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Abstract

Utility based indifference pricing and hedging are now considered

to be an economically natural method for valuing contingent claims

in incomplete markets. However, acceptance of these concepts by the

wide financial community has been hampered by the computational

and conceptual difficulty of the approach. In this paper we focus on

the problem of computing indifference prices for derivative securities

in a class of incomplete stochastic volatility models general enough

to include important examples. We present a rigorous development

based on identifying the natural martingales in the model, leading to

a nonlinear Feynman-Kac representation for the indifference price of
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contingent claims on volatility. To illustrate the power of this repre-

sentation, we exhibit closed form solutions for the indifference price

of a variance swap in the standard Heston model and in a new “re-

ciprocal Heston” model. These are the first known explicit formulas

for the indifference price for a class of derivatives that is important to

the finance industry.

Key words: volatility risk, exponential utility, Heston model, variance swap,

incomplete markets, certainty equivalent, volatility derivative.

1 Introduction

It has been amply discussed in recent literature, by such authors as Cvi-

tanić, Schachermayer and Wang (2001), Delbaen et al (2002), Henderson

(2002), Musiela and Zariphopoulou (2004), that utility methods provide an

economically justified framework for pricing derivatives in incomplete mar-

kets, where the traditional paradigms of risk neutral valuation and replication

are replaced by the concepts of indifference pricing and hedging introduced

by Hodges and Neuberger (1989). The purpose of the present contribution

to this field is twofold: first, to provide a class of realistic and financially

relevant examples where indifference pricing and hedging can be rigorously

and fully solved and these concepts explored in detail; and second, to provide

a new way to understand volatility derivatives, which have recently become

an important class of financial products (see Friz and Gatheral (2005), Carr,

Geman, Madan and Yor (2005). Along the way, to keep the narrative interest-

ing, we use a new and direct duality argument to derive the basic indifference
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results for two dimensional models, instead of using by now well-understood

arguments involving PDEs.

We consider stochastic volatility models of the form

dSt = St[(µ− r)dt+
√
YtdWt],

dYt = a(t, Yt)dt+ b(t, Yt)[ρdWt + ρ̄dZt], (1)

for initial values S0, Y0 > 0, µ − r > 0, independent one-dimensional Brow-

nian motions Wt and Zt generating a standard filtration (Ft)0≤t≤T on the

probability space (Ω,F , P ), and correlation parameters ρ and ρ̄ =
√

1− ρ2.

Here St denotes the discounted stock price at time t, and Yt = σ2
t is inter-

preted as the stochastic squared volatility of St. We now make the following

standing assumptions:

Assumption 1.1 The coefficient functions a, b are such that (1) has a unique

strong solution (St, Yt) which lies in R+ × R+ for all t ∈ [0, T ], P–a.s. The

correlation parameters ρ ∈ (−1, 1), ρ̄ =
√

1− ρ2, mean rate of return µ, and

interest rate r are constant.

Assumption 1.2 The discounted contingent claim B has the form BT =

B(YT , VT ), where

Vt =

∫ t

0

f(Ys)ds

and B : R+ × R+ × R+ → R, f : R+ → R+ are deterministic functions such

that

E[e(γ+ε)B] <∞ and E[e−εB] <∞ for some ε > 0. (2)
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Assumption 1.3 The market price of risk process, defined by

λ(t, Yt) :=
µ− r√
Yt

(3)

is such that the density

dQ̃

dP
= exp

(
−1

2

∫ T

0

λ2
sds−

∫ T

0

λsdWs

)
(4)

gives rise to a well–defined equivalent local martingale measure Q̃ with finite

relative entropy with respect to P .

Observe that Assumption 1.1 is weaker than the usual global Lipschitz

continuity and growth conditions that are sufficient for the existence of a

strong solution (St, Yt). This avoids ruling out from the start some of the

most popular stochastic volatility models, such as the Heston model, for

which Yt is a square-root diffusion that does not satisfy the global Lipschitz

condition. Moreover, our volatility function

σ(t, Yt) =
√
Yt

is neither bounded from above nor bounded away from zero, as is assumed

for instance in Sircar and Zariphopoulou (2005). Thus, we allow for the

introduction of realistic stochastic volatility models at the expense of having

to verify the existence of unique strong solutions to (1) case by case.

Regarding the claimB, observe that Assumption 1.2 is significantly weaker
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than requiring B to be bounded. While boundedness of B is useful in order

to assert regularity and growth properties for the indifference prices, it auto-

matically excludes most of the volatility derivatives that are actually traded

in financial markets. Two important examples of such derivatives are the

variance swap, obtained when

BT = e−rT

∫ T

0

Ytdt (5)

and the volatility swap, obtained when

BT = e−rT

√∫ T

0

Ytdt. (6)

These derivatives would be ruled out from the beginning if we assumed that

the claim B is bounded; instead, we require the weaker integrability con-

dition (2), which is sufficient to develop the indifference pricing framework.

Given a particular market model, we must then verify that the claims of

interest satisfy (2), for example by exploring the distributional properties of

the process Yt.

Finally, Assumption 1.3 is necessary to our analysis since, as we are going

to see, the indifference price for volatility derivatives can be expressed in

terms of Q̃–expectations. The measure Q̃ is known as the minimal martingale

measure and has been investigated in the context of indifference pricing in

several of the references quoted above. Although Assumption 1.3 is slightly

stronger than requiring viability of the market (in the sense of existence of

an equivalent martingale measure), it can also be directly verified for the
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stochastic volatility models of interest to us.

The remainder of the paper is organized as follows. In Section 2, we sur-

vey known results for the optimal hedging problem and show how it leads

to the concepts of certainty equivalent and indifference price of a claim as

introduced by Hodges and Neuberger (1989). We list sufficient conditions

for the existence of an optimal hedge specific to the case of an exponential

utility U(x) = −e−γx with risk aversion parameter γ > 0. Proposition 3.1

in Section 3 then states how the utility determines the volatility risk pre-

mium associated with each contingent claim B(YT , VT ), as well as the form

of the optimal hedge portfolio in terms of the certainty equivalent process.

In Section 4 we prove Theorem 4.1 and its corollary, our main results, which

give a generalized nonlinear Feynman-Kac representation for the indifference

price of volatility derivatives. This generalizes a result obtained in Tehranchi

(2004) for the case of a bounded volatility σt and a claim satisfying a stronger

condition than 1.2 (namely having finite moments of all orders). In Section 5,

we apply this representation to the variance swap under two different mod-

els, the Heston model and “reciprocal Heston” model, and derive explicit

formulas for the indifference price in terms of the confluent hypergeometric

function.Finally, in Section 6 we provide a numerical illustration of some

simple ways the indifference price of a variance swap differs from alternative

pricing methods.
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2 Utility based pricing with exponential pref-

erences

2.1 Optimal hedging problem

The central definition in this subject is that of an optimal hedging portfolio for

an investor trading in the market defined by the discounted asset process (1).

It corresponds to the self–financing strategy followed by investors with initial

wealth x who, when faced with a (discounted) financial liability B maturing

at a future time T , try to maximize their expected utility of terminal wealth

by solving the stochastic control problem

u(x) = inf
H∈A

E
[
e−γ(XT−B)|X0 = x

]
, (7)

where γ > 0 is the risk–aversion parameter. Here XT is the discounted

terminal wealth obtained when at each time t one holds Ht units in the

traded asset and ert(Xt −HtSt) dollars in a riskless money market account.

The discounted wealth process Xt satisfies the self–financing condition

dXt = HtdSt = HtSt[(µ− r)dt+ σ(t, Yt)dWt], t ∈ (0, T ), (8)

for a control process H ∈ A. To complete the specification of the admissible

portfolios A, letMa(S) andMe(S) denote respectively the sets of absolutely

continuous and equivalent local martingale measures for S and let Mf (S)

denote the set of measures Q ∈ Ma(S) with finite relative entropy with

respect to P . Denoting by L(S) the set of predictable S–integrable processes,
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we follow Becherer (2004) and take the set of admissible portfolios to be

A =

{
H ∈ L(S) :

∫ t

0

HudSu is a Q–martingale for all Q ∈Mf

}
. (9)

As noted in the introduction, Assumption 1.3 implies that the set Me ∩Mf

is nonempty, so that the market is viable.

Now, under the condition for the claim B specified in Assumption 1.2, it

follows from convex duality (see Becherer (2001, 2004); Delbaen et al (2002);

Kabanov and Stricker (2002); Owen (2002)) that the optimal hedging prob-

lem (7) has a unique solution HB ∈ A satisfying

γe−γ(x+
R T
0 HBdS−B) = ξ

dQB

dP
, (10)

where ξ = u′(x) and QB ∈ Mf ∩Me is the unique maximizer of the corre-

sponding dual problem

sup
Q∈Mf

EQ

[
γB − log

(
dQ

dP

)]
. (11)

2.2 The indifference price and the certainty equivalent

An agent with exponential utility U(x) = −e−γx and initial wealth x will

charge a premium for issuing a liability B maturing at T . The seller’s indif-

ference price for the claim B is defined to be the premium that makes the

agent indifferent in the expected utility sense between making the deal or
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not, that is, the unique solution πB to the equation

min
H∈A

E
[
e−γ(x+

R T
0 HdS)

]
= min

H∈A
E
[
e−γ(x+πB+

R T
0 HdS−B)

]
. (12)

It is convenient to express the indifference price in terms of the certainty

equivalent process (cBt )0≤t≤T for the claim B. Denoting by HB the unique

solution to (7), then for each t ≤ T , we can define cBt as the unique solution

of

e−γ(Xt−cB
t ) = E

[
e−γ(Xt+

R T
t HBdS−B)

∣∣∣Ft

]
, (13)

where Xt is the wealth obtained from an initial value x by trading according

to any admissible portfolio H up to time t. In the case B = 0, then the

optimal hedging problem becomes the Merton optimal investment problem

and we denote the certainty equivalent process by c0t . From (11), it is clear

that Q0 is the local martingale measure that minimizes the relative entropy

with respect to P and is therefore called the minimal entropy martingale

measure for the market.

The conditional version of (12) is thus equivalent to

e−γ(Xt−c0t ) = e−γ(Xt+πB
t −cB

t ), (14)

so that the indifference price process is given by

πB
t = cBt − c0t , t ∈ [0, T ]. (15)
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3 Volatility risk premium and the hedging

portfolio

As we have seen in the previous section, the solution of the hedging problem

(7) through convex duality involves finding a local martingale measure QB

solving the dual problem (11). This optimal measure is not, however, a

direct generalization of the risk neutral pricing measure obtained for complete

markets. First of all, it depends on the claim B itself, so even for multiples

of the same claim we can obtain different optimal measures. Secondly, the

indifference price πB is not obtained from QB by a simple expectation (see

equation (2.8) in Becherer (2004)). Nevertheless, the optimal measure QB

induces a market price of risk associated with the claim B as follows.

Given the optimal measure QB associated with the claim B, consider the

density process

ΛB
t := E

[
dQB

dP

∣∣∣∣Ft

]
, (16)

which, being a strictly positive martingale, can be expressed as the solution

of

dΛB
t

ΛB
t

= −[λB
t dWt + νB

t dZt], (17)

for adapted processes λB
t and νB

t . Since QB ∈ Me ∩ Mf , the discounted

price St is a local QB–martingale and hence we must have that

λB
t = λt :=

µ− r√
Yt

. (18)

The remaining process νB
t completes the specification of the utility based
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market price of risk associated with the claim B.

We next prove a simple proposition giving the general functional form for

the market price of risk and optimal portfolio associated with the claim B,

valid whenever the certainty equivalent cB is sufficiently regular.

Proposition 3.1 Under Assumptions 1.1, 1.2, 1.3 and the further assump-

tion that the certainty equivalent process is given by cBt = cB(t, Yt, Vt) where

the functioncB is twice differentiable with respect to y ∈ R+ and continuously

differentiable with respect to (t, v) ∈ [0, T )× R, we have that

νB(t, y, v) = −γb(t, y)ρ̄∂yc
B(t, y, v), (19)

and the unique optimizer HB
t = hB(t, St, Yt, Vt) for the hedging problem (7)

is

hB(t, s, y, v) =
b(t, y)ρ

s
√
y
∂yc

B(t, y, v) +
(µ− r)

γsy
. (20)

Proof: It follows from (10) that

ΛB
t =

1

ξ
E[U ′(XB

T −B)|Ft]

=
γe−γXB

t

ξ
E

[
exp

(
−γ
∫ T

t

HBdS + γB

)∣∣∣∣Ft

]
=

e−γ(XB
t −cB

t )

e−γ(x−cB
0 )

, (21)

where we have used the definition of the certainty equivalent process cBt and

the fact that ξ = u′(x) = U ′(x − cB0 ). Applying Itô’s lemma to the process
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ΛB
t above, we obtain

dΛB
t

ΛB
t

= (· · · )dt− γ
[
(HB − ∂sc

B)
√
ys− bρ∂yc

B
]
dW + γb∂yc

Bρ̄dZ (22)

Comparing this with (17) and (18) gives the result. ut

Since ΛB
t is a martingale, the drift term in (22) must vanish. Using this

fact and the expression for HB in terms of cB obtained in (20), we are able to

derive immediately the partial differential equation satisfied by the certainty

equivalent. This is presented in the next corollary and, except for the new

linear term associated with the integrated volatility, coincides with previ-

ous results obtained from stochastic control via the dynamic programming

principle (see for example Sircar and Zariphopoulou (2005)).

Corollary 3.2 Under the conditions of Proposition 3.1, the certainty equiv-

alent process cBt = cB(t, Yt, Vt) satisfies

∂tc
B +

[
a− bρ(µ− r)

√
y

]
∂yc

B +
1

2
b2∂2

yyc
B + f∂vc

B − (µ− r)2

2γy
+

1

2
γρ̄b2(∂yc

B)2 = 0

(23)

with terminal condition cB(T, y, v) = B(y, v).

As noted in section 2.2, the solution to Merton’s problem leads to the min-

imal entropy martingale measureQ0, whose density process Λ0
t := E

[
dQ0

dP

∣∣∣Ft

]
can be written as

dΛ0
t

Λ0
t

= −[λtdWt + ν0
t dZt], (24)
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where ν0 is obtained from (19) by setting B = 0, that is

ν0(t, y) = −γbρ̄∂yc
0. (25)

Following Musiela and Zariphopoulou (2004), we define the residual risk

associated with the claim B as the difference (XB
t −X0

t ) − πB
t . Here X0

t is

the optimal wealth for Merton’s problem starting at x and XB
t is the optimal

wealth for the hedging problem starting at x+ πB
0 , so that the residual risk

at initial time is zero. For the case where the volatility function is taking

to be a constant σ (so that the stochastic volatility model (1) reduces to a

model for a traded asset St that is correlated to a nontraded asset Yt) and a

bounded claim of the form B = B(YT ), these authors were able to show that

the process e−γ(XB
t −X0

t−πB
t ) is a a martingale under the physical measure P .

In the next proposition, we show how this result needs to be modified for the

stochastic volatility model (1) and claim B = B(YT , VT ).

Proposition 3.3 Suppose the conditions of Proposition 3.1 apply to both cB

and c0. Then the process e−γ(XB
t −X0

t−πB
t ) is an exponential martingale under

the optimal measure Q0 obtained from the solution of Merton’s problem.

Proof: The same argument used in the proof of Proposition 3.1 shows that

Λ0
t =

e−γ(X0
t−c0t )

e−γ(x−c00)
. (26)

Therefore

e−γ(XB
t −X0

t−πB
t ) =

e−γ(XB
t −cB

t )

e−γ(X0
t−c0t )

= ΛB
t /Λ

0
t . (27)
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It is then clear that e−γ(XB
t −X0

t−πB
t ) is the density for the measure change

from Q0 to QB and therefore an exponential Q0-martingale. ut

Finally, our final proposition for this section generalizes a decomposition

obtained in Musiela and Zariphopoulou (2004): the final payoff B(YT , VT )

can be written as the sum of the indifference price at time 0, the wealth

obtained by trading according to the optimal hedging portfolio and a term

corresponding to the unhedgeable risk associated with the process Yt.

Proposition 3.4 Suppose the conditions of Proposition 3.1 apply to both

cB and c0. Then for any t ∈ [0, T ], the payoff B = B(YT , VT ) admits the

decomposition

B = πB
t +

∫ T

t

(
bρ√
Yt

∂yπ
B
u

)
dSu

Su

+ ρ̄

∫ T

t

b ∂yπ
B
u dZ

0
u −

1

2
γρ̄2

∫ T

t

b2(∂yπ
B
u )2du

Here dZ0
t = dZt + ν0

t dt defines a Brownian motion under Q0,and we adopt

the notation ∂yπ
B
t for the process ∂yπ(t, Yt, Vt).

Proof: From (27) we have that

dπB
t = d(XB

t −X0
t )− 1

γ

[
(νB

t + ν0
t )(ν

B
t − ν0

t )

2
dt+ (νB

t − νo
t )dZt

]
= d(XB

t −X0
t ) + bρ̄∂yπ

B
t dZ

0
t −

γ

2
b2ρ̄2(∂yπ

B
t )2dt. (28)

From the functional form for the optimal portfolios HB and H0 obtained in
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Proposition 3.1 we obtain

d(XB
t −X0

t ) = (HB
t −H0

t )dSt =
bρ

St

√
Yt

∂yπ
B
t dSt. (29)

Substitution into (28) and integration from t to T completes the proof. ut

4 Pricing formulas

For the special case of bounded claims of the form B = B(YT ) and constant

volatility function σ (that is, corresponding to the non-traded asset model

mentioned in the previous section), it has been observed by a number of

authors (see Henderson and Hobson (2002), Henderson (2003), Musiela and

Zariphopoulou (2004), and Monoyios (2006)) that the certainty equivalent

partial differential equation (23) can be linearized by a Hopf-Cole transfor-

mation. The Feynman-Kac representation of solutions to this new equation

can then be used to derive an expression for the certainty equivalent in terms

of an expectation with respect to the minimal martingale measure Q̃. In the

present section, we provide a duality argument that extends those results

to produce more general Feynman-Kac type formulas for claims of the form

B = B(YT , VT ) in the stochastic volatility setting (1). These formulas are an

immediate consequence of the following martingale result:

Theorem 4.1 Consider a claim of the form B = B(YT , VT ) and suppose
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that cB satisfies the conditions of Proposition 3.1. Then the process

Ξt = eγρ̄2cB
t e−

1
2

R t
0 ρ̄2λ2

sds (30)

is a Q̃–martingale.

Proof: It follows from Itô’s formula that

dcBt =

(
∂tc

B + a∂yc
B +

1

2
b2∂2

yyc
B + f∂vc

B

)
dt+ b∂yc

B (ρdWt + ρ̄dZt) ,

which in turn implies that

dΞt

Ξt

= γρ̄2dcBt +
1

2
γ2ρ̄4(dcBt )2 − 1

2
ρ̄2λ2

tdt

= γρ̄2
[(
∂tc

B + a∂yc
B +

1

2
b2∂2

yyc
B + f∂vc

B − λ2
t

2γ

+
1

2
γρ̄2b2(∂yc

B)2
)
dt+ ∂yc

Bb (ρdWt + ρ̄dZt)
]

= γρ̄2
[(
∂tc

B + (a− bρλt)∂yc
B +

1

2
b2∂2

yyc
B + f∂vc

B − λ2
t

2γ

+
1

2
γρ̄2b2(∂yc

B)2
)
dt+ ∂yc

Bb
(
ρdW̃t + ρ̄dZt

)]
,

where we have introduced the Q̃ Brownian motion dW̃t = dWt + λtdt. If

we now recall equation (23) and the fact that ΛB
t is a martingale under the

physical measure P , we obtain that the drift term above vanishes, so that

Ξ is an exponential local martingale under the measure Q̃. To show that

E
eQ[ΞT ] = 1 and thus Ξ is a true Q̃–martingale, we first observe that the

processes λt, ν
B
t are FM1

t –adapted, where

M1
t = ρWt + ρ̄Zt, M

2
t = −ρ̄Wt + ρZt
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are independent P–Brownian motions. This then allows us to use the follow-

ing simple result:

Lemma 4.2 If `t is a FM1

t –adapted process such that and P [
∫ T

0
`2tdt <∞] =

1, then

E[LT |FM1

T ] = 1, Pa.s.,

where Lt is the stochastic exponential satisfying dLt = `tLtdM
2
t with L0 = 1.

If we now define Λ̃t := E
[

d eQ
dP

∣∣∣Ft

]
, then the two stochastic exponentials

Λ̃tΞt and ΛB
t can be thought of as Radon–Nikodym derivatives of measure

changes away from the measure P . Direct computation using (17), (18) and

(19) then verifies the following factorizations:

Λ̃tΞt = Λ1
t Λ

2
t , ΛB

t = Λ1
t Λ

3
t ,

where

dΛ1
t = −Λ1

t (ρ̄ν
B
t + ρλt)dM

1
t ,

dΛ2
t = Λ2

t ρ̄λtdM
2
t ,

dΛ3
t = Λ3

t (ρ̄λt − ρνB
t )dM2

t . (31)

By applying Lemma 4.2 to the FW 1

t –adapted processes ρ̄λt and ρ̄λt − ρνB
t

one finds

E
eQ[ΞT ] = E[Λ1

T Λ2
T ] = E[Λ1

TE[Λ2
T |FW 1

T ]]

= E[Λ1
T ] = E[Λ1

TE[Λ3
T |FW 1

T ]] = E[ΛB
T ] = 1.
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The required conditions P [
∫ T

0
ρ̄2λ2

tdt < ∞] = 1 and P [
∫ T

0
(ρ̄λt − ρνB

t )2dt <

∞] = 1 are consequences of Theorem 3.1 of Wong and Heyde (2004) and the

fact that ΛB
t is a martingale. ut

By the martingale condition on Ξt, it is immediate to verify that

eγρ̄2cB
t = E

eQ
t

[
eγρ̄2B(YT ,VT )e−

1
2

R T
t ρ̄2λ2

sds
]
.

Therefore

cBt =
1

γρ̄2
logE

eQ
t

[
eγρ̄2B(YT ,VT )e−

1
2

R T
t ρ̄2λ2

sds
]

(32)

and, by the same argument

c0t =
1

γρ̄2
logE

eQ
t

[
e−

1
2

R T
t ρ̄2λ2

sds
]
. (33)

This then proves the most important consequence of Theorem 4.1, namely,

a Feynman-Kac type representation for the indifference price of volatility

claims. A similar formula has been derived independently by Monoyios

(2006).

Corollary 4.3 Consider a claim of the form B = B(YT , VT ) and suppose

that both cB and c0 satisfy the conditions of Proposition 3.1. Then, the

indifference price for a volatility claim B = B(YT , VT ) at time t < T can be

written as

πB
t =

1

γρ̄2
log

E eQ
t

[
eγρ̄2B(YT ,VT )e−

1
2

R T
t ρ̄2λ2

sds
]

E
eQ
t

[
e−

1
2

R T
t ρ̄2λ2

sds
]

 (34)

18



5 The Variance Swap

As an explicit application of the previous section, we consider the indifference

pricing for q units of the variance swap, defined by the total discounted payoff

BT = qe−rT

∫ T

0

σ2
t dt. (35)

Various papers, notably Carr et al (2005) and Friz and Gatheral (2005),

have studied the pricing of these increasingly traded derivatives by a robust

replication argument. Their method relies on exactly hedging the volatility

derivative by taking positions in an infinity of equity options, and is therefore

suited for mature markets, where calls and puts on the underlying asset are

extensively traded. In contrast to their method for an “over-complete” type

of market, our method provides a rational hedge for volatility derivatives

that involves trading only the underlying asset itself, and is therefore better

suited for new and emerging markets.

The next subsections introduce two classes of stochastic volatility models

based on an auxiliary Cox-Ingersoll-Ross process Ψt governed by the SDE

dΨt = (A−BΨt)dt+ C
√

ΨtdMt, Ψ0 = ψ0, (36)

where Mt is a P–Brownian motion and the constant parameters (A,B,C)

satisfy 2A ≥ C2 which guarantees that 0 is a non-attainable boundary, and

B ≥ 0 (note that B > 0 guarantees that the process mean-reverts).

As we shall see, the right sides of formulas (34), (32), (33), which we

denote by π̂B
t , ĉ

B
t , ĉ

0
t , are candidates for the indifference price and certainty
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equivalents of the variance swap, and are explicit in both models in terms of

the following Laplace transform:

G(T, ψ0; d1, d2) = E
[
e−d1

R T
0 Ψsds−d2

R T
0 Ψ−1

s ds
]

(37)

This function has been studied in Hurd and Kuznetsov (2006), where the

following explicit formula in terms of the confluent hypergeometric function

1F1 was presented:

Proposition 5.1 Suppose d1 ≥ − B2

2C2 and d2 ≥ −α2C2

8
, where α = 2A/C2−

1. Then

G(T, x; d1, d2) = exp

(
−x
(
v1 +

γT (−v1)

γT − v1

e−(b+2v1C2)T

))
×e−(Av1+Bv2+C2v1v2)Txv2 (γT − v1)

−α−v2−1 γα+2v2+1
T

× Γ(α+ v2 + 1)

Γ(α+ 2v2 + 1)
1F1

(
v2, α+ 2v2 + 1;−γ

2
Txe

−(B+2v1C2)T

γT − v1

)
.

where

v1 =
1

2

(
−β +

√
β2 +

8d1

C2

)
, v2 =

1

2

(
−α+

√
α2 +

8d2

C2

)

and γT = (β + 2v1)
(
1− e−(B+2v1C2)T

)−1

.

It remains to be shown that these candidate functions, which are smooth

and solve (23), are indeed equal to the true optimizers πB
t , c

B
t , c

0
t . However,

known verification results for controlled Markov process, such as those in

Fleming and Soner (1993), do not apply here, since they rely on stronger
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boundedness conditions.

5.1 Heston Model

The Heston model (Heston 1993) has the form (1) where σ2
t = Yt has CIR dy-

namics given by (36) for the Brownian motion Mt = ρWt+ρ̄Zt and coefficient

functions

a(t, Yt) = A−BYt, b(t, Yt) = C
√
Yt.

We now proceed to verify that the standing assumptions of Section 1 are

satisfied by the variance swap in this model. First observe that when BT is

given by (35), we have

E
[
eαBT

]
= G

(
T, Y0;−αqe−rT , 0

)
.

Using Proposition 5.1, we see that Assumption 1.2 is verified for e−rTγq <

B2

2C2 . This also provides a condition on
∫ T

0

√
YsdWs that guarantees Assump-

tion 1.1. Finally, following Section 6 of Cheridito, Filipović and Yor (2005) ,

it can be shown that E[dQ̃/dP ] = 1, that the finite relative entropy condition

holds, and that Yt has CIR dynamics with parameters Ã = A−ρC(µ−r), B, C

under Q̃, all provided the boundary non-attainment condition 2Ã ≥ C2 holds

under Q̃.

One can now prove the following result by substitution of the formulas

for BT and λ2
t into (34), (32), (33) and then verifying the conditions of

Proposition 5.1 one more time.

Proposition 5.2 Assumptions 1.1, 1.2, 1.3 hold if e−rTγq < B2

2C2 and A −
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ρC(µ − r) ≥ C2/2, in which case Yt has CIR dynamics under Q̃ with pa-

rameters A − ρC(µ − r), B, C. Moreover, the time t = 0 candidate seller’s

indifference price for q units of the variance swap in the Heston model is then

finite and given by

π̂B(0, y) =
1

γρ̄2
log

(
G(T, y; d1, d2)

G(T, y; 0, d2)

)
(38)

where d1 = −qγρ̄2e−rT , d2 = 1
2
ρ̄2(µ− r)2.

5.2 Reciprocal Heston Model

We now exploit the Ψ → Ψ−1 symmetry inherent in (37) and define a new

model of the form (1) with

σ2
t = Yt =

1

Ψt

,

where Ψt is a CIR process of the form (36) driven by the Brownian mo-

tion M1
t . This model, which we call “reciprocal Heston”, has a number of

desirable properties. The reciprocal of a CIR process, being positive and

mean reverting, is a reasonable model for stochastic squared volatility that

has recently been studied by Chacko and Viciera (2005). The reciprocal CIR

process has also been used by Ahn and Gao (1999) as a term structure model

for which bond prices can be computed analytically.

As before, we use Proposition 5.1 to find conditions on the model that

guarantee the assumptions of Section 1 hold. Since for the variance swap
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(35) in this model we now have

E[eαBT ] = G(T,Ψ0; 0,−αqe−rT ),

we see that Assumption 1.2 is verified for γqe−rT < C2

2
( A

C2 − 1
2
)2. Once more,

this in turn provide a condition on
∫ T

0

√
YsdWs that guarantees Assumption

1.1. Finally, as in the previous section, we can prove E[dQ̃/dP ] = 1, the finite

relative entropy condition, and that Yt has CIR dynamics with parameters

A, B̃ = B − ρC(µ − r), C under Q̃, all provided the condition B̃ ≥ 0 holds

under Q̃.

SImilarly to Proposition 5.2, we obtain the following result for a variance

swap in the reciprocal Heston model:

Proposition 5.3 Assumptions 1.1, 1.2, 1.3 hold if e−rTγq < C2

2
( A

C2 − 1
2
)2

and B ≥ ρC(µ − r), in which case Yt has CIR dynamics under Q̃ with

parameters A, B̃ = B − ρC(µ − r), C. Moreover, the time t = 0 candidate

seller’s indifference price for q units of the variance swap in the reciprocal

Heston model is finite and given by

π̂B(0, y) =
1

γρ̄2
log

(
G (T,Ψ0; d1, d2)

G (T,Ψ0; d1, 0)

)
(39)

where d1 = 1
2
ρ̄2(µ− r)2, d2 = −qγρ̄2e−rT .
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6 Numerics of Variance Swap

While it is not our purpose here to explore the details of the above formulas, it

is nonetheless worthwhile to consider briefly how indifference prices compare

to other pricing methods for the variance swap. We take the Bakshi et al

1997 parameters for the Heston model: µ = 0.127, ρ = −0.28, r = 0.04, A =

0.04, B = 1.16, C = 0.2, Y0 = A/B.1 Without loss of generality, we may

take γ = 1, x = 0. Figure 1 shows the indifference price for q = 1 units of

the variance swap, as a function of time to maturity T , for several values of

ρ, illustrating that as |ρ| → 1, the price converges to the complete market

value computed when |ρ| = 1. Figure 2 shows the per unit indifference price

of a T = 1 variance swap as a function of q, again for various values of ρ.

This graph illustrates that the per unit price is increasing and convex in

q. In fact, all curves eventually diverge as q increases. Computations were

done in Mathematica. Algebraic differentiation within Mathematica permits

the evaluation of the hedging strategy function h, as well as any greeks of

interest.

7 Conclusions

This paper has developed the theory of indifference pricing and hedging for

volatility derivatives in a class of stochastic volatility models general enough

to include industry relevant examples. The main theoretical result, Theo-

rem 4.1, yields a very useful nonlinear Feynman-Kac representation for in-

1We reduce the “volatility of volatility” parameter C by a factor of 2 to ensure the
no-hitting condition 2A ≥ C2.
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difference prices with the character of formulas found by Musiela and Za-

riphopoulou (2004) and others. We then applied this result to find closed

formulas for candidate indifference prices of variance swaps in the Heston

model and in a new model we call the reciprocal Heston model. While a ver-

ification result tailored for these examples is not known to us, and is a topic

for future research, our candidate functions are smooth classical solutions of

the associated HJB equation and are easy to compute, therefore opening the

possibility for detailed numerical exploration of these and related financially

important indifference prices.
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Figure 1: Indifference price of q = 1 units of the variance swap as a function
of time to maturity T , for different values of ρ.
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Figure 2: Indifference price per unit for the T = 1 variance swap as a function
of q, for different values of ρ.
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