not know
the answer for right-angled Artin groups with no 4-cliques in the associated graph.

We now apply the results of Jensen—Meier and Davis—Okun cited in Theorem
to study the low-dimensional cohomology of right-angled Artin groups. For any A-
module A, we use the notation A* = Homy (A, A) for the dual module. We begin
with the following observation. Let m, »,, denote the free product of n copies of Z>
and m copies of Z.

Lemma 3.3. If w is a right-angled Artin group, then there exists a subgroup
Tnom < 7 such that H(m; A) = H'(7,,.m; Res A) under restriction. If 7 is a finitely
generated free group, then H'(m; A)* = 0.

Proof. If the defining graph I' = I'(7) is connected, then H'(m;A) = 0 and there
is nothing to prove (take the empty-free product). Otherwise, we can write T' as
a disjoint union of non-empty connected graphs, and let I'(n,m) C T' denote a
subgraph consisting of all the m singleton vertex components together with one
edge from each of the other n connected components. The right-angled Artin group
defined by I'(n.m) is isomorphic to m,_.,. Since the filtration terms for computing
H'(m; A) consist of Fy = H(I') ® Z[x] and

5T @ (H L) ® Zir/x),

o€ Vert(I")

it follows that H'(m;A) is mapped isomorphically under restriction to
HY(7p.m; Res A).

Suppose now that n = 0 so that 7 is a free group of rank m. Let N be the
connected sum of m copies of S! x S3. An easy argument using the universal
coefficient spectral sequence now shows that H!(m; A)* = 0. O
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The next result gives an inductive criterion for the cohomology groups to be
torsion A-modules.

Lemma 3.4. If H'(I') = 0 then Homp (H*™ (m; A), A) = 0.

Proof. The case i = 0 is trivial, so consider the case when ¢ = 1. The filtrations for
H?(m; A) are given in Example 23, with 5 = 0 by the assumption that H1(I') = 0.
Consequently, F1 = F1/F,. By dualizing the short exact sequence

0— 3:1/3:0 — Fy — 3:2/3:1 — 0,
we get the exact sequence
0— (?2/?1)* — (?2)* — (ffl/ffo)* — EXt}X(fTrg/fTrhA) —
We claim (F1/F)* = 0 and (F2/F1)* = 0: Hom splits over a finite direct sum, and
any nonzero summands in F;/Fy or Fo/F; will have torsion elements in the tensor
product, and are killed by the Hom functor. For example,

(F1/F0)" = Homp (@ _ H°(Lk(0)) ®Z[7r/7rg]7A>

oeVert(T')
= 770
o @UEVertf‘) HomA(H (Lk(a)) ® Z[ﬂ—/ﬂ—a]v A)7

where the direct sum is taken over all vertices ¢ in T'. By [4, Corollary 2.8.4] (the
Eckmann-Shapiro Lemma),

Homy (Z[n /7], Z[n]) = Homg 1(Z, Res]_(Z[r])) (3.1)

is zero as long as m, # 1, or equivalently, o is not the empty simplex. Thus from
the long exact sequence, we see (F2)* = H2(m; A)* = 0.

For any i, the assumption that H* (f) = ( implies that the bottom filtration term
Fo = 0. By the argument used in (B.I)), the subquotients Fy,/Fp_1, 1 <k <i+1,
in the filtration for H**!(7; A) are all torsion modules.

0 =5,C 7, € . C F;_1C 7€ Fip1 = H T (m; A)
F1/F0 Fic1/Fi2 Fi/TFi-1 Fiv1/Ti

By dualizing the short exact sequences

0— ffk_l — H:k — Stk/g:k—l — O,
we see that (F;1)* = H L (m; A)* = 0. O
Lemma 3.5. Let w be a right-angled Artin group with defining graph I'. Suppose

that the induced flag complex T' is 2-connected and that H'(Lk(0)) is zero for every
vertex o. Then m has tame cohomology.
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Proof. Since I' is 2-connected, Hl(f) = 0 for + = 1,2. By Lemma B4,
Hi(m; A)* = 0 for i = 2, 3. Thus, the first two conditions for 7 to have tame coho-
mology are satisfied. For the last condition, we claim that Ext} (H?(m; A), A) = 0.
The filtration quotients are described below (with F3 = H3(m; A)):

(i
i

(iii
(iv

Fo = HX(I") ® Z[n],

F1/Fo is a direct sum of H!(Lk(0)) ® Z[r /7] over vertices,
Fo/F1 is a direct sum of H(Lk(c)) ® Z[r/m,] over edges, and
F3/F, is a direct sum of H1(Lk(0)) ® Z[r /7] over faces.

—_

Consider the dual of the short exact sequence 0 — Fo — F5 — F3/Fo — 0,
recalling that (F2)* = 0:
0 — Ext)(F3/F2, A) — Ext}(F3,A) — Ext}(Fa, A) — - -
Since H'(Lk(c)) = 0 for every vertex o, F1/Fo = 0. This implies that F; = 0 and

so Fo = Fo/F;. The functor Ext}\ splits over a finite direct sum, so the first and
third nonzero terms in the above sequence are of the form

Ext (Fip1/Fi, A) = @) H' 7' (Lk(0)) ® Ext} (Z[r /7], A),
and we claim that the Ext term on the right-hand side is zero, hence Ext} (T3, A) =

0. The simplices in question are either faces (involved in the first term of the
sequence) or edges (involved in the third term). By the Eckmann-Shapiro Lemma,

Exty(Z[n /o], Z[x]) 2 Exty, | (Z, Res_ Z[x]).
The restriction of Z[r] to 7, is just an infinite direct sum of Z[m,|’s, and
Exté[ﬂa](Z,Z[wg]) ~ HY(n,;Z[ns]) = 0
when ¢ is an edge or a face, since 7, is a 1-ended group (7, = Z? and Z3). O
The condition that 7 has tame cohomology is perhaps restrictive (see

Remark B:2) but we have many examples, including an algorithm that can pro-
duce infinitely many right-angled Artin groups with tame cohomology.

Proposition 3.6. Let I' be the simplicial graph obtained by carrying out finitely
many of the following operations, starting with a single vertex:

(i) Attach a new 1-simplex or a new 2-simplex to the previous graph 'y by identi-
fying one of its vertices with any (but only one) vertex of T'y.

(ii) Attach a new 2-simplex to the previous graph Iy by identifying one of its 1-
sitmplices with any (but only one) 1-simplex of T'y.

Then the right-angled Artin group defined by T' will have tame cohomology.

Proof. At each step, we add a new simplex to the previously constructed graph I'g,
which can always be contracted to I'y in its flag complex. The algorithm provided
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by repeating steps (i) and (ii) produces a simplicial graph I with contractible flag
complex I, which is clearly 2-connected.

Furthermore, this algorithm guarantees that H*(Lk(c)) = 0 for the link of every
vertex 0. We may then apply Lemma to conclude that the right-angled Artin
group defined by I' has tame cohomology. O

In the setting of Theorem A, we restrict attention to right-angled Artin groups
with no 4-cliques in their defining graphs. It is possible that all such right-angled
Artin groups have tame cohomology, but we do not yet know if the first condition
is always satisfied.

Example 3.7. Does the right-angled Artin group n with the following defining
graph have H?(m; A)* = 0?

The following examples provide graphs with non-simply connected flag com-
plexes whose associated right-angled Artin groups have H?(m; A)* = 0. This shows
at least that Lemma[3.0 is not the best possible result.

Example 3.8. The right-angled Artin groups defined by the following graphs all
have H?(m; A)* = 0.

8

(i) (i) (iif)

The argument involves dualizing the short exact sequences derived from the

Mayer-Vietoris sequence for 7 expressed as the amalgamated product of two sub-
groups. We denote by m; the right-angled Artin group associated to a graph T;.
We first remark that if ' is the union of two subgraphs I'y and I's which intersect
at ['g, then 7 is the amalgamated product of m; and me over mp: this can be seen
by comparing the presentations for 71 and m with the relations of 7. Secondly,
if T'; is the induced subgraph on a collection of vertices from I'; the groups ; are
subgroups of 7.

Proposition 3.9. If T' = T'(m) satisfies all of the following conditions, then
H?(m; A)* = 0.
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(i) T is the union of two graphs T'y and Ts which intersect in Ty, and all three
subgraphs induce subgroups of .
(ii)) 'y and 'y are connected and have 2-connected flag complezes.
(iii) Ty is a disjoint union of vertices.

Proof. Since I'y and I'y are connected and I'g is O-dimensional, we get the short
exact sequence

0 — H'(mo; A) — H*(m; A) — H?*(m1;A) @ H*(m9;A) — 0

from MayerVietoris. Since I'; and T'y are 2-connected, H2(m1; A)* and H2(my; A)*
are both zero by Lemma 34l Additionally, H'(mp; A)* = 0 by Lemma 3l Thus,
dualizing the short exact sequence above gives the desired result. O

We can apply this proposition to the graph I' in Example B8(i) with the fol-
lowing two subgraphs below, to be denoted by I'y and I's, respectively:

Together, their union I'; UT's is I' and their intersection Iy is two disjoint vertices.
Both I'; and I’y are connected and have 2-connected flag complexes. Thus, Propo-
sition 39 shows the graph in Example B8(i) satisfies the first condition for tame
cohomology.

4. Finitely Presented Groups With cdnw < 3

In this section, we will show that any finitely presented group 7w with cd 7 < 3 satis-
fies the conditions (ii) and (iii) for tame cohomology. In particular, these conditions
hold for a right-angled Artin group 7 with no 4-cliques in its defining graph I'. The
arguments in this section use the homological algebra definition of the Ext-functors
via multiple extensions (see MacLane [BIl Chap. III, Secs. [ and [@]).

A particularly useful tool is the hypercohomology spectral sequence defined in
Benson [5l, Proposition 3.4.3]. If C and D are chain complexes over a ring A, with
C bounded above and D bounded below, then there is a spectral sequence

Extk (H,(C),D) = Ext}"9(C, D)

converging to the hypercohomology groups (see Benson and Carlson [4] Sec. 2.7]
for the definition of Ext for chain complexes). This is a first quadrant spectral
sequence, so the indexing convention above is standard (p runs along the z-axis).
The differential d, has bi-degree (r,—r + 1).

A summary of the information we need about this spectral sequence is provided

for the reader’s convenience in [Appendix Al

Proposition 4.1. Let w be a finitely presented group with cdw < 3. Then
H3(m; A)* = 0 and Exty (H3(m;A),A) = 0.
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Proof. By Wall [34, Theorem E], a finitely presented group m with cd7 < 3
has geometric dimension < 3. In other words, there exists a 3-dimensional, finite,
aspherical complex L with (L) = 7. Let Y = Y(L) be an 8-dimensional thick-
ening of L, and let Z be the double of Y. The long exact sequence of the pair
(Y,0Y) with A-coefficients gives isomorphisms H;_1(0Y) — H;_1(Y) for i < 4,
since H;(Y,0Y) = H3(Y) = H®*(L). Furthermore, H; _1(Y) = 0 for i > 1. Then
by the Mayer—Vietoris sequence, H;(Z;A) = 0 for 1 < ¢ < 4, and Hi(Z;A) =0
since Z is simply connected.
We use the universal coefficient spectral sequence which has Es-page

EPY = Exth (Hy(Z; A), A).

This is a special case of the hypercohomology spectral sequence, where C = C(Z; A)
and D = A (a 0-dim chain complex with A in degree zero).

Since, Hy(Z;A) =0 for ¢ = 1,...,4, the EY%-terms are all zero for 1 < g < 4,
and since HP(m; A) = 0 for all p > 3, the EY%-terms are zero for p > 3. Thus,
no differentials affect the Ey°- and Ej°-terms, which are ES® = H3(m; A)* and
EY® =~ Ext (H3(m; A), A) via the isomorphisms Hs(Z; A) = H3(Z; A) = H3(m; A).
Since H®(Z;A) = H3(Z;A) = 0 and HS(Z;A) = Ho(Z;A) = 0, these two terms
must be zero. O

In the universal coefficient spectral sequence computing H*(Z;A), since
H"(Z;A) = H1(Z; A) = 0, the differential
dy : EY® = H?(m; \)* = E2° = Ext? (H?(m; A), A) (4.1)

is an isomorphism. In addition, Exth (H?(7; A)) injects into Ext™ (H®(m; A), A).
From the universal coefficient spectral sequence for the 2-skeleton K C L, we
get the exact sequence:

0 — H2(m;A) — H*(K;A) — mo(K)* — H3(m; A) — 0, (4.2)

where the last nonzero map is a surjection since H3(K; A) = 0. This sequence can
be analyzed by splicing together the short exact sequences:

0— H*(m;A) = H*(K;A) =V =0 and 0—V — m(K)* — H*(m;A) = 0,
where
V := coker(H?(m; A) — H?*(K;\)) = ker(ma(K)* — H?(m; A)).

After dualizing, the associated long exact cohomology sequences give two con-
necting homomorphisms & : H?(m; A)* — Extj(V,A) and 6y : Exth(V,A) —
Ext3 (H3(m; A), A).

Lemma 4.2. Let w be a finitely presented group with cdm < 3. The differential
ET) induces a natural isomorphism do : H?(m; A)* = Ext} (H?(m; A), A), where
d2 - 62 o 51.
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Proof. We refer to for the dp differential formula (A1) given by splic-
ing, and apply it to the manifold Z = Y (L) U Y(L) defined above. Note that
C = C.(Z;\) ~ C¥*(Z; A) by Poincaré duality. We claim that the sequence (A1)
for p = 0 and ¢ = 6, and expressed in terms of the cochain complex of Z, is exactly
the sequence (E2).

Here are some additional details to explain this identification. Let D :=
C8*(Z;A) denote the cochain complex, and compute the same sequence (&)
for the complex D (with ¢ = 6). Then Hg(D) = H?(Z; A) and H5(D) = H3(Z;A).
It is not hard to see (by definition of cohomology for Z) that the term Dg/B7 =
H?(K;A). In fact, the sequence (A1) in this case is just

0— H*(Z;\) — H*(K;A) — H3(Z,K;\) — H*(Z; A) — 0,

which is isomorphic to the sequence ([f2) since H*(Z, K; A) = 72 (K)*, by an appli-
cation of the universal coefficient spectral sequence to the pair (Z, K) (the only
term on the 3 line is at (0,3)).

Since C' ~ D, the corresponding ds in the spectral sequence for computing
H*(D) is given by splicing with (.2) as claimed. Finally, note that the formula
dy = 6500y for dy : H?(m; A)* = Ext3 (H?(m; M), A) is obtained by composing the
connecting maps d; and J obtained from two 3-term exact sequences which splice
together to give the 4-term exact sequence (4:2)). |

Remark 4.3. These results, which apply to all right-angled Artin groups with
Hy(m;Z) = 0, are sharper in this special case than our conclusions about tame
cohomology from Sec. @ For example, we no longer require the associated flag
complex I to be simply connected.

We are indebted to one of the referees for pointing out that Proposition BTl is a
special case of a more general cohomological result with an analogous proof. Here
is the statement together with an alternate proof.

Proposition 4.4. Let w be a finitely presented group with cdm < n. Then
H™(m; A)* = 0 and Exty (H"(m; A),A) = 0.

Proof. We begin with the hypercohomology spectral sequence [5, Proposition
3.4.3], which has Fs-page

EP9 = Exth (H %(m;A), A).

This is a fourth quadrant spectral sequence which converges to Hp4q(m; A). For
all group homology with group ring coefficients, H,iq(m;A) = 0if p+ ¢ # 0
and Z if p + ¢ = 0, and so all entries not lying on the line p + ¢ = 0 will die
out in the spectral sequence. However, since 7 has cdm < n, the terms EL'? = 0
when ¢ < —(n + 1). There are no differentials that affect Ey™" = H"(m; A)* and
E} ™" = Ext} (H™(m; A),A), and so both must be zero. O
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Remark 4.5. The hypercohomology spectral sequence above, combined with
Lemma B3] shows that H!(m;A)* # 0 for a right-angled Artin group = if and
only if its defining graph is disconnected and contains at least one edge. The sim-
plest example is 7 = Z? % Z. For the groups m = m,,..;n, we let Z denote the double
of an 8-dimensional thickening of the Salvetti complex. Since H8(Z;A) = Z, we
obtain an exact sequence

0 — H'(m; A)* — BExt3 (H*(m;A),A) — Z — BExty (H'(m; A), A) — 0.

A further calculation with the filtration sequences shows that Ext3 (H?(m; A), A)
is a direct sum of n copies of Ext? (Z[r/7,], ), where o is an edge. If n > 0 this
is enough to show that H!(m; A)* # 0. If m = 0 as well, then the exact sequence
above reduces to

0— HY(m; A = (Z[r /7)) = Z — 0,

and H'(m; A)* =2 A"~ 1. For each of the n edges, 7, = Z>.

5. Minimal Models and Stabilization

For any finitely presented group 7, one can construct a 4-manifold M with funda-
mental group 7 by doubling a thickening of a finite 2-complex K with w1 (K) = 7. If
K has minimal Euler characteristic, then the double of K will have minimal Euler
characteristic over all double constructions.

If 7 is a right-angled Artin group, we can take K to be the 2-skeleton of the
Salvetti complex mentioned in Sec. The Salvetti complex has minimal Euler
characteristic over all possible K(m,1) since its chain complex gives a minimal
resolution for 7.

Definition 5.1. We say that a 4-manifold X is minimal for = if its Euler charac-
teristic is minimal over all closed, oriented 4-manifolds with fundamental group .

The Euler characteristic of a minimal 4-manifold for 7 is the Hausmann—
Weinberger invariant [21]. It has been determined for free abelian groups by Kirk
and Livingston [28], but is still unknown for most classes of finitely presented groups.

Theorem 5.2 (Hildum [22, Theorem 1.2]). Let 7 be a right-angled Artin group
with Hy(m;Z) = 0. Let K be the 2-skeleton of the Salvetti complex with fundamental
group 7, and let Y (K') denote a spin 4-dimensional thickening of K. Then the double
My =Y (K)UY(K) is a minimal spin 4-manifold for m.

Corollary 5.3. Let 7 be a right-angled Artin group with Hy(7;Z) = 0. Then
I‘kz(ﬂ'g(Mo) KA Z) = bQ(Tl') + bg(ﬂ').

if My is a minimal spin 4-manifold for .
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Proof. The spectral sequence (of the covering) converging to H,(Mj) yields the
following exact sequence:

3
0 Hs (1) —%> 10 (Mo) @ Z — Ha(My) — Ha(mr) —= 0
0 Z.b3(m) To(M) @p Z — 7202(7) 5 702(1) 5

The second term in the exact sequence above is the (0,2) term in the spectral
sequence, Ho(m; ma(My)) = ma(Moy) ®a Z. By exactness, the Z-rank of mo(My) @4 Z
is ba(m) + b3(m). O

The thickened double construction will allow us to determine the structure of
mo(M) as a A-module, for any 4-manifold with fundamental group 7 of cohomolog-
ical dimension cd 7w < 3. First, we discuss the homology and cohomology of finite
2-complexes.

Lemma 5.4. Let m be a finitely presented group with cdm < 3. If K is any finite
2-complex with fundamental group m, then wo(K) = Ho(K;A) is stably free as a
A-module.

Proof. Let X be an aspherical 3-complex model for K (m,1), and let K be the 2-
skeleton of X . In this special case, we will show that Ho(K; A) is a finitely generated
free A-module. Consider the chain complex C,(X) := C.(X;A) with A-module
coefficients:

0 C3(X) CQ(X)—>01(X)—>C()(X)—>Z—>O (5.1)

This chain complex is exact since X is contractible, and so Ha(K;A) & Zy(K) =
Z5(X) = C3(X). Since C;(X) = A%(™) | we have Ho(K;A) = A% where b, ()
denotes the number of i-cells in X. The result now follows, since the module
Hy(K;A) is independent of the choice of finite 2-complex K, after stabilization
with free modules. |

In general, the available information about H?(K; A) is contained in the 4-term
exact sequence ([A.2)):
0 — H*(m;A) — H*(K; A) — Homp (Ha(K;A),A) — H3(m; A) — 0.

In certain cases, we can make specific calculations.

Example 5.5. Consider the case of the right-angled Artin group 7 = Z3 in which
the associated graph I' is a 3-clique and the flag complex I' is a single 2-simplex.
Then, H?(m;A) = 0 and H3(m;A) = Z by Theorem This example indicates
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that even though Hy(K;A) is a free A-module, H?(K; A) may not be free. In this
case, (2) becomes

0— H*(K;A) - A —7Z—0,
which shows that H2(K; A) is the augmentation ideal I(r). Thus, ma(Mg) = I(m)®A
for 7 = Z3, and the module I(7) is not (stably) free since Hy(m; I(m)) & Ho(m;Z) &
VAS

We now counsider the structure of mo(M) and sps for the thickened doubles of
finite 2-complexes (see Kreck and Schafer |30, Sec. II]).

Lemma 5.6. Let 7 be a finitely-presented group and let K be any finite 2-complex
with fundamental group . If Y(K) denotes a spin 4-dimensional thickening of K,
then

mo(M) = H?(K; A) & Hy(K; A)

as a A-module, for the thickened double M =Y (K)UY (K). The equivariant inter-
section form sps is a metabolic form.

Proof. Let Y = Y(K) and note that M = 9(Y x I). We start with the long exact
sequence in homology for the pair (M,Y):

<o = H3(M,Y;A) —» Hy(Y;A) = Ho(M;A) — Ho(M,Y;A) — Hi(Y;A) — - -+

The inclusion of Y into M induces a split injective map H;(Y;A) — H;(M;A) in
every dimension. Thus, the maps from H;(M,Y; A) to H;(Y; A) are all zero maps. In
addition, using excision properties as well as Poincaré—Lefschetz duality, we have
the isomorphisms Hay(M,Y;A) = H2(Y,0Y;A) = Ha(Y;A). This gives the split
short exact sequence

0 — H*(K;A) — Hy(M;A) — Hy(K;A) — 0. (5.2)

This, along with the Hurewicz isomorphism Ho(M;A) = Hy (M, Z) = ma(M) yields
the desired result. By [30, Proposition I1.4], the equivariant intersection form has
the structure:

sm((u, @), (v, ) = w(y) + v(x) + ok (u, v), (5.3)
for allu,v € H?(K;A) and 2,y € Ha(K; A). In this formula, dx is an even hermitian
symmetric form on Hy(K; A) determined by the thickening. O

We can now determine the structure of mo (M) in general, after stabilization by
free A-modules.

Proposition 5.7. Let N be a closed, oriented, spin, TOP 4-manifold with funda-
mental group m. If cdm < 3, then there exists a simply connected, closed 4-manifold
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X such that
N'#1(S? x S?) ~ M’ # 5(5? x S?),

for some r,s >0, where N' := N #CP?# CP2, M' := My # CP?# CP2# X, and
My is a thickened double.

Proof. We note that the thickened double model M represents the zero bor-
dism element in Q§TOF (K (7, 1)) = Z. Since the signature detects elements in this
bordism group, it follows that N’ := N # CP? # CP?2 is stably homeomorphic to
M’ := My +# CP24 CP2?# X for some closed, simply connected 4-manifold X with
sign(N’) = sign(X). If My is minimal, we can take X to be a connected sum of
copies of CP? and CP? so that N’ and M’ have the same signature and Euler
characteristic. It follows that N’ # 7(S? x S?) ~ M’ #r(S? x S?), for some r > 0
(see [29, Theorem C] and [14] Sec. 9.1]). O

Corollary 5.8. Let M and N be a closed, oriented, spin, TOP 4-manifolds with
fundamental group w. If cdw < 3, then wa(N) is stably isomorphic to mo(M) as a
A-module.

Proof. By Proposition[5.7] the modules m5(N) and 72 (M) are both stably isomor-
phic to me (M) after stabilization by direct sum with free A-modules. m|

Remark 5.9. By using thickenings, we have shown that o (V) is stably isomorphic
to Ho(K;A)@® H?(K; A), for any K any finite 2-complex with 71 (K) = 71 (V). This
is a special case of a general result (see [I8] Proposition 2.4;[17, Theorem 4.2]), that
o (V) is stably isomorphic to a A-module E in an extension:

En:0— Hy(K;A) — E — H*(K;A) — 0.

For fundamental groups with cdm < 3, our direct argument verifies that Ey is
stably a split extension.

Remark 5.10. The k-invariant of the thickened double M = Y (K) U Y (K) is
the image (induced by the inclusion) of the k-invariant of K. More generally,
if ipy: K C M is the 2-skeleton of a closed topological 4-manifold M, then
(ing)« (ki) = kar € H3(w;m2(M)). This follows from the push-out diagram:

O—>7T2(K) CQ(M) Cl(M)—>CO(M)—>Z—>O
o | |
0 ——=m(M) ——= Cy(M)/By(M) —— C1(M) ——= Co(M) —=Z ——0

in which the upper multiple extension represents kx and the lower extension rep-
resents kjs (see Baues [3] p. 101]).
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Here is a useful consequence of this description for the k-invariant.

Proposition 5.11. Let M and N be closed, spin, topological 4-manifolds with fun-
damental group m of cdm < 3. If the equivariant intersection forms sy and sy are
stably isometric, then their quadratic 2-types Q(M) and Q(N) are stably isometric.

Proof. It is enough to show that we have an isometry Q(M) = Q(N) after stabi-
lization by connected sum with sufficiently many copies of S? x S2. After preliminary
stabilization, we may assume that sy; = sy and that iy, : K C M andiy : K C N
is a 2-skeleton for both manifolds. This uses Whitehead’s stable uniqueness theo-
rem for finite 2-complexes with a fixed fundamental group (up to simple homotopy
equivalence) after wedging with sufficiently many copies of S?. By Remark .10} we
have (in)«(kx) = kap and (in)« (ki) = kn. By general position, we may assume
that the 1-skeleton of K is embedded in M and the 2-cells are all immersed in M,
with at most double point intersections and self-intersections.

Since 7 has cdm < 3, we may assume by Lemma B4 that m2(K) is a finitely
generated free A-module, and a direct summand of both 73 (M) and 72 (N). Finally,
after further stabilization, we may assume that the equivariant intersection forms
sy and sy and their quadratic refinements ¢y, and gy vanish on these summands
mo(K). This is achieved as follows: at each 2-cell intersection or self-intersection
point where two sheets meet, we take the connected sum with a copy of S? x S2.
Then we construct a new embedding of K by attaching disjoint 2-cells in S? x S2\ D*
to the original separate 2-cell sheets. This process removes one intersection point,
and may be repeated to embed the same complex K in a stabilization of M.

After applying the same steps to the image of K in N, we may assume that
mo(K) is a totally isotropic submodule with respect to both quadratic forms. At
this stage, K is no longer the full 2-skeleton of M and N, but still carries their
k-invariants.

Now suppose that ¢ : (w2 (M), spr) — (m2(N), sy) is an isometry of equivariant
intersection forms. We claim that there is a self-isometry v : sy — sy, after further
stabilization, such that the composite 1o¢ satisfies ¢(¢(z)) = z, forallx € me(K) C
mo(M). It will then follow that (v o ¢).(ka) = kn and hence that Q(M) = Q(N).

To construct the required self-isometry of a stabilized sy, we use unitary
transvections as in [19) Sec. []. Let {w1,...,wx} be a free A-base for m(K),
which can be considered either as elements in w3 (M) or in mo(N). Since mo(N)* —
mo(K)* is a split surjection, we can pick elements {vi,...,vx} C m2(IN) such that
{adsn(v1),...,adsn(vk)} projects to the dual base {wj,...,wi} for me(K)*. In
other words, sy (w;,v;) = 0;5, for 1 <,4,j < k. Since sy admits a quadratic refine-
ment gy, and my(K) is a free totally isotropic A-module, we may assume that
gn(vi) = 0 and sy (v;,v;) =0, for 1 < 4,5 < k (see [BY, Lemma 5.3]). It follows
that the elements {wi,...,wg;v1,...,v5} span a hyperbolic direct summand of
(m2(N), sn, gn) isomorphic to H(me(K)).

We consider the orthogonal direct sum sy @ H(A); @ --- @ H(A), with k
new hyperbolic summands, and let {e;, f;} denote a hyperbolic base for the ith
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summand. We compute the following composite of unitary transvections (see the
formula [19] 1.2]):

ol(wl) = (O-fi707wi © 0-61‘»0701’)(11)1') = 0f;,0,w; (Uei»07vi (wl)) = 0f;,0,w; (wl + ei) = ¢

for 1 <4 < k. This shows that we can move any basis element w; to the standard
position e; in a new hyperbolic summand. By construction, 0;(w;) = wj, 0;(e;) = ¢;
and 6;(f;) = f;,if j #4. Let =0, 0--- 06, so that f(w;) =e;, for 1 <i < k.
We can apply this process to elements {¢(w1), . .., ¢(wy)} of the totally isotropic
submodule ¢(m2(K)) C m2(N), and construct a self-isometry 6’ so that €' (¢(w;)) =
e;, for 1 <4 < k. The required stabilized self-isometry 9 of sy, such that ¥ (¢(z)) =
x for all x € ma(K), is given by ¢ := 0710 @',

O

6. The Reduced Equivariant Intersection Form

In this section, let 7 denote a finitely presented group with cd 7w < 3. Let M denote

a closed, oriented, spin 4-manifold with fundamental group 7. As above, we can

construct a model 4-manifold My by taking the double of a thickening Y (K'), where

K denotes the 2-skeleton of a minimal aspherical 3-complex L with (L) = 7.
For fundamental groups of geometric dimension < 2, the quotient

T (M) := mo(M)/H*(7; A) = Homp (Ho(M; A), A)

is stably free since H3(m;A) = 0 (see [20, Corollary 4.4]). In that context, the
“reduced” equivariant intersection form sy;T was a non-singular form on o (M)T.
In our setting, where m can have geometric dimension 3, the quotient mo(M)T is
A-finitely generated but may not be stably free as a A-module. Instead, we define

Ly = m2(M)* = Homy (Ha2(M; A), A),

and obtain a non-singular hermitian form hys : Ljs X Ly — A, which we also call
the reduced equivariant intersection form. For groups with cd7 < 3, this form has
a key role in the proof of Theorem [IT.2 through a generalization of [20, Theo-
rem 5.13].

Lemma 6.1. Let m (M) be a finitely presented group with cdmi (M) < 3. Then

(i) (adsp)* is an isomorphism of finitely generated, stably free A-modules, and
(ii) the inverse of (ad spr)*

is the adjoint of a non-singular form
hM : LM X LM — A,
on Ly = ma(M)*.

Proof. By Corollary 5.8, we may assume that M = Mj is a model manifold with
the given fundamental group, obtained as the double of a thickened finite 2-complex
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K. We will first show that Ly is a finitely generated, (stably) free A-module after
dualizing the summands in the isomorphism

(M) =2 7y(K) @ H*(K; M)

provided by Lemma[5.6] Consider the 4-term exact sequence (£.2) for the 2-skeleton
K of an aspherical 3-complex:

0 — H*(m;A) = H*(K; A) — Homp (Ha(K;A),A) — H?*(m; A) — 0.

The third nonzero term is a free A-module, since Hy(K;A) = A%(™). For the fol-
lowing argument, we define F := Homp (Ho(K;A),A) =2 A%(™), Recall from Sec.
that the above sequence is obtained by splicing together

0— H*(m;A) — H*(K;A) -V =0
and
0=V —=F— H3mA) -0,

where V := coker(H?(m;A) — H?*(K;A)) = ker(F — H?(m; A)). Taking the dual
of both short exact sequences yields

0= V* = HX(K;A)* — H2(m A)* 25 Exth (V,A) — -
and

0— H3(m A)* = F* — V* = Exty (H3(m; A),A) — - -

By Proposition ], we have F'* &2 V*, and since F is a free A-module the connect-
ing map 0y : Ext} (V,A) — BExt3 (H3(m; A), A) is an isomorphism. Now, Lemma E2]
shows that the connecting map & : H?(m; A)* — Exti(V,A) is also an isomor-
phism. It follows that V* =2 H?(K;A)*. Together these facts give an isomorphism
H?(K;A)* = F* to a free A-module. We have now shown that

71_2(]\4)* ~F g Fr A2b3(7'r)

is a finitely generated, free A-module.
To show that (adsps)* is an isomorphism, we can perform the same splicing
trick for the 4-term exact sequence

0= H2(m; A) = mo (M) 22525 7 (M)* = H3(m;A) = 0 (6.1)
with V7 denoting the similar cokernel
0 — H*(m;A) — H*(M;A) — Vi — 0.

We may compare the 4-term exact sequences for H2(M;A) and H?(K;A), and
note that the restriction map i*: H?2(M;A) — H?*(K;A) is a split surjec-
tion by Lemma The connecting maps 6, : H?(m;A)* — Ext'(V;A) and
8« H*(m;A)* — Ext'(Vi;A) are related by the formula & = i* o §;. Since the
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induced map i* : Extj (V;A) — Ext} (Vi;A) is a (split) injection and &; is an iso-
morphism (by Lemma F2]), we conclude that 47 is an injection. From the sequence

0= Vi — HX(M; A)* — H2(m:A)* 25 Exth(Vi,A) = -+
we obtain
Vi 2 H*(M; A)* = mo(M)* = L.
This yields the isomorphism
(adspr)* : Ly = (ma(M)*) =5 Vi =5 mo(M)* = Ly (6.2)
Thus, we can define a non-singular form hjp; : Ly X Lyy — A by the formula
har(z,y) = ((ad sa)*) 7 (2)(y) € A,

whose adjoint is the inverse of (ad sps)* @ (m2(M)*)* — wa(M)*. O

It remains to check that the form hj, is hermitian.

Definition 6.2. Let h: B Xx B — A be a sesquilinear form on a right A-module B.
We say that (B, h) is hermitian (symmetric) if h = Th, where Th(b,b") := h(¥,b),
for all b,b' € B. We say that h is strongly even if h = X\ + T\ for some sesquilinear
form (B, A).

Remark 6.3. It is a standard fact that an even hermitian form (B, h) is strongly
even whenever B is a finitely generated free A-module.

Let v: B — (B*)" denote the map y(b) = b™ defined by the evaluation
(y(),v) = (b**,v) = v(b), for v € B* and note that we have a map of right
A-modules:

(v(bX), v) = y(bA)(v) = v(bA) = (VA)(B) = ¥(b) (V) = (v(b) - M) (v),

where as usual, the right A-module structure on B* = Homa (B, A) is given by the
formula (vA)(b) = v(bA), for all v € B* and A € A.

Lemma 6.4. The form (B, h) is hermitian if and only if (adh)* oy = ad h.

Proof. It suffices to show that ad(Th) = (adh)* o . This follows from the
calculation

(((ad h)* 07)(b), 1) = (7(b),ad h(b')) = ad h(b')(b) = h(V', D), (6.3)

where (—,—): B* x B — A denotes the evaluation pairing. |

Lemma 6.5. The form (L, has) is hermitian.



798 I. Hambleton € A. Hildum

Proof. Since sjps is hermitian, we have the formula ad sy, = (adspy)* o v from
Lemma After dualizing, we obtain (adspr)* = ~* o (adsp)™. Note that
~v*: B*** — B* is the left inverse of v; : B* — (B**)* = (B*)**, given by v — v**,
for any right A-module B. This follows from the calculation

(7" o y1)(),b) = (v (™), b) = (v, 5(b)) = 0™ (b™") = b**(v) = v(b),
for all b € B and all v € B*. Therefore, v; o (ad sps)* = (ad sar)**.
By definition, ad has o (adsp)* = id, so we have (adsp)** o (adhp)* = id
by dualizing. Therefore, (ad hps)* 0 71 = ad hps. From Lemma applied to B =
mo(M)* and h = hyps, we conclude that hjs is hermitian symmetric. O

Remark 6.6. If 7 = m1(M) is any finitely presented group with tame cohomol-
ogy, then the splicing argument above shows directly that the dual of the equiv-
ariant intersection form sj; induces a well-defined, non-singular hermitian form
har o Ly X Ly — A on mo(M)*. However, if cd 7w > 4, the module 7o (M)* might
not be stably free (take m = Z*).

Definition 6.7 (spin*manifold). If cd 7 (M) < 3, we define the reduced Stiefel—
Whitney class

W LM—)Z/2

by the formula was(x) = €1(ha(x,2)) (mod 2), for all x € Lys. Here, e1: A = Z
is the coefficient of A € A at the identity element. The form h,; is even if and only
if wys = 0. In this case, we say that hy; has even reduced ws-type, and that M is
a spin™ manifold.

We are indebted to Peter Teichner for pointing out that h,s is not always an
even form.

Remark 6.8. Examples of spin 4-manifolds with even reduced wo-type were given
by Plotnick [32] Sec. B] using a “twist-spinning” construction applied to any closed,
oriented, aspherical 3-manifold (compare [24] Sec. 6.2]). In these examples, sps is
the hyperbolic form on the augmentation ideal I(w) C Z[n].

We conclude this section by showing that the thickened double construction
provides a spintmanifold for every fundamental group 7, whenever cd m < 3.

Note first that the module 7o (M )** supports the non-singular hermitian form
sm(u,v) = ((ad spr)**(u),v) whose adjoint is (ad sps)**. The hermitian property
follows as in Lemma [6.41

Lemma 6.9. If sp; is strongly even, then hyr has even reduced ws-type.

Proof. We first show that the homomorphism wy; : 7o (M)** — Z/2 associated
to the form Sy by the formula u — 1 (Sy(u,w)) (mod 2) is determined by wyy.
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To check this, we will write u = ad has(x), for a unique x € m(M)*, and use the
formula 1 o (ad sp7)* = (ad sp7)** from the proof of Lemma [6.5. Now, we have

((ad spr)** (u),u) = ((ad spr)** (ad hps(2)), ad hag(x))
= (y1 0 (adsn )" (ad has(x)), ad har(x)))
= (11(x),ad has(w)) = ad har (o) (),

for all w € mo(M)**, with u = ad has(x). Therefore, was(u) = wpr(x) as required.
Now, suppose that sy = A+ T'A for some even hermitian form (w2 (M), A). We
have the formula
(adsM)** — (adA)** _|_ (adA)*** 0,7**

and we claim that

((ad M) o y™)(u)(v) = ((ad A)**)(v)(w).

This follows since
((ad A)™ 0 y™)(u),v) = ((ad \)*™ (™" (), v) = (v (u), (ad X)*™"(v))
= (u, 7" ((ad )™ (v))) = ((ad A)™ (v), 7(u))
= ((ad )™ (v), u)

for all u,v € mo(M)**. Therefore, sy strongly even implies wy; = 0, and hence
wyr = 0. O

Corollary 6.10. Let m be a finitely presented group with cdm < 3. Then there
exists a smooth, closed, oriented spintmanifold M* with 7y (M) = .

Proof. Let M be a smooth, spin, thickened double 4-manifold as constructed in
Lemmal5.6l Then the equivariant intersection form s, is strongly even. This follows
from the formula in (B.3)), since the metabolic form sy is determined by an even
hermitian form (m2(K), k) which depends on the particular thickening. However,
m2(K) may be assumed to be a free A-module by stabilization, and therefore dx is
strongly even. O

7. The Reduced 2-Type P

In order to prove Theorem A, we will follow the strategy of [20 Sec.[2] involving the
reduced normal 2-type and the “modified” surgery theory developed by Kreck [29].
Since we have restricted our attention to spin topological manifolds, the reduced
normal 2-type for a given 4-manifold M is a fibration B — BSTOP, with total
space

B := B(M) = P x BTOPSPIN

defined by the second factor projection P x BITOPSPIN — BTOPSPIN and the
natural map BTOPSPIN — BSTOP. Here, we are using the stabilized classifying
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spaces for topological R™-bundles, with w; = 0 for BSTOP and wy,ws = 0 for
BTOPSPIN (see [20, p. 190]).
It remains to describe the reduced 2-type P = P(M).

Definition 7.1. Let M be a closed, oriented, spin 4-manifold with fundamental
group w. We define the reduced 2-type of M as follows: let P = P(M) be the two-
stage Postnikov system with 71 (P) = m (M) = 7 and me(P) = Ly = ma(M)*.
The total space P is defined by a fibration over K (m, 1) with fiber K(Lys,2) and
classified by kp in H3(m; Las):

K(Ly,2) —=P

K(m,1) —= H3(m; L)

We have a reference map cpr : M — P which factors through the algebraic
2-type of M (classified by m (M) = m, mo(M), and ky; € H3(m;ma(M))). The k-
invariant kp is given by the image of kj; under the map induced by mao (M) — ma(P).

The map ma(M) — mo(P) is neither an injection nor a surjection in general
because P is given by the union of cells of dimension > 2 with M. In particular,
the map cjs is 1-connected but not 2-connected.

Definition 7.2. For M a closed, spin, TOP 4-manifold, a map ¢c: M — P to a
space P is called a reduced 3-equivalence if ¢ induces an isomorphism c, : w1 (M) =
m1(P) and an isomorphism ¢* : my(P)* = ma(M)*. If ¢ is a reduced 3-equivalence,

then ¢ x vpy : M — P x BTOPSPIN is called a reduced normal 2-smoothing.
We have a result similar to [20] Proposition 2.11].

Proposition 7.3. Let M and M’ be closed, oriented, spin, TOP 4-manifolds with
fundamental group w. Suppose that there is an isometry Q(M) =2 Q(M') given by
isomorphisms a: m (M) — 71 (M') and 8 : wo(M) — wo(M'). Then there is a 3-
coconnected fibration P x BTOPSPIN — BSTOP admitting two reduced normal
2-smoothings M — P x BTOPSPIN and M’ — P x BTOPSPIN that induce

(. B)-

Proof. After identifying 71 (M) = w and w1 (M) via the given isomorphism «, the
map [ : meo(M) — ma(M') is m-equivariant, and (ad spr) = S*o(ad sy )of. If we let
P =P(M) and P’ = P(M’) denote the reduced 2-types for M and M’, respectively,
then we have a fiber homotopy equivalence P — P’ over K(m,1) induced by the
given isometry (c«, ) preserving the k-invariants. O

8. The Cohomology of P

In order to prove Theorem A, we need to calculate the topological spin bordism
group Q5P (P), and this requires some information about H*(P; A) and H,(P;Z).
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Homy (H2(P;A), A

p
H3(m; A)

Fig. 1. The E3-page of the spectral sequence ES'? = Ext] (Hq(P;A), A) converging to H*(P;A).
The solid dots represent possible nonzero terms.
If c: M — P is a reduced 3-equivalence, we have the same 4-term exact

sequence for P = P(M) as we do for K and M. The following diagram commutes:

0 —> H2(m; A) — H2(P; A) <% Homy (ma(P), A) —2> H3(m; A) — 0

zla :lc* (8.1)

0 —= H?(m; A) —= H?*(M;A) ﬂHOmA(ﬂ'Q(M),A) — H3(m;A) —=0

and we see that H?(P;A) = H?(M;A). Here is a partial calculation of the coho-
mology of the reduced 2-type P = P(M).

Lemma 8.1. H'(P;A) = H!(m;A), H?(P;A) is an extension of kerdz C mo(P)*
by H?(m; A), and H3(P;A) = 0.

Proof. We look at the universal coefficient spectral sequence FEY? =
Ext}{ (Hy(P; A), A) to compute H*(P;A). For ¢ = 0, we have EP° = Ext} (Z,A) =
HP(m;A). When ¢ is odd, Hy(P;A) = Hy(P;Z) = 0 since P is a product
of copies of CP>. Thus, the EL'- and EL’-terms are zero. Additionally, since
Hy(P;A) = my(P) is stably A-free (by Corollary 5.8 and Lemma [G.), the terms
Exth (H2(P;A),A) =0 for p > 0. The ]521 2_term of the spectral sequence will there-
fore be zero. The only nonzero differential is the d3 map in Fig. [[] which is surjective
by (B1). Hence the E2.0-term is zero, and so H3(P;A) = 0. O

Lemma 8.2. For a closed, oriented, TOP 4-manifold M with reduced 2-type P,
H3(P,M;A) = 0.

Proof. We use the long exact sequence in cohomology of the pair (P, M) with
A-coefficients. We have the isomorphisms H3(M;A) = Hy(M;\) = H,(M;Z) =0,
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so the long exact sequence becomes
co = H*(P;A) — H*(M;A) — H*(P,M;A) — H*(P;A) — 0.
From (B, the isomorphism H?(P; A) =2 H?(M; A) forces the middle map in the

above sequence to be zero. This yields the isomorphism H?3(P, M;A) =2 H3(P;A),
which is zero by Lemma O

9. The Homology of P

In this section, let M be a closed, spin, TOP 4-manifold such that 71 (M) = 7 is
a finitely presented group with cd 7 < 3. To compute the homology of the reduced
2-type P = P(M), we use the Serre spectral sequence for the fibration PP
K (m,1). This spectral sequence with integral coefficients has the E2-page

Ep o = Hy(m Hy(P))

and we only need the homology of P up to dimension 5. Note that P is a restricted

product of copies of CP*>, so Hy(P) = 0 for ¢ odd. We have already seen that

Hy(P) = ma(P) is a stably free A-module. Therefore, by [I8, Lemma 2.2], we

see that Hy(P) = T'(m2(P)) is also stably free.®* The notation I'(my(P)) refers to
Whitehead’s quadratic functor, defined in [I8, Sec.H. In summary:

;Z), which is zero when p > 4,

QHq ﬁ))qu(P)®AZ7

E2,4 = Hp

p

In the E2-page, all d> maps that affect H;(P), i < 5, are zero. In the spectral
sequence, the only possibly nonzero differential is d® : H3(7) — Ho(m; ma(P)).

Proposition 9.1. d® : Hz(7) — Ho(m;m2(P)) is injective.
The first step of the proof is to establish this result for the minimal model M.

Lemma 9.2. Let P = P(My) be the reduced 2-type of the minimal model. Then
the map d* : Hz(w) — Ho(m; ma(P)) is injective.

Proof. The injectivity argument comes from comparing the same d® maps in three
spectral sequences, the first of which is for H.(K). In the spectral sequence con-
verging to H.(K), since H3(K) surjects onto the E5G term and H3(K) = 0, the
differential

d® : Hs(m) = Ho(m; m2(K))

must be injective. Recall that My is the double of a thickening ¥ := Y (K) of K,
and we view M, as the boundary of Y x [I; this gives a map My — Y x I ~ K.

2The proof given for this lemma applies without change to infinite fundamental groups.
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The reduced 2-type P is constructed by attaching cells of dimension 2 and higher
to My. We define
P® = M, UUei UUe%,
o B

as the union of My with only the 2-cell and 3-cell from P. Since H3(P, My; m2(K)) =
0 by Lemma [B2 obstruction theory tells us the map My — K extends over P®),
and we obtain an induced map Ho(7; w2 (P®))) — Hy(m; mo(K)). By commutativity
of the diagram below, the d> map in the spectral sequence converging to H., (P(3))
must also be injective.

Ho(m;ma(K)) <—— Ho(m; ma(P)))

di*’J dST
Hj(n) =—= H3(m)

It remains to compare the d® differentials for H,(P) and H,(P®)). We claim that
72 (P) 22 my(P®): the relative homologies H*(P, P®); A) vanish in dimension i =
2,3, so the isomorphism is given by the long exact sequence of the pair. The injec-
tivity of ds : Hz(m) — Ho(m;m2(P®))) implies that d® : Hs(w) — Ho(m; ma(P)) is
also injective. |

The following lemma is used in the proof of Proposition @1l

Lemma 9.3. Let M be a closed, oriented, TOP 4-manifold with m (M) =
w, and let X be a closed, simply connected 4-manifold. Then the map
d® . Hs(m) — Ho(m;ma(P(M))) is injective if and only if the map d°: Hsz(w) —
Hy(m;mo(P(M#X))) is injective.

Proof. We begin by comparing M and M#X. By removing the top dimensional
cells of M and M#X, we get an inclusion M° — (M#X)?, the latter of which is
just M° wedged with a collection of n 2-spheres arising from X°. This inclusion
induces a split injection mo(M°) — ma((M#X)°), and so mo(M) is stably isomor-
phic to mo(M#X):
To(M#X) = m(M#X)°) Zma(M°) @ A" Z (M) & A",

where n = bo(X). If P(M) is the reduced 2-type of M, and P(M#X) is the
reduced 2-type of M#X, then it follows that mo(P(M)) is stably isomorphic to
mo(P(M#X)), and therefore Hy(m; mo(P(M))) =2 Ho(m; ma(P(M#X))). The con-
clusion about injectivity for the maps d® now follows by naturality of the spectral
sequences with respect to the map P(M) — P(M#X). |

Proof of Proposition By Proposition 5.7 we have
MH#CP?*#CP2#r(S? x §%) ~ M'#s(S? x S?).
where M’ = Mo#pCP?4#qCP?2 is a suitable stabilization of the minimal model M.
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This homeomorphism allows us to equate their second homotopy groups, and
thus identify their reduced 2-types. By applying Lemma several times, the d3
map for P(M) is injective if and only if the d* map for P(My) is injective, and
Lemma [3.2] completes the proof. O

Remark 9.4. The same d® map in the spectral sequence converging to H., (M)
is injective as well, given by naturality of the spectral sequences under the map
M — K.

Proposition 9.5. The integral homology H;(P), for i <5, is given as follows:

) Ho(P) .
(ii) Ha(P) is an extension of Ha(m) by coker{d® : Hs(m) — Ha(P) @ Z}.
) H3(P) = Hs(P)=0

) Ha(P)

In addition, Hs(P;Z/2) = 0.

Proof. The table summarizes the calculations above. For right-angled Artin
groups, the extension in (ii) is split. The argument showing that Hs(P;Z/2) = 0
follows that same steps as above. The details will be left to the reader. O

10. The Spin Bordism Groups Q5Pin(P)

The Atiyah—Hirzebruch spectral sequence is used to compute the topological (or
smooth) spin bordism groups of the reduced 2-type P = P(M), denoted as above
by QSP™(P). The E%-page of the spectral sequence is given by H,(P; QZPi(pt)),

B |

00— 0O0—C

Z/2

7.)2

Z? O p

Fig. 2. The E2-page of the spectral sequence converging to Q5P (P).
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and the relevant spin bordism groups of a point are given below:
Spin _ _
Q" (pt) = 2,2/2,2/2,0,Z for q=0,1,2,3,4

The topological case differs from the smooth case only in the divisibility of the
signature, so that Q;°PSP"(pt) = 8Z while Q"™ (pt) = 16Z.

In Fig.[2l we have included the information about H,(P) from the last section.
The two d? maps on the left in the E?-page are both zero, otherwise prin(pt)
would not split off in the E*°-page of pri“(P). The other two d2 maps are the
duals of the Sq? maps composed with reduction mod 2.

Consider the commutative diagram below that arises from the fibration P -
P — K(m,1). We take homology with Z/2-coefficients.

Hy(P)

DSq?

Hy(P) —— coker(DS¢*) ——0

|

0= Hy(w) —— Hy(wr) =———= Hs(7)

The above map labeled DSg¢? is the dual of S¢% : H2(P) — H*(P). Since P is a

restricted product of copies of CP> and inverse limits are left exact, H 2(P) injects
into H*(P), and thus H4(P) surjects onto Hy(P). But Hy(m) = 0 by assumption,
so by exactness of the middle vertical sequence, coker(DSq?) & Ha(m;Z/2). Since

Hs(P;Z) = 0, the term Hy(; Z/2) survives to Q3P (P).

Proposition 10.1. The topological or smooth spin bordism groups of the reduced
normal 2-type P = P(M) for M are detected by an injection

QSP™(P) C Z & Hy(m;Z)2) & Hy(P;Z).

The invariants are the signature, an invariant in Ho(m;Z/2), and the fundamental
class c.[M] € Hy(P; Z).

Proof. This follows from our discussion of the differentials in the spectral
sequence. 0O

The elements of Qipi“(P) are represented by pairs (N, f), where N is a closed,
spin 4-manifold and f: N — P is a reference map. We will always assume that f
induces an isomorphism of fundamental groups.

For spintmanifolds (recall Definition [6.7), we will show that the bordism invari-
ant in Hy(m;Z/2) is determined by the other invariants. The method follows [20,
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Sec. B], where the authors define a subset Q4(P)y C QP (P), called the normal
structures. We need to adapt this notion to our setting.

Definition 10.2. Let M be a spinTmanifold. The set of normal structures
Qu(P)y C QP (P) consists of the spin bordism classes (N, f), where N has even
reduced wa-type, such that f.[N] = c.[M] and sign(N) = sign(M).

We note this set is non-empty, since (M,c¢) € Q4(P)p whenever M is a
spintmanifold. In Lemma [[0.7, we will check that the definition of a normal struc-
ture is independent of the choice of representative (IV, f) up to spin bordism.

Here is a useful observation.

Lemma 10.3. Let (N, f) represent an element of Q5P™ (P). If f.[N] = ¢.[M], then
the reduced intersection form (wo(N)*, hn) restricted to the image of f* : mo(P)* —
mo(N)* is isometric to (ma(M)*, har).

Proof. Since f.[N] = c.[M] € H4(P;Z), we have the following commutative
diagram:

7o (M) =———— H?(M; A) —“— 7y (M)*

n[M]
m2(P) = H2(PA) — s o (P)* (10.1)
f f fr
my(N) = HA(N: A) — s my(N)

The composite on the top row defines ad sjs, and the composite on the bottom row
defines ad sy . After dualizing each term in the diagram, each square still commutes,
and the upper vertical maps (¢, and ¢*) as well as all the horizontal maps become
isomorphisms. The composites in the top and bottom rows of the dualized diagram
give (ad spr)* and (ad sy )*, respectively.

Therefore, the inverses of the dualized top and bottom row composites give
ad hps and ad hy, respectively. One can check by a diagram chase that the inverse
of the dualized composite in the middle row is isometric via (¢*, ¢**) to the adjoint
of hps. A similar diagram chase shows that the inverse of this middle row composite
is also isometric to the pull-back of the adjoint of hy via (f*, f**). O

Corollary 10.4. If f : N — P is a reduced 3-equivalence and f.[N] = c.[M], then
(ma(M)*; har) = (w2 (N)*, hn).

Proof. We have the isomorphisms:

(m2(N)*, h) = (m2(P)*, (har)*) = (m2(M)*, ha)
induced by the maps in the diagram (I0.1]). O
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We will now define a map 6n7 @ Qu(P)y — La(Z[7]) as in [20, Definition 5.8].
Let (N, f) represent an element of Q5P (P). After preliminary surgeries, we may
assume that the map f is 2-connected, so that (ma(N)*, hy) is stabilized by direct
sum with a hyperbolic form H(A"). Note that if N is a spinTmanifold, then the
stabilized manifold also has even reduced ws-type. Let

Vi i=ker(f. : m(N) — ma(P)).

Since w2 (P) is a stably free A-module and f, is surjective, this sequence splits. After
applying Hom (—, A), we obtain a (split) short exact sequence

0= m(P)* L5 my(N) = V™ = 0. (10.2)
Since mo(N)* is stably free, so is the module V*.

Definition 10.5. Suppose that (N, f) has 2-connected reference map. Let
(V*,An,f) denote the restriction of the form (m2(N)*, hyx) to the orthogonal com-
plement of the submodule 7o (P)*.

Lemma 10.6. If M is a spin™ manifold and (N, f) € Q4(P)y 48 a normal structure
with 2-connected reference map, then (V*,An f) is a non-singular even hermitian
form on a finitely generated, stably free A-module.

Proof. By Lemma[10.3] the form hpy restricted to the image of f* is isometric to
hps. Since hjyy is non-singular, we obtain an isometric splitting

(ma(N)*, h) = (ma (M), har) © (V5 AN )

and therefore (V*, An ¢) is a non-singular form. Since hy is even by assumption,
the form (V*, An f) is also even. O

We now return to detecting the bordism invariant in Hy(m;Z/2) for the ele-
ments (N, f) € Q4(P)nr- Let (N, f) be a normal structure representing an element
of Q4(P)y, where M is a spinTmanifold. Lemma provides a non-singular
even hermitian form (V*, Ax ;) on a finitely generated, stably free A-module.
In particular, the form Ay ; admits a unique quadratic refinement. We define
GM : Q4(P)M — E4(Z[7T]) by setting

On (N, f) = (V*, An ) € La(Z[x]),

where I~/4(Z[7r]) denotes the reduced surgery obstruction group (represented by
quadratic forms with signature zero), for surgery up to homotopy equivalence.

Lemma 10.7. Let M be a spin™ manifold. The map 0y is well-defined. In addition,
Or (N, f)=04f (N, f) is spin bordant over P to a reduced 3-equivalence.

Proof. If (N, f) and (N, f’) are spin bordant over P with 2-connected refer-
ence maps, then N and N’ are stably homeomorphic over P by [29] Corollary 3].
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However, an arbitrary element (N, f) € szi“(P) is spin bordant to one with 2-
connected reference map, with the property that sy is stabilized by a hyperbolic
form. Hence the parity (even or odd) of hy is preserved by this operation.

It follows that any element (N, ') which is spin bordant to (N, f) € Qu(P)m
is also a normal structure. The stable homeomorphism argument now shows that
O is well-defined (compare with [20, Lemma 5.9]).

Now, suppose that f: N — P is a reduced 3-equivalence, and that (N’, f') €
Q4(P) s is a 2-connected representative in the same spin bordism class. We have

fuN] = fiN'] = eu[M] € Hy(P).
Lemma [T03] provides the isometric direct sum splittings:
(m2(N)*, h) & H(A") = (m2(N")", hvr) = (m2(M)*, har) @ (V7 An )
and the isomorphisms:
(m2(N)", ) = (m2(P)", (har)*) = (m2(M)", har)
which give a relation in the L-group, since all these forms are non-singular and even
hermitian. It follows that [(V*, An ¢)] = [H(A")] = 0 € L4(Z[r]), and O (N, f) = 0.
O
The next step is to define a map
oy Qu(P)y — Ho(mZ/2)
on an element [N, f] by the projection of the difference [N, f] — [M, ¢] from
ker (Q5P™(P) — Hy(P; 7))
to the subquotient E%2? = Hy(m;Z/2) in the Atiyah-Hirzebruch spectral sequence.

Lemma 10.8. py: Qu(P)a — Hao(mw;Z/2) is an injection.

Proof. This follows from Proposition[IQ.1]and the definition of the subset Q4(P)as.
O
Similarly, we define Q4(M ) and obtain a bijection
par s Qu(M)y = Hy(M;Z)2),
since elements of €4(M )y are represented by degree one normal maps. The map
Ors o Qu(M)ar — La(Z[r))

is defined by éM(N,g) =0y (N, cog), where g : N — M represents a bordism ele-
ment in Q4(M)s. Recall that there is a “universal” assembly map homomorphism

ke 1 Ho(m;Z/2) — Ly(Zr))

defined for any group (see [27] Sec. B]). We have a version of [20, Lemma 5.11] in
our setting.

Lemma 10.9. 0y = k30 ppys.



Topological 4-manifolds with right-angled Artin fundamental groups 809

Proof. The following diagram commutes:

Ly(Z[n])

(Y

Hy(M;Z,)2) ——> Hy(m;Z/2)

The outer composition 0 M = K2 0 ¢y 0 ppr holds by the same argument given in the
proof of |20l Lemma 5.11]. The elements in Q4(M)ps are represented by degree 1
normal maps (N, g) covered by a bundle map vy — vy, since g*(vyr) = vy by
[11), 26]. The required formula now follows from Wall’s characteristic class formula
for surgery obstructions (see [9]).

The map ¢, : Ho(M;7Z/2) — Hs(m;Z/2) is surjective, pps is a bijection, and pps
is an injection. Hence the formula 03; = ko 0 pps follows from the commutativity of
the inner square. O

Corollary 10.10. Let M be a spintmanifold, and let P = P(M). Suppose
that [N, f] € QSP™(P), with f a reduced 3-equivalence and sign(N) = sign(M).
If f«[N] = c.[M] and the map ko : Ha(m;Z/2) — L4(Z[r]) is injective, then
[N, f] = [M,d] € Q"™ (P).

Proof. This is a version of [20] Corollary 5.12] and the proof is analogous. Since
f is a reduced 3-equivalence and f.[N] = c.[M], Corollary [04] implies that hy
and hjs are isometric (via the given reference maps), and hence (N, f) is a normal
structure. The bordism group Q"™ (P) is detected by Proposition [T, and the
difference [M,c] — [N, f] projects to zero in Hy(P;Z) since f.[N] = c.[M]. By
definition, the map par(N, f) is the projection of the difference [M,c] — [N, f] to
the subquotient Hs(w;Z/2). Since f is a reduced 3-equivalence, 05;(N, f) = 0 by
Lemma [I07 and since ko is injective, par(N, f) must be zero by Lemma [0
Furthermore, since sign(N) = sign(M), the elements [N, f] and [M, ] are bordant
in Q4(P) O

11. Classification of Spin*4-Manifolds with cd 71 (M) < 3

In this section, we state and prove our main classification result, Theorem [[1.2, for
spinttopological 4-manifolds with cd (M) < 3. We conclude by proving Theo-
rems A and B.

For a finitely presented group 7 with cdm < 3, let bs(w) denote the minimum
number of generators for H3(7; A) as a A-module. Note that b3(7) is bounded above
by the A-rank of C3(L), where L is a minimal aspherical 3-complex with (L) = .
We recall a definition from [20].
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Definition 11.1. A group 7 satisfies properties (W-AA) whenever

(i) The Whitehead group Wh(n) vanishes.
(ii) The assembly map As : Hs(m;Lo) — Ls(Z[r]) is surjective.
(iii) The assembly map Ay : Ha(m;Lo) — La(Z[r]) is injective.

These properties hold whenever the group m is torsion-free and satisfies the
Farrell-Jones isomorphism conjectures in K-theory and L-theory. These conjectures
have been verified for many classes of groups, and in particular for all right-angled
Artin groups (see [I} 2]).

Theorem 11.2. Let 7 be a finitely presented group with cdm < 3 satisfying the
properties (W-AA). If M and N are closed, oriented, spin™, TOP 4-manifolds with
fundamental group 7, then any isometry between the quadratic 2-types of M and N
is stably realized by an s-cobordism between M #1(S? x S?) and N #1r(S? x S?),
for r > bs(m).

Remark 11.3. Note that the main theorem of [20] applies to groups 7 with ed 7 =
2, unless 7 has geometric dimension 3. Any such group would be a counterexample
to the famous Eilenberg—Ganea conjecture.

We divide the proof of Theorem into the following steps:

(i) Reduced 3-equivalences c¢py : M — P and ¢y : N — P arising from an isom-
etry (o, 8) : Q(M) = Q(N) of quadratic 2-types satisfy

(ear)«[M] = (cn)«[N] € Hy(P; Z).

This is the corresponding result to [20, Theorem 5.13], and the proof follows
a similar outline (see details below). Note however that [20, Lemma 5.16]
intended to cite the paper of Whitehead [36] p. 62] for the properties used of
the I'-functor.

(ii) The assumption in (W-AA) that the assembly map A4 : Hy(m;Lo) — La(Z[n])
is injective implies that the map kg : Ha(w;Z/2) — L4(Z[7]) is injective.

(iii) Suppose that M and N are closed, oriented, spin™, topological (or smooth) 4-
manifolds. If M and N have isometric quadratic 2-types, then there are reduced
normal 2-smoothings M — P and N — P which are bordant in Q5" (P). This
follows as in |20, Corollary 5.14] adapted to our setting: the details are given
in Proposition [7.3] and Corollary [[0.10] The assumption that M and N have
even reduced wo-type is used essentially in this step (see Sec. [I0).

(iv) We show how to apply [29) Theorem 4, p. 735] of Kreck’s modified surgery the-
ory to obtain an s-cobordism between M and N, after a specified stabilization.

For step (i), we recall that the key ingredient in the proof of [20), Theorem 5.13]
is the injectivity of the cap product map:

wp : Hy(P;Z) — Homp (H?(P; A), Hy(P; A)).
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defined by cap product with the class tr(a) € HY (P;Z)™, for any class o €
Hy(P;Z). The formula
ba(u,v) = (uUw,tr(a)), foru,v € H?(P;A),
defines a symmetric bilinear cup product form
H?(P;A) x H*(P;A) — Z,
with ad by, : H?(P;A) — H?(P;A)* given by cap product with tr(a), followed by
the evaluation map é : Ha(P;A) — H?(P;A)*. Since Ha(P;A) = m2(P) is a stably-
free A-module, we have the isomorphisms:
Homp (H?(P; A), Hy(P; A)) << Homy (13 (P)*, m2(P))

induced by the dual of the evaluation map e: H?(P;A) — Ho(P;A)* and the
calculations in the proof of Lemma [6Il The two evaluation maps are related by
the formula é = e* o7, where v: Ho(P;A) — Ho(P;A)** is the “double-dual”
isomorphism. We have a natural inclusion

(72 (P))™ C Homp (m2(P)*, ma(P))
by the properties of the I'-functor (see [36] p. 62; 20 p. 144]).

The same construction applied to the fundamental class [M] € Hy(M;Z)
defines the m-invariant cup product form bas(u,v) = e1(sp (Du, Dv)), for u,v €
H?(M;A), where e1 : A — Z gives the coefficient at the identity element of 7 and
D: H?(M;A) — Hy(M;A) is the Poincaré duality isomorphism. We note that

there exists an isometry sy; = sy of equivariant intersection forms if and only if
by and by are equivariantly isometric.

The map wp will be applied to the image (cpr).[M] of the fundamental class,
whose cap product is given by the composite

2 (v A) M ()

] j (11.1)

m2(P; A) 2 Py,

and similarly for wp applied to (¢n)«[N]. It follows that there is a commutative
diagram (with A-coefficients understood):

Hy(M) ® Hy(N) 22N o Homp (H2(M), Ha(M)) & Homp (H?(N), Ho(N))

l l

Hy(P;Z) “r Hom (H?(P), Hz(P))

(11.2)

where the vertical maps are the sum of the natural maps induced by the reference
maps ¢* and ¢, for M and N, respectively. If M and N have isometric quadratic
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2-types, then by; = by over P and the difference element
(ear)«[M] = (en)+[N] € Ha(P; A)

maps to zero under wp by the diagram. Therefore, (car)«[M] = (cn)«[IV] by the
injectivity of wp. This completes our outline of step (i).

By applying steps (i)—(ii) and Corollary we may assume that step (iii)
is completed. We note that the argument applied to smooth 4-manifolds produces
a smooth spin bordism over P. The final step (iv) only works in the topological
category.

The difficulty in step (iv) is that our reduced normal 2-smoothings are not
given by 2-connected reference maps M — P and N — P, so the modified surgery
result does not apply directly. We now show how a limited amount of stabilization
can be used to get 2-connected reference maps, and thus complete the proof of
Theorem

First, we construct an abstract diagram using an exact sequence
0-A—-BLC—-D—0

and a factorization B % V — C of the map g: B — C.

0 0 0
0—=A B—lov_—=0
g
0—>K-—>B&Fl=C—>0 (11.3)
[
e

0—>E F D—>0

0 0 0

Let f(b,z) = g(b) + ¢(z), for b € B and x € F. The map ¢ : F — C is a lifting of
a surjective map ¢ : F' — D from a free A-module F = A". Let E = ker ¢. We will
apply this diagram to the universal coefficient sequence

0 — H*(m;A) = mo(M) — mo(M)* — H*(m;A) — 0

from (8], so that A = H%(m;A), B = ma(M), C = m(P) and D = H3(m; A).
The map g = ad sy, and in our application ¢ : F' — H?(m; A) will be given by a
(minimal) set of r generators for H3(m; A) as a A-module. We denote the lifting ¢
by ¢nr 1 F' — mo(P) and the resulting map f by far = ad sy + -

Remark 11.4. Let 8: ma(M) — m2(N) be an isometry of the equivariant inter-
section forms arising from our assumption that Q(M) = Q(N). We identify
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m (M) =71 (N) =n. Then
B*oadsy oS =adsyy,
and we have reference maps (cps)« = ad sps, (en)sx = 8* o ad sy as in the proof of

Proposition[T3. It follows that 8* = (cpr)*o((en)*) ™t mo(IN)* — m2(M)* induces
an isometry

B oadhpr o B* =adhy

of the reduced intersection forms. After choosing the map ¢pr: F — ma(P) =
7o (M)*, we define ¢y = (B*) "L opp 1 F — ma(N)*. It follows that the pull-back
forms (éar)*(har) = (én5)*(hn) are equal. The remaining map fy : m2(N) ® F —
mo(IN)* used in diagram (I13)) is defined by fx = ad sy + dn.

Proof of Theorem Let (W, ®) be a spin bordism over P from (M, cpr) to
(N, cn), with reference map ® : W — P. Since the reference maps cps and ¢y on
the boundary of W are not 2-connected (whenever H3(m; A) # 0), we modify our
problem by applying the algebra above to our geometric setting. We form

M’ = M #r(S* x S?)

by performing surgery on null-homotopic circles in M. Let Oy = —(édar)*(har)
denote the hermitian form on F' pulled back from minus the reduced intersection
form

hM:LMXLM—)A

on Ly = ma(M)*, so that the map ¢,/ is an isometry with respect to —hps. Since
wyr = 0 and F is a free A-module, we may write 6y, = A+ \* for some sesquilinear
form (F,\). Let {a1,...,a,} denote a base for F, and {by,...,b,} denote the dual
base for F*.

Define a hermitian form (F' & F™*, ) by the formulas ¢ (ai, a;) = 0ar(aq, ajy)
and ¥ar(a;, bj) = 055, ¥ar(bs,bj) = 0. Let {e1,... e, f1,..., fr} denote the standard
hyperbolic base for H(A"), and define an isometry

ki (F&F* ) — H(A")

by the explicit formulas k(a;) = e; + 3 ci; f;, where A = (a;;) in matrix form, and
k(b;) = fi. Let ko = prok™!, where pr : F @& F* — F is the first factor projection.
The reference map cp; : M — P, with induced map

ad s %
(eam)« : (M) —5 mo(M)* = ma(P)
can be extended to a 2-connected reference map cpyr : M’ — P, with induced map
(ear)s : To(M') = mo(M) & H(AT) 225 (M) @ F L5 1y (P),  (11.4)

using the map fur : (M) & F — mo(P) from diagram (II3)). Recall that B =
ma(M), C = mo(P) and far = ad sy + ¢pr. The trace of the surgeries provides a
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spin bordism (Y, ¢ar) from (M, epr) to (M epr) over P, where pp: Y — P is
2-connected.

By the same construction, the given reference map cy: N — P may be
extended to a 2-connected reference map cy: : N' — P, after forming the con-
nected sum, where N’ = N # (5% x S?), with induced map

(enr)e : mo(N') = ma(N) @ H(AT) 2425 o (N) @ F 2% my(N)* 25 1o (P),

using the corresponding fx from diagram (TT3). Note that since ¢ = (8*) Lo,

we have GN = —(¢N)* = 91\/[ and wN = ’(/JM
We obtain a spin bordism (Z, ) from (N’ cn/) to (N, en) over P, with refer-
ence map @y : Z — P. Now, the union of these three bordisms

(W', @) = (-Y UWUZ,on UPUpn)

provides a spin bordism from (M’,cpr) to (N',en), with 2-connected reference
maps ¢y and cns on the two boundary components.

Definition 11.5. Let P’ denote the fibration over K(m,1) defined by ma(P’) =
mo(P) @ F*, with k-invariant pushed forward from P via the inclusion mo(P) —
m2(P’) onto the first summand.

Note that we also have a map P’ — P induced by the first factor projection
p1 7T2(P/) = 7T2(P) o F — 7T2(P).
The reference map cp; : M — P, with induced map
ad s *
(CM)* : 7T2(M) —M> 7T2(M) = 7T2(P)
can be extended to a 2-connected reference map ¢y : M’ — P’, with induced map
. -1
(earr)e s ma(M') = mo(M) & HA") 225 my(M) @ Fo F*

JuSidee o (P) @ F* (11.5)

with the property that (ca)s« = p1 o (Casr)«-

The same construction will be applied to (N’,cns) to produce a 2-connected
reference map to P’. The next step is to compare (M’,ép) and (N', énv).

Claim 1. The reference maps (M’,épp) and (N',én+) induce an isometry spp =
sy of equivariant intersection forms over P’.

Proof. We check directly from the definitions that the isometry
Baid : (ma(M),spr) @ H(A") =5 (mo(N), sy) ® H(A")

~

arising from a given isometry (id, 8) : Q(M) = Q(N) of quadratic 2-types is com-
patible with the reference maps to P’, as defined above. Since ¥ = vy, this
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reduces to checking the equation
fu=8ofno(B@id): m(M)® F — m(P),
by verifying that

(8" o fno(B@id))(b,z) = (8" o fN)(B(b),x) = 5" (ad sy (B(D)) + B (¢~ (z))
=adspy(b) + dn(x) = fu (b, x)

for all b € ma(M) and all z € F. O

Claim 2. The elements (M’ ¢y ) and (N',én/) are spin bordant over P’.

Proof. We already have a spin bordism (W', ®') from (M’, ca) to (N, ens) over
P, so the difference element

(N, en)] = (M, éar)]

(03

is in the kernel of the natural map QP™(P’) — Q3P™(P) induced by the map
P’ — P defined above. By the Atiyah—Hirzebruch spectral sequence (as in Sec. [T,
we obtain an injection

QPP — QFP™(P) @ Hy(P'; Z)

and the image of a € Q}P™(P’) in Hy(P’;Z) is determined by the difference of the
fundamental classes (én)«[N']| — (éarr)«[M'] € Hy(P'; Z).

By Claim 1, we have an isometry sy, = sys over P/, and hence an equivariant
isometry by = by over P’. Moreover, we have the analogue of diagram (I1.2)) for
M', N and P’, and the map wp: is again injective. The same argument used in our
outline of step (i) now applies to show that (én+)«[N'] = (éar)«[M'] € Hy(P';Z),
as required. O

We now have a spin bordism (W’JT)’) from (M’ ép) to (N, én), with 2-
connected reference maps ¢p;r and ¢ys on the two boundary components. After
further surgeries relative to the boundary, we may assume that &’ : W' — P'is
also 2-connected. Diagram ([I1.3)) also determines the structure of

KHQ(M/) = ker((éM/)* : 7T2(M/) — 7T2(P/)).

Since the free module F' =2 (A™ x {0}) is required to map surjectively onto H3(m; A),
we may take r = bs(m).

Claim 3. The form sy restricted to ker(éagr )« C (M) is identically zero.
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Proof. Since ker(éps )« = K = ker fjy (from Diagram (T1.3))), it is enough to show
that the form on K = ker f; induced by

(ma(M'), snrr) = (w2 (M), sn) @ (F & F*, )

is identically zero. To check this, we compute the hermitian form sy; ® ¥y = sy
on elements z = (b,z,0) and 2’ = (o', 2/,0) of K C mo(M) @ F & F* via

(sar @ Var)(z,2") = spr (b, ) + Opr(, ') = spr(b, b)) — har(dar (2), dar(2))
= s (b,b') — ad har(dar(2))(ar (2)).

But ad spr(b) = —dar(x) and ad sps(b') = —¢pr(2’), since our elements lie in K =
ker f, so we obtain

(SM © ¢M)(Z, ZI) = SM(b, b/) —ad hM(adsM(b))(ad SM(b/))
m(b, V') = (y(b),ad spr (b)) = 0
by the formula in (G-3). |

We now have the setting to apply Kreck [29, Theorem 4, p. 735], which mea-
sures the obstruction to surgery on (W P ), relative to the boundary, to obtain an
s-cobordism between (M’, éprr) and (N, énv). Claim 3 above implies that the mod-
ified surgery obstruction is zero, by [29) Proposition 8, p. 739]. The role of the first
two properties in (W-AA) is explained in [20] Theorem 2.6], showing that we may
modify our bordism (W’, &) by the action of Ls(Z[x]) to obtain an s-cobordism.
This completes step (iv) and the proof of Theorem [1.2.

Proof of Theorem A. For 7 a right-angled Artin group with cd 7 < 3, the condi-
tions (W-AA) were established by Bartels and Liick [2]. This shows that Theorem
A follows from Theorem |

Proof of Theorem B. Suppose that M and N are topological manifolds as in the
statement with sy, stably isometric to sy. Then by Proposition .11l we conclude
that Q(M) is stably isometric to Q(N). Hence, after stabilization by sufficiently
many copies of S? x S2, we may apply all but the final step in the proof of The-
orem to conclude that M and N are spin bordant over P, and hence stably
homeomorphic. For these steps in the argument, we only need the injectivity of
ko2, which is property (W-AA)(iii). In the smooth case, we apply essentially the
same arguments above to show that M and N are smoothly spin bordant over the
reduced type P x BSPIN, and it follows that M and N are stably diffeomorphic
by [29, Theorem C]. |

Appendix A. The Hypercohomology Spectral Sequence

We include some background material and references for homological algebra for
the reader’s convenience.
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(1) The universal coefficient spectral sequence is a special case of the hypercoho-
mology spectral sequence defined in Benson [5, Proposition 3.4.3], Another good
reference is Benson and Carlson [6] Secs. 2 and []. If C and D are chain complexes
over a ring A, with C bounded above and D bounded below, then there is a spectral
sequence

Exth (H,(C),D) = Ext}"(C,D)

converging to the hypercohomology groups (see Benson and Carlson [4] Sec. 2.7]
for the definition of Ext for chain complexes). This is a first quadrant spectral
sequence, so the indexing convention above is standard (p runs along the x-axis).
The differential d, has bi-degree (r, —r 4 1).

(1a) For X a connected finite CW-complex with 71 (X) = 7 and A = Z[r], we can
take C = C(X;A) and D = A (a 0-dim chain complex with A in degree zero). Then
we have the universal coefficient spectral sequence

Exth (H,(X;A)), A) = Exti™(C(X;A),A) = HPTI(X; A).

For ¢ = 0, the terms along the z-axis are just Exth (Z,A) = HP(m; A). On the y-
axis, we have Homp (H,(X;A), A). To compute H*(X;A) for X a closed, oriented
4-manifold, the spectral sequence produces the 4-term exact sequence:

0— H*(m;A) — H*(X;A) — Homy (Ha(X;A),A) — H?(m;A) — 0

that we use throughout the paper. Note that the map to H 3(m; A) is a do differential,
which is surjective since H3(X;A) = Hy(X;A) = H{(X;Z) = 0.

(1b) There are two usual definitions of the Ext-functors, namely in terms of projec-
tive resolutions (the usual homological algebra), or in terms of multiple extensions
due to MacLane [31, Chap. III, Secs. Bl and [6]. The multiple extensions version
is particularly useful in describing connecting maps in long exact sequences (see
Benson and Carlson [4l, Sec. 2.6]).

(2) A formula for the do differential: Let X be a finite CW complex with 7 := 71 (X)
and integral group ring A = Zz. Let A be a right A-module. We use the universal
coefficient spectral sequence which has Fs-page

EPY = Exth (Hy(X;A), A)
to calculate the cohomology H*(X; A). The ds differential
dy : EY9 = Exth (Hy(X;A), A) — EZP2971 = Bxt?™(H, 1(X;A), A)

is given in terms of the multiple extensions description for Ext by the following
“splicing” formula.
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(2a) Let C. := C(X;A) denote the chain complex of X with A-coefficients, and
consider the usual sequences of cycles Z, := Z,(C) and boundaries B, := B,(C)
0= Bgt1 = Zg— Hy —0
0—=24—Cy— By —0
0= By —Zg—1 —+Hy1 =0

for computing H, := H.(X;A). We can put these together to obtain the 4-term
exact sequence

0— Hy; — Cy/By+1 = Zyg—1 — Hy_1 — 0. (A1)
To define da, we represent an element a € Ext! (H,, A) by a multiple extension
0=2A—=5_1—-S 22— —=>5—=>H,—0 (A.2)

as in the description of Ext given by MacLane [31), Theorem 6.4, Chap. III], and
splice the resolutions [A) and (AZ2) together to get a representative for

da(e) € ExtR™(H,_y; A).

(3) Finally, we relate this description of the dy differential as a Yoneda splice to
the usual definition. In general (even when C, is not a projective chain complex),
the hypercohomology spectral sequence is defined (see Benson [B Sec. 3.4]) as a
spectral sequence of a double complex

EP? =Homy (P4, A)

where for each ¢ > 0, P, — Cy is a projective resolution of C,, and the chain
maps Py ¢ = P. 4—1 are induced by the boundary maps C; — Cy—1. Applying the
horseshoe lemma to the extensions

0= Bgy1 > Z,—H;—0
and
0—+2,—-Cy— By —0,

we can construct a projective resolution for Cy of the form Py (Bgyt1) ® P.(Hy) ©
P.(By), where P,(By+1), P.(Hy), and P.(B,) are projective resolutions of Bgi1,
H,, and By, respectively. The boundary map on this projective resolution is of the
form

O1(a,b,¢) = (0a+ f(b) + g1(c), b+ ga2(c), Oc),

where f: Py(Hy) — Pi(Bgt1) and (g1,92) : Pu(Bq) — Pu(Zy) = Pi(Bgt1) &
P.(H,) are degree —1 chain maps. Note that f o go = 0 to check the relation
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0100, = 0. After applying Hom, we will get the horizontal differential dy : Ef? —
EP*TH4 which can be expressed as the degree 1 map

dy(a,b,c) = (da, f'(a) + 0(b), g1(a) + g2(b) + 6(c)),

where f’ and g7, and g are duals of the corresponding maps.

The differential 0y : P (Cy) = P.(Cy—1) is induced by the maps C; — B, and
the composite B, — Z;-1 — C,—1. Hence by the construction of the projective
resolution

P*(Cq) = P*(Bq+1) D P*(Hq) D P*(Bq)’

the induced map is dyp(a,b,c) = (¢,0,0) and its dual gives the vertical differ-
ential dy: EZ?' — E;9. Then one defines EP? = H(EY dy) and EPY =
HP(HIY(ES™, do), db).

In our case, we have E5'? = Ext} (H,, A). The next differential in the spectral
sequence

dy : Ext® (Hy, A) — Extt?(H, 1, A)
is now defined using the diagram

dy
HomA(Pp+1(Cq_1), A) —— HomA(Pp+2 (Cq—1)7 A)

|

Homy (P,(Cy), A) — 2> Hom (Pypy1(Cy), A)

as the map obtained by first applying the horizontal d; differential, then lifting via
the vertical dy differential, and then applying the horizontal d; again to the lifted
element (see Benson [5], p. 196] for the notation).

Let u € Homy(P,(Hy),A) be a degree p cocycle representing an Ext-class
in Ext} (Hg, A). On E{?, this is represented by the class (0,u,0) € E{? =
Homa (P,(Cy), A). Applying the horizontal differential on it, we obtain (0,0, g5(u))
in EPT1 where g4 is the dual of the chain map go.

Since the vertical differential dy is induced by dualizing Jy, we see that the ele-
ment (g4(u),0,0) € EXT9"" maps to (0,0, g4(u)) under the vertical differential.
Now by applying the horizontal differential again, we get (0, f'(g5(w)), g1(g5(u))) €
EPt*97 The element f'(gh(u)) = (gaf) (u) gives a degree (p + 2)-cocycle in
Hom (Py(Hy-1), A). The cohomology class [(g2f)’(u))] is the image of [u] under ds.

Note that f is the chain map f: P.(Hq—1) — Pi(By), and go is the second
coordinate map of the chain map (g1, 92) : Pi(Bq) = Pi(Zy) = Pi(Bg+1)® Py (Hy).
The chain map f is induced by the extension

0= By — Zg—1—Hy 1 —0.
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In addition, we can regard g as the chain map induced by
0— Hy — Cy/Bgy1 — By — 0.

The multiple extensions description of the Ext-group shows that applying these
chain maps corresponds to a Yoneda splice with the corresponding extension classes.
This completes the identification of the dy differential. O
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