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The relationship between the topology of manifolds and homotopy theory has
been analysed by surgery [1, 18, 28, 31]. However, the effectiveness of this
analysis depends on being able to compute surgery obstructions. In this paper we
introduce a new technique for evaluating the (weakly-simple) surgery obstruc-
tions for degree-1 normal maps of closed manifolds and apply it to oriented
manifolds with finite fundamental group. Our main result is Theorem A below.

Let (X, 3X) be a finite Poincaré pair of dimension n, and § a TOP bundle over
X which is stably fibre homotopy equivalent to the Spivak normal fibre space vx.
Let (M, dM) be a compact n-dimensional manifold and let

0.1) h: (M, 3M)— (X, 3X); h: vy—E

be a degree-1 normal map with #|dM a homotopy equivalence. Then surgery
theory gives an element

A(h, ﬁ) € Lﬁ(Z[an], WIX)

whose vanishing is necessary and sufficient (when n=5 [31], or n =4 if &, X is
virtually polycyclic [4]) for (k, &) to be normally bordant (rel 3) to a homotopy
equivalence. The special case of (0.1) when M and X are closed manifolds will be
called a closed manifold surgery problem. We will show that these problems have
very restricted obstructions when s; is finite, related to the low-dimensional
homology of &, X, while L2(Z[r,(X)]) is usually large.

More generally, let U c Wh(z,X) be an involution invariant subgroup. Then
there is a similar theory if (X, 8X) is a U-simple Poincaré pair with h|dM
a U-simple homotopy equivalence, and the resulting obstruction AY(h, k) lies
in LY(Z[n,X], »,X). The most important examples are U= {0} (simple),
U =SK,(Zn,) (weakly-simple), and U = Wh(Zx,), yielding the surgery obstruc-
tion groups L%, L', and L" respectively. From now on we will only discuss the
oriented case (w,X=1), and in most cases the surgery obstructions will be
evaluated in L'.

Here are two consequences of our main results. First consider the product of a
simply-connected surgery problem with a closed manifold P in domain and range.

THEOREM 0.2. Let P' be a closed topological manifold with m,P finite, and
(h: M"— N", h) a simply-connected closed manifold surgery problem. Then the
product degree-1 normal map

(hxid: M"x P'->N"x P!, h xid,,)
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is normally cobordant to a weakly simple homotopy equivalence either

(i) for n=2(mod 4) and | =0 (mod 4), if the Euler characteristic of P is even,
or

(i) for n =0 (mod 4), if index(P) = 0.

Remark. This generalizes the Sullivan, Rourke—Sullivan product formulas [31;
§ 13B; 27] for the simply-connected index and Arf invariant (take 7, P =1). Part
(ii) was first proved in [30]. The analogous result to Part (i) for the L" obstruction
was given in [13,14]. There a program for solving the closed manifold surgery
problem (with finite x,) was developed, based on Clauwen’s factorization [2] of
the Ranicki product formula. The present work, which began as a sequel to these
papers, uses instead an analysis of the Quinn-Ranicki assembly map (see § 1)
together with ideas from [5, 6] and (29, 30].

Our most complete result is for odd-dimensional surgery problems. Recall that
if @ is a subquotient of & (that is, & =p/p, where po<lp <) there is a
homomorphism L,(Zx)— L,(Z7) induced geometrically by surgery on a covering
normal map. Let C(2) denote the cyclic group of order 2 and Q(2*) the
generalized quaternion group of order 2*.

THEOREM 0.3. Let N" be a closed topological manifold with 7N finite and n
odd. Then a closed manifold surgery problem

(h: M">N", h: vyy—E)

is normally cobordant to a weakly simple homotopy equivalence if and only if
either

(i) n=1 (mod4) and A'(h, h) maps to zero under transfer-projection to all
quaternionic subquotients Q(2*) of m,N, or

(i) n=3 (mod4) and A'(h, h) maps to zero under projection to all C(2)
quotients of m,N.

To state our main results we need some notation. There exists an H-space
G/TOP (see [10,11]) such that the abelian group [X/3X, G/TOP) acts simply
transitively on the set of degree-1 normal maps (0.1) with range X rel 3X. Fix a
base-point (hq, /o) in this set, determined up to normal bordism by a topological
bundle structure on vy, and let (ho, Ao) * f denote the degree-1 normal map
induced by the action of an element f in [X/3X, G/TOP] on the base point.
Define

0.9) ad: [X/3X, G/TOP)— LY(Z[r, X))
by the formula
o§(f) = AY((ho, ho) * f) = A¥(ho, ho).

In Theorem A we will evaluate (0.4), assuming that &, X is a finite group and
SK,(Z[m,X]) c U, by factoring of through the low-dimensional homology of
m, X. The standard applications are the following.

ExampLE 1. In general, a U-simple Poincaré pair (X, 3X) with reduction
(o, ko) and n =5 admits a topological manifold structure extending one on 3X if
and only if the coset of im(ay) in LY(Z[x,X]) contains zero.
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ExampLE 2. When X is homotopy equivalent to a manifold then (0.4) is just
the surgery obstruction of the surgery problem induced by f. This computes the
maps o in the surgery exact sequence [31]:

(0.5) [2(X/3X), G/TOP] 2> LY, (Zn, w) —> (X, 8X)
— [X/8X, G/TOP} L5 LYZ[n,X], w).

ExamrLE 3. By varying X over closed n-dimensional manifolds with 7, X = x,
we see that this evaluates the Sullivan—Wall map

Q,(Bx x G/TOP)— LY(Zn).

In particular, this determines the obstructions for closed manifold surgery
problems.

Let Vyx denote the total Wu class of v, and
k = {kes,) € H**A(G/TOP:Z/2)
the universal class from [27]. Then given a map f: X/3X— G/TOP we define
(0.6) ARF/(f) = {(VX Uf*(K)) N [X, 3X]}( € H(X ; Z/2)

to be the j-dimensional component of the indicated homology class. We let
ARF(f) and Index(f) denote the change in the ordinary Arf invariant and index
of the surgery problem given by f (considered as elements of L,(Z)). Note that
ARF(f) is just the Rourke—Sullivan formula for the Arf invariant. Finally let
(0.7) S, Hyl(X 5 Z/2)—> Hy(X ; Z/2)

(for r = 0) be the Hom-dual of the iterated squaring maps in cohomology.
For any finite group & with Sylow 2-subgroup p we define

¥ = Im(SK,(Zp)— SK.(Zn)) € Wh(Zx) = K,(Zn)/{£7"*)}.

Note that since Y is a subgroup of SK,(Zr), the surgery obstruction groups
LY(Zr) map into the groups L,(Zx) calculated in [34], and so into L!(Zrx).
In § 1 we construct universal homomorphisms (for all j = 0):

(0.8) H(” Z/2)— L; +2(Z”)(2),

for any ] 1nvolut10n~1nvar1ant subgroup U c Wh(Zn) The following result shows
that if ¥ c U, the surgery obstruction map o5(f) can be computed in terms of
Index(f), ARF(f) and the maps k/ for 1 <j<4. In the statement of Theorem A
the map c: X— B, X classifies the universal cover of X.

THEOREM A. Let (X, 3X) be an n-dimensional U-simple Poincaré pair and
(ho» ho) a degree-1 normal map with the torsion of h|3 in U< Wh(Z[r,X]). If
Y c U and n,X is finite, then for any f: X/3X— G/TOP,

06(f) = AY((ho, ﬁo) *f) — Au(ho; o) in L7(Z[nX])

is equal to
(a) Index(f) + k3{c.(ARF,(f))} for n=0(mod 4),
(b) x¥{c.(ARF5(f))} for n=1(mod 4),

(c) ARF(f) + k& {c+(Z,205.(ARFy+(f)))} for n=2 (mod4),
(d) kY{c.(ARFy(f))} for n=3 (mod 4).
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We remark that x, is always (split) monic and that k; is detected by
quaternionic subquotients of . More precisely, if Q(2) denotes the generalized
quaternion group of order 2* then

Hy(Q(2Y);2/2)=2/2

and k3{c.(ARF;(f))} =0 if and only if the image of c,(ARF;(f)) is zero under
transfer-projection to all quaternionic sub-quotients. This explains Theorem 0.3
above. Note that k, #0 for & = C(2) from [31], and k3 #0 for & = Q(2*) from
[3]. The new information is that this set of Z/2-valued invariants (often referred
to as codimension 1 or 3 Arf invariants) suffices to detect the odd-dimensional
surgery obstructions.

In the even-dimensional cases the answer is not so precisely under control (is k,
perhaps identically zero ?), and in all dimensions one would like an explicit
description of the images of the k;. From [5, 30] we know that for i =2, the
image of k” is contained in the image of

Hi+l(Z/2 ’ f('o(Z.n'))—> L:'+2(Zn).

We can also say something about k,. Recall that Oliver [20] found examples of
finite 2-groups x for which H(Z/2) ; Wh' (2,7)) is non-zero.

THEOREM B. The composite
Hy(n:2/2) =25 LI@n) —> LZ:m)=H\Z/2; Wh' L,7))
is surjective for &t a finite 2-group.

Remark. Morgan and Pardon (unpublished, proved also in [30, 15]) showed
that k, is non-trivial on the image of H,(x ; Z) in H,(x ; Z/2) by considering the
surgery obstruction of the product of the Kervaire problem with S'Xx S in
L4(Z[Z/4 x Z/2]). The composite in Theorem B vanishes on the image of integral
homology so it gives new examples of closed manifold obstructions in dimensions
congruent to 0 (mod 4).

Recently Oliver has shown that the integral homology contributes further to L°.
In fact the image of the 2-adic x5 contains H%(Z/2; SK,(Z,7)) for n a finite
2-group.

The formulas in Theorem A give the answer in L!(Zx), which is useful for the
existence problem of manifold structures, but do not in general give the answer in
L;(Zr). In some cases of interest SK,(Zx) has odd order (e.g. when 4 does not
divide the order of & [34]), and then L}, = L,. For another sort of example note,
from [20], that, for most groups with periodic cohomology, SK,(Zx) contains
2-torsion and so L°#L'. For all such groups however, the 2-Sylow subgroups
have trivial SK;, and hence the above formulas do hold in L}(Zx). Furthermore,
K, and k, are zero in this case, by (7.4).

We now describe the main steps in the proof of Theorem A. It is sufficient to
analyse the k; with values in L,(Zn) for & a finite 2-group, and this will be
assumed from now on. In fact by naturality, k} is the composite

H(n:212) 5 H(my32/2) X5 Li@n) — Lia@m),

where 7, c 7 is a 2-Sylow subgroup (compare [32]).
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In §1 we describe the surgery assembly map and recall in (1.10) the
cohomological formula [32, 29], which expresses o¢ in terms of the k, and certain
other universal homomorphisms In §2 these are shown to reduce to just the
ordinary index, so in the rest of the paper we concentrate on the k.

We introduce Wall groups L%(Rx), where R is the ring of integers in Q(V5)
with the Galois involution and prove

THEOREM 1.16. There exist natural homomorphisms
K;: H(m ;Z/2)— Li(Rn) and trf;: Li(Ra)— Li (Z7)

such that
K; = tl‘f,- o f(",'.

This immediately gives a similar factorization for the k. The reason for our
Whitehead torsion assumption ¥ ¢ U appears at the next step. In the statement
F(x) is the set of dihedral (i=1,2 (mod4)) or quaternion (i =0, 3 (mod 4))
subquotients of . Let 7°® denote the abelianization of 7.

THEOREM 5.4. If 7 is a finite 2-group, the map
LY(Rm)— LY (R[x**]) ® X (LY (R[p/pol): po<lp € #(n)},
induced by the (sub)quotient maps, is an injection.

The proof of this result depends on the calculation of the groups LY(Rx)
carried out in §§3 and 4, using Oliver’s logarithmic description of
Ki(R,7)/SK (R,7) from [19] and the methods of [34]. After Theorem 5.4 the k;
are completely determined in terms of subquotient maps in homology, once we
know the answer for abelian, quaternion, and dihedral groups. This is given in
Theorem 6.8. Now Theorem 0 2(i) is a consequence of the fact that k; (and hence

k7) vanishes for i >3 on the image of H(x ; Z) in Hy(n ; Z/2).

We remark that the map (0.8)

8, Hypo(X ; Z/2)—> Hy(X ; Z/2)

used in Theorem A is natural for push-forward and subquotient maps in
homology (since it is dual to an iterated Steenrod square). Therefore to complete
the proof of Theorem A, we combine (1.16) and (5.4) with an explicit check in
(6.8) for the detecting groups that

k2’*’2 = k-‘t °s,

for all > 0. In § 7 we determine the image of k; and prove Theorem B.

1. Characteristic class formulae and factorizations

A. The surgery assembly map
We begin by giving an alternate description (due to Quinn and Ranicki) of the
map from (0.4):

o§: [X/8X, G/TOP)— LY(Zn\[X], w)
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defined by o¥(f) = AY((ho, ko) * f) — AY(hy, ko), where
(ho: (M", 3M)— (X, 3X), hy: vi— E)

is a fixed normal map. Further details and references are given in an Appendix.
For any pair (7, w) consisting of a group with an orientation character,
L§(Zx, w) is the quadratic L-spectrum and

(L5 (2, w)) = Ly (Z7, w).

Similarly 19(Zx, w) denotes the symmetric L-spectrum. For the trivial group we
shorten the notation to L, and L° respectively. Then L, is an Q-spectrum with the
space Z X G/TOP in dimension zero.
For a space Y and a line bundle with first Stiefel-Whitney class w, let Y”
denote the Thom spectrum of the line bundle where the bottom cell is an S°.
The pre-assembly map is a spectrum map:

ay.,.. Y'—=>L(Zx, w).

For w trivial, the definition is on [24, p. 288] and the generalization to our case is
straightforward.

The spectrum 1 is a ring spectrum and LY(Z, w) is a module spectrum over it.
Any compact topological manifold (M", M) with w = w;(M) has a fundamental
class

[M, 8M)- € H,(M*, 3M” ; L°).

Let
vo: [X/8X, G/TOP)c H(X ;y)— H,(X" ; L)
be the map given by capping with (h¢).([M, dM]..).
The surgery assembly map is the composite

1
An: Br® Aly 2205 192, w) ALy — L(Zn, w).

Similarly we define the surgery assembly map into L§(Zn, w) for any involution-
invariant subgroup U < Wh(Zx).

The Quinn—Ranicki factorization theorem (Appendix, Theorem 2). The ge-
ometric surgery obstruction map o¢ is given by the following composite:

* An w
[X/3X, G/TOP] L% H,(X" ;L) = H,(Bx" ;L) =3 LY(Zx, w),
where c¢: (X, w)— (Bx, w) classifies the universal covering.

B. Computation of c, ° yo: [X/3X, G/TOP])— H,(Bn" ;L)

First we localize at 2. Recall that, since the L-theory of a finite group contains
torsion only at 2, this does not lose information for our applications.

By the results of Morgan and Sullivan [16], Rourke and Sullivan [27], and
Milgram [12], we can write

Hn(BJTw ;ﬂ-o)(z) o g% Hn—4i(ﬂ > ZZ"z)) ® Hn—4i—2(-7t ;2/2)-
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Then [32] and [29] give the following ‘characteristic variety’ formula:

(L1 yolf) =W (L) UF*() +u*(L)Uf* (k) + 8*(u*(VSq V) Uf* (k)] N [X].

Here u* denotes the map in cohomology induced by the classifying map
u: X— BSTOP of a bundle &, , such that &, plus the line bundle corresponding
to w is the bundle £ associated to (ho, ho). The classes [ and k are classes in the
cohomology of G/TOP. Such classes are defined by Morgan and Sullivan in [16]
and by Milgram in [12]. The particular ones we are using are the Morgan-
Sullivan ones as in [29], but the reader should have no trouble converting to
others if this is desired. Recall that

le @ H¥(G/TOP ;Z,) and ke @ H“**(G/TOP ;Z/2).

The class & is the 2-local class in H**(BSTOP ; Z,,)) as defined in [16]. Note that
& reduces mod 2 to V2, where V is the total Wu class in H**(BSTOP ; Z/2) and
6* denotes the integral Bockstein.

C. The computation of A, ,,; H,(Bx" ;Lo)— LY(Zx, w)
The pre-assembly map

a, .. Ba"—L3(Zn, w)

is natural with respect to w-preserving group homomorphisms, transfers to
subgroups, and the following diagram commutes:

a, Aa,
Br{ A By —— 5 1%(Zr,) A LA(Zr,)

1.2) l l

Guyxny
B(m, X 1) ——— L32[, X m5))
where Bn* is just Bz" for w trivial and a,, is a, ,, for w trivial.
Note that the spectrum 13(Z) is a ring spectrum, with unit u: $°—13(Z) and
the 2-local splitting of L(Z) in [29] yields a map of ring spectra

I K(Z(z), 0) il ﬂ_g(Z)(z)

Because of the associativity of Cartesian products, the 2-local pre-assembly
map 4., is a module map over K(Z,), 0) and we can use this module structure to
give a more explicit description of the assembly map in terms of universal
homomorphisms.

The homomorphisms we need all arise from the following construction. We fix
a family of spectra, which we denote by E(x, w).

In the homotopy category of spectra, we want this assignment to be functorial
with respect to w-preserving group homorphisms and transfers to subgroups.

If p, denotes the projection to the second factor, we require pairings of spectra

(13) u: IL.\?(Z‘T[I) A IE(JTZJ W)_) ‘E(nl X T2, pr)
which satisfy the following three conditions:
(1.4) (i) the two ways of computing

L3(Zms) A L(Z7y) A E(rs, w)— E(y X 71, X 73, wps)
are homotopic,
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(ii) the composite

1
$° AE(m, w) “25 1(2) A E(n, w) -2 E(x, w)
is the identity,

(iii) the pairing is natural for w-preserving group homomorphisms in both
the L° and the E factors; the pairing is natural with respect to transfers
in the [ factor and the identity in the L° factor.

Given any functor E(x, w) as above, (1.4) says that E(sr, w) is an LY(Z)-module
spectrum. We outline a procedure for constructing homomorphisms after
localizing at 2. Let

h: M(C, l)“" [E(e)(z)

be a map where C is a 2-local group and M(C, i) denotes the Moore spectrum
with ith integral homology equal to C. We produce a map of Eilenberg-MacLane
spectra

[h]. K(C, l) = K(Z(z), 0) A M(C, l) M [L;(Z) A [E(e)(z) — [E(e)(z)

and then construct homomorphisms
(1.5) hn-ii Ho_ (7 ; C”)—> E (7, W)z
by applying x, to the following composite

h
Br* A K(C, i) Ml L(Zr, w) A E(e) ) £, E(7, w)e).

Because of the conditions in (1.3), the {h;} that we have constructed are natural
with respect to w-preserving group homomorphisms and transfers to subgroups,
and hence for subquotient maps.

(1.6) ExampLe. For the map 4 take the unit u: Sty L3(Z)()- This gives rise to
homomorphisms

hi: Hy(7 5 Z)gy— Li(Z7w, w).
We will refer to these particular homomorphisms as {/;}.

We can now state another property of the {k;} as constructed in (1.5): the
following diagram commutes:

Hn(nl ) Z(2)) ® Hm—-i(”2 ;Z(Z)) — Hn +m—i(nl X 7T, ;Z(Z))
(1.7) |5 @R (-

L{(Zr, w) ® Em(ﬂfz)(z) —— E, (1 X 7))
The proof of (1.7) is an easy diagram chase.

(1.8) ExampLE. Let k: M(Z/2, 2)— L3(Z) denote the unique non-zero homo-
topy class. This gives rise to homomorphisms

K2 Hi(mw ; 2/2)— L (27, w)z).
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(1.9) ExampLE. Let $: §°— L3(Z) denote the unique homotopy class so that
the composite S°—1i(Z)—13(Z) is 8 times the unit wu. This gives
homomorphisms

fj: I'IJ(TL' 5 Z%z))—) Lj(Zﬂ, W)(z).

We can now combine formula (1.1) with the x and $ homomorphisms to give
the cohomological formula for the surgery obstruction:

(110) 06(f) = Fucal(Ls UF*() + 8*(VoSq'V. UF*(K)) N[X, 8X]}
+ ki {VZ U (k) NX, 3X]},
where L, =u*(¥) and V, = u*(V) are the universal classes pulled back to &.. In

the oriented case, §, = & and V, = Vj, the total Wu class of the Spivak normal

fibre space vy. The term $yc {L, Uf*([)N[X, X]} = Index(f) by the Sullivan
product formula (31, 13B]. We will show in § 2 that #; =0 (for j >0), under the
assumptions of Theorem A.

D. Factoring the surgery assembly map
We prove Theorem A by factoring the $ and x homomorphisms through a
more computable L-theory. For the {4;} this was done in [30] and for the {k;} in

[6].

(1.11) ExampLE. Since L{(Z,)=0, we can find a map #: S'—>15(Z—2,)
lifting the # from (1.9). This lift is not unique (since L}(Z— Z,) =Z @ Z/2 there
are two such) but either choice produces a family of homomorphisms

30 H(m ; Z8))— Livi(Zrn— 2,7)

which are natural for subquotient maps and satisfy (1.7). This gives a commuta-
tive diagram:

g
Hi(m;Z28) — Li(Zx, w)q

N /

Ljw(Zn— Lom, w)

We can also smash the map $ above with M(Z/2, 0) and get a mod 2 version of
these results. We still have products and the mod 2 analogue of (1.7) continues to
commute using the mod 2 versions of the .

(1.12) ExampLE. Let R =Z[¢] denote the ring of integers in the quadratic
extension Q(VS), where £ =3%(1+V5). The Galois involution on R will be
denoted , and the involution on Rx induced by w is

B r8)— 2 Fow(g)g ™t

By the ‘s’-decoration on L-groups we will mean torsions in K,;(Rx) which lie in
the subgroup generated by R* @ n*.
Note that e+ £ =1 so that Li(Rz, w)=[L(Rx, w). Furthermore €€ = —1 so
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that all the L-groups are Z/2-vector spaces [34, 3.4.4]. In Proposition 4.11, we
show that

LY(R,B,1)=2/2,2/2,0,0 (for n=0, 1,2, 3 (mod 4) respectively).
Let
K M(Z/2,0)— L(R)
denote any homotopy class which induces an isomorphism on w,. We get
Kt Hi(m ;Z/2)— Li(Rm, w).

There is no need to localize since L3(Rx, w) is already 2-local. As usual the {k;}
are natural for subquotient maps.

The map {k}: K(Z/2, 0)— LY(R) defined above is a map of ring spectra. This
involves showing that the difference of two maps

K(2/2, 0) A K(Z/2, 0)— LY(R)

is zero. Note that K(Z/2, 0) A K(Z/2, 0) is also a ring spectrum and (1.4)(i) shows
that the map we are trying to show is zero is actually a module map over this ring
spectrum. Hence it suffices to check that it is zero on M(Z/2, 0) A M(Z/2, 0)
sitting in K(Z/2, 0) A K(Z/2, 0). An easy diagram chase using the unit shows that
our map vanishes on $°A M(Z/2,0) and on M(Z/2,0) A S°. The remaining
obstruction is in 7, of L{(R), and hence vanishes. A diagram chase now yields the
analogue of (1.7):

Hi(m,;2/2) ® H(r,;2/2) — i (T X 75 5 Z/2)
(1.13) 1&,. ®F 1;<,.+,
Li(Rm,) ® Li(Rm;) —— LR, X 7,))

Finally we come to the reason for introducing the {&;}. The ring
homomorphism

h: R—> Mz(Z)

sending € to ((1) i) is involution-invariant with respect to
a b d -b
. -
p (c d) (—c a)

L .. (0 -1
on M,(Z). This is just transpose followed by conjugation with ( 1 0). A
spectrum level transfer map is defined by the composite

(1.14) tf: Li(Rx, B, 1) LN LEX(Zr ® My(Z), a ® B, 1) —> L3(Zx, a, —1),

where X is the image of R* @ {n*°} in K;(Zn ® M,(Z)). The second map in
(1.14) is given by [7,7.1]. The generator of Ly(R) is the rank-1 quadratic form
given by (¢e). It is straightforward to calculate that, under trf, the form goes to a
form with Arf invariant 1. Since trf is compatible with products on the spectrum
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level [7,7.3], the following diagram commutes up to homotopy:
B A M(Z12, 0) 2K (32, w) ALY(R, B, 1) — LEZx ® My(Z), « ® B, 1)
11 Atef | et
(1.15) L(Zr, w) ALY(Z, 1, -1) —— L{(Zn, a, —1)

An W AK

TueorReM 1.16. For any pair (m, w) there is a factorization, commuting with
w-preserving group homomorphisms and subquotient maps,

K; .
H(7;2/2) — j+2(Z7, W)@

k,\ /t'rf*

Li(Rz, w)
Proof. This is an immediate consequence of Example (1.12) and (1.15).

2. The vanishing of the $,
For any finite group =, we let

and if p c 7 is a 2-Sylow subgroup let
Cl(m) = im{Cl,(p) > Cl()}.

THEOREM 2.1 [29]. For any finite group m, the homomorphisms
I Hi(7 ;Za)— LZ7)e
are zero for j = 1.
Notice that Cl(x)c Y(n) where Y(x)=im{SK,(Zp)— SK(Zr)} c K,(Zr)

was the decoration used in the statement of Theorem A. Also if & is a finite
2-group, then from [20],

(2.2) Y(n)/Cl(n) = SK,(Z,7).
We will use the following result of [9].

THEOREM 2.3. For any finite 2-group &, the subquotient maps give an injection
lfiil(Zﬂ—) Zym) — @ qul(Z[H/N]_’ Z,[H|N)),
where the sum is over all basic subquotients of .
Recall that the basic 2-groups are cyclic, C(2¥), quaternion, Q(2%), dihedral,

D(2%) for k>3, and semidihedral, SD(2%).
Since 4; factors by (1.11) through

jj: H(m ; Z3))— Lf?l(z'ﬂ: - Zzﬂ' Doy
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we have finished if we can show that J, is trivial for j =1 on the basic 2-groups.
Note that we also get a commutative diagram:

3. .
Hi(m ; Z) —4 Lﬂx(Zﬂ—’Zzﬂ)(z)

T

H(n:2/2) 2o L9 @2 2m;212)

where $; is the mod 2 analogue of $,.
For & a 2-group we have

L ,@n— 2yn) —>LE\(2n— L),

which is computed in [34, 5.2.2] for the basic 2-groups. Notice that r,, the
reduction mod 2, is injective on the torsion subgroup. Since each basic group
contains a unique central element z of order 2, we can analyse $; by comparing
the relative L-groups under the projection p: w— x/(z). We now consider each
type separately.
(i) C(2): compare with the trivial group;
P+ ®res: L%,(Z[C(2)]- Z,[CQ)))
— L%(Z[e] - Zy[e]) ® L 1(Z[e] - Z;le])
is injective for all j, whence %; and 5, are trivial when j = 1.
(i) C(2¥), k>1: here
ps: tors LX,(Z[C(29) - Z,[C(2Y)]) — L (ZIC@* )] Z[c(2F M)
is injective for all j.
(iii) D(2*): Quillen [22] has proved that H;(D(2*);Z/2) is generated by

elementary abelian subgroups. The quadratic detection theorem [9]

implies that
LEAZIC(2")] - Z[C@")))

is detected by C(2) subquotients.
(iv) Q(2%): recall that H;(Q(2%) ; Z(;)) =0 for j =2 (mod 4). Also
psi LE(ZIQ2]-Z[02Y)) — LE(@ZIDE)]— L[D(2* )

is injective for j =0 or 3 (mod 4). Finally H,(Q(2") ; Z) is generated by
cyclic subgroups for j =1 (mod 4).

(v) SD(2%): here

ps: tors LX,(Z[SD(24)]— Z[SD(2")])) — Li.(Z[D(2* 1)) Z[D(2* 1))
is injective for all j.

3. The 2-adic L-group

In this section we will describe the structure of L) (Ro7, a, u) for a finite
2-group. Throughout this paper we let
(3.1) X=SK,(Am)c K (An) for A=R or R,,
Y=R*"®a*®XsoY/X=R*® ",
Y denote the image of Y in K,(Zx), modulo the image of K,(Z) = {£1}.
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The antistructure (A, o, u) will always be a geometric antistructure [8,
Appendix IJ:

(3.2) a(rg) =w(g)ro(g™")

for all gex and r € R. Here w: 71— {%1} is a homomorphism and 8: 71— x
is an automorphism with 6%*(g)=bgb~! for all gex, and w°6=w. Also
we assume that u=1b, w(b)=1, and 6(b)=b. The Galois automorphism
(V5— —V5) is denoted by : R—R.

The antistructure with 8 =1Id, w trivial, and unit u=e will be called the
standard antistructure.

The main result of this section is

TueoreM 3.3. For the standard antistructure there is an isomorphism
LY(R,w) —=> LY(R,) ® H'(n*),

where the involution on n® is g—g~'. If f: m,— n, is a group homomorphism,
the isomorphism is natural so that the induced maps fit into a commutative diagram
Li(Rom) — LI(R) © H'(x}"),
£ ey,
LY (Rym;) = LY(R;) ® H'(n7)

REMARK. We have LY(R,)=2Z/2,0,0,Z/2 for i=0,1,2, or 3 (mod4), see
(3.11). As usual in this context, the notation H'(n°®) means the Tate cohomology
of Z/2 with coefficients in the module 7. This convention will be used
throughout the paper.

Theorem 3.3 has two immediate corollaries.

THeoREM 3.4 (the 2-adic detection theorem). Let {fi: 71— Cy, 1<k =<r} bea
set of projections of 7 to cyclic groups C such that the direct sum D f, gives an
isomorphism n°® = D}_, Cy. Then the induced map

L?(Rzﬂ)—’ D L?_,(chk)
k=1
is an injection.
In § 5 we will need the following remark.

ProposiTION 3.5. Let z € & be a central element of order 2 whose image in
H(m;Z/2) is trivial. Then the map LJ_(R,m)— LY_,(R,x/{z)) is an
isomorphism.

We will give the proof of Theorem 3.3 after collecting together some needed
lemmas. The general method is to understand the round to unround exact
sequence (8, p. 61, 1.1.6] and then compute the round groups. The following
general discussion ought to be in the literature but we cannot find it.
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Let (A, B, v) be a ring with antistructure and let V < K,(A) be a B-invariant
subgroup with {xv} € V. Then [7, Proposition 3.2] says that

(3.6) 0 —> LY(A, B, v) —> L4, B, v) 25 772

8,~ %
—_> L;—I(A’ ﬁ; U) R L;—I(A: ﬁ) U) — 0

is exact. There is a Rothenberg sequence (due to Wall [34]) and we let
Tau-1: Lyi_1(A, B, v)—> H'(V)
denote the discriminant map.

THEOREM 3.7. The composite
212 25 LY 4, B,v) 2 HYY)
sends the generator to the class of (—1)'v € H'(V).

Proof. Using Wall’s definition of LY_,(A, B, v) and of the map in the
Rothenberg sequence, it is easy to chase down the class in H' represented by the
generator of the Z/2.

In our case this gives
THEOREM 3.8. Let (An, a, u) be a geometric antistructure on Ax for A=R or
R,. Then rk;: LY(Am, o, u)— Z/2 is surjective if and only if
((-1)u) e H'(R* @ n*)
is trivial.

Proof. If ((—1)'u) #0 in H'(Y/X), it certainly cannot be 0 in H'(Y) either, so
one way follows easily from Theorem 3.7. If ((—1)u)=0 then we can find
w € R* @ % such that (—1)'u = wB~!(w). If we scale by w [8, p. 74, 2.5.5], we
see that the map rk; above is equivalent to the map

rko: LX(AH, a%, 1)—Z/2.

But (&) is a rank-1 quadratic form in LY (Am, a”, 1).
We now turn to the computation of the round groups. The result here is

THEOREM 3.9. The groups L¥(Rn, a, u) are trivial and the other map in the LX
to LY Rothenberg sequence

LY(Rim, &, u)— H'(R* ® n®)
is an isomorphism.
REMARK 3.10. We will not give the full proof in this paper. We will do the case

when 7 is abelian or where the map w is trivial. These two cases suffice for our
applications.
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In particular, it is now easy to show

ProposiTION 3.11. For the trivial group,
LI(R,)=12/2,0,0,Z/2.
If C3 denotes the antistructure with u =1 and w non-trivial, then
LIR[C3) =212, Z/2, 712, Z/2
fori=0,1, 2, or 3 (mod 4).

Proof. Use (3.9) to calculate LY and then use (3.8) to determine the rk;.

We now turn to the proof of Theorem 3.9. Since R,7 modulo its radical is F,
with the non-trivial involution, the L* groups are trivial by a result of Wall [34].
Hence (3.9) is equivalent to

Lemma 3.12. H'(Z/2 ; K{(Rn)/X) =0 for i=0 or 1 (mod 2).

Proof. First we prove (3.12)A assuming that 7 is abelian. Then A=R,x is a
commutative, complete local R,-algebra: let m denote its maximal ideal. As
usual, we have the involution-invariant exact sequence

1+m™! . ; .
0— L (it B (ajmiy s 0
Since H*(Z/2 ; (A/m)™) =0 (by Hilbert’s Theorem 90 and a Herbrand quotient
argument) we can assume by induction that H*(Z/2 ; (A/m'~')*) = 0. Also,

1+m ™ mi

i ?

1+m' m

and this last group is an R,-module. Moreover, the isomorphism preserves the
involution, so (since € + € =1),

1+m!?
m )EO.

* .
H (Z/Z, 1+m'

Since A is complete, A =lim (A/m')* and, since p; is surjective for all i,
H*(Z/2;A%)=0.

In the abelian case, X =SK,(R,m) is trivial so we have finished. If 7 is
non-abelian, we reduce to the abelian case using results of Oliver [19]. Here we
need to assume w is trivial or else generalize [19] along the lines of [21]. We stick
to the case where w is trivial. Then we have (from [19]) the following
involution-invariant exact sequence

(3.13) 0— Ry ® n®®— K (R,m)/ X = I(R,w)— 7 — 0.

The involution on I(R,) satisfies a(rx)=rFa(x) so H*(Z/2;1(R,m))=0. The
sequence (3.13) is natural for group homomorphisms, and if we use the natural
epimorphism 7 — 7°® to compare (3.13) for & with (3.13) for 7%, we see that

H*(K\(Rym)/X) = H*(K,(Ry[*])) = 0.
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This concludes our proof of Theorem 3.9, so we turn to

Proof of Theorem 3.3. We now have the standard antistructure. In this case we
have that R,— R,m and R,m— R, are maps of rings with antistructure.
It follows easily from Theorem 3.9 that

L.'Y(iézﬂ) = L:Y(Rz) @ Hi(”ab)

and from this and Theorem 3.8, the result follows.

4. An exact sequence for LY (Rm)

The information we need about the L,? (Rm, &, u) comes from the exact
sequence

41n ---— L,?(Rn, o, u) — L,-‘—'(lézn, @, u) & L}.’(Rn—ﬂ?z:t, @, u)
— L,-Y~_1(Rn, au) — .
There is a similar exact sequence relating the round L-groups, and
LY(Rn— Rom, a, u) —> LY(Rn— Rym, o, u)

is an isomorphism.
The two main results of this section concern (4.1) with the standard
antistructure (0 = Id, w trivial, u = 1). In Theorem 4.5 we compute

L,? (Rn— f(’zit)

and in Theorem 4.10 we compute ;.

ProrosiTioN 4.2. For any geometric antistructure, the composite

LY(Rn— R,7, a, u) <— LY(Rt— Rm, a, u) <— L¥(Ra— R,7, o, u)
= L¥,(Rn, o, u) — L3 (Fsm, @, u)
is an isomorphism.
Proof. Recall X = SK,(Rx) or its image in K, (R,m) where R, is the completion
at some prime. Since SK;(Rsm) =0 for & a 2-group [19], SK,(R7)— K(Fs7) is

trivial, so we do land in L} _,(Fsx, a, u).
Since the antistructure is fixed, we suppress it in the notation. The map

L¥(Rn—> Rpm) —> LL,(Fsm),
defined above, factors as the composite

L¥(Rr— R,m) 4, L,-S(]_[ R ®Q(e)n— @(s)n)

I#2
2|
Li_(Rsm) 35 L3 ,(Fsm)

The map 1 is an isomorphism by excision: the map 3 is an isomorphism from
the reduction modulo the radical theorem [34].
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In the centres of the various simple factors of Qs, 2 is the only prime that
ramifies. Since the discriminant of Q(¢) is S, 2 and 5 are the only primes that
ramify in the centres of the various simple factors of Q(&)n. In Q(¢)x, all the
factors are of type GL or U and in R,z for [ # 5, all the factors still have Type GL
or U. By a result of Wall [34], all the LS groups are trivial for GL and U type
factors, so the map 2 above is an isomorphism.

Since all finite division algebras are fields, the general theory in [8] and [9]
shows

Prorosition 4.3. For all i, Li(Fsn, o, u) =[1 L{(F,, &, 1) where the product is
taken over the invariant factors of Fsm, and F, denotes the centre of the rth factor.

A similar result holds for the other two terms in the LS to LX Rothenberg
sequence for Fsr, and the whole sequence for Fsx is the product of the ones for
the various F,.

With (4.3) established, we turn to

LemMma 4.4. If & is a non-trivial,

L3(Fs, a, +1)=LX(Fs, a, £1)= H'(F) =0.
If « is the identity, and F, is an extension of Fs then
0_> sz([Fn 1, 1)_) H‘([F:()—) L;'g—l([Fr: 1; 1)_> 0
is exact, H'(F})=127/2,
LKF,, 1,1)=2/2,2/2,0,0, and L3, 1,1)=0, Z/2, Z/2, 0
fori=0,1,2, or3 (mod4).

Proof. Wall [34] shows that the map Lf— LF is trivial in the above cases. The

groups L are computed in [8, p. 90, 3.3.1], for @ non-trivial, and [8, p. 83,

3.2.1], for « the identity. The Tate cohomology calculations are easy since FX is
cyclic and, if « is non-trivial, H'(F,*) =0 by Hilbert’s Theorem 90.

In the proof to follow, we explain the notion of the type of a factor of Q.

THEOREM 4.5. For the standard antistructure,
L?ﬂ(R”_’ R.m)=(z/2)",
where s, = s, is a number of Type O factors in Qr, and 53 = s, is a number of Type
Sp factors in Q.

Before beginning the proof of Theorem 4.5, we give a general discussion of the
relation between types of factors in Qs and types of factors in Fs. We let («, u)
be an arbitrary geometric antistructure. Recall [8] that

Z[3)w =[] Enda(L,),
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where A, is a Z[3]-maximal order in one of the following division algebras:
Q, Q) k=2, QL+ Ex), k=3;
1, -1

Q(Ex— &), k=4; or (m), k=2.

Clearly,
Qru=[[M,(Q®z;A) and Fsa=[][M,(Fs®A).

A geometric antistructure begins as an antistructure on Zm. Factors of Q that
are flipped (so called GL type) give rise to GL factors of F,r.

We also showed in [8] that any invariant factor End,(L;) is quadratic Morita
equivalent to (A;, @, £1): hence the corresponding factor in Fsm is quadratic
Morita equivalent to (Fs® A;, 1 ® a, £1).

Invariant factors of Qx for which « is non-trivial on the centre are called Type
U; if « is the identity on the centre and the unit is 1 (respectively —1), the factor
is said to be of Type O (respectively Sp).

Since 5 splits in Q(E,x) for k=2, but is inert in Q({x % &pt), Fs® A, is a field
for A;=Z[3][E2 £ ] but it splits into two fields for A; = Z[3][2+]. When A, is
the Z[4]-maximal order in

@)
we have

Fs® A; = My(Fs ® Z[ o + £])

and this is quadratic Morita equivalent to Fs ® Z[£, + &,] with no type change.
Hence a Type O or Sp factor of Qz gives rise to a single factor of Fsm of the same
type unless the centre of the factor is Q(&,+), with k =2, in which case we get two
factors of Fsm of the same type.

Proof of Theorem 4.5. Theorem 4.5 follows from Proposition 4.3, Lemma 4.4,
the above discussion, and the next lemma.

LeMMA 4.6. For the standard antistructure, the centre determines the type:

Q and Q(Ex + Ex) for k=3 are Type O;
-1, -1 )
———————|, for k =2 are Type Sp;
(6@r2)* ype Sp
and the others are Type U.

Proof and remark. This result is well known. For more complicated antistruc-
tures the centre does not determine the type, but in [8, Appendix I], we gave one
way to determine the type of the factors. The proof of Theorem 4.5 then outlines
how to compute LY(R7— R,7, @, u) for any geometric antistructure.

Next we turn to the calculation of the v, maps. Our first result, Corollary 4.8
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below, reduces the calculation of the maps
Yi: LY(Rom, ) — LY(Rn— Rym, @, u)

to a K-theory calculation. But first we remark

LemMma 4.7. The following two composites are equal:

LY(R,m, a, u) Y, LY(Rn— Ry, @, u) <= L¥(Rn— R,7, a, u)
— L¥,(Rm, a, u)
and
LY(R,m, o, u)—> H'(Y/X)— L¥ ,(Rn, o, u).

Proof. The two composites are the two ways of constructing the Mayer—
Vietoris boundary map for the fibre square of spectra

W(Rx, @, u) —> LE(Rym, a, u)

1

L(Rr, a, u) —> LY(R,m, @, u)
CoROLLARY 4.8. The following diagram commutes:

Vi

LY(R,7, &, u) —> L}/(Rm —> Ry, a,u) — Li_\(Fsmt, a, u)

l T

H(Y/X) H'(K,\(Fsm))

where r; is the map induced by the obvious map
r: Y/X=R*® a®®— K,(Fsr).

Proof. The result is clear from (4.2), (4.7), and the naturality of Rothenberg
sequences.

Rather than compute the map in Tate cohomology induced by r, we will
compute the map induced by

F: {(£1} B a® c R* D a®° - K, (Fsn)— K (Fs ® A))

when A;, as before, is Z[3]-maximal order in the division algebra associated to a
Type O or Sp factor of Q.

LEmMA 4.9. If A, is non-commutative, 7 is trivial, and hence so is the induced
map on Tate cohomology. If A; = Z[3][{, £ €] the map induced on HP is trivial.

Proof. Clearly 7 factors through K,(A;). If A; is quaternionic, K,(A)) is
isomorphic to totally positive units in the centre. Since this group is torsion-free
we have finished.

In the other cases, the torsion in K,(A;) is {£1}. Since Fs® A is a field,
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K,(Fs® A) is cyclic of order 5 — 1 and here has order divisible by 4. Since the
involutions are trivial the map induced on H? is trivial (and the map induced on
H' is an isomorphism).

Finally we compute the maps 1; in sequence (4.1).

THEOREM 4.10. For the standard antistructure,
P;: Li}_'(RZE) — L?(R”—’Rzﬂ)

is trivial for i=0, 1, or 2 and monic for i =3 (mod 4).

Proof. For the standard antistructure,
Hi({£1} ® 7°*)— H'(R* ® n)

is surjective. From Lemmas 4.6, 4.9, and Corollary 4.8 we can compute r;. This,
together with Proposition 4.2 and Lemma 4.3, shows that v, is trivial for i =0, 1,
or 2. By Proposition 3.2 we see that v, is trivial for i =0, 1, or 2.

If i = 3, we can compute that for & = e or C,, ¥ is an isomorphism. The 2-adic
detection theorem, (3.4), and naturality complete the proof.

ProrosiTioN 4.11. Fori=0, 1, 2, 3 (mod 4),
(i) LI(R)=2/2,2/2,0,0,
(ii) LY(RIC]) = /2)%, (2/2)}, Z/2, 0.

Proof. Apply (3.11) and (4.10).

S. A detection theorem for LY (Rm)

The goal of this section is to reduce the calculation of the groups L)(Rx)
for n a finite 2-group to a few special cases. First we recall from (4.5) that
L} (Rn—»]?zn') is a direct sum of terms corresponding to the irreducible rational
representations of 7. We let LY(Rm— R,7 ; p) be the factor associated to p.

Associated to each irreducible rational representation p of & there are a
division algebra D, and a simple factor of Qn: note that LY(Rx— R,7 ; p)
depends only on D,.

We also recall the relationship [9] between basic groups and the irreducible
rational representations of . Each basic group (and Dg) has a unique irreducible
faithful rational representation. For each irreducible rational representation p of
7, there is a subquotient N<|H c & such that

(i) H/N is isomorphic to a basic group,
(ii) if po denotes the pull-back to H of the faithful irreducible rational
representation of H/N, then po|*=p and D, =D,,.

Neither N nor H need be unique, but H/N is and in particular H/N = {e} if and
only if p is trivial.
Our first lemma explains why we want Dy in addition to the basic dihedrals.

LemMa 5.1. If p is an irreducible rational representation of & such that D, =Q
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and such that p does not factor through n°®, then there exists a subquotient
N<H c n with H/N = Dg such that po|™ = p, where p, is the pull-back to H of
the faithful irreducible rational representation of Dy.

Proof. By the above discussion we can find a subquotient Ny<|H, with
Hy/N,=C, such that vy |" =p where vy is the faithful irreducible rational
representation of C,. Since p does not factor through %%, Hy# m and so we can
find a subgroup H c & with H; index 2 in H. Furthermore, by [9], we can assume
that y|" = p, is irreducible.

Hence po|y, = ¥ + 3’ where y # ¥’ by the Frobenius reciprocity theorem, and
y'(g) = y(tgt™") for all g € H, and some fixed t € H — H,. Hence tNyt~' # N,. We
set N =N, NtNyt~! and note N has index 2 in N, so H/N has order 8.

Since tNyt™'# N,, H/N is not abelian and so is either Dg or Qg. Note that
No/N, tNyt /N, and (H, N tHyt™")/N are three distinct C, in H/N, so H/N = Dy

We need one more lemma on representations.

LeEMMA 5.2. Let p be an irreducible rational representation of m. Suppose there
is a subquotient N<H c &, with H/N = D(2*), for k=3, so that if p, is the
faithful irreducible rational representation of D(2*) pulled back to H, po|™ = p and
D,,=D,. Let ¢y be an irreducible rational representation of H which factors
through (H/N)*. Then v¥™ and p have no common constituent.

Proof. Notice that v has dimension 1 since (H/N)*®=C, X C,, but p, has
dimension greater than 1. Hence dim(y ™) = (dim y)[x : H] <dim p, so the result
is clear.

Our next step is to identify the needed constituents of LY (Rm— R,m).

LemMA 5.3. The sequence
0 — > LY, (Rn— R,m;p) — LY(Rn) —> LY(Rn*®) — 0

is exact where the sum runs over the irreducible rational representations of &t which
do not factor through n®®.

Proof. From [9], we know that

LI (Rr— Rym) = LY, (Rr— Ry ; p) ® LY, ,(R7*® — R,™).
The map LY, (R,m)— LY, ;(R,7*) is an isomorphism (Theorem 3.3) and the map
PYisr: LY 1(Rom)— LY, (R — R,7) is either monic or trivial (Theorem 4.10).
The required result is a simple diagram chase.

Let &, run over the subquotients N<\H c x such that, if i =0 or 3 (mod 4), we
have one quaternionic subquotient for each irreducible symplectic representation
(and it can be induced from H/N as in the discussion preceding (5.1)). Similarly,
if i=1 or 2 (mod4), we take one dihedral subquotient for each irreducible
orthogonal representation of degree at least 2.
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THEOREM 5.4. Let 7 be a finite 2-group. With the standard antistructure on R,
the map

LY(Rm)— LYR[=**])® 3, {L¥(R[H/N]): N<H c %}
is injective.

Proof. If i #2, then 9,,, is trivial and the proof follows easily. If i =2, ¥5 is
monic, and indeed the composite

LY(R,%)— L¥(Rn— R,n)— LY(Ra** — R,n®)

is an injection (see the proof of Theorem 4.10). Consider the commutative
diagram:

EL (R — R, ; p) > Lf(Rn:)

) |

0 — Y LY(R[H/N]) — >, LY(R[H/N] = Ry[H/N]) — > LY(R[H/N))

12
2 LI(R[(HIN)Y*®] = R[(H/N)™))

where the sums run over the sub-quotients H/N in %,: one for each irreducible
orthogonal representation p of & which does not factor through 7.

The middle row is exact and the vertical map 1 is injective by [9, Theorem 7.1].
Furthermore, by Lemma 5.3 and [9, Lemma 4.5(ii)], the composite of the maps 1
and 2 is trivial. The required result is now a diagram chase.

6. Determining the K; for certain 2-groups

To finish the proof of Theorem A, we need to compute the k;. By the detection
Theorem 5.4 it is enough to do this for abelian, dihedral, and quaternionic
2-groups. The results are summarized in Theorem 6.8.

First we point out two useful consequences of (1.13):

(6.1) Ryt Hy(C;3Z/2)— LY(R[C,))

is a ring homomorphism where the (graded) ring structure on both sides is
induced by the multiplication map m: C, X C,— C,. Note that with this product,
H,(C;;Z/2) is an exterior algebra on generators a, =1 and g, in dimensions i = 2/
for [ =0.

(6.2) For any central C,= (T) in a 2-group 7,
Ry Hu(w;2/2)— LY(R7)

is an H,(C,;Z/2)-module homomorphism. The group L{(R[C,]) = 2/2992/2
generated by the rank-1 forms (&) and (&T) acts on LY(Rx) by ‘scaling’,
acts trivially on elements in the image of the round group LY(Rx).

ProrosITION 6.3. The non-zero K; for C3 or C; are given by
(i) &o and &; for C3 when i =2 with | =0,
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(ii) k; for C; when i=2""*—2 ori=2'—1 with | =0,
(iii) for C;, lfl? 3 then 1?2:((121) = I-(4(S*(azl)) = 1?4((14) = (ET) - (8).
Proof. This is a calculation based on the twisting diagram [8, p. 53] for the
inclusion R— R[C,]:
Lo(R) Lo(R[C,])
ziz2  z2 @y zi2 z)2 0 z/2 0 z/2

NN NN/ N NSNS

(6.4) @22 (@2 zi2 z2 o z/2  ZI2 (@)

/\/\/\/\/\/\/\/\

3 zz Z/2)?
(Z/Z)\JZ/ZU /2\/ " \/ _~ / ( 12)

The L-groups necessary for the top and bottom rows in this diagram are
calculated in (3.11) and (4.11); the middle row is forced.
We start with the fact (from § 1) that

Ro(ao) = (&) € Im{LI(R)— L¥(R[C$]))

is non-zero and deduce the others from (6.4) and the following diagrams:
H(C;;2/2) =& LYRICE))

(6.5) Ne 1 ] \

H.(C2:2/2) <25 LY (RIC5]) — L¥(R—RICS))
Notice that the L-groups (and the maps between them) in (6.5) also appear in
(6.4). The map N¢ is the cap product with the non-trivial class ¢ in H'(C, ; Z/2).
The second diagram is similar:

H(C,:2/2) —S— LYRIC3))

(6.6) | ~.

Z H;_y_+24(C5;2/2) —‘—’ L:Y 1(R[C)) — LY(R—’R[C2 D
=0
where the left vertical map is the cap product with ¥ N(¢*"”), so the surgery
obstructions spread over many lower components in this case.
To derive these diagrams we combine the cohomological formula for the
surgery obstruction with a homotopy commutative diagram of spectra:

Br* A 10 &% 19Zx, w)
./’Al
> Ba** A L°

2 L°Zw, wo) —L 1%Zp— 27, w)
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relating the pre-assembly maps (1.1) with the transfer maps induced by the line
bundle associated to an index 2 subgroup p c 7 (the map ¢ is defined as in [26, p.
694]). On homotopy groups this diagram just expresses the relationship between
the symmetric signature of a closed manifold and a codimension-1 submanifold.

With the aid of these diagrams it is easy to verify the results for k; if 0 <i <4,
and then prove the rest by induction. For (6.3)(iii) note that since &, is non-trivial
it must be in the kernel of the projection

LY(R[C,))— LY(R).

The results for & cyclic (the oriented case only will be considered from now on)
follow directly from

ProposiTION 6.7. If 7 is cyclic, then for both H.(w;Z/2) and LY(Rx) the
inclusion C,— m induces an isomorphism in even dimensions and the projection
7wt — C, induces an isomorphism in odd dimensions.

Proof. For homology this is well-known and for L-theory it is an easy exercise
using § 4.

Now consider abelian groups. In this case LY (Rm) is detected by a set of cyclic
quotients for i=2 (mod4), that is, the result of (3.4) holds for Rz. For
7 = C, X C, the possible non-zero products into L, are restricted by (1.13), (6.2),
and (6.3). In fact since

Kiva(a; ® a,) = K(a;) @ k4(as) = k;(a;) @ ((eT) — (&)

and the images of positive-dimensional &; are in the round L-groups, these
products are all zero. The remaining possibly non-zero product is &,(a, ® a,).
The non-triviality of the Morgan-Pardon example forces the product to be
non-zero (this can easily be checked using another twisting diagram).

Since the mod2 homology of a dihedral group is generated by that of its
elementary abelian subgroups [22], we only need to remark that, if C,— D(2*) is
the inclusion of the centre, then the induced composite

Hy(Cy;Z/2) — Hy(D(2);Z/2) —> LI(R[D(2)))
is non-trivial.
A quaternion group & has centre C, = (T) and H,,(C,; Z/2)—> Hy(7 ;Z/2) is
an isomorphism. Furthermore, the product
H(Cy;Z/2) x H(m ; Z/2)— Hyir (7 5 Z/2)

is surjective for all i =0 and j =1, 2, or 3. Therefore if i >0 and 4i +j #2/, the
homology classes in the domain of &; are products involving the generator of
H,(C;;Z/2). We apply (6.2), (6.3)(iii), and note that again the images of k; for
1=<j =<3 lie in the round group LY(Rx), so the product with (¢T) — (&) is zero.
To prove that k» # 0 for the quaternion groups, we check (via a twisting diagram)
that the map induced by the inclusion

LY(R[C,))—~ LER[Q(2%))

is injective.
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The above results give

THEOREM 6.8. Let m be an abelian, dihedral, or quaternion 2-group. Then
(i) k, and Kk, are injective for all such m,
(ii) ks is injective for m quaternion and zero for m abelian or dihedral,
(iii) Ky-+2 is injective for r =0 if 7 is cyclic or quaternion, factors through cyclic
quotients for m abelian, and factors through n®® = C, X C, for m dihedral,
(iv) k=0 fori>4, when i #27*2,
(V) Ky2=Ky°s, for r =0 and K; vanishes on the image of integral homology

fori=4.

7. Final remarks on the k;

We begin by determining the image of k. For & = Q(2*) the answer is in [3]:
Hy(m ;Z/2)=Z/2 and the image of k¥ is the unique Z/2 in Li(Zrx) which
vanishes in L4(Zr).

THeOREM 7.1. The map k¥ factors as the composite

Hy(m;2/2) — & ’ Hiy(p/po; Z/2) L) LY(zn),

Po<lpeS;

where A is a natural monomorphism defined in the proof.

Proof. We let A =trfy° A and define 1. By the detection Theorem 5.4,

Hy(m ;2/2) —53 Li(Rx)

l l

® Hi(p/po;2/2) — @ LI(R[p/po))

commutes and determines k5. From §6 we see that the image of k; for a
quaternion group is the unique element in the kernel of

LRI~ LI(R{Q(2)).
Hence it comes from a unique element in the relative group. The map
LY(Rx— Rym) —> @ L¥(R[p/pol— Rlp/pol)

is naturally split so we have finished.
Finally, we remark that the coboundary map & in the Tate cohomology
sequence arising from ([19], compare with (3.13))

0— Wh'(Z,m)— I(Z,m)— 7% — 0

can be used to describe the 2-adic’ x, and k,. More precisely, the composite

Hy(n;2/2) —2> L{(Rn) —> Li(R,m)=H"(x")
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fits into the following commutative diagrams:

Hy(m;2/2) L5 By~ H\(Wh'(Zym)
(7:2) Jx: |

Ly(Zx) Ly(Z,7)

and

Hy(m;2/2) =% Hy(n;2/2) B, H(n®) =% H\(Wh'(257))

(7.3) N /

Ly(Zx) Ly(Z,m)

Note that  may be identified with the integral Bockstein, and § is explicit since

{(g) en®| (g)*=1}
{(&) g~¢™")

so that & is the natural projection map from
H(n*")={(g) e x**| (g)*=1}.

Since H'(Wh'(Z,m)) injects into Lj or L}, this shows that k, is non-zero for &
whenever H'(Wh'(Z,n)) is non-zero. This also proves Theorem B.

H\(Wh'(Z,7)) =

ProposiTiON 7.4. If n is cyclic or quaternion, then k3 and K are zero.

Proof. Since L’ =L’ for m cyclic or quaternion [20], the statement for 3,
follows from the one for k. Since the torsion in L;,(Zx) is detected by transfer
to the trivial group [34, 3.3.3 and 5.2.4], the result follows.

Appendix. The assembly map

We are going to outline the proof that the surgery obstruction map factors
through a spectrum level assembly map. Factorizations of this sort were first due
to Quinn [23] and later reformulated in a more algebraic manner by Ranicki. The
proof is essentially contained in Ranicki’s paper [24] and his book [26]. We will
give a detailed outline of the necessary results as a guide to the reader of these
sources.

Let X be an n-dimensional geometric Poincaré complex with first Stiefel-
Whitney class denoted by w and let T(X, w) denote the set of surgery problems
into (X, w). If this set is non-empty, we have the surgery obstruction map

(A.1) A T(X, w)— L,(Zny(X), w)

described in the Introduction. For convenience we suppose that 9X is empty.

We first summarize some of the ideas in the algebraic theory of surgery.
Ranicki’s notion of bordism of algebraic symmetric and quadratic Poincaré
complexes [26] can be expanded in the standard way to give simplicial sets and
even spectra. A convenient reference for this process is Nicas’s thesis [17] where
the Quinn spectra are described in detail and the following result is proved.
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THeoreM 1 (Quinn). For every pair (m, w) consisting of a group with an
orientation there are spectra Lo(Zr, w) whose homotopy groups are the geometric
surgery obstruction groups appearing in (A.1).

The construction of algebraic L-spectra by Ranicki and the proof of the
analogous result proceeds in a similar way. The simplices are modelled on
algebraic quadratic Poincaré n-ads [24, p. 285] and the main point is to check that
the resulting simplicial spaces satisfy the Kan extension condition. This is implied
by a ‘glueing’ construction for a collection of n-ads along compatible boundary
pieces (generalizing [26, § 1.7]). After verifying this condition, it follows that the
homotopy group in dimension # is just the bordism group of closed Poincaré
n-complexes modulo homotopy equivalence. This was shown to be the geometric
L-group in [25].

More generally, quadratic L-spectra are defined for any ring with anti-structure
(and this is the main advantage of the algebraic theory for our purposes). These
spectra have pairings which reflect the usual tensor product pairings of
complexes.

In § 1 we introduced some notation and stated the Quinn—Ranicki factorization
for the map o,. By definition (0.4) this map is the composite

A
[X, G/TOP] AN T(X, w) —> L,(Z[m(X)], w),
where v is the usual action map of [X, G/TOP] on a base-point (ho, ko) for
T(X, w), and
Ao(hy, ﬁl) =A(hy, ﬁl) — Ao(ho, ﬁo)-

Therefore the factorization is given by the following result.

THEOREM 2. Fix a base point (ho, ho) in T(X, w). The following diagram
commutes:

[X, G/TOP] X% H,(x" ;L)
lv J'A,,,woc,
T(X, w) o, L.(Zm, X, w)

Proof. The proof will be broken up for convenience into several steps. The key
results we use are that Ranicki has identified the surgery obstruction as the
bordism class of an algebraic quadratic Poincaré complex, and that his chain
complex constructions are natural.

Step 1. The following diagram commutes:
T(X, w) —2> QNA(X, w)

PR l"*
L.(Z7\ X, w)

where QM-*(X™) denotes the (normal space, Poincaré) bordism group of (X, w).
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The map y, sends (h;, A,) to (W, Uy —W,, M; Uy —M,), where h;: M;— X and W,
is the mappin/% cylinder of h;. The map o, is defined on p. 618 of {26, Proposition
7.4.1). If (h, h): M— X is a surgery problem with mapping cylinder W, then

Ah, h) = 0,(W, MU —-X) € L,(Zx, w).

This follows from the commutativity of the following diagram:
Tr(vw)* -%> S2(W/HU-X)
2@+1(X+) _F___) z°°+l(M)

where G is from [26, p. 621] and F is from [26, p. 35].

Step 2. Next we define a map

[X, GITOP] X% H,.,,(x"; Q")

following 24, pp. 293-296]. On p. 294, Ranicki defines
I': G/TOP— Q*MS(G/TOP)

and we consider the composite with Poincaré duality

(X, GITOP] - [X, @“MS(G/TOP)] = H'(X ; MS(G/TOP))

= H,(X" ; MS(G/TOP)),

using the MSTOP-module structure and the MSTOP-orientation class coming
from Ag. To define the map Ty, use the fact that

MS(G/TOP) =Z71QNSTOF,
and compose with the natural map
H,(X" ; MS(G/TOP))=H,.((X* ; Q¥ST") > H,,.,(X" ; Q™F).

Step 3. The following diagram commutes:

(X, G/TOP] Lo H,, (X" Q")

[ [=.
T(X, w) —2—s QNP(X™)

where 7, is induced by the following composite of maps of spectra:
Xw A QN,P_) QP(XW) A QN,P_) QN,P(XW),

and the last map is the map induced on the spectrum level by the obvious
Cartesian product on the simplices. For a more detailed discussion of how to do
such products, consult Step 4. The proof of the commutativity finishes on the
bottom of p. 296 of [24].
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Step 4. Compatibility of the geometric and algebraic products. The following
diagram commutes:

QP(X™) A QYP(YY) — L%Z[n,X], w) A ZLo(Z[,Y], ¥)

l |

QVP(X™ A YY) ZLo(Z[my (X X Y)], w X ¥)

There is an analogous QF to 1°-theory diagram which also commutes. The
horizontal maps are just the spectrum level maps induced by taking the
underlying symmetric (respectively hyper-quadratic, symmetric) chain complex
on each simplex. The vertical maps are given by products.

Proof of Step 4. The maps are discussed in [24, p. 287]. The only point to
clarify is how to do the products. On the simplicial set level we can take the
Cartesian product of simplices. This defines a bi-simplicial set.

We fatten up QVF(X* A Y") and Ly(Z[n(X X Y)], w X v) to be bi-simplicial
by taking spaces or complexes over A* x A™. The bi-simplicial version of the
diagram commutes on the simplex level. Then we take the diagonal simplicial set.
It is a well-known result that the diagonal of the bi-simplicial smash product is
homotopy equivalent to the smash product.

The only point left to consider is why the diagonal of the bi-simplicial version
of QVP(X* AYY) or Ly(Z[n(X X Y)], wx v) is homotopy equivalent to the
original simplicial version. Since we have mapping cylinders in both algebra and
geometry, this is a standard argument. We have lifted this proof from some
unpublished notes of Ranicki.

Remark. The above diagram with P replaced by STOP also commutes. The
left-hand vertical map is then surjective, which shows that any surgery problem
can be decomposed into a sum of products. Furthermore, the surgery obstruc-
tions for products are given algebraically as products, so Theorem 2 can be
viewed as reducing the general surgery problem to products.

Step 5. The final result follows by combining the diagram in Step 3 with x,,,,
applied to the following commutative diagram:

XYAQNP — 5 XY AZl,

l l

QVP(X™) A QNP — LYZ[n,X], w) A 2o

l |

QVP — 5 ILYZ[n,X], w)
(see Step 4).

RemMark. We have not been very careful in our notation to keep track of
Whitehead torsions, but if the Poincaré spaces are simple, our L spectra are the
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simple ones. If our Poincaré spaces are finite and have their torsions in some
fixed subgroup of the Whitehead group, then Theorem 2 is still true if our L
spectra are the ones with torsions in this subgroup.
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