Approximation Theory

PART |11

Review of (Abstract) Approximation Theory

Although this may seem a paradox,
all exact science is dominated by the idea of approximation.
— Bertrand Russell (1872-1970)
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INNER PRODUCTS, UNITARY SPACES
HILBERT SPACES

e Consider a real or complex linear spa¢pA SCALAR PRODUCTIS real or
complex numbe(x,y) associated with the elementsy € V with the
following properties:

— (x,x) is real,(x,x) > 0, (x,x) =0 only if x=0,
— (%y) = (¥%,),
— (O1Xg +02X2,y) = 01(X1,Y) + a2(X2,Y)

e A normed spac# is said to baJNITARY if its norm and scalar product are

connected via the following relation[|x|| = (x,x)/2

e A complete unitary spadd is called aHILBERT SPACE
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ORTHOGONALITY

e Two elementx andy of a Hilbert spacé/ are said to be mutually
ORTHOGONAL (X L y) if (x,y) = 0. A countable set of elements
X1,X2,...,X,... IS said to beORTHONORMAL (or to form AN
ORTHONORMAL SYSTEMS) if (X, Xj) = 0jj
The following properties hold:

— XL OforallxeV

X_Lxonlyifx=0

if x LA, l.e.,x Lyforallye A CV,thenxis also orthogonal to the
linear hull L(A)

fXxXLyas(n=12,...)andy, — Yy, thenx Ly

If Alisdense iV andx L A, thenx=20
SCHMIDT ORTHOGONALIZATION — Let A be a set of countably many
linearly independent elements, xo, ..., Xk, ... of a Hilbert spacdd. Then
there is an orthonormal systefn= {g € V : (&,€j) = &jj} , such that the
linear hulls of Ay = {xj : j=1,... .k} andF,={gj: |=1,...,k} arethe
same for alk.
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APPROXIMATION IN HILBERT SPACES(I)

o Let{ep,ey,...} be an orthonormal system in a Hilbert sp&tand letHy be
the linear hull of{ey,...,e&}. Then for every € H the element

a= z‘j(:l(x, ej)€j € Hy has the property thatx — a|| < ||x—y|| for all
y € Hk. The numbergx, ej) are calledrHE FOURIER COEFFICIENTSelative

to the orthonormal systede;, e, ... }. Furthermore, from|x—a/|? > 0
follows theBESSEL INEQUALITY :

k
z (%, €j)]° < (X,X)

e If Aisagiven setin a Hilbert spat¢, then

={x: (x,a)=0forallac A}

Is a closed linear subspaceldf It is, therefore, itself a Hilbert space and is
calledTHE ORTHOGONAL COMPLEMENT OFA
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APPROXIMATION IN HILBERT SPACES(II)

e If Hy is aclosed linear subspace of a Hilbert specandH > is its orthogonal
complement, then everyc H can be uniquely represented in the form

X=X1+X2, (X1 €Hz,x2 €H2)
One writesH = H1 @ H» and callsH an orthogonal sum dfl; andH». Since
[X=x1[ =p(x,H1) = inf {|lx—yi[},
y1€H1
[X=x2|l = p(x,H2) = inf {|[x—y2l},
y2€H?

one callsx; andx, the ORTHOGONAL PROJECTION®f X onH, andH,
respectively.
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APPROXIMATION IN HILBERT SPACES(III)

Let{e1,ey,...} be a countable orthonormal system in a Hilbert sgac8y
Bessel inequality, the serigs?_; (x,€j) €j = limn—.« 3 j_; (X, &j) &j defines
an element oH for everyx € H. This is calledTHE FOURIER SERIES OKX

The partial sung, = Z?:l(x, ej) €j is the orthogonal projection ofon the
subspacéin = L({er,...,en}). One haglsn[|* = 37_; | (x, €))|°

If the system{ey,...,&,...} iIscomplete iH, i.e., L({eq,...,&,...}) =H,
then the Fourier series for amye= H converges tox

An orthonormal system is said to loe OSEDIf THE PARCEVAL EQUATION

- 2
3 locen)f? =1

holds for everyx € H. An orthonormal system is closed IFF it is complete.

An orthonormal system in a separable Hilbert space is at cmsitable
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APPROXIMATION IN HILBERT SPACES(IV)

e Statement of &SENERAL APPROXIMATION PROBLEM IN A HILBERT
SPACEH — consider a fixed elemerite H andG, C H which is a
finite—dimensional subspace idf(with the same norm). Want to find an
elementge G, such that

D(f,Gn,||-) = inf {|If—g|I} = [If -4l
9eGn

The elemengis calledTHE BEST APPROXIMATIONaNd the number
D(f,Gn,| -||) is calledTHE DEFECT.
e |Ssues:
— Does the best approximatigneXist?
— Cangbe uniquely determined?

— How cang'be computed?
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APPROXIMATION IN HILBERT SPACES(V)

e The approximation problem in a Hilbert spadehas a unique solutiog for
which (§g— f,h) =0 holds for allh € G. If {ey,...,en} is a basis of5y,
then

n
MR (BN
=28
=1

n (n
E:q (g,&) = (f,&), j=1,....n

[f—al2=(f—g,f—g) = |f|>- zc (&), )

Thus, the Fourier coeﬁicien%n) j=1,...,ncan be calculated by solving
an algebraic systerivk ) with the Hermitian, positive—definite matrix
Ajk = (&), &) (the so calledSRAM MATRIX ).

If the basis{es,...,en} is orthogonal, the system becomes decoupled and ghe
Fourier coefficients can be calculated simply:%‘% = (f,ex)
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APPROXIMATION IN HILBERT SPACES(VI)
RATES OFCONVERGENCE

o Assume thatj, | =1,2,... are the Fourier coefficients related to an
approximation of some functioh= 3., cje;

e TheRATE OF CONVERGENCEOf this approximation is:
— ALGEBRAIC with orderkif for j >> 1

lim |c; Uk < oo, or, equivalently,|cj| ~ O[j_k]
| —00

— EXPONENTIAL OR SPECTRALwith indexr if for ANY j >0

lim |cj|j¥ <, or, equivalently,|cj| ~ O[exp(—qj")], ,ge R"
| —00

spectral convergence can be:
* SUBGEOMETRICWhenr < 1,
* GEOMETRICwhenr =1, and
* SUPERGEOMETRI®@therwise
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