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Abstract  For any finite group G, we define a bivariant functor from the Dress category of
finite G-sets to the conjugation biset category, whose objects are subgroups of G, and whose
morphisms are generated by certain bifree bisets. Any additive functor from the conjugation
biset category to abelian groups yields a Mackey functor by composition. We characterize
the Mackey functors which arise in this way.
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1 Introduction

Let G be a finite group. A Mackey functor in the sense of Dress [8, p. 301] is a bivariant
functor

M:D(G) — Ab
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from the category of finite left G-sets and G-maps to abelian groups, satisfying a pull-back
axiom (M1) and an additivity axiom (M2). These axioms express the classical Mackey prop-
erties from representation theory, as formulated by Green [9]. In this paper, unless otherwise
mentioned, by a Mackey functor we mean a Mackey functor in the sense of Dress.

Many of the Mackey functors encountered in applications of the theory factor through the
G-Burnside category A(G), whose objects are the subgroups H C G and whose morphisms
are generated by H,—H; bisets with certain properties (compare [10, 1.A.4]). Let Ao(G)
denote the additive completion of this category, defined in Sect. 3.

In Sect. 6 we define a subcategory B,(G) C A4(G), where the morphisms are restricted
to be conjugation bisets, and construct a bivariant functor j: D(G) — B.(G) (see Defini-
tion 7.2). A Mackey functor M is said to be conjugation invariant provided that the centralizer
Cq(H) acts trivially on M(G/H) for all H C G, viathe G-maps ¢: G/H — G/H given
by eH + zH, for some z € Cg(H) (see Definition 3.1).

The main result (see Theorem 8.1) is a recognition principle for such Mackey functors.

Theorem A Let G be a finite group. A Mackey functor M: D(G) — Ab factors through
Jj: D(G) — Bo(G) if and only if M is conjugation invariant.

The applications surveyed in [10] and [12] mostly depend on the following immediate
consequence of our main result.

Corollary B For any additive functor F: Aq(G) — Ab, the composition F o j: D(G) —
Ab is a Mackey functor.

This result applies to classical Mackey functors such as the Swan ring and the Dress ring,
and to algebraic K-theory and L-theory functors encountered in geometric topology and
surgery theory.

Remark 1.1 The topic of Mackey functors has been extensively explored over the last
30years, and there is a large literature (see, for example, the survey by Webb [19]). Here are
some remarks about a selection of this earlier work.

(a) The idea of reformulating the classical Mackey bivariant functor properties as a single
functor out of an intermediate category has been carried out by several authors (see Lind-
ner [15, Theorem 2], Gaunce Lewis [13], tom Dieck [7, Chap. IV.8], Thévenaz-Webb
(17D.

(b) The use of bisets as morphisms in a category has also appeared in various settings in the
literature (see, for example, Lewis-May-McClure [14], Adams-Gunawardena-Miller [1,
§9, p. 454], Hambleton-Taylor-Williams [10, 1.A.4], and Bouc [2], [3, §2], [4]).

() In[8, pp. 292, 302] Dress restricts attention to a variant of classical Mackey functors,
now usually called global Mackey functors [18, p. 267], defined on the category gr
of finite groups and monomorphisms, and in particular the maps induced by conjuga-
tions depend only on the underlying group homomorphisms. In [8, pp. 298-299], Dress
describes the passage from global Mackey functors to his functors. The output of this
process is a conjugation-invariant Mackey functor.

(d) In[18,p.271], Webb sketches a proof of a result analogous to Theorem A, that a global
Mackey functor is equivalent to an additive functor out of a category 2z whose objects
are finite groups, and whose morphisms are bifree bisets. The restriction of 2z to the
subgroups of a fixed group G is just the category A4 (G), defined in our MSRI preprint
(1990) [11, Ex. 5.5].
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(e) There is a sub-category of gr defined by restricting to the subgroups of a fixed group
G, and to the monomorphisms generated by inclusions and conjugations. A Mackey
functor out of this sub-category is equivalent to an additive functor out of B, (G). This
is exactly the statement of Theorem A expressed in classical terms. In other words,
Theorem A provides a direct method to check the Mackey properties, starting from
minimal input data.

(f) The proof of Theorem A follows Webb’s proof [18, p. 271] in outline, but we supply all
the technical details necessary, for example, to check that we have actually constructed
a functor F: B,(G) — Ab, factoring a given conjugation invariant Mackey functor.

2 Mackey functors

We will first recall the basic definitions Dress used in his formulation of induction theory
[8]. Let G be a finite group, and let D(G) denote the category whose objects are finite,
left G-sets and whose morphisms are G-maps. A Mackey functor is a bivariant functor
M = (My, M*): D(G) — Ab, where Ab denotes the category of abelian groups and
groups homomorphisms, such that M, (S) = M*(S) for each object S € D(G), and the
following two properties hold:

(M1) For any pullback diagram of finite G-sets

s—Yo s,

l],,l

S ——T

the induced maps give a commutative diagram

M(S) —2 M (Sy)

q>./\/l T TWM
YMm

M(S82) ——= M(T)

Here we denote the covariant maps by 1/, and the contravariant maps by ™.
(M2) The embeddings of S; and S into the disjoint union S; |_| S» define an isomorphism
M*(S1 L] S2) = M*(S1) & M*(S2). Let M(#) = 0.

The property (M1) is the usual double coset formula, and (M2) gives additivity. We
remark that for any bivariant functor satisfying (M1), the composition M (S]) ® M (S>) —
M (S S2) = M*(S1 L S2) — M*(S1) & M*(M2) = M.(S1) & M. (S2) is just the
identity matrix. It follows that any sub-bivariant functor of a Mackey functor is Mackey.

Remark 2.1 We could replace the target category Ab of abelian groups throughout by the
category R-Mod of R-modules, for any commutative ring R with unit.

3 The G-Burnside category A(G)

We will be interested in Mackey functors which factor through the G-Burnside cate-
gory A(G), whose objects are subgroups H C G, and where Homy ) (H1, H3) is the
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Grothendieck construction applied to the isomorphism classes of finite bifree H>—H; bisets
(meaning both left and right actions are free). In contrast, the morphisms in the G-Burnside
category of [1, §9, p. 454], and our category RG-Morita [10, 1.A.4] just have a one-sided
isotropy assumption.

To make our recognition principle more precise, we will define a subcategory B(G) C
A(G) by restricting its morphisms to conjugation bisets (see Definition 6.1).

Because of the Grothendieck construction, A(G) and B(G) are both Ab-categories: the
morphism sets are abelian groups and the compositions are bilinear [16, 1.8, p. 28]. Let
u: A(G) - A.(G) and u: B(G) — B.(G) denote the associated universal free additive
categories, and the universal inclusions (see [16, VIL.2, problem 6, p. 194]).

It turns out that the Mackey functors which factor through B, (G) have an additional prop-
erty, called conjugation invariance, which can be expressed in terms of their restriction to
the orbit category Or(G). Recall that the objects of Or(G) are the subgroups H C G, and
the morphisms Homoy () (H1, H) are the G-maps ¢: G/H; — G/H>. Any such G-map
is uniquely determined by e H; — gHo, where g~ H g € H,. If Hy = H» = H, then any
element z € Cg(H) in the centralizer of H gives a G-map ¢.: G/H — G/H.

Definition 3.1 A functor F: Or(G) — Ab is called conjugation invariant if the induced
maps F(g;) =id: F(H) — F(H), whenever ¢,: G/H — G/H is givenby eH +— zH,
for some z € Cg(H). A Mackey functor is said to be conjugation invariant if its restriction
to Or(G) satisfies this condition.

We now relate this condition to the conjugation homomorphisms which will be used in the
definition of B4 (G).If ¢ € Homor(G) (H1, Hz)isrepresentedby g € G, weletc,: H — H»
denote the associated conjugation homomorphism given by ¢, (k1) = g 'hig € Ho, forall
h1 € Hj. Since the G-map ¢ only depends on the coset g H>, we may vary g ~ ghy, for any
hy € H,. The associated conjugation homomorphism cgp, = cp, o ¢y is thus well-defined
(as a homomorphism) up to conjugation by elements of H,. Let

¢y :=[cg] € Hom(H;, Hy)/(conjugation in H3)

denote the equivalence class of the associated conjugation homomorphism to a G-map
p(eH)) = gH>. Two different morphisms ¢1, ¢» € Homorg)(H1, Hz) yield the same
equivalence class ¢y, = ¢y, if and only if g1h2g, ! centralizes Hy, for some hy € Hy.

Lemma 3.2 A functor F: Or(G) — Ab is conjugation invariant if and only if cy,, = ¢y,
implies F (¢1) = F(2) for all morphisms ¢1, ¢2 € HomorG)(Hi, H).

Proof Suppose that ¢y, ¢» € Homor ) (H1, H) are givenby ¢; (eH) = g; Ho,fori =1, 2.
If there exists an element 4y € H, such that 7 := glhzgz_1 € Cg(Hy), then we see that
@1 = @2 o @,. Therefore, if F is conjugation invariant and ¢, = c,, we conclude that
F(¢1) = F(¢2). Conversely, for any subgroup H C G, and any z € Cg(H), the G-maps
¢;,id: G/H — G/H have the property c,, = ciq. Therefore the given condition implies
that F(¢,) = F(id) = id, and hence F is conjugation invariant. ]

The morphisms in A(G) are defined by the Grothendieck construction with addition opera-
tion the disjoint union of bisets. By convention, the empty biset { represents the zero element.

Composition comes from the balanced product:

BXH oY = (1,Xm) X, (1, YH).
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The reader should check that this is well-defined on isomorphism classes of bisets and
“bilinear” in that

(13 X 1 |_| HYm) o Zy = (13 Xm, © HQZHl)l_l (#3YH, © 1, Z1y)

with a similar formula for disjoint union on the right. The morphisms in A4(G) are matrices
of morphisms in A(G).

Definition 3.3 We define a contravariant involution 7: A(G) — A(G), by the identity on
objects, and on morphisms it is the map induced on the Grothendieck construction by the
function which takes the finite bifree H>—H; biset y, Xy, to the finite bifree Hi—H, biset
H, XH, whichis X as asetand iy - x - hy is defined to be hz_lxhl_l.

The reader needs to check that isomorphic bisets are isomorphic after reversing the order,
and should also check that the transpose conjugate of a disjoint union is isomorphic to the
disjoint union of the conjugate transposes of the pieces. This means that 7 is a functor which
induces a homomorphism of Hom—sets. It is clearly an involution, not just up to natural
equivalence. Since 7 is a homomorphism on Hom-sets, it induces an additive contravariant
involution 7°: A.(G) — A.(G), called conjugate transpose, which commutes with the
functor u: A(G) — A+(G). By definition, ° acts on a matrix of morphisms by applying t
to each entry, and then transposing the matrix.

4 Indecomposable H—H; bisets

We will need some more detailed information about the bifree bisets used to define mor-
phisms in A(G). Much of this material can be found in Bouc [2], but we include the details
here to fix our notation and to emphasize the role of the base-points.

An H,—Hj biset is just a left (Hy x Hl(’p)—set and so any finite H,—Hj-biset is a dis-
joint union of transitive (Hy x H]0 P)-sets. Since there are three groups acting (H;, H» and
Hy x H 10 p), the following definition should avoid confusion.

Definition 4.1 An H,—H biset X is indecomposable if X is a transitive (Hp X Hlo P)_set.

Since every H,—H| biset is a disjoint union of indecomposable H,—H; bisets, it follows
that X1 | | Y is isomorphic to X | |Y if and only if X is isomorphic to X5. One result of
this remark is that the Grothendieck group of finite bifree Hy—H; bisets is the free abelian
group on the indecomposable bifree ones.

An indecomposable H,—H; biset X is isomorphic (via choice of base point) to a coset
space (Hy % HIOP)/S, for some subgroup S C H> x HIOP. These models will be used exten-
sively below, so we make some remarks and introduce some notation.

(i) Tosee (Hyx H 10 Py /S as an H,—H, biset, define the H> action to be left multiplication
in the first coordinate, but define (h3, h1)S - g1 = (ha, gl_lhl)S.

(i) We introduce the following notation for points in (H, x H,*)/S: if hy € H, and
hy € Hy, write {ho, h1} = (hy, hfl)S. In this notation, the H,—H; action is the
evident one: g2{h2, h1}g1 = {g2h2, hi1g1}.

(iii) The left isotropy group of (e, e) is just (Hy x {e}) N S, and the right isotropy group of
(e, e)isjust ({e} x pr)ﬂS, so the actions are free if and only if (H> x {e})NS = {e x e}
and ({e} x H{")N'S = {e x e}.
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(iv) Equivalently, the S-action is bifree if the compositions t;: S C H, x H,® — H,
and § C Hy x H10 P > H 10 P are injective. We will work instead with the composite

0:S— Hy x H® - H" = Hy, where the last homomorphism takes /1 to ht.
(v) Let L C H; denote the image of the isotropy subgroup S under the injection ¢, and
let K C H; denote the image of S under the injection (5. Define

g 2
y:L— S — K

and notice that this is an isomorphism.

(vi) Conversely, given subgroups L C Hp, K C Hjp, and an isomorphism y: L ¢ ,
let Hz[L’ y, K] i, denote the indecomposable bifree biset (Hp x Hl0 p) /S, where S C

Hy x H]Op is the graph of
piLL K cH S HP,
and (: Hj = H]Op is the usual isomorphism which takes & to A~

Given an indecomposable H>—H biset X, a choice of base-point x € X yields an isotropy
subgroup Sy C Hy x H 10 P and a preferred biset isomorphism

Wi (Hy x HP)/S, > X 4.2)
defined by W, ({ha, h1}) = haxh.

Definition 4.3 (The standard representation) Let X be an indecomposable bifree Hr—H;
biset, and x € X a base-point. The standard representation for X at x is the data

W, H2[Lx» Yx.xo Kx]Hl =X 4.4)

given by the preferred biset isomorphism W, ({h>, h1}) = hoxhi, where L, C H; is the
image of the isotropy subgroup Sy under ¢;, K, C H; is the image of », and

is an isomorphism. We noted above that L, K, and y, , determine S, as a (graph) subgroup
of Hy x Hlo P

Remark 4.5 Any model coset space Hz[L, y, K] H, is the standard representation for some

indecomposable bifree biset. We let X = (H, x Hl0 P )/S, and choose x € X as the coset of
the identity, then L, = L, K, = K and y, ., = y.

Remark 4.6 Here is a second description of the standard representation (compare [6, 5.1]).
We present it so as to identify the component of any point x in an H,—H; bifree biset X,
indecomposable or not. Let L, = {hy € H> | hpx € xH; }. Check L is a subgroup of H>.
Since the H; action is free, there exists a unique 41 € Hj such that ipx = xh;. Define a
function f': Ly — Hiby f(h2) = hy.Let K, denote the image of f andlety, . : Ly — K
denote the restriction of f. Check that f is a homomorphism and hence y,  is an isomor-
phism. Finally check that W, : HZ[LX’ Vixr Kxl o X defined by 4.4 above is an injection
of Hy—H) bisets which is then automatically onto the component of X containing x.
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Hereafter we will call o [Lxs Yy s Kxl H, the standard representation of X at x even if X
is not indecomposable. It follows that

L,
|_| HZ[LXa yx.x’Kx]Hl — X
xeH)\X/H,
is a bijection of H,—H bisets, where we take one x in each indecomposable component of
X. Here are two useful properties of the standard representation for the reader to verify.
We note the effect of the involution 7: A(G) — A(G) on the standard representations.

Lemma 4.7 If[Ly, vy, K.] is the standard representation for X at x, then [K,, yx’xl, L]
is the standard representation for ©(X) at x.

Next we consider a change of base-point. If y is another point in the same indecomposable
component as x, then y = hpxh; for some choice of hp, € Hy and h; € Hi. For g € G
and any subgroup K C G, let K¢ = g7 'Kg. If y: L — K is a homomorphism between

subgroups of G and if g, g2 € G, define .,y ¢! (h) = g v gy thergn: L& 5 K8,
Lemma 4.8 With notation as above, the standard representation for X at'y = haxh; € X

—1

. hy! h i hy hy h
is |:Lx ’hzyx,.]x’ Ky'|. In other words, Ly = L,* , K, = K;' and Yxy = hzyxyl.

It will be useful later to be able to identify X/H; and H>\ X.

Lemma 4.9 If X is an indecomposable, bifree Hy—H| biset, then the bijection of bisets
\I/x: HZ[L)“ VX')“ KX]HI — X induces

(i) a bijection of left Hy-sets H»/Ly — X/ H\
(ii) a bijection of right Hy-sets Kx\H; — H\X.

Proof The proof is immediate. O

5 Composition of bisets

Fix indecomposable, bifree bisets i (X1) " and " (X»2) " and let us analyze X3 = X2 xp,
X1. In general X3 will not be indecomposai)le, and the Mackey double coset formula enters
the picture. We begin by analyzing the standard representation at a point.

Lemma 5.1 The standard representation for X3 = X» X py X1 at [x2, x1] is given by

-1
® L x) = Vx50 (sz N Lxl)’
® Kigx) = VX3,[x2‘xl](L[X2,X1]) = Vx;.x (sz n Lxl)

® Vxzimal = Vxpw © Vxom:

Proof Since the projection X2 x X; — X2 xp, X is onto, every point in X Xp, X
is the image of a point in X» x X;. Given x; € X and xp € X, write [x2, x(] € X3 =
X» x g, X1 for the image of x2 x x1. In this notation, the H3—H structure is the evident one:
h3[x2, x1]hy = [h3xa, x1hy].

The point [x3, x1] € X3 is a set of points {xph x h’1x1} C Xo x Xy forall h € H.
If h3(x2 x x)h; = xoh x h~lx; € X, x X; for some h € H, then h3xy = xh and
h~'x; = x1hi. Now if h3xy = xph then h = Yxy.0 (h3) and h3 € Ly,. If hlx =

@ Springer



164 Geom Dedicata (2010) 148:157-174

xthy then hy = yy (") and h~! € L,,. Since Ly, is a group, h € Ly,. Since h
Viyy (h3), h € Ky, Therefore, h3 € y};,lxz (Kx, N Ly,). Let L, »] = y};,lxz (Ky, N Ly,
and define yy_ | .| = Vx, . © Vx,.,- What we have seen so far is that if 23 [x2, x1] 1y
[x2, x1]in X3, then A3 € L[Xz,xl] and h| = yX3.[x2,x1](h3)'

If hy € L[JCZ,)C]]’ then h3(xy X xl)yX3,[x2,xl](h3) = X2Vx, . (h3) x Yxy.0 (h3)_1x1 and it
further follows that for any hy € Hj, h3(x2hy % hz_lxl)yX3,[x2.x1](h3) = X2Vx, (h3)hy x

~—

-1
1y ey () "'kt = 12 (me (h3)h2) x ()/XZYXZ (h3)h2) x1. In other words, if Ly, ;]
and yy_ ., are defined as above, then for any 3 € Lix, x1, h3 [x2, X1] ¥y, 0, o (B3) =
[x2, x1]. If we let Ky, ;] = Yis.ixp.x1] (L[x,x;1)> then the proof is complete. O

Lemma 5.2 The double coset space Ky,\H>/Ly, parametrizes the indecomposable com-
ponents of X» Xy, X1, where x1 € X1 and x, € X, are base points.

Proof To simplify the notation let X, = Hz[L3’ V2, KZ]H,’ and X| = HZ[L2, Y1, KI]HI' The
set of indecomposable components is given by
H3\(X2 x g, X1)/H1 = (H3\X2) X, (X1/H1).

By Lemma 4.9, (H3\X2) X g, (X1/H1) = (K2\H2) X p, (H2/L2) = Ko\Ha /L. If {h2} €
K>\ Hy /L5 is a set of double coset representatives with 1, € Hy, then [xph7, x1] gives a set
of points, one in each indecomposable component. O

Next we give an explicit formula for X3 = X5 x, X as a disjoint union of indecom-
posable bisets (compare [2, 3.2]). We define a map

thQ: H3[Lx3’ yX3,x3’ KX}]HI - H3[LX2, ng,xz’ I<X2]H2 XH2 HZ[LXI s J/xm s le]Hl

by the formula @, ({h3, h1}) = [{h3, h2}, {e, h1}], using the notation of Definition 4.3.

Theorem 5.3 (Mackey double coset formula) The Hz—H; biset X3 = X» % Hy X1 is given
by the disjoint union of the left-hand vertical maps in the diagram

o H3[LX3a VX3,x3 s KX3]H1

! h
—1 2 2
[sz,xz (sz N Ly ) »Vxxf €ha O Vxs xy 0 VX 1y (sz N Ly )]

Wiy X Wyy

H3[LX2’ VXZvXZ’ KXZ]HZ ><H2 Hz[Lxl’ yleXl ) le]Hl ﬁ X2 XHZ X]

over the base-points x3 = [x2h, x1], for hy € Ky, \Hp/Ly,.

Proof We first derive the explicit formula displayed in the top left corner of the diagram.
Let [Ly,, Yy K, ] be the standard representation for X» at x», and let [L,,, Yy Ky ]
be the standard representation for X at x;. Then the standard representation for X, at x,/;
is given by Lemma 4.8: [Ly,, Yigighy Ky,1=1[Ly,, y}i’zzixz, Kfzz] It further follows that the
standard representation for X3 = X7 X H X1 at x3 = [x2h2, x1] is given by

[Lixss Viyay» Kas] = [Lixaha.xils Vs gy Kixoho a1l
By Lemmas 4.8, 5.1 and 5.2

2

_ Ly oh _ h3'!
L L[xzhz,xl] = szvl-’Cth (szhz n Lxl) = (V;lzjz) ! (Kx22 N LX]) = VX2=1X2 (sz n Lx12 )
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h
® Kiuhyxl = Y1 (szhz N Lxl) = Yx1x (Kx22 N Lxl)

_ _ hy _
® Vil = VxpaP Viguon = VipaP Vi = ViaP €h2 © Vi

For hy € H» the function defined by @y, ({h3, h1}) = [{h3, h2}, {e, h1}] makes the fol-
lowing diagram commute

cbhz
H3[L[xzh2,x1]’ Yx3,lxahp,x1 1 K[xzhz,)q]]yl E—— H3[Lx2~ sz.xz’KXZ]HZ *H, HZ[L"I VX x0 KXI]HI

Wiy X Wiy
WYixphy,x1]

H3 (X2 X Hy Xl) Hy

Since the ¥ maps are injective, it suffices to prove that the formula given for ®;, makes
the diagram commute. Over and then down takes {3, h1} to [{h3, h2}, {e, h1}] and then to
[h3x2h2, x1h1] whereas Wiy, v 1({h3, h1}) = h3[x2h2, x11hy = [h3x2h2, x1R1].

The conclusion now follows immediately from the commutativity of the displayed dia-
gram, since the disjoint union of the right-hand vertical maps W, is a bijection, and the map
W,, x Wy, is a bijection (see Definition 4.3). O

Remark 5.4 The map yy, ., ., can be displayed as the composition on the top row of the
diagram

VX5, ol hy VX%
Lihyxy) —————— g N2 — Ky NLy Kixyhy x]
X2 X1 2
sz‘xz l cny l \ yXl’XI
Ly, Ky, K2 Ly ———— Ky

X2

where cg(h) = ¢~ 'hg is conjugation.

6 Conjugation bisets and B(G)

We will now define a subcategory B(G) C A(G), with the same objects (the subgroups of
G), but with morphisms restricted to bifree conjugation bisets. As before, we perform the
Grothendieck construction on the isomorphism classes of these bisets to get an .Ab-category.
The universal construction u: B(G) — B4 (G) then produces an additive subcategory (with
involution) of A4(G).

Definition 6.1 (Conjugation bisets) An indecomposable conjugation biset is an indecom-

posable bifree biset HzX i, SO that the isomorphism in the standard representation of X at

x € X, yy, = cg, for some g € G such that g 'L.g = K,. A conjugation biset is a bifree
biset, each of whose indecomposable subsets satisfies this condition.

Remark 6.2 The choice of g such that y, , = ¢, is not unique, but the conjugation biset only
depends on y, . as a homomorphism. This is the basic reason that functors out of B(G) are
conjugation invariant. By definition, ¢, (h2) = g’lhzg € K, forall h, € L, C H>, where
¢ 'Lyg =K, C H.Wehavec, = cg,: Ly — K, ifand only if g1g~! € CG (L), where
Cg(Ly) denotes the centralizer of L, in G.
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The formula for the change of base-point in Lemma 4.8 shows that the definition of con-
jugation biset does not depend on the choice of point x used to compute y, . : the element
giving the conjugation may change, but not the fact that it is given by some conjugation. In
particular, any biset which is isomorphic to a conjugation biset is itself a conjugation biset.

By Theorem 5.3, the composition of two conjugation bisets is again a conjugation biset.
In addition, by Lemma 4.7, the involution 7 restricts to give an involution 7 : B(G) — B(G).

§6A Induction and restriction There are two extreme cases of indecomposable bifree
bisets HzX o

(i) We say HZX H, is a restriction if the H; action is transitive.

(i) We say HzX H, is an induction if the Hj action is transitive.

We say that HZX 0 is an isomorphism if it is both a restriction and an induction.

Proposition 6.3 Let H2X H, be an indecomposable, bifree biset. Pick a point x € X and let
[Lx. V> Kx] be the standard representation.

@) X ,, is arestriction if and only if K, = H.

H>"" H
(i) ,, X, isaninductionif and only if Ly = H>.
2 1
Proof Immediate from Lemma 4.9. O

Proposition 6.4 If H2X H, is an isomorphism, t( H2X Hl) is the inverse isomorphism. Con-
versely, if HzX H has an inverse then it is an isomorphism. This justifies the terminology.

Proof Let i, Y i be the inverse for HzX .- Then Y ., isisomorphic to H2H2 '

X m Xm mY
Since (H2H2H2)/H2 is a point, so is (HZXH1 X, H1YH2) /Hy = (X1/Hy) x (Y/H>).

It follows that Y is a restriction. The other equation for the inverse shows that Y is also
an induction.

If HzX H is both an induction and a restriction, it follows that the standard representation
is Hy, H, and some isomorphism y, .. By Lemma 4.7 the standard representation for 7 (X)
is [Hy, y;xl, H,]. By Theorem 5.3, t(X) is the inverse for X. m]

It further follows from Theorem 5.3 that the composition of two restrictions is a restriction
and the composition of two inductions is an induction. More explicitly, we have the following.

Proposition 6.5 Let [Ly,, vy, ., . Kx,] be the standard representation for the biset H2X T,
at xy and let [Ly,, Yy K, ] be the standard representation for the biset H3X2 H at xj.

(i) If X1 and X»> are both restrictions then so is X» X . Xi.
(i1) If X1 and X, are both inductions then so is X» Xy Xi.
(i) If Xy is an induction and if X3 is a restriction then [Lyx,, vy, . © Vy, ., Kx 1 is the
standard representation for the composition using the point [x7, x1]

Proof This follows from Lemma 5.1 and some standard set theory. O

Definition 6.6 We define three subcategories of A(G), denoted Resa (G), Inda(G) and
Isoa (G). The objects of any of these categories are all the objects of A(G). The morphisms in
Resa (G) are the set of all restrictions, the morphisms in Inda (G) are the set of all inductions
and the morphisms in Isoa (G) are the isomorphisms.
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Remark 6.7 Because Homy (g)(Hi, H>) is the free abelian group on the indecomposable
bifree Hr—H; bisets, Homgeg(g)(H1, H2) C Homy(g)(H1, H>), and indeed it is a sum-
mand. There is a similar statement for each of Ind(G) and Iso(G). Moreover, Iso(G) =
Res(G) NInd(G).

Let HzX H be an indecomposable bifree biset. After choosing a point x€ X, we can display
X as a composition.

Definition 6.8 Let [L,, y, ., K] be the standard representation for X at x. We may regard

H, is an H>—L, biset, and H; as a K,—H biset, via group multiplication in G.

(i) We define Ind, = HZ(HQ)LV, note that it is an induction and call it the standard
induction for X at x.

(i1) We define Res, = X, (Hp) Hy note that it is a restriction and call it the standard
restriction for X at x.

(iii) There are two evident isomorphisms. Make K into a left L, set using y, ., and into
aright K, set via group multiplication. This makes K, into an L,—K, biset. Simi-
larly make L, into an Ly—K biset using y;x]. Let Lx(Kx)KX be denoted R, and let
L (L) g be denoted £,. ‘ '

Note that £, and 9, are isomorphic as bisets via the bijection y, .: Ly — K. The
following composition formula was also observed in [2, Lemme 3] and [5, 7.4].

Proposition 6.9 As Hy—H; bisets, an indecomposable bifree biset X is isomorphic to the
composition Indy o £y o Res;.
(i) The standard restriction Resy is always a conjugation restriction.
(i) The standard induction Ind, is always a conjugation induction.
(iii) The indecomposable bifree biset X is a conjugation biset if and only if £, is a conju-
gation isomorphism.
(iv) Moreover, X is a restriction if and only if Indy is the identity; X is an induction if and
only if Resy is the identity.
Proof The standard representation for Ind, is Hz[L x.id, Ly], ,soitis clearly a conjugation
biset. The case Res, is similar. The standard representation for R, is LX[L’“ Yy Kxl Ko

and so Ry is a conjugation biset if and only if X is.
The function

Ind, xp, £x xg, Resy — X

which sends the image of hy x £ x hy to hp€xh; can be checked to be a bijection of bisets.
The remarks about X being a restriction or an induction are immediate. O

Remark 6.10 Of course the choice of x € X is not unique, so let y = hoxhj. Let Resy, Ind,
and R, be the corresponding bisets. Define an Ly — L, biset V), to be L, with right multipli-
cation by L, as the right action and use ¢, : Ly — Ly to define the left action. Note that V.
is an isomorphism and a conjugation biset. By Lemma 4.8, we have Ind, = Ind, X, Vyx-
Similarly, we define a Ky — K, biset Wy, to be K, with right multiplication by K
and left multiplication defined by c;, : Ky — K. We have Res, = Wy_x1 X, Resy and

L=Vl x, £y x, Wy
Definition 6.11 We define three subcategories of Bo(G), denoted Indg(G) C Inda(G),
Resp(G) C Resa(G) and Isop(G) C Isoa (G). These are the subcategories with the same

objects as the bigger categories, but whose morphisms are all the morphisms which are
conjugation bisets.
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7 Bivariant functors into B¢ (G)

In this section we will define the bivariant functor j: D(G) — B.(G) used in the statement
of Theorem A. Let D, (G) denote the category whose objects are pairs (X, b), consisting of
a finite G-space X and an ordered collection b = (b, ..., b,) of base-points, one for each
G-orbit of X. The morphisms are the G-maps (not necessarily base-point preserving). There
is a functor

n: Dy(G) — D(G)

defined by forgetting the base-points. Since every object of D(G) is isomorphic to the image
(X, b) of an object of D, (G), and p induces a bijection on morphism sets, it follows that
gives an equivalence between the categories D, (G) and D(G), with inverse functor u' [16,
IV.4, Theorem 1, p. 91]. Moreover, the inverse functor i’ can be chosen so that we have the
additivity formula

wWXuY)=p X uu'y)

for any finite G-sets X and Y. This will be needed later to verify axiom (M2) for additive
functors out of B4 (G).
We will now define the remaining functors in the following diagram:

Or(G) % B(G)

\Lo : iu (7.1)
W J

D(G) — D«(G) —___Z Bu(G)
Je

The functor 0: Or(G) — D«(G) sends H to the 1-tuple (G/H, eH) and a G-set map
G/H — G/K to the same G-set map. In fact Or(G) as defined is isomorphic to a full
subcategory of D, (G).

The functor i, is the identity on objects and sends a G-map f: G/H — G/K to the con-
jugation biset x K -1, where f(eH) = gK. This is well-defined, since a different choice
gk, for k € K, of representative yields an isomorphic biset.

Note that 1g,y: G/H — G/H goes to yHpy which is the identity. Check that if
fi: G/H — G/H> and f>: G/H» — G/H3 are G-maps and if fj(eH;) = g1 H> and
f2(eHy) = gaHs then fr o fi(eH)) = (g1g2) H3 and

ny (H3) X, 1, (H2)

{legz gf]ngl
is isomorphic to gy (H3) (g192)~ ' Hi(g122) by the map (h3, h) — h3g2_1h2g2.

The functor i® is also the identity on objects, but sends a G-map f: G/H — G/K to the
conjugation biset -1, Kx where f(eH) = gK. Rather than check identity and composi-
tion, just note that -1y, K is isomorphic to 7 ( kKg-1y g) by the function which sends k to
k=1, s0i® = 7 oi, and hence i® is a contravariant functor.

We define the functor j, on objects by additivity: every object of D, (G) has the form
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k
(X, b) =|_|Xi, bo),
i=1

where (X;, b;) = G/H; is an object of Or(G), and we send such an object to the ordered
n-tuple (io(Hi), ...,1e(Hg)). A morphism ¢: (X,b) — (¥, c¢) in D,(G) is a collection
(pi), 1 <i <k, of G-maps of the form ¢; : G/H; — G/K (), where f: b — cis a func-
tion. Every morphism in B,(G) is represented a finite matrix of bifree conjugation bisets,
where ) = 0. We define j,(¢) = « to be the morphism in B, (G) represented by the matrix
a = (a;j), where a;j = io(¢;),if j = f(i), and o;; = O otherwise.

The functor j* is defined in a similar way. Notice that j, factors through the subcategory
Indg(G), and j*® factors through the subcategory Resp(G).

Definition 7.2 We define the bivariant functor
J:D(G) — B (G)

as the composition j = (j°, j,) o i'.

8 The proof of Theorem A

‘We now state our main result, which is a more detailed version of Theorem A.

Theorem 8.1 If F: Bo(G) — Ab is an additive functor, then F o j: D(G) — Ab is a con-
Jjugation invariant Mackey functor. Conversely, any conjugation invariant Mackey functor
factors uniquely through an additive functor out of B¢(G).

Proof Suppose that F: B4(G) — Ab is an additive functor, and let M = F o j: D(G) —
Ab denote its composition with the bivariant functor j. Then M is conjugation-invariant.
The Mackey property (M2) is just additivity, so it remains to consider (M1). Let

s—2os,

¢J{ ifﬂ (8.2)
1

S ——T

be a pull-back diagram of finite G-sets. We first remark that a G-map u: S — S’ between
finite G-sets is determined by its restriction to the disjoint G-orbits in S. In fact, each orbit
in § is mapped by u into exactly one G-orbit of §’. In particular, if u: § — S’ is an iso-
morphism of finite G-sets, then by Proposition 6.4 the induced maps u 1 and u”! are both
isomorphisms with wr)~ ' = uM.

This remark implies that property (M 1) depends only on the isomorphism class of diagram
(8.2). More precisely, let ¢: S = Si and d: S = Sé be G-isomorphisms, and consider
the commutative diagram of G-sets and G-maps:
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where S’ is the pullback of i and j, with ¥ = i oc and ¢ = j o d. There is an induced
isomorphism u: S — S’ with inverse v, suchthat/lou = do W, and co ® = nou. If
we have the property (M1) for the pullback (S, [, n), then the property (M1) holds for the
pullback (S, W, ®). This is an easy diagram chase starting with the left-hand side of the
required formula

oMoy = Wy 0 @M (8.3)

and substituting in the expressions above for ¥ and ¢.

By the additivity property (M2), this formula follows from the basic cases where Sy, S>,
and T are transitive G-sets. Let S = G/Hy, S2 = G/H> and T = G/K, and choose ele-
ments g1, g2 € G such that gfl Higi € K, fori = 1, 2. Since M is conjugation invariant,
we may assume that ¢ (eH;) = g1 K and ¢(eH,) = g2 K (varying the choice of g1, g2 will
not affect the maps induced by M).

Fori = landi = 2there are G-isomorphisms6; : G/H; — G/H/,givenby eH; > g;H]
where H = gi_lH,-gl-, with the property that the pullback G/H{ C G/K D> G/Hj] is iso-
morphic to § = G/H| xg;x G/H>. It follows (by the remarks above) that it is enough to
check formula (8.3) in the special case where H; and H, are actually subgroups of K. Hence,
we may assume that g| = g2 = e.

We will regard HzK p, 38 an H,—H, biset via the natural actions H, C K and H; C K.
The pullback G-set

S={(xH;,yHy)|xK = yK},

has the G-action defined by g - (xHy, yH>) = (gxHy, gyH»), for all g € G. It follows that
in each G-orbit there is always a representative of the form (x H, eH;) with x € K and
(hpxhiHy,eHy) = (xHy, eH,) for all ho, € Hp and all k| € Hj. In other words, the set of
G-orbits in S is in bijection with the quotient H>\ K/ H; of the biset HzK

.
The isotropy subgroup l

—1
Ghyer) ={g € GlgxH, =xH,, gH, =eH,} = H, N H}

where Hl’f1 = xHix~ ! and x € K as above. Therefore, we have a bijection of G-sets
s= || G/mnHf.
xeH)\K /H,

In terms of biset morphisms, the composition

M _ x~!
Ymo ™ = Z F (HszﬁgmH{") oF (Hanif' (Hy N Hj )HmH;) oF (HmH;HlH1>
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where the middle biset is just the conjugation G-isomorphism c,—1: HiNHy — H>N Hff1 .
On the other hand, the composition

oMoy =F(K,).
To establish formula (8.3), we consider the H,—H biset bijection

Ko = |_| H, x Hy

xeH)\K/H)

from the double coset decompostion. The standard representation of the component X =
Hj x Hp expressed in the standard form is

—1
Hyx Hy = (Lo, vy, Kl = [H2 O HY e, Hi 0V HS L

This follows from Remark 4.6: L, = {hy € Hy | hpx = xhy, hy € H} = HzﬂHl"fl, K, =
{hy € Hy|xh) = hyx, hp € Hb} = H N Hf and Vxx = Cx-
Now by Proposition 6.9 we see that the composition

oMoy =F(, K, )= Fnd)o F(£) o F(Res,) .

But, by inspection, the right-hand side of this formula is just the expression for W o ®M
in formula (8.4). This proves the property (M1).

Conversely, suppose that M: D(G) — Ab is a conjugation-invariant Mackey functor.
We define the functor F on objects by setting F(H) = M(G/H), and extending additively.
Since the bivariant functor j: D(G) — B4 (G) is surjective on objects, this formula defines
F uniquely on objects.

The morphisms in B, (G) are finite matrices of bifree conjugation Hy—H| bisets. Any such
biset is a disjoint union of indecomposable conjugation bisets X, uniquely up to ordering, and
after picking a base point x € X we have the standard representation X = i [Lx, Yy, Kxl 0
and the factorization

X = Lo v Kl = Indy o £ 0 Res,

of Proposition 6.9. By Definition 6.8, it follows that the morphisms in B,(G) are generated
by compositions of the following three types of bifree conjugation bisets:

(i) Indy = HZ(HQ)LX, (i) Res, = KX(HI)Hl’ and (i) £y = LX(LX)K“_.
Recall from Remark 4.6 that
L, =1{hy € Hy|hox = xhy, hy € Hi} C Hy
and
K. ={hy € Hy|xh) = hyx, hy, € H} C H.

Since X is a conjugation biset, the map y, . : Ly — Kj is given by ¢, , where g;‘ Lygy =
K, so we have

Vi (h2) = cg () = g7 ' hoge = hy .

The element g, need not be unique (see Remark 6.2). The isomorphism Yy Xl gives L, the
right K ,-action on L, used to define the third biset.

We will define F on the basic morphisms of these three types, by associating to each of
these bisets a G-map, and then applying the Mackey functor M:
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e to Ind, associate the G-map Indfj: G/L, — G/H,, with Inde2 (eLy) = eHy;

e to Res, associate the G-map ResZA‘_ : G/Ky — G/H, with Resﬁi (eK,) = eHy;

e to £, associate the maps of G-sets 2% (gx): G/Ky — G/L,, with SILé (gx)(eKy) =
gx_] L, for the various choices of g,.

Now define
() F(indy) = Mu(Ind?) (i) F(Res,) = M*(Resi!) (i) F(£0) = Mu(LF ()

Item (iii) is well-defined by Lemma 3.2, since M is conjugation invariant. We will write
i‘,;}" for any of the 211‘(“ (gx)-

For any morphism X in B(G) we define F(X) by choosing a base point x € X, writing
X = Ind, o0&, o Res,, and defining F(X) = F(Indy,) o F(£,) o F(Resy). The formulas in
Remark 6.10 show that the definition of F'(X) is independent of the choice of base point.

The functor F is defined on all the morphisms in B, (G) by the additive (matrix) exten-
sion of these formulas. Any relation in the Grothendieck group Homgg)(H1, H>) leads to
a isomorphism X = Y of finite bifree H,—H bisets. Since both sides are canonically (up to
ordering) expressed as a disjoint union of (Hp x H 10 ?)-orbits, it is clear that F is well-defined.

Finally, we must check that F is a functor. Since F(gHy) = id, it remains to
check that compositions are preserved. Suppose that X1 € Homgc)(H1, H2) and X, €
Homg(g)(H2, H3). By additivity, we may assume that X; and X, are indecomposable. We
must check that

F(X>0X1) = F(X3) o F(Xy).

Consider the left-hand side of the formula, where F (X20X) = F (X2 x p, X1) by definition.
Pick a base point x; € X1, and x € X,. By Lemma 5.2, the components of X3 = X, xp,
X are indexed by elements h, € Hj representing the double cosets K,,\H>/Ly,. Each

such component contributes a summand F' ([Lx3, Yigrs K x3]), where x3 = [x2h2, x1]. By

Theorem 5.3, the standard representation at this base point is

[LX3, Viyas» K)@] = [V};}n (sz N Lﬁ?l) » ¥x,.8 Cha © Yy s Yy g (Kff N Lxl)]
(8.5
The right-hand side of the formula is
F(X2) o F(X1) = F(Indy,) o F(£y,) o F(Resy,) o F(Indy,) o F(£y,) o F(Resy,).

By the Mackey double coset formula for M, property (M1),

-1

h
F(Resy,) 0 F(Indy) = > F(Ky)o F(KyN Ly )oF(Ly)
hy€Ky, \Ha/Ly,
where
—1
e Ky,isa(Ky,) —{ K, N Lﬁf ) biset via the two inclusions, and is a standard induction,

ot nyt . . . . .
e Ky,NLy isa (K o N Lyt ) - (L N Kff) biset via the evident inclusion on the left

and conjugation by /5 !on the right, and is a standard conjugation,

e L, isan (Lx1 N K,f'zz) — (Ly,) biset via the two inclusions and is a standard restriction.
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Hence F(X2) o F(X1) = Xj,ck \ioyL,, Alh2]o Blha]o Clha]. where

Alha] = M. (1ndf" ) o M. (£2) 0 M, (Indez hl)
Ky NLy?
KoLl
Blinl = M, [ £
Loy K2

_ * Ly ( Lxl) * ( H, )
Clhy] =M (ResLxan'fzz) o M SKn oM ResK.\_1

To further analyze A[h;] consider the commutative diagram

-1
X5,x9

H3 D Ly, <—— K,,
U U
-1
-1 Y —1
-1 h Xp.x h
sz,xz(sz NLy ) <«—— Ky, NLy
which implies
—1
—1
Y (KxyNLyy )
Alha] = M, | Tnd™ oM e
Vg, Kia Nl ) Ky MLy}

To analyze C[h3] first note that M., (£;i]1) = M* (gf;l ) Then consider the commu-
tative diagram

VXI.X|

LJC] —_— KX] C Hl
U U

1-X1

Lok e L, Nk
X1 X2 Vxl,xl( X1 X )

2

which implies

Clha] = M* (ResLx1 hz) o M* (SZ{:') o M* (Resgll)

Ly NKy ] 1

ha
Yx,, (Lxlmez) H
=M o M*| Res™ hy
Ly NK2 Vg L DKL)

To analyze the conjugations, note that after substituting the new expressions for A[h;]
and C[h;] we have three conjugations now occurring together in A[h3] o B[h] o Clh2]:

SIRCITCE ! (L NKL2)
M SVXQ,,\Q X X1 OM (SszmLxl )OM* (SVXI'XI X1 X9 )
* —1 *

h h
h 2 2
KLl Ly MKy Ly MK,
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-1
-1 hy h
Vel (KxyNLit ) Ky NLy Ly NKy]
= M, X2.2 712 1 oM, 2 h12 o M, 1 2 i
KXZr'\Lﬁf Ly NKxy Vx, oy L NKx)
-1 (K nLhEI)
Y. . X X
= M* X2' 2 ’ h12
Yy g Ly VK23
Hence
Alhz] o Blhz] o Clhy]
-l (kx mthl)
Y X X
= M, | Ind™® 1 Joma e ) o M Res™ "
V}?;,XZ (KXZ anlz ) VX] X1 (Lxl mez ) yXl X (Lx] mK.’cz )
It now follows from (8.5) that
Alha] o B[hy] o Clha] = F(Indy;) o F(£y;) o F(Resy;)
for each component x3 = [xzh2, x1]. Therefore F (X, o X1) = F(X2) o F(Xy). m]
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