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a b s t r a c t

We propose a versatile approach to computing the effective toughness of heterogeneous
media. This approach focusses on the material property independent of the details of the
boundary condition. The key idea is what we call a surfing boundary condition, where a
steadily propagating crack opening displacement is applied as a boundary condition to a
large domain while the crack set is allowed to evolve as it chooses. The approach is
verified and used to study examples in brittle fracture. We demonstrate that effective
toughness is different from effective or weighted surface area of the crack set. Further-
more, we demonstrate that elastic heterogeneity can have a profound effect on fracture
toughness: it can be a significant toughening mechanism and it can lead to toughness
asymmetry wherein the toughness depends not only on the direction but also on the
sense of propagation. The role of length-scale is also discussed.

& 2014 Elsevier Ltd. All rights reserved.

1. Introduction

Fracture mechanics, starting with the work of Griffith (1921), is a grand success of the past century with the development
of a profound theory that can describe crack propagation in complex macroscopic situations. However, this theory requires
an empirical parameter – the fracture toughness. How this parameter arises, or how it changes, or evenwhat it means in the
microstructural hierarchy of materials remains incompletely understood.

Over the last few decades a number of composite structures have been developed, especially in the context of ceramics,
where microstructural features have been exploited to enhance the toughness. Consequently, there is an extensive literature
on the fracture toughness of composite materials, e.g. (Bower and Ortiz, 1991; Cox and Yang, 2006; Evans and Faber, 1981;
Faber and Evans, 1983, 1983; Gao and Rice, 1989; Hutchinson and Suo, 1992; Suresh, 1985). These composites also motivated
systematic mathematical formulation of the change in stress intensity with perturbations in the crack front and modulus
(Gao, 1991; Rice, 1985). However, this work is generally limited to particular microstructures of relevance to composites.

The relation between random microstructures and observable features including morphology of crack surfaces and rate
dependance has received much attention with the discovery of some universal scaling laws (Bonamy et al., 2006, 2008;
Bouchaud, 1997; Ponson and Bonamy, 2010; Ramanathan et al., 1997). However, these are limited to randommicrostructures
and use statistical mechanical methods that use randomness in an essential manner. Furthermore, many of them use
perturbative methods assuming small contrast. Recently, Srivastava et al. (2014) have studied the role of random inclusions
on both toughness and roughness in ductile fracture.
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Nature has exploited microstructure to enhance toughness of nacre and other shells. Various researchers have studied
the underlying mechanisms and also sought to mimic the microstructure in bio-inspired designs (e.g. Barthelat and
Espinosa, 2007; Currey and Taylor, 1974; Evans et al., 2001; Menig et al., 2000; Nukala and Simunovic, 2005; Begley et al.,
2012). Once again, this work is generally limited to particular classes of biologically relevant microstructures.

Through all of these works, there is an understanding that fracture toughness can be increased in a heterogeneous
material by various mechanisms including crack deflection and meandering, zone shielding (through transformation
toughening, microcrack toughening, crack-field void formation) and contact shielding (through wedging, bridging, sliding,
plasticity induced crack-closure). Still, a comprehensive theory that describes the effective toughness of a heterogeneous
medium is still to emerge.

There is a well-developed theory that describes the overall or effective properties of heterogeneous materials in the
context of elasticity, electrostatics, magnetism and other properties that are characterized by variational principles, (e.g.
Milton, 2002; Nemat-Nasser and Hori, 1999). Many of these methods have been extended to dissipative processes like
plasticity in the context of deformation theory or incremental update where one has a variational principle. Unfortunately,
such a theoretical development remains missing in the case of fracture and other free-boundary/free-discontinuity
problems. The key difficulty is that bounds on the energy do not necessarily imply bounds on the derivatives of the
energy: a small bump in the energy landscape may become a very large bump in the forcing leading to changed behavior.

This is more than a theoretical difficulty, but points to the fact that in time-dependent or evolution problems, the
effective macroscopic behavior can be very different from the underlying microscopic relations. In one dimension, it is
known that a microscopically viscous evolution law can lead to a macroscopically stick-slip behavior (Abeyaratne et al.,
1996; Bhattacharya, 1999). Similar results have also been established for quasilinear free-boundary problems (Dirr and Yip,
2006; Dondl and Bhattacharya, 2014). Recently, Xia et al. (2012, 2013) explored the role of heterogeneity in the mechanics of
peeling adhesive tape. They showed that patterning the elastic stiffness of the tape (with no change in the actual adhesive)
can lead to dramatically enhanced and possibly anisotropic and asymmetric resistance to peeling. All of these point to
interesting phenomena in fracture.

The motivation for this work is three-fold. First, we seek a robust definition of effective toughness of an arbitrary
heterogeneous media that is independent of macroscopic loading and with no a priori assumption or restriction about the
evolution of the crack set at the microscopic scale. Second, we seek an approach to computing this effective toughness.
Third, we seek insights into the relationship between microstructure and effective toughness. The emergence of new
methods of synthesis – digital tools like rapid prototyping and ink-jet printing, and complex self-assembly – is creating an
extraordinary new ability to synthesize materials and components with arbitrarily complex but precise microstructures.
This presents a new opportunity to exploit a completely general class of precisely defined high contrast microstructures to
design and synthesize materials and components that have a desired level of toughness.

We confine ourselves to brittle fracture for many reasons. First, brittle fracture provides a clear conceptual and theoretical
framework to explore the main ideas. In contrast, ductile fracture brings other difficult issues including void formation.
Second, catastrophic failure is a critical issue in brittle solids and affecting their toughness is technologically appealing. Finally,
there is the recent work of Srivastava et al. Srivastava et al. (2014) in the ductile setting. We also confine ourselves to quasi-
static evolution neglecting inertial effects for definiteness and simplicity since wave propagation in heterogeneous media is a
complex issue in its own right. We confine ourselves to macroscopic Mode-I loading, again for definiteness and simplicity. We
confine ourselves to propagation in a principal direction of the microstructure, and report on other directions elsewhere.
Additionally, we confine ourselves to two dimensions (plane stress) and to periodic microstructures strictly for convenience.
These may be relaxed at cost of complexity without affecting any of the ideas. Finally, we deliberately confine ourselves to the
continuum scales. While atomistic effects are interesting in its own right (e.g., Holland and Marder, 1998; Kermode et al., 2008;
Freund, 2014), the effect of heterogeneities on fracture properties as well as the synthesis techniques occurs at the neglected
middle scales ranging from tens of nanometers to hundreds of microns that spans atoms to macroscopic continuum.
Therefore, these scales provide an opportunity that has not been completely explored.

We begin in Section 2 by proposing a definition of effective toughness, and then developing a numerical approach for
computing it. Crack propagation depends sensitively on boundary conditions, but we seek a definition that is a material
property and independent of the details of the boundary condition. Furthermore, our focus in this work is on
macroscopically steady propagation. The key idea is what we call a surfing boundary condition. We recall some classical
results from linear elastic fracture mechanics in Section 3 which we use to supplement our computations. We verify our
computational approach in Section 4 in a homogeneous material. We consider a series of examples in Sections 5–8.
We conclude in Section 9 by recalling the main results and with a discussion.

2. A computational approach to effective toughness

2.1. Homogeneous material

The notion of fracture toughness in a homogenous body goes back to Griffith (1921). Consider a body subjected to a
certain loading with a smooth crack evolving smoothly with time. We define an elastic energy release rate or driving force
acting on the crack front as the negative of the rate of change of the elastic potential energy U with crack length. We state
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that the crack continues to grow if this energy release rate is equal to a critical value Gc:

Gc ¼ "
∂U
∂a

: ð1Þ

The energy release rate is given by the celebrated path-independent J-integral (Cherepanov, 1967; Rice, 1968)

J ¼
Z

C
t̂ % Cn̂ dl ð2Þ

where n̂ is the outward normal to the contour t̂ is the tangent to the crack tip and

C ¼φI"ð∇uÞTσ ð3Þ

is Eshelby's energy-momentum tensor or the configurational stress tensor, φ¼ 1
2 e uð Þ % Ce uð Þ the elastic energy density, u the

displacement, e uð Þ ¼ 1
2 ∇uþ∇uT
! "

the strain and σ the Cauchy stress (in the linear elastic setting.) In a homogeneous
material, the J-integral is path-independent since the energy-momentum tensor is divergence-free. One can also relate the
J-integral to rate of dissipation of energy (Knowles, 1981) and the configurational force balance (Gurtin and Podio-Guidugli,
1996).

Finally, it is conventional in linear elastic fracture mechanics to perform an asymptotic expansion of the elastic field near
the crack tip. For a Mode-I crack (where the crack is opened normal to the crack surface), the displacement fields
(e.g., Zehnder, 2012) are given as

Ux ¼
KI

2μ

ffiffiffiffiffiffi
r
2π

r
κ" cos θ
! "

cos
θ
2

Uy ¼
KI

2μ

ffiffiffiffiffiffi
r
2π

r
κ" cos θ
! "

sin
θ
2

ð4Þ

KI is called the stress-intensity factor, κ ¼ ð3"νÞ=ð1þνÞ, μ¼ E=2ð1þνÞ, and ðr;θÞ are polar co-ordinates emanating from the
crack tip. It is conventional to describe the crack-propagation criterion as KIZKIc where KIc is known as the fracture
toughness of the material. It is entirely equivalent to the considerations above, due to Irwin's relation (Irwin, 1957),

J ¼
K2
I
E
: ð5Þ

With some abuse of terminology, we refer to Gc ¼ K2
Ic=E as the toughness of the material.

The considerations above tell us about the propagation of an existing crack. An additional criterion is necessary for
nucleation of cracks. A general formulation of this remains a topic of active research, but it is often specified as a length-scale
that represents the size of a critical crack nucleus (Zehnder, 2012).

2.2. Heterogeneous materials: Surfing boundary conditions

The situation can be quite different in heterogeneous materials. First, cracks may not propagate smoothly with time.
Instead it may be arrested at obstacles and then suddenly jump. Second, cracks may not propagate along a smooth path but
may kink at interfaces and defects. Third, the J-integral is no longer path-independent. Fourth, crack branching and
microcracking distant from the main crack may occur so that the notion of a crack itself may be poorly defined. Fifth, the
state of stress can be extremely complex and asymptotic analysis may not be feasible. For these and other reasons, the study
of fracture of heterogeneous media is a difficult subject.

We are interested in a situation where the scale of the heterogeneity is small compared to the scale of the domain or the
boundary conditions, and we endeavor to describe a macroscopic propagation law. In other words, we seek to define an
effective homogeneous medium with an effective elastic modulus and an effective fracture toughness that describes the
results of a macroscopic experiment without having to resolve the microscopic details. This requires us to define a problem
where one has steady and defined crack growth at the macroscopic scale, but where crack set is completely free to evolve in
any manner that they choose at the microscopic scale.

We achieve this by solving the microscopic problem subject to what we call the surfing boundary condition. We consider a
large domain Ω with periodic microstructure and subject it to a time-dependent steadily translating crack opening
displacement. While the particular form we take is not important, for most of our calculations we take

uðx; y; tÞ ¼ Uðx"vt; yÞ on ∂Ω ð6Þ

where U is the Mode-I crack opening displacement (4) with a given KI and the elastic modulus is taken to be the effective
elastic modulus of the material. To verify that our definition and results are independent of boundary condition, we also
consider on occasion the alternate boundary condition

u x; y; tð Þ ¼
0

A
2

1"tanh
x"vt
d

$ %$ %
sign yð Þ

0

@

1

A ð7Þ
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for constants A and d. Note that in each case, the boundary condition corresponds to a macroscopic crack propagating in the
x-direction with constant imposed velocity v.

We then let the crack set evolve as it chooses, and compute the state of stress at each time. We compute the macroscopic
energy release rate J at each time taking the boundary as the contour. After an initial transient stage, this J(t) falls into a
periodic pattern as long as the crack set is away from the boundary and define the maximum macroscopic energy release
rate to be the effective toughness.

A few comments are in order. First, the goal of this formulation is to provide an effective toughness that is a material
property independent of specific boundary conditions. Underlying our formulation is a conjectured homogenization result
that such a quantity is indeed well defined and that our surfing boundary condition does compute it. Second, and related, is
our conjecture that J-integral reaches a limiting value as the domain becomes infinitely large. Finally, note that we take the
maximum value of the J-integral and not the average. This is because the effective toughness is characterized by the critical
points in energy. We return to these issues in Section 9.

2.3. Numerical solution to fracture mechanics

It remains to study the evolution of the crack set and the elastic fields at the microscopic scale within the domain Ω.
We do so following a variant of the variational fracture field approach of Bourdin and collaborators (Bourdin et al., 2000,
2008). In this approach we introduce a scalar regularized fracture field vðx; y; tÞ taking values in [0, 1] and such that v¼0
corresponds to a complete fracture and v¼1 corresponds to an intact material. At the nth time step, we are given vn, and we
solve for fracture field vnþ1 and the displacement field unþ1 as minimizers of the energy

Utotal ¼
Z

Ω

1
2

v2þη
! "

e uð Þ % C x; yð Þe uð Þþ
Gcðx; yÞ

cv
1"v
ε

þεj∇vj2
$ %& '

dA; ð8Þ

Utotal ¼ UelasticþUfracture ð9Þ

where cv ¼ 8
3 is a normalization constant, subject to the constraint 0rvnþ1rvnr1. Above, η; ε are small parameters, and C

and Gc are the pointwise elastic modulus and the fracture toughness respectively (we emphasize the heterogeneity in the
material by explicitly noting their spatial dependence), and eðuÞ ¼ ð∇uþ∇uT Þ=2 is strain.

The minimizer has the property that v¼1 everywhere except in small narrow regions of width OðεÞ. These narrow
regions can be interpreted as cracks. In fact, it can be shown rigorously following Ambrosio and Tortorelli (1990) that the
energy above Gamma-converges to a sum of elastic and fracture energies as ε-0. Roughly, the minimizers of this energy (8)
converges to the minimizers of the traditional energy

Z

Ω\Γ

1
2
e uð Þ % C x; yð Þe uð Þ dAþ

Z

Γ
Gc xð Þ dl ð10Þ

where Γ is an unknown crack set.
In other words, the regularized fracture field approach above may be viewed as an approximation (regularization) of the

variational approach to fracture proposed by Francfort and Marigo (1998). This in turn is a natural extension of the ideas of
Griffith that does not require a priori the restriction that cracks are smooth and they propagate smoothly. In short, the
approach followed here provides an accurate numerical approximation to crack propagation with no a priori assumptions on
the crack geometry or evolution. Furthermore, this approach is rate-independent.

An important clarification in understanding this regularized framework is that one should regard the crack as the strip of
order ε where va1, instead of the surface where v¼0. Then, one can show that the stresses at the edges of the strip have
exactly the same properties as that of a sharp crack. Indeed, Gamma convergence implies that the displacements predicted
by the regularized model agree (except in a region of order ε) with those of linear elastic fracture mechanics. This will be
explicitly demonstrated in Section 4.

The regularized theory introduces a length-scale through the regularization parameter ε. It has recently been shown that
this length-scale sets the threshold for crack initiation, and therefore it can be argued that ε represents the crack initiation
criterion (Bourdin et al., 2014).

We assume the fracture toughness to be isotropic and neglect interfacial effects. These are not limitations of the
framework, and we explore these in ongoing work.

Note that the functional Utotal is separately convex in u and v: so the problem of minimizing it in u for fixed v is well-
posed, as is the problem of minimizing in v for fixed u. It is non-convex in (u,v) due to the first term ðv2∇u % C∇uÞ. This is the
reason that crack sets can spontaneously nucleate and jump. However, this makes it difficult to solve. So we solve the
equations sequentially, and this leads to the Euler–Lagrange equation

∇ % ððv2þηÞCeðuÞÞ ¼ 0; ð11Þ

for the elastic equilibrium, while optimality with respect to v involves solving a constrained minimization problem. Both
problems are implemented on a supercomputer using unstructured linear finite elements. The basic infrastructure for the
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mesh management and parallel linear algebra is provided by PETSc (Balay et al., 2013a, 2013b, 1997), and the constrained
optimization is based on TAO (Munson et al., 2012).

Following (Bourdin et al., 2008), we note that for a given regularization parameter ε and mesh size h, the fracture
toughness is amplified by a factor

Gnum
c ¼ Gc 1þ

h
cvε

$ %
: ð12Þ

The effect is accounted for in our numerical simulation. We refer the reader to the above-mentioned references for further
discussion.

Before we proceed, it is useful to non-dimensionalize the equations. We use a typical value of Young's modulus E0 to set
the energy scale, and a typical value of the length scale

L0 ¼
Gc

E
¼

KIc

E

$ %2

: ð13Þ

to non-dimensionalize our equations. The model we use is rate-independent, and so only time-scale is given by the
boundary condition, and so we regard that as non-dimensional. Specifically, we divide the total energy Utotal in (8) by E0L30
and set

C ¼
C

E0
; Gc ¼

Gc

E0L0
; ε ¼

ε
L0
; Ω ¼

1
L0
Ω; u ¼

u
L0
; x ¼

x
L0
: ð14Þ

We obtain the same expression as (8) except each quantity is replaced by its non-dimensional counterpart (v and η are
already non-dimensional). So we drop the bar, and treat of the quantities in (8) as being non-dimensional.1

We use the following non-dimensional values unless otherwise stated.

E¼ 1; Gc ¼ 1; ν¼ 0:2; ε¼ 0:5; h¼ 0:1; KI ¼ 1:5 ð15Þ

Note that we have used the numerical discretization h to be much smaller than ε for convergence.

3. Semi-analytic method for small elastic contrast

We take a brief detour to recall some results of classical linear elastic fracture mechanics (see for example Zehnder, 2012;
Gao, 1991 for further details). We will use these results to provide insight into the examples below by deriving semi-analytic
solutions in the regime of small elastic contrast.

Consider an infinite body with elastic modulus Cðx; yÞ and a semi-infinite crack Γ ¼ ð"1;0Þ ' f0g subjected to far-field
Mode-I loading. We assume that the elastic contrast is small so that Cðx; yÞ ¼C0þC1ðx; yÞ with C0 uniform and jC1j5 jC0j.
We obtain the solution to this problem asymptotically by making the ansatz that the elastic displacement field u¼ u0þu1

with ju1j5 ju0j. It follows that u0 is the solution to the problem in the homogenous medium with modulus C0 and thus
given by (4) for an isotropic elastic material. Furthermore, u1 also satisfies a problem in the homogeneous medium with
modulus C0, but with an additional body force from the heterogeneity:

C0
ijklu

1
k;lj ¼ "ðC1

ijklu
0
k;lÞ;j≕"bi: ð16Þ

We will be interested in situations where C1 is discontinuous and thus the derivative on the right-hand side has to be
interpreted in the distributional sense. Specifically, if C1 is uniform and isotropic on Ω and zero outside, then one has a
concentrated body force on the boundary of Ω and

bi ¼ "
Z

Ω
δðx"yÞðλ1ϵ0kkniþ2μ1ϵ0ijnjÞ dly ð17Þ

where n is the outward normal to Ω.
We solve (16) by superposition of (i) a body with no crack but subjected to the given body force and (ii) a body with a

crack whose crack faces are subject to the tractions equal and opposite to those inferred from problem (i). We solve problem
(i) using Papkovitch–Neuber–Boussinesq potentials to obtain

u1 ¼
1
2μ

∇ ϕþx % ψ
! "

"4 1"νð Þψ
! "

ð18Þ

where ϕ and ψ satisfy Poisson's equations

Δϕ¼ "
1

2ð1"νÞ
b % x; Δψ ¼

1
2ð1"νÞ

b ð19Þ

1 Note that this scaling is different fromwhat is typically used in fracture mechanics of homogeneous materials. Typically, the displacement is scaled byffiffiffiffiffiffiffiffiffiffiffiffiffi
GcL=E

p
where L is the size of the domain. This makes the elastic and fracture energies in (10) comparable, and thereby renders fracture parameter-

independent. However, this typical scaling is not effective in our problem since we consider heterogeneous materials and since we use a regularized theory.
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that are solved using the fundamental solution (log jxj in two dimensions). We then obtain the stress field σ1i and the
tractions t7 that they impose on the location of the crack faces (7 denotes the two crack faces).

We solve problem (ii) using the Bueckner weight function (Bueckner, 1970). Define the complex function R¼ ðtn" itsÞ
where tn and ts are the normal and shear components of the traction on the þ crack face. Then, complex stress intensity
factor Kn ¼

ffiffiffiffi
π

p
ðKI" iKIIÞ due to the perturbed field is given by

Kn ¼
ffiffiffi
2

p

π

Z 0

"1
R tð Þjtj"1=2 dt: ð20Þ

4. Verification on homogeneous materials

A typical result of a simulation on a homogeneous material is shown in Fig. 1. We consider a square domain of size
65'48 with an initial crack of length 10 (Fig. 1(a)). We apply the surfing boundary conditions (6) with KI¼1.0, and Gc¼1.5.
The rest of the parameters are as in (15). The computed horizontal displacement field ux at t ¼ 0þ is shown in Fig. 1(b) and
(c) along the x- and y-axis respectively, with the origin located at the crack tip. Note that they agree very well with the
analytic KI field (4), except close to the crack tip due to the regularization. The computed J-integral along the boundary as
well as the position of the crack are shown in Fig. 1(d). Note that the initial J is very close to the expected value K2

I =E¼ 1; it is
slightly smaller because of the regularization at the crack tip. Since this J is lower than the Gc for the material, the crack does
not grow. As time progresses and the applied opening displacement translates to the right, the value of J at the boundary
increases. The crack begins to grow as soon as J reaches the value Gnum

c ¼ 1:6 and then grows steadily with the velocity of the
imposed boundary condition as J remains constant. Thus, the critical J inferred from the boundary conditions when the crack
propagates steadily is in fact equal to the toughness of the material.

Fig. 2(a,b) shows the results of the same computation as above but with various values of Gc. Notice from Fig. 2(a) that, in
each case, the critical J inferred from the boundary conditions when the crack propagates steadily is in fact equal to the
toughness Gnum

c of the material. Fig. 2(b) shows the fracture energy Ufracture (cf (9)), normalized with Gc, as a function of the
crack length. The slope of this curve is exactly equal to Gnum

c as we would expect in a homogeneous material. Fig. 2(c) shows
the results of the same computation as above but with various values of applied KI (holding Gc¼1.5 fixed). Notice that while
the initial value of J reflects the applied KI, the critical value is independent of it. Finally, Fig. 2(d) shows the results of the
computation with the alternate boundary condition (7) with Gc¼1.5. In this case the transient creates a higher J, but it
quickly reaches the steady value of Gnum

c ¼ 1:6. So, the computed Gc is independent of the boundary condition.
Recall that when the applied KI is lower than that corresponding to the material Gc, the crack tip trails the center of the

applied boundary condition (Fig. 1(d)). We study this offset in Fig. 3. Fig. 3(b) shows the horizontal displacement field along
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Fig. 1. Result of a typical simulation on a homogeneous material. (a) The initial configuration, (b,c) the computed horizontal displacement field ux at t ¼ 0þ

along the x- and y- axis with the origin located at the crack tip and (d) the computed J integral on the boundary and crack length vs. time.
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the x-axis with the original crack tip as the origin. Note that the displacement field is similar to that corresponding to KIc

near the crack tip, but changes in the far field to that corresponding to the applied boundary value. Fig. 3(c) and (d) shows
that the offset is proportional to Gc for fixed applied KI, and inversely proportional to the square of the applied KI for a fixed
Gc. These relations are as expected from linear elastic fracture mechanics.
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Putting all these together, we conclude that the surfing boundary conditions and the computational method provide the
expected results in a homogeneous material.

5. Toughening due to elastic heterogeneity

In this section, we study two examples that show that elastic heterogeneity is a toughening mechanism. The first
involves smooth modulation and was studied by Gao (1991) in the low contrast regime, and also provides a verification of
the numerical method for heterogeneous media.

5.1. Smooth modulation: verification on heterogeneous materials

We now consider a domain with Young's modulus smoothly varying in the x-direction

E xð Þ ¼ E0"EA cos
2πx
λ

$ %
: ð21Þ

Poisson's ratio and the fracture toughness are kept uniform at ν¼0.2 and Gc¼1. For computational efficiency, and also due
to subtle point regarding the J-integral which we discuss later, we keep the microstructure in the core of the domain and
surround it by a material with a homogeneous elastic region with elastic modulus equal to the effective modulus of the
heterogeneous medium as shown in Fig. 4(a). We introduce a crack as shown, and apply a surfing boundary condition with
KI¼1.5. We find that the crack propagates smoothly along a straight line fy¼ 0g. The computed J at the boundary
(normalized by Gnum

c ) for two values of ε is shown in Fig. 4(b).
We find that the macroscopic J increases as the crack reaches the compliant region and then decreases as the crack

reaches the stiff region. Briefly, the state of stress is heterogeneous and it is low in the regions with low elastic modulus.
Therefore, we require a larger driving force to propagate the crack through this region. Importantly, the crack has to reach a
macroscopic value that is 1.10 times higher than the uniform pointwise value before it can propagate through a macroscopic
distance. Therefore, the macroscopic effective toughness is higher than the uniform pointwise toughness of the medium.
Furthermore, the crack path remains straight in this example so that this higher value has little to do with crack deviation.
Therefore we conclude that elastic heterogeneity is in itself a toughening mechanism. Finally, since the crack propagation is
smooth and there is no instability or re-nucleation involved, the computed J is independent of the value of ε as shown.

We have verified that the computed J on the boundary is independent of the constant KI in the surfing boundary
condition. As shown in Fig. 2(c) for the homogeneous case, the time when the crack begins to propagate changes with the
constant KI in the boundary condition, but not the driving force at which it begins propagation.
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Gao (1991) had studied this problem in the low contrast regime described in Section 3. Using similar techniques he has
shown that

KðxÞ
K1

¼ 1þ
3"4ν
8ð1"νÞ

EA
E1

2 cos
2πx
λ

þπ
$ %

þ sin
2πx
λ

þπ
$ %$ %

ð22Þ

where K(x) is the stress-intensity factor at the crack-tip when it is at the position x and K1 is the macroscopic stress-
intensity factor. We can use Irwin's formula (5) (separately at the tip and at infinity) to obtain the ratio of the crack-tip
energy release rate JtipðxÞ to the macroscopic energy release rate J. Using the crack propagation criterion JtipðxÞ ¼ Gc gives us
the value of the macroscopic energy release rate Jwhen the crack-tip is at the point x. This is also shown in Fig. 4(b). We find
good agreement, thereby verifying our computation approach to computing effective toughness.

5.2. Layered materials

We now consider a layered material with alternating stiffness of E¼2 and E¼1 as shown in Fig. 5. The stripes have equal
areal fraction and are of width 2 (or period 4). The Poisson ratio is uniform at 0.2, and importantly the toughness is uniform at
Gc¼1. Finally ε¼0.25. For computational efficiency, and also due to subtle point regarding the J-integral which we discuss
later, we keep the microstructure in the core of the domain (48'8) and surround it by a material with a homogeneous
elastic region with elastic modulus equal to the effective modulus of the heterogeneous medium.

We introduce a crack of length 5 as before and apply a surfing boundary condition with KI¼1.5. We observe that the
crack does not propagate smoothly. Instead, it gets trapped in the compliant layer (before the interface separating the
compliant and stiff layers) and the computed J on the boundary begins to rise. The crack eventually breaks through when J
reaches a critical value and jumps across the interface and bulk of the stiff material. This is accompanied with a drop in J. The
crack then grows slowly and smoothly for a short distance before getting trapped once again. Moreover, the crack path
remains straight.

The important observation here is that the applied J has to reach a value 1.91 before the crack can propagate through a
macroscopic distance.2 Thus, the effective toughness is characterized by Geff

c ¼ 1:91. Note that this is strictly larger than the
uniform toughness of the medium Gnum

c ¼ 1:15. Furthermore, the crack path remains straight and we again conclude that
elastic heterogeneity is in itself a toughening mechanism.

Fig. 6 shows further details of the example. Fig. 6(a,b) shows the total elastic and fracture energy as a function of time
and as a function of crack length respectively. Notice that the elastic energy builds up as the crack is trapped and is suddenly
released when the crack jumps. The fracture energy does exactly the opposite. The total energy also shows oscillations. Fig. 6
(c) shows the effect of ε (the regularization parameter) keeping h=ε fixed. Notice that this value increases with decreasing ε.
We will discuss this dependence presently. Fig. 6(d) shows the results of the computation with domains of various sizes. We
find that the result is essentially independent of the domain size. We have also verified the independence with respect to
boundary condition by repeating the calculation with various applied KI as well as the alternate boundary condition (7).

There are two reasons for the toughening. First, in the absence of the crack, the compliant region has a lower value of
stress than the stiff region. Therefore, if the width of the stripes is large enough, the crack tip experiences a lower driving
force when it is in the compliant region. Therefore the macroscopic driving force has to be increased to propagate it through
this region. A simple calculation shows that this would lead to an increase in Geff

c exactly equal to the ratio of the effective
Young's modulus to that of the compliant material. In our example this would mean Gcontrast

c ¼ 1:5 so that
Gcontrast;num
c ¼ 1:725, but this is lower than what we observe.
This points to the second reason. As the crack approaches the stiff region from the compliant region, some of the driving

force on the boundary is consumed in suddenly deforming the stiff region. Thus, continued propagation of the crack requires
even higher macroscopic driving force. We examine this second reason qualitatively in Fig. 7 using the semi-analytic
method. Consider an infinite domain, with a semi-infinite crack approaching the interface between a compliant region (left)
and a stiff region (right) as shown in Fig. 7(a). As the crack approaches the interface, we see that the crack intensity factor
and the driving force on the crack front decreases as shown in Fig. 7(b). Thus sustained propagation requires increased
driving force.

Note that the KI diverges as the crack-tip approaches the interface, as noted by Atkinson (1975). In fact, Zak and Williams
(1963) showed that when the crack tip is at the interface going from a compliant to a stiff material, the stress field at the
crack-tip is not singular and so that the stress-intensity factor is zero. Thus the crack is arrested at this interface and has to
re-nucleate. This depends critically on the crack-initiation criterion and thus depends on the value of ε.

We repeat the calculation for various values of parameters (for ε¼0.25, h¼0.1 fixed )and show the results in Fig. 8.
Fig. 8(a) shows how the effective toughness varies with elastic contrast. As the contrast increases, so does the effective
toughness due to the contrast in state of stress. Fig. 8(b) shows the effective toughness for various values of the strip width
holding the elastic contrast at 2. Notice that the toughness increases with strip with saturating at 1.91 but decreases to the
uniform microscopic value of 1.15 with decreasing length-scale. To understand this, notice that our regularized model has a
length-scale due to ε. If the scale of the heterogeneity is small compared to this length-scale, the crack tip sees an uniform

2 We take the average of the first three peaks since one has end effects on the subsequent ones.
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elastic material. Since the toughness is uniform in our case, it behaves as if it is in a homogeneous medium and there is no
toughening. Fig. 8(c) shows that volume fraction has some effect, but this is related to length-scales. In these calculations,
the period is held fixed at 4, and so the width of one material or the other becomes small when the volume fraction
approaches 0 or 1.

Before we proceed, we make one final comment about this example. Since the continued propagation is dictated by
re-initiation of the crack once it reaches the interface, the interfacial toughness plays an important role. Indeed He and
Hutchinson (1989) showed that the crack can deflect into the interface if the interfacial toughness is small enough. We do
not observe the deflection here since the interfacial toughness is exactly the same as the bulk toughness. We are currently
using the framework proposed in this paper to study situations with weak interfaces.

0

10

20

30

40

50

0.8

1

1.2

1.4

1.6

0 10 20 30 40 50

Cr
ac

k 
le

ng
th

, a

J-
In

te
gr

al

Time, t

J a

a b

L=48 (fixed)

1

1.2

1.4

1.6

0 0.25 0.5 0.75

J m
ax

Volume fraction

1

1.2

1.4

1.6

1 1.1 1.2 1.3 1.4

J m
ax

Toughness ratio, Gc
b/Gc

a

1.2

1.3

1.4

1.5

1.6

0 2 4 6 8

J m
ax

Strip Width

a b

c d e

Fig. 9. Simple example showing toughening due to toughness heterogeneity: stripes with alternating elastic toughness, and ε¼0.25, h¼0.1. (a)
Computational region, (b) computed J and crack length vs. time when Gc¼1 and Gc¼1.5 and uniform modulus E¼1 and (c–e) parameter study of the
effective toughness vs. toughness contrast with Ga

c ¼ 1 (c), strip width (d) and volume fraction (e).

h = 4h = 2h = 0

0

10

20

30

40

0.5

1

1.5

2

2.5

0 10 20 30

Cr
ac

k 
le

ng
th

J-
lar getni

Time, t

J(0)
Us(0)

0

10

20

30

40

0.5

1

1.5

2

2.5

0 10 20 30

Cr
ac

k 
le

ng
th

J-
in

te
gr

al

Time, t

J(2)
Us(2)

0

10

20

30

40

0.5

1

1.5

2

2.5

0 10 20 30

Cr
ac

k 
le

ng
th

J -
in

te
gr

al

Time, t

J(4)
Us(4)

Fig. 10. Elastic heterogeneity with broken stripes where the stripe of the stiff material has a gap through which the compliant material percolates. The gaps
are aligned in (a), but misaligned by 2 in (b) and 4 in (c). The top figure of each column shows the domain, the middle image shows the computed crack
path and the bottom shows a plot of the computed J and crack length vs. time.

M.Z. Hossain et al. / J. Mech. Phys. Solids 71 (2014) 15–32 25



6. Toughening due to toughness heterogeneity

We study the complementary situation of a stripe domain with uniform elastic modulus but alternating toughness in this
section. The results are shown in Fig. 9. Since the elastic modulus is uniform, the J integral is path independent and thus, the
applied stress intensity is equal to the stress intensity at the crack tip. Hence, the crack propagates when and only when the
macroscopic J is equal to the value of Gc at the crack-tip. Thus we expect the applied J to alternate between two values of
Gnum
c . This is exactly what we see in Fig. 9(b). Further we see that the crack is trapped at the interface between the low and

high toughness stripes before jumping through. Finally, the crack can propagate through macroscopic distances only when
the applied J reaches the larger of the two values. Consequently the effective toughness is equal to the larger – and not the
average – of the two values of Gnum

c . Importantly, the effective toughness is different from the average surface energy. Fig. 9(c–e)
show a parameter study. Geff

c is always equal to the larger of the two Gc. The effective toughness is independent of the strip
width and the volume fraction – it falls at small length-scales and volume fraction because our regularized model fails to see
the heterogeneity when the scale of the heterogeneity becomes smaller than ε.

7. Toughening due to tortuosity

We now turn to an example where the crack is not necessarily straight. The microstructure is a variation on the theme of
alternating stripes where the stiff layers are broken by a gap of compliant material as shown in Fig. 10. Young's moduli are
taken to be 1 and 4, the width of each layer is 2 and the break in the stiff layer has height 1. The fracture toughness is taken
to be uniform at Gc¼1. The gaps in the different layers are either aligned as shown on the left column of the figure or
staggered as shown in the middle and right columns.

When the gaps are all aligned, the crack propagates straight through the gaps. Still the applied J is not constant because
the elastic fields are heterogeneous. Once again, the crack is trapped as it approaches the stiff stripes and discontinuously
advances through the gaps. Furthermore, the effective toughness Geff

c ¼ 1:6 is strictly higher than the uniform microscopic
Gc¼1.

When the gaps are moderately misaligned as shown in middle column of Fig. 10, the crack meanders back and forth in a
discontinuous manner to take advantage of the gaps. The macroscopic J is not uniform and the effective toughness Geff

c ¼ 2:3
is strictly higher than the uniform microscopic Gc¼1. Note that in this example, the overall crack length is larger than in the
case (a).3 This increased crack length would suggest a toughness of 1.5 which is lower than the computed number. Once
again, effective toughness is higher than the effective surface area.

As the offset between the gaps increase beyond a certain point, the crack no longer meanders, but propagates straight in
a jerky manner as if were passing through a layered material as shown in the third column of Fig. 10. The effective toughness
is also similar to that of a layered material.

Fig. 11(a) shows how the effective toughness changes with the misalignment in the gaps. We see that it starts at a value
greater than the pointwise toughness as discussed above when all the gaps are aligned, and increases with misalignment as
the cracks meander to take advantage of the gaps. At some point (h¼3 here), the toughness reaches the value that it would
have if the material had no gaps; beyond that the crack propagates straight and the effective toughness saturates. Fig. 11(b)
shows the effect of elastic contrast when the gap is held fixed at h¼4. At small contrast, the crack propagates straight but
meanders at large contrast.

8. Asymmetric fracture toughness

In this section, we present examples to show that the effective toughness can be asymmetric. It has long been
understood that the toughness of composite media can be anisotropic, i.e., the toughness can depend on the direction of
propagation of the crack. We now show that it can in fact be asymmetric in that the toughness depends on the sense of
propagation. The key idea is that the state of stress at the crack tip depends not only on the location of the crack-tip and the
tangent to the crack at the tip, but also on the position of the entire crack set.

The first example is shown in Fig. 12 and consists of stripes with a periodic, but asymmetric, distribution of elastic
moduli. In Fig. 12(a), the modulus rises in four gradual steps before dropping rapidly while the pattern is inverted in Fig. 12
(b). In other words, the two figures show the same asymmetric geometry, but flipped horizontally with respect to each
other. The toughness is taken to be uniform. A crack introduced on the left of each geometry and driven to the right.
Therefore, the two columns depict the crack being driven in opposite sense relative to the pattern. In both cases the crack
propagates straight. However, the computed J for the two case are quite different and not related by symmetry. In particular,
the effective toughness is different in the two directions. To understand this, recall that the effective toughness in our
previous example of stripes with alternating elastic moduli depends on the elastic contrast. In this example, the contrast
going in one direction is different from that in the other direction. In short, effective toughness can be asymmetric. Fig. 12(c)
put the two modulations together in two halves, and we see that the two halves have different effective toughness. Fig. 13

3 Though the bottom row shows that the crack length is the same at the end of the simulation in Fig. 10(a) and (b), the crack has traveled a great
macroscopic distance in (a).

M.Z. Hossain et al. / J. Mech. Phys. Solids 71 (2014) 15–3226



repeats the example with increased strip width to find increased contrast. We expect the asymmetry to vanish as the
length-scale decreases to the inherent length-scale of fracture, and to increase with increasing length-scale with an eventual
saturation.

The second example is shown in Fig. 14 and consists of asymmetric inclusions in a matrix. The toughness is again
homogeneous. Fig. 14(a) shows the computational domain in two orientations. Fig. 14(b) shows the computed J vs. time as
the crack propagates through the domain with compliant inclusions in a stiff matrix in two directions. The effective
toughness is asymmetric. Fig. 14(c) shows the case of a domain with stiff inclusions in a compliant matrix. The effective
toughness is asymmetric, but less than before. Fig. 15 shows that the computed results do not change if the initial crack is
offset from the pattern, or if one has multiple rows of pattern so that the computed effective toughness represents a material
rather than a structural property.

We supplement the simulations above with semi-analytic calculations. The method has difficulty when the crack-tip
touches the heterogeneity. So we consider a variant where the crack propagates between a symmetric row of inclusions as
shown in Fig. 16. Once again, we run the crack in two opposite directions relative to the asymmetric pattern, and see that
there is a contrast in the resulting stress-intensity factor at the crack tip. We varied the shape of the two curved region using
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various polynomial curves of the form y¼ 7 ðx"c1Þnþc0 for various powers n, but this has little effect as shown in Fig. 16(c,
d) for n¼2.5 and n¼10. We find however, that the width of the fat portion has an important effect as shown in Fig. 16(c,e)
for L¼0.25 and L¼0.01.

These examples exploit the elastic heterogeneity and the fact that the state of stress is nonlocal, and thus depends on the
entire crack set. We emphasize this by noting that we have modified these examples by making the elastic moduli uniform
but the fracture toughness heterogeneous in an asymmetric manner. We see no asymmetry since the effective toughness in
both directions is determined by the maximum value of the pointwise toughness.

9. Conclusion and discussion

In this paper, we have proposed a definition for the effective toughness of a heterogeneous media that is a material
property independent of the details of the boundary condition. We have also proposed an approach to numerically
computing this effective toughness. The key idea is what we call a surfing boundary condition. We consider a domain that is
large compared to the heterogeneities, apply a displacement boundary condition that corresponds to a steadily propagating
macroscopic crack and allow the crack set to evolve in any manner it chooses – steadily, discontinuously, meandering,
branching, with microcrack nucleation, etc. – at the microscopic scale. We then define the effective toughness to be the
macroscopic energy release rate that is required at the boundary to propagate the crack over a macroscopic distance. We
verify the approach on homogeneous materials, and then use it to study a series of examples to explore various ideas.

Elastic heterogeneity: An important idea that we demonstrate and exploit is that elastic heterogeneity can have a
profound effect on the fracture process. Specifically heterogeneous elastic modulus can lead to extremely large fluctuations
in the state of stress. It follows then that the driving force on the crack tip is also extremely heterogeneous. This has been
discussed earlier in the perturbative regime (Gao, 1991), but we show in this work that the effect is significant and the
consequences can be manifold.

First, elastic heterogeneity can be a toughening mechanism: We demonstrate this in Section 5 with two examples of where
Young's modulus varies in one direction and where a Mode-I crack is driven perpendicular to the variation. The crack path
remains straight, but the overall toughness can be dramatically enhanced. This enhancement goes beyond fluctuations in
stress and is supplemented by the shielding from interfaces. Furthermore, elastic heterogeneity can also lead to crack
meandering as we demonstrate in Section 7, and this can further affect the toughening. We believe that elastic
heterogeneity is indeed an important, but often overlooked, mechanism for toughening in ceramics. The anisotropy in
elastic modulus of a single crystal manifests itself as elastic heterogeneity in the ceramic.

Second, elastic heterogeneity can lead to an asymmetry in fracture toughness. It has long been recognized that the
toughness of a heterogeneous medium can be anisotropic. In Section 8, we demonstrate that the toughness can also depend
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references to color in this figure caption, the reader is referred to the web version of this article.)
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on the sense of propagation; a crack propagating in one direction is different from that propagating in the opposite. This
asymmetry is a consequence of the fact that elasticity is non-local and thus the state of stress depends not only on the
position of the crack tip but also on the location of the crack set. We consider asymmetry to be potentially very attractive in
engineering critical components as methods of synthesis enable closer control of microstructure. The role of asymmetry in
surface properties, and its exploitation in both nature and in engineering, is only now being recognized (e.g., Malvadkar et
al., 2010; Xia et al., 2012, 2013). We believe that similar opportunities exist in fracture.

Effective toughness vs. effective surface area. Our examples demonstrate that effective toughness is different from the weighted
surface area. In the examples of stripes (Section 5) and asymmetric microstructure (Section 8), the crack remains straight and
thus the surface area remains unchanged; yet the toughness is different. In the example in Section 7, the crack may meander, yet
the toughness is again different from the overall area. We provide an additional example in Section 6 with layers of alternating
toughness but uniform elastic modulus subjected to Mode-I loading perpendicular to the layers. The crack propagates in a
straight manner, but the effective toughness is equal to the higher of the two toughnesses as opposed to the average.

Enhanced dissipation. The fact that the effective toughness is defined by the peak and not the average driving force is an
important assertion of our work. Physically, the peak driving force is what one would have to apply before the crack can
propagate through macroscopic distances. A macroscopic device would not have the sensitivity to respond and relax at the
microscopic time-scales for the system to be able to recover the energy when the crack propagates discontinuously. There
would be dynamic effects and these would also lead to a loss.

In this context, we observe that the model we use has a variational structure and specifically has energy conservation for
smooth propagation (Bourdin et al., 2000, 2008). However, in heterogeneous materials, the crack set does not necessarily
grow smoothly and thus one does not necessarily have any energy conservation. Consequently, the macroscopic dissipation
can be strictly larger than the microscopic dissipation.

Open issues and extensions: Underlying our formulation is a conjectured homogenization result that effective toughness is
indeed well defined and that our surfing boundary condition does compute the effective toughness. In this work, we have
provided computational support for this conjecture, but a rigorous proof remains open. A closely related issue is that we use
the J-integral on the boundary to compute the effective toughness. Implicit in this idea is a conjecture that the J-integral
converges to a definite value as we go far away from the crack set. This remains an open question. The J-integral can be path
dependent in a heterogeneous material. Furthermore, the J-integral as well as the underlying Eshelby energy-momentum
tensor is quadratic in quantities that are fluctuating. While cancelations (Hill's lemma or div-curl lemma) give rise to
convergence in some quadratic terms including the energy density, this is not clear for the second term ð∇uÞTσ. We note that
mechanical equilibrium implies a controlled divergence of the Eshelby energy-momentum tensor, and this may indeed
provide some cancelations, but we have been unable to prove this. In this work, we minimize this difficulty by including a
padded region with effective modulus. Fig. 17 shows the J-integral computed on three paths, at the outer boundary of the
padded regions, at the inner boundary of the padded region and though the interior of the heterogeneous material. The first
two agree exactly as one would expect, but so does the third. Additionally, we have repeated many of our calculations with
larger domains and verified that our results remain unchanged (e.g. Fig. 6(d)).

In many of our examples, crack re-nucleation plays a critical role. Thus, the overall toughness is dictated by the crack-
initiation criterion. A systematic understanding of crack-initiation criterion and how this arises from the atomistic and
microstructural scale remains a work in progress. In this work, we have used a regularized model of fracture, and this
involves a regularization parameter ε that controls crack initiation (Bourdin et al., 2014).

The examples presented in this work are limited to macroscopic crack propagation in principal directions (symmetry
planes) of the microstrostructure. in situations where the crack is driven in arbitrary directions, the anisotropy in toughness
can lead to crack faceting on a scale larger than that of the microstructure, but smaller than the microscopic scale. Similarly,
in the examples presented here, we have not considered situations where the interfacial toughness is different from the bulk
values. In such situations, the crack can deviate into the interface, as shown for example in the work of He and Hutchinson
for the example in Section 5.2. Furthermore, the examples presented here do not consider situations where the microcracks
nucleate remotely from the main crack. Finally, we have not considered anisotropic fracture toughness. We are currently
using the framework proposed here to study these situations, and the results will be presented elsewhere.
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