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Optimal Open—Loop Control PDE-Constrained Optimization

Determination of the Gradient V7 via Adjoint System

Results

PART 1
OPTIMAL OPEN—-LOOP CONTROL VIA
ADJOINT-BASED OPTIMIZATION
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Optimal Open—Loop Control PDE-Constrained Optimization
Determination of the Gradient V7 via Adjoint System
Results

Motivation — Applications of Flow Control

» Wake Hazard

» Fluid=Structure Interaction
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Optimal Open—Loop Control PDE-Constrained Optimization
Determination of the Gradient V7 via Adjoint System
Results

Statement of the Problem (1)

» Flow Domain v » Assumptions:

» viscous, incompressible flow
» plane, infinite domain
- Q » Re =150

\. |o
N
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Optimal Open—Loop Control PDE-Constrained Optimization
Determination of the Gradient V7 via Adjoint System
Results

Statement of the Problem (1)

> Find popr = argming, J(¢) , where

1 T
T () = 2/ { [ power related to ] N [ power needed to ] } i
0

the drag force control the flow
1 /7 _ . .
- 2/0 j{ {Ip(¢)n — pun - D(v(p))] - [¢ (e x r) + veo]} dodt
0

» Subject to:

Oov

N+ (v-V)v—puAv+Vp 0 .

8t pr—
[ v 0 in Qx (0, 7),
v=_0 att =0,
V = QoptT onl
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Optimal Open—Loop Control PDE-Constrained Optimization
Determination of the Gradient V7 via Adjoint System
Results

Abstract Framework (1)

» Constrained optimization problem

min J(x, ©)

(x:0)

S(x(¢),») =0

» Equivalent UNCONSTRAINED optimization problem (note that

x=x(p)) )
min J (x(9), ) = min J (¢)

» First—Order OPTIMALITY CONDITIONS (U - Hilbert space of
controls) , , ,
Voeu JT'(pi¢') = (VI ¢), =0,

with the GATEAUX DIFFERENTIAL

T (i ¢') = limeso [T (0 + ¢') — T(9)]-



Optimal Open—Loop Control PDE-Constrained Optimization
Determination of the Gradient V7 via Adjoint System
Results

Abstract Framework (1)

» Minimization of () with a DESCENT ALGORITHM in U
— solution to a STEADY STATE of the ODE in U

Z—f =—-0V,J(p) onrTe(0,00) (pseudo-time),
» = o at 7 =0.

v

Typically well-behaved (quadratic) cost functionals

» Typically ill-behaved constraints: THE NAVIER—STOKES
SYSTEM
» nonlinear, nonlocal, multiscale, evolutionary PDE,
» Dimensions:

» state: 109 — 107 DoF x 102 — 103 time levels
» control: 10* — 10° DoF x 102 — 103 time levels

» No hope of using “matrix” formulation ...

» Formulation equivalent to Lagrange Multipliers
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Optimal Open—Loop Control PDE—-Constrained Optimization
Determination of the Gradient V 7 via Adjoint System
Results

Differential of the Cost Functional

» The cost functional:

Lo 1T lated t ded t
‘7(@)25/0 {[Powerreae O]Jr{powerneee o]}dt

the drag force control the flow
3 [ e D] e %) vl
» Expression for the Gateaux differential:
Twin =3 [ ' 74 {10/(h)n —pm - D(V/(M)] - [ ex x 1) + v +
[p(¢)n — un - D(W())] - (e x ¥) h} dor e = By

= (VI(t), h) 0,7

The fields {v'(h),p’(h)} solve the linearized perturbation system.
» How to calculate the GRADIENT V J7
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Optimal Open—Loop Control PDE—-Constrained Optimization

Determination of the Gradient V 7 via Adjoint System
Results

Sensitivities and Adjoint States

» The linearized perturbation system

N{ vi ]:[ %vtl+(V'V)V,+(V’~V)V_MAV/+VP/ }:[g} n Q% (0.7)

p -V v
VI:O att:O,
v/ =hr onT x(0,T)

» Duality pairing defining the adjoint operator

/ * / *
(o)) ([e]~[5]) ot B,
L2(0,T;L2(9)) L2(0,T:L2(9))

» The adjoint system ( TERMINAL VALUE PROBLEM !! )

* ov* * * * *
N*{;* }: { —SGr —v-[Vv +_(VVVV1T]—uAv +Vp }: { 8} in Qx (0, T),

att=T,
v'=rx (Pez) + Voo onl x(0,7)

vi=0
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Optimal Open—Loop Control PDE—-Constrained Optimization
Determination of the Gradient V 7 via Adjoint System
Results

Cost Functional Gradient

> The ADJOINT STATE and DUALITY PAIRING can now be used
to re—express the cost functional differential as:

1 T
J'(p;h) = 2/ %{,uRn -D(v*) -7+ un-D(v(¢)) - (e, xr)} hdo dt
o Jr
» |dentification of the COST FUNCTIONAL GRADIENT

’
TR = (VT Py = [ V() hde

V() = 5 § {nRn D) 7+ m-D(() - (e x 1)} do
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Optimal Open—Loop Control PDE—-Constrained Optimization

Determination of the Gradient V 7 via Adjoint System
Results

Optimality (KKT) system

» Complete optimality system for Yopt, [Vopt; Popt], and [v*, p*]

1 .
5 R0 D7) -7+ un - D(v(gope)) - (e x 1)} dor = 0
ov
K4+ (v-V)v—puAv+Vp 0 .
a =
|: t Y.y 0 in Q2 x(0,T),
v=0 att =0,
V = PoptT onl
* ov* * *\T * *
A v* _| —%r v [Vv* + (Vv)T] — pAv* + Vp _10 in Q x (0, T),
P -V -v* 0
vi=0 att=T,
V' =r X (Poptez) + Voo onl

> A counterpart of the Euler—Lagrange equation

» Solved with an iterative Gradient Algorithm
(e.g., Conjugate Gradients, quasi—-Newton, etc.)

B. Protas Numerical Optimization of PDEs



Optimal Open—Loop Control PDE—-Constrained Optimization
Determination of the Gradient V 7 via Adjoint System
Results

An lterative Optimization Procedure

0. provide initial guess gbo

1. Solve for {v(¢"); p(4') } on [0, T]

2. Solve for {v ) ¢} on [0 T]

3. Use {v(¢' } and {v*(¢"): p*(0)}

to compute Vj( ) on [0, T]
update control according to ¢'*1(t) = H/(t) — ajyi (VI (t))
5. iterate 1. through 4. until convergence, i.e. until VJ/' (t) ~0

>
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Optimal Open—Loop Control PDE—-Constrained Optimization
Determination of the Gradient V7 via Adjoint System
Results

Primal and Adjoint Simulations
for Cylinder Rotation as Control
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Optimal Open—Loop Control PDE—-Constrained Optimization
Determination of the Gradient V7 via Adjoint System
Results

=

» Flow Pattern Modifications due to Control (T = 6)

x/0

» Optimal Control ¢qp:, drag coefficient cp, transverse velocity v

» No Control
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Euler System & Inverse Formulation
Inverse Problem of Vortex Reconstruction Solution Approach
Results

PART II
INVERSE PROBLEM OF VORTEX
RECONSTRUCTION

joint work lonut Danaila (Université de Rouen)
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Euler System & Inverse Formulation
Inverse Problem of Vortex Reconstruction Solution Approach
Results

» Ubiquitous Vortex Rings

Lim & Nickels, 1995 Danaila & Heiles, 2008

» Models of Vortex Rings:
» based on linearized equations (Kaplanski & Rudi, 1999, 2005)
» obtained with perturbation techniques (Fukumoto, 2010)

» inviscid models: Hill's and Norbury-Fraenkel’s vortices

» Present Approach:
OPTIMAL VORTEX RINGS VIA INVERSE FORMULATION
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Euler System & Inverse Formulation
Inverse Problem of Vortex Reconstruction Solution Approach
Results

» Inviscid vortex ring in a moving frame of reference

w {f(¢) in Qp,

r 0 elsewhere,

f (1) — Vorticity Function
(unspecified)

» 3D Axisymmetric Euler System

L =—rf(y) in Q,
Y=0 on 7.

where £:= 2 (12) + & (22) = V- (V) and V= [£, 2

» Special solutions:
» f(yp) =CinQ, = Hill's vortex
» f()=CV¢ > kand f(p) =0Vy <k = Norbury-Fraenkel's vortex
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Euler System & Inverse Formulation

Inverse Problem of Vortex Reconstruction Solution Approach
Results

» KEY IDEA: determine vorticity function f(1)) to match some
observation data ==  Inverse Problem

» Measurements of the tangential velocity component

. L 19y

m:=v-n- = -
ron

on boundary segments v, and 7

HS =
B ok V=0—

» Cost Functional
10 ’ 10 ?
J(F) ;:%/ <1/1 m) do+ 22 (1/] m) do,
2 " r On - 2/, r On v

» Variational Minimization Problem: = argmingc 1 (z) J(f)

» nonnegativity constraint f(1) > 0 Vi

B. Protas Numerical Optimization of PDEs



Euler System & Inverse Formulation
Inverse Problem of Vortex Reconstruction Solution Approach

Results

> Inverse problem with unusual structure — reconstruction of a nonlinear
source term £ (1))

» Assumptions
1. domain: f:Z—R,Z:=][0,9%ma] — identifiability interval

2. smoothness: f € HY(Z) (square-integrable derivatives)
» Optimality condition: Ve (o) J'(Ff)=0

» Gradient iterations £ = limy_yo F(K)

FFD) = £ v 7(FR)Y, k=1,2,...
= f,
fo — initial guess, 7x — step seize at k-th iteration

» Positivity enforcement via transformation
fr=(1/2)g%  Tglg) = T((1/2)g%)



Euler System & Inverse Formulation
Inverse Problem of Vortex Reconstruction Solution Approach

Results

» Gradient Expression — sensitivity of cost functional J(f) with respect
to perturbations of the vorticity function f(2))

-1
vhgs)=— [ ¢*r giﬁ do, s€[0,Vmax]
Vs

vs = {x € Q : P(x) = s} — streamfunction level sets
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Euler System & Inverse Formulation
Inverse Problem of Vortex Reconstruction Solution Approach

Results

» p* — solution of adjoint system

v. GV¢*> + ()Y =0 in Q,
w* = Qp <i?;: ’Yb—m> on 7,

« 10
Y= a, (r(;ﬁ —m> on 7z,
Yz

» Smoothness ensured via Sobolev gradients:

d? 1
|- |V g =v" in Z,
J(f:f) = (V2T (),f) ( dsZ) 7 g

- <VH1j(f), f’>

Ly (Z)
o= v =0 ats =0,
1

HHE) %VHIJ =0 at § = Ymax,

» Algorithm easily implemented in FreeFEM++
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Inverse Problem of Vortex Reconstruction

Euler System & Inverse Formulation
Solution Approach

Results
Reconstruction of Hill's Vo
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Euler System & Inverse Formulation
Inverse Problem of Vortex Reconstruction Solution Approach
Results

Reconstruction of Vortex Rings from DNS Data
GEERYA)

DNS DNS

fons 3.5 Hong e
50 F— f—

40

20

A

DNS data - - - empirical fit fpys —— optimal reconstruction f
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Inverse Problem of Vortex Reconstruction

Euler System & Inverse Formulation

Solution Approach
Results

Reconstruction of Vortex Rings from DNS Data

(Re = 17,000)

(a) DNS

(b) present reconstruction

-0.5 0 0.5
z

(c) Norbury-Fraenkel model

R
(d) Kaplanski-Rudi model

Vorticity distribution in space
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Motivation & Mathematical Model
Optimization Problem

Geometry Optimization in Heat Transfer Results

PART III
GEOMETRY OPTIMIZATION
IN HEAT TRANSFER

joint work Xiaohui Peng and Katya Niakhai
(former Master’s students at McMaster)
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Motivation & Mathematical Model
Optimization Problem

Geometry Optimization in Heat Transfer Results

» PROBLEM: Efficient cooling of a battery system

Battery Pack — Basic Construction

200 Cells “mm& Modules
| ) o
" .
. Forward :
T

» GOAL: determine optimal shape of cooling channels for a
prescribed heat distribution

» Few mathematically precise results in literature
= need to develop new tools
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Motivation & Mathematical Model
Optimization Problem

Geometry Optimization in Heat Transfer Results

> 2D thermally isolated domain

> time—independent

. o
» heat conduction only

» cooling channel — line heat sink
modelled with Newton's law of cooling

S =7(u— uo)

ugp — temperature of the coolant fluid
in the channel modelled by the coil C,

Tb - Ta

UO(S) =T,+ I

s, sel0,L],

» want to maintain prescribed
temperature T in the subdomain A
(revised optimization objective)
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Motivation & Mathematical Model
Optimization Problem

Geometry Optimization in Heat Transfer Results

» Governing System

—kAu; =¢q in Qq,
7kAU2 =q in Qz,
= u on C
aUQ 8u1 o
%—%—’V(M—Uo) on C
aUQ
% = O on 69,

where
» Q; — the interior of the curve C,
» > — the exterior of the curve C,
» u;(x) is the temperature distribution u restricted in the domain

Q;, for i =1,2,
» k is the heat conductivity coefficient (a known material
property),

» g is the distribution of heat sources (battery heating),

» n are the unit outer normal on C and 9
B. Protas Numerical Optimization of PDEs



Motivation & Mathematical Model

Optimization Problem
Geometry Optimization in Heat Transfer Results

> Assuming:
» a given distribution of heat sources g(x),
» heat transfer described by governing equation,
> a fixed length L = fc ds of the cooling channel C,
find the shape of the curve C which ensures that over the
subdomain A the actual temperature u(x,y) is as close as
possible to the prescribed temperature T
> Define

J(C) = /A(u —1)?dQ

» Formal statement of optimization problem

max J(C),

subject to: Governing System,

fds:L
c
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Motivation & Mathematical Model
Optimization Problem

Geometry Optimization in Heat Transfer Results

» Optimal shape C characterized by the condition
J'(C,Z) =0 for all shape perturbations Z
» Gradient descent algorithm
x((Z"H) = x(C") —Thn Vj(C(”)), n=12 ...,
x9 = x
c — RCo»

where V. 7(C(") is the gradient of the cost functional

3Q
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Motivation & Mathematical Model
Optimization Problem

Geometry Optimization in Heat Transfer Results

» Problem of SHAPE OPTIMIZATION (contour geometry),
» SHAPE CALCULUS: parametrization of geometry
x(t,Z) =x+tZ for x € T'51(0),

where Z : Qg; — R? is the perturbation “velocity” field.
» Gateaux Shape Differential

TUFe(0):2) £ fim J(Fsi(t,2)) = T (Fsi(0)

t—0 t

» Main Theorem [shape—differentiation of integrals w.r.t. the
shape of the domain]:

!

/fdQ+ / gds :/f'd§2+/g'ds+
Q(t,2) 29(t,2) Q(0) 89(0)

+ / (f+%g+a—g)2~nds,
on
89(0)

» How to compute the gradient V.7 7
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Motivation & Mathematical Model
Optimization Problem

Geometry Optimization in Heat Transfer Results

» Ly Gradient VE27(C(")) computed as follows
ouy ou
Ly (n)y B vk i 2 Ut — (n)
vRge) = k(ul uO)(@n /ﬁ,Ul) L on U Ak onC

where u] and uj are solutions of the following ADJOINT
SYSTEM

kAuf = (u—1) xa, in Q4

kAuy = (u—T) xa, in Qy,

uj —u; =0 on C("
ouy  Ouf
k222 _ 271} (n)
( o on ) yup on C
ou;
(’9; =0 on 0€2»

» Optimal step size 7, computed via line-minimization (using
Brent's method)
7 = argmin_. o {7 (C" — 7V F(C(M)}
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Motivation & Mathematical Model
Optimization Problem

Geometry Optimization in Heat Transfer Results

» Incorporation of the Length Constraint
% ds = LO
C

» Modified (augmented) cost functional:

2
€)= 7€)+ 5 (f o5 o) |
c
where o € R is a parameter

» After shape—differentiating the constraint, modified gradient

vhg,()=vRIC) +a (7{ ds — L0> K
c(m)
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Motivation & Mathematical Model
Optimization Problem

Geometry Optimization in Heat Transfer Results

» Gradients obtained using Riesz Representation Theorem
T'(Cam=(V*7.0),

X — selected Hilbert space
» What is the required regularity of the gradients V.77

> xc(s) must be (at least) continuous

» Ly gradients V2.7(C) [X = L»(C)] may be discontinuous ...

» Need Sobolev Gradients [X = H(C)]

oVt g ¢
(v"7.0) /V T+ L2 s, Yoeme)
2i H 2 ol
(1 ¢ 852>V J=vV27 on(0,L),
= Periodic boundary conditions (P1),
0 _
5 VI, =0 (P2).
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Motivation & Mathematical Model
Optimization Problem

Geometry Optimization in Heat Transfer Results

» Reformulation of the Governing System:
u=up+u, in <,

where Ve Un(X) = —5= § In [x — x¢| 1(xc) do.

» The new dependent variables {u(x), x € Q; 11(x),x € C} satisfy

—kAu,=q in Q,
u(x)—i—i In |x — x¢| p1(x¢) do = l(u + up — up) on C
21 k I k P ’
8up _ 8uh
% = —W on 8Q

> Analogously for the Adjoint System with {u;(x), x € Q; u*(x),x € C}
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Motivation & Mathematical Model
Optimization Problem

Geometry Optimization in Heat Transfer Results

» Two coupled subproblems:
» Poisson equation for uj, (resp., uy)

» Singular Boundary Integral Equation for 1 (resp., 1)

’ au
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Motivation & Mathematical Model
Optimization Problem

Geometry Optimization in Heat Transfer Results

» Optimal discretization for each subproblem:

» spectral Chebyshev method for u, (resp., uy) in Q

AU =f+q,

» spectral boundary-integral method with an analytic treatment of the
singular kernel for  (resp., u*) on C

v Y vy _ 7
(|+ Ky + sz)m+ PU = ul,

» spectral interpolation P to couple u, and p (resp., u, and @)
-a" B Ul _1[ q
P 1+ 1K+ 7Ky | [m] Tk [yuol]”
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Motivation & Mathematical Model
Optimization Problem

Geometry Optimization in Heat Transfer Results

CASEl: a=0

-

Initial Solution u Final Solution u
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Motivation & Mathematical Model
Opti

Geometry Optimization in Heat Transfer Results
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Geometry Optimization in Heat Transfer
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n & Mathematical Model
ation Problem
Geometry Optimization in Heat Transfer Results

Conclusions

» Formulation of PDE control and estimation problems as constrained
optimization
» PDE—constrained gradients via Adjoint Equations

» Vorticity form of the adjoint equations
» Optimization of free boundary problems via shape—differential calculus

» Inverse Problem of Vortex Reconstruction

» Nonintuitive insights revealed by reconstruction from DNS data
» Big Question: what are the fundamental accuracy limits for
representation of real flows in terms of inviscid models?

» Shape-optimization approach for a model of 2D steady heat transfer

» Shape calculus
» Spectrally-accurate solution of the governing and adjoint PDE systems
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Motivation & Mathematical Model
Optimization Problem

Geometry Optimization in Heat Transfer Results
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