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1 0 1 In this section we shall review the definition of a complex
- number and discuss the addition, subtraction, and
COMPLEX multiplication of such numbers. We will also consider matrices
with complex entries and explain how addition and
NUMBERS Subtraction of complex numbers can be viewed as operations
on vectors.

Complex Numbers

Since x? = () for every real number x, the equation »2 — _ 1 has no real solutions. To deal with this
problem, mathematicians of the eighteenth century introduced the “imaginary” number,

i=y =1
3'2:(,/—1)2:—1

but which otherwise could be treated like an ordinary number. Expressions of the form

which they assumed had the property

a - bi 1)

where a and b are real numbers, were called “complex numbers,” and these were manipulated
according to the standard rules of arithmetic with the added property that ;2 — _ 1.

By the beginning of the nineteenth century it was recognized that a complex number 1 could be
regarded as an alternative symbol for the ordered pair

(a, &)
of real numbers, and that operations of addition, subtraction, multiplication, and division could be
defined on these ordered pairs so that the familiar laws of arithmetic hold and ;2 — _ 1. This is the

approach we will follow.

DEFINITION

A complex number is an ordered pair of real numbers, denoted either by (&, &) or by & - &i,
where ;2 — _ 1.
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EXAMPLE 1 Two Notations for a Complex Number

Some examples of complex numbers in both notations are as follows:

Ordered Pair Equivalent Notation
(3, 4) 344
(-1,2) -1 2i

0, 1) 01

(2, 0) 2 0
(4,-2) 4 (= 2)i

For simplicity, the last three complex numbers would usually be abbreviated as
04i=i, 24 0i=2, 44 (=2)i=4-2

Geometrically, a complex number can be viewed as either a point or a vector in the xy-plane (Figure
10.1.1).
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Figure 10.1.1

EXAMPLE 2 Complex Numbers as Points and as Vectors

Some complex numbers are shown as points in Figure 10.1.2a and as vectors in Figure 10.1.25.
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Figure 10.1.2

The Complex Plane
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4 0f 16

Sometimes it is convenient to use a single letter, such as z, to denote a complex number. Thus we
might write

z=a | &i
The real number a is called the real part of 7, and the real number b is called the imaginary part of z.
These numbers are denoted by Re (z) and Im (z), respectively. Thus

Re (4—3)=4 and Im(4—3)=—3

When complex numbers are represented geometrically in an xy-coordinate system, the x-axis is called
the real axis, the y-axis is called the imaginary axis, and the plane is called the complex plane
(Figure 10.1.3). The resulting plot is called an Argand diagram.

A Imaginary axis

(Imaginary b —gz=a+bi
part of z)

Real axis

o

a
(Real part of 2)

Figure 10.1.3
Argand diagram.

Operations on Complex Numbers

Just as two vectors in g2 are defined to be equal if they have the same components, so we define two
complex numbers to be equal if their real parts are equal and their imaginary parts are equal:

DEFINITION

Two complex numbers, ¢ | &i and ¢ | 4, are defined to be equal, written
@t hi=cdi
ifa:c andb:d.

If 5 = 0, then the complex number 4 | &; reduces to ¢ | 03, which we write simply as a. Thus, for any
real number a,

a=a -+ 0
so the real numbers can be regarded as complex numbers with an imaginary part of zero.
Geometrically, the real numbers correspond to points on the real axis. If we have 4 — (), then ¢ | &3
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reduces to ( | i, which we usually write as p;. These complex numbers, which correspond to points
on the imaginary axis, are called pure imaginary numbers.

Just as vectors in g2 are added by adding corresponding components, so complex numbers are added
by adding their real parts and adding their imaginary parts:

(a4+dbi)+(c+di)=(a+c)+ (&+ad)i )

The operations of subtraction and multiplication by a real/ number are also similar to the
corresponding vector operations in g<:

(@+ &) —(c+di)=(a—c) + (& —d)i (3)

k(a -+ bi) = (ka) + (kb)i,  kreal 4)

Because the operations of addition, subtraction, and multiplication of a complex number by a real
number parallel the corresponding operations for vectors in g2, the familiar geometric interpretations
of these operations hold for complex numbers (see Figure 10.1.4).
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(@) The sum of two
complex numbers

Y

(h) The difference of two
complex numbers

(¢) The product of a complex
number z and a positive
real number k

2}

P

kz

(d) The product of a complex
number z and a neeative
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Figure 10.1.4

It follows from 4 that { — 1)z -4 z = 0 (verify), so we denote ( — 1)z as —z and call it the negative of
Z.

EXAMPLE 3 Adding, Subtracting, and Multiplying by Real Numbers
Ifz) =4 —5iand z5 = — 1 4 6, find zy + z3, 21 — 23, 3z;, and —z3.

Solution

2 bz = (=5 4 (=146 =@ =1) 4 (=54 6)i=3+i

2 =23= (A=) = (=146 =@+ 1)+ (=5=6)i=5—11
37y = 3(4 — 5i) = 12 — 15;
—zy=(=1Dzg=(=1D(=146)=1—6i

So far, there has been a parallel between complex numbers and vectors in g2. However, we now
define multiplication of complex numbers, an operation with no vector analog in 2. To motivate the
definition, we expand the product

{a + bi)(c + di)

following the usual rules of algebra but treating ;2 as —1. This yields

(a -+ 4i)(c + di) = ac + bdi® + adi |+ bei
= (ac — bd) -+ (ad + bc)i

which suggests the following definition:

{a + bi) (c + di) = (ac — &d) + (ad + be)i (5)

EXAMPLE 4 Multiplying Complex Numbers
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(342044 5) = (3-4=2-5) + (3-542-4)i

=2 23
(4-D@2=-3)=[4-2-(=D(=3]+ [D(=H+ (=D
=5—14i

2= 04 DO4+)=0-0=1-D+(0-14+1-0)i=—1

We leave it as an exercise to verify the following rules of complex arithmetic:
Zy1tza=2z72+29
2123 = 2321
Z1 4+ (za+z3)=1(21 + 22) + 23
z1(z223) = (z122)23
z1(zg + z3) =z123 + 2123

04z==z
z4+(=2z)=0
l-z==z

These rules make it possible to multiply complex numbers without using Formula 5 directly.
Following the procedure used to motivate this formula, we can simply multiply each term of & - &; by

each term of ¢ | i, set ;2 — _ 1, and simplify.

EXAMPLE 5 Multiplication of Complex Numbers

(34204 +1) =12+ 3i + 8+ 22 =124 11i—=2=10+ 11§
323

1. N .. 3.2 ., 323 .
(5—21)(2433)_104153 i—2i2=104 14+ 2=2 114

141 =20 =i(1=2i 4 i—2i%) =i(3—i)=3i—i°=14 3

Remark Unlike the real numbers, there is no size ordering for the complex numbers. Thus, the order
symbols <, <, >, and > are not used with complex numbers.

Now that we have defined addition, subtraction, and multiplication of complex numbers, it is possible
to add, subtract, and multiply matrices with complex entries and to multiply a matrix by a complex
number. Without going into detail, we note that the matrix operations and terminology discussed in
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Chapter 1 carry over without change to matrices with complex entries.

EXAMPLE 6 Matrices with Complex Entries

If
1 —1i i 1—:
A_[l b 4—3'] and B_[2—3i 4 ]
then
A4 B— llz" l—gi, A_B— l—.i. —l.
[3—-2i 8—i | - 144 =i

4 — i —1 :[ i . 1 ]
i }3'2 4?;_3'2_ —143i 144

[ 1 —i i 1—=i
AB__I I 4_3'][2_33' 4 ]

HEREECDRCES) 1-(1=) + (—i)-4
i G =D (2=3) (14D - (1= + (4=i)-4
[ =3=i 1—5i

| 4-13 18-4

Exercise Set 10.1

@ Click here for Just Ask!

In each part, plot the point and sketch the vector that corresponds to the given complex number.

1.

(a) 2+ 3

(b) —4
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() —3—2

(d - 51

Express each complex number in Exercise 1 as an ordered pair of real numbers.
2.

In each part, use the given information to find the real numbers x and y.
3.

@ x=—iy==2+43

) (x4 y)+ (x=))i=3+1i

Giventhatz, — 1 —2;and z; = 4 | 5, find

4.
(a) z1 + 23
(b) 21 —22
(¢) 4z
(d) —z2
(e) 3zy + 4z
01,3,

In each part, solve for z.
5.
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@ z+{(1=8)=31+2i

(b) —52z=5+10

© (i—z2) + (22=3)= —2+7

In each part, sketch the vectors zy, z3, z1 + z3, and zy —z3.

6.
(@ zy=34bz3=1+44
(b) Z1= =24 2bzy=4 4 5i
In each part, sketch the vectors z and jz.
7.
@ z=1+4k=2
b) z= =3 -di k= =2
©) z=41 61,k=7
In each part, find real numbers i and j, that satisfy the equation.
8.

(a) dyi +da(1 +i) =3—2i
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(b) k1 (2 + 3i) + k(1 —4i) =7 + 5i

In each part, find z;z3, 212, and z%-

9.
(@) z1 =3iz9=1—1i
(b) zy =4 4 6irz3=2—3i
© 4, =%(2 | 4;‘),22:%(1_51.)
0. Given that zy=2—>5i and z9= —1—1i find

(a) 21 —2123
(b) (zq 4 322)2
(©) [z1+ (1 }Zg)]2

@) iz, -2

In Exercises 11-18 perform the calculations and express the result in the form ¢ | ;.

(14 2i) (4 — 6i)*
11.

(2 =) (3 +i)(4 —2i)
12.
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1—3)7
13.( )

(14 7)) = 3i(4 4 24)
14.

15. [(2 | 1) (% | %z_)]z

2+ 8 —iyf201 4 21

16.

100
7. O Fiid i)

(3—2i)% = (34 2i)?

18.
Let
19. . .
- 1. i ’ - 2 241
-i 3 3—i 4
Find
(b) BA
(c) 4B
(d) B2 42
Let
20. 342 0 ,
A=| —i 2 B=[Ez ]
14i 1—i !

13 0of 16
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—1—=i 0 —i
3 2 =5
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Find
(a) A(BC)
(b) (BCHA

(c) (CA)B?

(d) (1+)(AB) + (3-4)A4

Show that
21.

(a) Im (iz) = Re (2)

(b) Re(iz) = — Im(2)

In each part, solve the equation by the quadratic formula and check your results by substituting
22. the solutions into the given equation.

(@) 22 4 2242=0

b) z2—z41=0

23.
(a) Show that if n is a positive integer, then the only possible values for ;”? are 1, —1, i, and —;

(b) Find ;2509
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Prove: If z;z5 = 0, then z; =g orz5 = 0.
24,

Use the result of Exercise 24 to prove: If zzy = zz5 and z » , then zy = z3.

25.
Prove that for all complex numbers zy, z3, and z3,
26.
(a) 21 +z2=22+2
(b) z1 + (z2+23) = (21 +22) + 23
Prove that for all complex numbers zy, z3, and z3,
27.
(a) 2122 =2321
(b) z1(z223) = (z122)23
Prove that z; (z5 -} z3) =223 | 2123 for all complex numbers zy, z3, and z3.
28.
In quantum mechanics the Dirac matrices are
29- (10 0 0 (00 0 1
3 01 0 0 . 0010
e , Oy = .
00 -1 0 0100
00 0 -1 (1000
(0 00 —i (0 01 0
’_1_0 0 i 0 ,_1:0 00 -1
Yoo =i 0 0o F |1 00 0
i 00 0 [0 =10 0

(a) Prove that 32 — ng = ,;13, = ,;,‘z? =]
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Describe the set of all complex numbers z = ¢ | &; such that e } 52 — 1. Show that if zy, 27 are

30 such numbers, then so is zyz3.

Copyright © 2005 John Wiley & Sons, Inc. All rights reserved.
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10.2

DIVISION OF
COMPLEX
NUMBERS

numbers as the inverse of multiplication.

We begin with some preliminary ideas.

Complex Conjugates

In the last section we defined multiplication of complex
numbers. In this section we shall define division of complex

If z = g + &i 1s any complex number, then the complex conjugate of z (also called the conjugate of z)
is denoted by the symbol z (read ““ z bar” or “ z conjugate”) and is defined by

In words, Z is obtained by reversing the sign of the imaginary part of z. Geometrically, Z is the

Z=qa—bi

reflection of z about the real axis (Figure 10.2.1).

EXAMPLE 1

AY
(a, b)

z=a+bi

(a, —b)

Figure 10.2.1
The conjugate of a complex number.

Examples of Conjugates

12-02-28 10:07 AM
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z=342i z=3-2
z=—=4-2 z= =44 2
z=1 Z= —1}
z=4 z=4

Remark The last line in Example 1 illustrates the fact that a real number is the same as its conjugate.
More precisely, it can be shown (Exercise 22) that z =Z if and only if z is a real number.

If a complex number z is viewed as a vector in g2, then the norm or length of the vector is called the

modulus of z. More precisely:

DEFINITION

The modulus of a complex number z = ¢ | &;, denoted by [z|, is defined by

2| = ya? + &2 (1)

If 4 = 0, then z — 4 is a real number, and

pl=Va? + 02 = ol =

so the modulus of a real number is simply its absolute value. Thus the modulus of z is also called the
absolute value of z.
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Paul Adrien Maurice Dirac (/902-1984) was a British theoretical physicist who devised a new
form of quantum mechanics and a theory that predicted electron spin and the existence of a
fundamental atomic particle called a positron. He received the Nobel Prize for physics in 1933 and
the medal of the Royal Society in 1939.

EXAMPLE 2 Modulus of a Complex Number

Find [z| if 7 — 3 — 4.

Solution

From I, withg —3and p — — 4, | = J(3)2 n (_4)2: @:5.

The following theorem establishes a basic relationship between z and [z|.

THEOREM 10.2.1

For any complex number z,
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Proof Ifz—=g - &i, then

2z = (a + bi)(a — bi) =a’ —abi + bai = b%i2 =a? 4 2 = |2

Division of Complex Numbers

We now turn to the division of complex numbers. Our objective is to define division as the inverse of
multiplication. Thus, if z, » 0, then our definition of 7 — z, / z; should be such that

zZ|1 =292

2)

Our procedure will be to prove that 2 has a unique solution for z if z, = (, and then to define z; / z to
be this value of z. As with real numbers, division by zero is not allowed.

THEOREM 10.2.2

If z5 # 0, then Equation 2 has a unique solution, which is

1 _
g= Z1Z73
2
22| 3)

Proof Letz=x -} iy,z =xy +iyy> and z; = x5 | iy5. Then 2 can be written as

x1+iyr=(xz2+iya)(x +iy)
or
x1 +iy1 = (x2x —yoy) +i(yax + x2p)
or, on equating real and imaginary parts,
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XX — Yoy =X
Yax +xy =71
or
X2 —ryz2[x] _[*1
yz o oxz||Y] [ 4)
Since z; = x5 + iy3 # 0, it follows that x; and y; are not both zero, so
X2 =Y2 .2 2.
7 x3 =ZX5 | YaF 0

Thus, by Cramer's rule (Theorem 2.1.4), system 4 has the unique solution

X1 =Yz
U AN NP ST.5 K0 4 Vs R STy B o 0.5
NG B pal’
yi X2
X3 X1
__ P2V ixa—xya _ YiXa— X2
S B pal’
yi X2
Therefore,
. 1 .
z=x+tiy=—=[xixz+y2) +iixz—x1y3)]
]
1 . 1
=——=x +iy)xz - =——z1%
] 5]
"
Thus, for z, = 0, we define
Z] —
= 2173
2 5
Z3 22| (5)

Remark To remember this formula, multiply the numerator and denominator of z; / z, by z3:

z) _z1zz _zizp 1 2153
2P gt )t
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EXAMPLE 3 Quotient in the Form g -+ pj

Express
344
1-=2i
in the form 4 | &;.
Solution
From 5 with Z1 = 3 | 4i and Z9 = 1-=2i
SR . e 4:’)(m)=%(3 b4 (14 2i)

=2 o
=%(-5 P10 = — 14 2i

Alternative Solution

As in the remark above, multiply numerator and denominator by the conjugate of the denominator:

344 _ 344 142 _ _=54100 _ 4, o
1—2i  1-2i 1+2 5

Systems of linear equations with complex coefficients arise in various applications. Without going
into detail, we note that all the results about linear systems studied in Chapters 1 and 2 carry over
without change to systems with complex coefficients. Note, however, that a few results studied in
other chapters will change for complex matrices.

EXAMPLE 4 A Linear System with Complex Coefficients

Use Cramer's rule to solve
ixt2y=1-2i
dx —iy= =14 3

Solution
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‘ 1-28 2
_ =13 =i (=D (120 —2(=143) _ =T _;

i 2 i(—=i)—2(4) =7

4 —i

i 1—2i

e 4 =143 _ @O(=143-4(1-2) 74 7% 1

i 2 i(—1)—2(4) =7

4 —j

Thus the solution is x =, y =1 —i.

We conclude this section by listing some properties of the complex conjugate that will be useful in
later sections.

THEOREM 10.2.3

Properties of the Conjugate

For any complex numbers z, zy, and zy:

(@) 21 +zz=21 + 23

(b) zZ1—z2=21—23

(c) Z1zz = 2123

(d) (z1/2z2) =211z

(e) Z=z

We prove (a) and leave the rest as exercises.
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Proof (a) Letzy =gqq + byi and z; = a4 | b4 then

zZ1 tzz=(ay +az) + (b1 + b3)i
= (a1 +az) — (b1 +b3)i

= (a1 —&11) + (ag — &)
=Z1+2z3

Remark 1t is possible to extend part (a) of Theorem 10.2.3 to »n terms and part (c) to n factors. More
precisely,

Zy bz b Fzy=214+22+ -+ 2,

Z127Zn = 2122 Zn
Exercise Set 10.2

@ Click here for Just Ask!

In each part, find Z.

1.
(@) z=2+7Ti
(b) 2= —3—5i
(c) z="5i
(@ 2= =i
(@ 7= =9
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) z=10

In each part, find [z|.

2.
(@) 2=
(b)yz= =T
(c) = —3-4
(d) z=1+1
() 7= —8
() =0
N Verity that oz — |z|2 for
(a) z=2—4
(b)yz=—=3+5
(©) z=y2— /2
. Given thatz; — 1 — 5; and z5 = 3 | 4;, find

(@ z1/z3
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(b) z1/z3

(©) z1/z3

(d) (z; /23

() z1/ |z

(B g1/ 22|

In each part, find 1 fz.
5.

(a) 7=
(b) z=1=5i
(c) z=%i

Given that z; — 1 4 ;and z5 = 1 — 2;, find

6.
@ -
(b) z1 -1
z3
© 2 (%L)
2

10 of 17
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(d) ZL
iz3

In Exercises 7—-14 perform the calculations and express the result in the form & | ;.

7. 1414

2
8. (1-0(G+3)

1
9. (34 4i)?

24
10. i{ =3+ 4)

Y3+
(1-8(3-9

1
12, i(3=2i)(1+13)

11.

i
13. (1=0(1=20(1+ 2)

1—2i 241
14. 3+ 4 5

In each part, solve for z.
15.

(a) iz=2—1

(b) (4—3i)7=1i
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Use Theorem 10.2.3 to prove the following identities:
16.

(@) z+ Si=z-"5i

(b) iz= —iz
(©) itZ _ _4
1=z

In each part, sketch the set of points in the complex plane that satisfies the equation.

17.
(a) Bl=2
(b) p— (1 +]=1
() E=i=[+7

(d Im{z+i)=3

In each part, sketch the set of points in the complex plane that satisfies the given condition(s).

18.
(@) fHi=1
(b) 1=fl=2
() [Z2—4=1
(d) Pl=F -+
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Given that 7z = x -} iy, find
19.

(a) Re (iz)
(b) Im (iz)
(¢) Re (i)

(d) Im (iZ)

20.
(a) Show that if n is a positive integer, then the only possible values for (1/)™ are 1, -1, i,

and —j.
(b) Find (1/#)%%.
Hint See Exercise 23(b) of Section 10.1.
Prove:

21.

(a) %(z Z) = Re (2)

(b) é(z—f) — Tm (2)

Prove: z=Z if and only if z is a real number.
22.

’ Given that zy = x 4 iy; and z5 = x5 -+ iy5 = 0, find
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@ R (3)

L)

Prove: If (z) 2 _ 72 then z is either real or pure imaginary.

Prove that |z| = [2].

25.
Prove:
26.
(a) 21 —22=21 —23
(b) 2122 =213
©) (z1/z9) =211
(d) Z=z
27.

(a) Prove that 72 — (2)*.
(b) (b) Prove that if n is a positive integer, then 2 = (z)™.

(c) Is the result in part (b) true if # is a negative integer? Explain.

In Exercises 28-31 solve the system of linear equations by Cramer's rule.
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ixy—ixg= =2
28. .
2x1 4 xg=1i
X1+ x3=2
29. :
X1 —x3=21

30 X1+ x34x3=3
T Xy b xy—x3=242

xp=—x34x3= -1

ixy 4+ 3x34+ (14 idxz= =i
31. . :
x1 4 ixgH 3x3= —2i

x1+ x24 x3=0

In Exercises 32 and 33 solve the system of linear equations by Gauss—Jordan elimination.
[ -1 —1=i][x1] o
2.0 14 -2 |[x2] 7 |o

2 —1=i|[x1] o
3Bl 14 1 |[x2] T o

Solve the following system of linear equations by Gauss—Jordan elimination.
34. x1 ixg —ix3=0
—x1 4 (1=i)xg+ 2ix3=0

2x1+ (=14 20)xg = 3ix3 =0

In each part, use the formula in Theorem 1.4.5 to compute the inverse of the matrix, and check
35. your result by showing that 44! — 4! 4— /.

@ , [i =2
A__l z']

® , [2 i
A__l o]
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Let p(x) =ag + a1z agx2 | a,x” be a polynomial for which the coefficients ap, a1, a3,
36. ..., @y are real. Prove that if z is a solution of the equation »(z) = 0, then so is Z.

Prove: For any complex number z, | Re (z)| < |z| and | Im (z}| < 2.
37.

Prove that
38. |Re (2)] + |Im ()]
V2

<Kl
Hint Let z = x -} iy and use the fact that (x| — |y|)2 = 0.

In each part, use the method of Example 4 in Section 1.5 to find 4!, and check your result by

39. showing that 441 — 4=1 4— /.

(a) [ 1 14i 0
A= 0 1 i

| —i 1-2i 2

(b) [ i 0 =i
A= 0 1 —-1-4
2—i i 3

Show that |z — 1| = [z — 1|. Discuss the geometric interpretation of the result.
40.

41.
(@) Ifzy =gy + byiand z9 = g4 | bi, find |71 — z;| and interpret the result geometrically.

(b) Use part (a) to show that the complex numbers 12, § - 2i, and 8 | 8; are vertices of a right
triangle.
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Use Theorem 10.2.3 to show that if the coefficients a, b, and ¢ in a quadratic polynomial are real,
42. then the solutions of the equation az? |- bz + ¢ = ( are complex conjugates. What can you

conclude if a, b, and ¢ are complex?

Copyright © 2005 John Wiley & Sons, Inc. All rights reserved.
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(Print this page)

1 03 In this section we shall discuss a way to represent complex
numbers using trigonometric properties. Our work will lead to

POLAR FORM OF A ., important formula for powers of complex numbers and to a

COMPLEX NUMBER method for finding nth roots of complex numbers.

Polar Form

If z = x -4 iy 1s a nonzero complex number, » = [z[, and § measures the angle from the positive real
axis to the vector z, then, as suggested by Figure 10.3.1,

x=rcosf, y=rsnf (1)
so that z = x - iy can be written as z = » cos @ - ir sinfl OF

z=r(cost +ismnd) )
This is called a polar form of z.

Argument of a Complex Number

The angle @ is called an argument of 7 and is denoted by
fl=argz
The argument of z is not uniquely determined because we can add or subtract any multiple of 25 from

# to produce another value of the argument. However, there is only one value of the argument in
radians that satisfies

—m=f<T
This is called the principal argument of 7 and is denoted by
= Argz
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(x, y)

y=rsinf

Y.

1

Y=

x=rcosf

Figure 10.3.1

EXAMPLE 1 Polar Forms

Express the following complex numbers in polar form using their principal arguments:
@) z=1+ /3

(b)y z=—1-i

Solution (a)

The value of r is
2
r=El=y12 4 (B =a=2
and since x = 1 and y = v@, it follows from 1 that
1=2cosf and f3=2sin0

SO cosfl =172 and sinfl = ﬁ { 2. The only value of ¢ that satisfies these relations and meets the
requirement — 7 = < 718 § = 7 { 3( = 60°) (see Figure 10.3.2a). Thus a polar form of z is

Z=2(cos% H’sin%)

Solution (b)

The value of 7 is

r=El=y(- 1%+ (-D?=y2
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and since x = — 1, y = — 1, it follows from 1 that

—1=y2cos0 and —1=2sin0
SO cosfl=— — 1/ ﬁ and ginfl = — 14 ﬁ The only value of @ that satisfies these relations and meets
the requirement — 7 =< 7isf = — 37 /4( = — 135°) (Figure 10.3.2b). Thus, a polar form of z is

z=‘5(cos _43"—‘ |7 sin _43"—‘)

AY
1+ V3i
2
2 | =
| ¥3
,60° x
1
(@)
AY
1 X
T ] -
1 +-135°
N2
&
I —i
(5)
Figure 10.3.2
*
Multiplication and Division Interpreted Geometrically
We now show how polar forms can be used to give geometric interpretations of multiplication and
division of complex numbers. Let
zy =r1{cosfy +ismnfy) and  zz=ry(cosfly | ismnfy)
Multiplying, we obtain
z1z3 =r1rz[(cosf cosfly — sinfly sinfly) + i(smnfy cosfly | cosfy sinfly)]
Recalling the trigonometric identities
cos(f + f3) =cosfl cosfly —sinfly sinfly
sin(fy + f7) = sinfly cosfly + cosfy sinfly
we obtain
z1z3 = rirz[cos(@y + 02) +ism(fy + 03)] 3)

which is a polar form of the complex number with modulus 73 and argument g, - #,. Thus we have
shown that
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2122| = l21]lz2| )

and

arg(z1z3) = argzy + argz;
(Why?) In words, the product of two complex numbers is obtained by multiplying their moduli and
adding their arguments (Figure 10.3.3).

We leave it as an exercise to show that if z, = (, then

from which it follows that
z1|_ kil fzy#0
’22 22| =

and

Z]

arg( ) =argz| — argzy

In words, the quotient of two complex numbers is obtained by dividing their moduli and subtracting
their arguments (in the appropriate order).

Figure 10.3.3
The product of two complex numbers.

EXAMPLE 2 A Quotient Using Polar Forms

Let

zlzllﬁi and zzzﬁli
Polar forms of these complex numbers are

21=2(cos% lz'sin%) and 22=2(C°s% }:-,'sin%}

4of 16 12-02-28 10:07 AM



Polar Form of a Complex Number http://edugen.wileyplus.com/edugen/courses/crs1479/pc/c10/...

(verify) so that from 3,

2122:4[005(% | %} | z'sin(% f %)]

=4[cos'§‘ f ism§]=4[0 bi]l =4

and from 5,

21 [ons(§-5) 4155

—COS6 ISlI16—2

As a check, we calculate z1z3 and z, f z, directly without using polar forms for z; and z3:

ziza= 1+ Y33+ = (f3-yDH + G+ Di=4
13 3 (BB (it 3) =ﬁili
i 3 4 T

which agrees with our previous results.

i

D |—

S

The complex number i has a modulus of 1 and an argument of -/ 2( = 30°), so the product ;z has the

same modulus as z, but its argument is 90° greater than that of z. In short, multiplying z by i rotates z
counterclockwise by 90° (Figure 10.3.4).

90°

Y

Figure 10.3.4
Multiplying by i rotates z counterclockwise by 90°.

DeMoivre's Formula

If n 1s a positive integer and z = »(cos ) -} i sinf), then from Formula 3,

=z-z-zoz=r"[cos(@+ O+ 4@ +isin(@+ 0+ +0)]
n—factors n—terms n—terms
or
2" = r"(cos »l + i sin #0) (6)
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Moreover, 6 also holds for negative integers if z + () (see Exercise 23).

In the special case where » — 1, we have z = cos @ - i sinfl, SO 6 becomes
(cos@ +isin@)™ = cos»nf + i sin nf (7)

which is called DeMoivre's formula. Although we derived 7 assuming # to be a positive integer, it
will be shown in the exercises that this formula is valid for all integers n.

Finding nth Roots

We now show how DeMoivre's formula can be used to obtain roots of complex numbers. If # is a
positive integer and z is any complex number, then we define an nth root of z to be any complex
number w that satisfies the equation

W=z ®)

We denote an nth root of z by M If 7 - 0, then we can derive formulas for the nth roots of z as
follows. Let
w=plcosa | istna) and z=r{cosf | ismnd)

If we assume that w satisfies 8, then it follows from 6 that

P (cosna -+ isinna) = r{cos@ 4 isind) 9)

Comparing the moduli of the two sides, we see that p" = or

o=

where 'f/; denotes the real positive nth root of . Moreover, in order to have the equalities
cos na = cos @ and gin o = sin @ in 9, the angles » and # must either be equal or differ by a multiple
of 2. That s,

no=0+2%kr o a=2426C  p_0 41 412 .

P P
Thus the values of vy — plcosa -+ isina) that satisfy 8 are given by

w=V;[cos(% | 2;1;) | z'sin(% | 2’:;)] k=0, +1, L2, ...

Although there are infinitely many values of %, it can be shown (see Exercise 16) that x =0, 1, 2, ...,
» — 1 produce distinct values of w satisfying 8 but all other choices of & yield duplicates of these.
Therefore, there are exactly n different nth roots of z = »(cos # - i sin#), and these are given by

in 27;[005(2 + %_') +gsm(2 + &)] k=0,1,2,..,2—1 (10)

I I b b
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-

AV

Abraham DeMoivre (1667-1754) was a French mathematician who made important
contributions to probability, statistics, and trigonometry. He developed the concept of statistically
independent events, wrote a major and influential treatise on probability, and helped transform
trigonometry from a branch of geometry into a branch of analysis through his use of complex
numbers. In spite of his important work, he barely managed to eke out a living as a tutor and a
consultant on gambling and insurance.
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EXAMPLE 3 Cube Roots of a Complex Number

Find all cube roots of —§.

Solution
Since —8 lies on the negative real axis, we can use # =  as an argument. Moreover,
r=|z| = | — 8| =28, so a polar form of -8 is

—8=28(cosm}isinm)

From 10 with ,; = 3, it follows that

(—8)1"3=:V§[cos(% | 2’;——) | isin(% f 2’;——)] k=012

Thus the cube roots of —8 are

2((:0‘3i | z'sir1£)=2(l | Ej):] |y 33

3 3 2 2
2(cosmHismmm) =2(—=1)= =2

2cos(£ | z'sini)=2(l—-£i)=l— 3

3 3 g &

As shown in Figure 10.3.5, the three cube roots of —8 obtained in Example 3 are equally spaced ~ ; 3
radians { = 120°) apart around the circle of radius 2 centered at the origin. This is not accidental. In
general, it follows from Formula 10 that the nth roots of z lie on the circle of radius ’i/;( = W) and
are equally spaced 21 f » radians apart. (Can you see why?) Thus, once one nth root of z is found, the
remaining » — 1 roots can be generated by rotating this root successively through increments of 2/ »
radians.
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AY
e I +3i
// N\

/ \
;1200 \
[z \ 120° | &
-\ \ /V

X 120° 77 /

\\ Y,

~
& 1 -\3i
Figure 10.3.5

The cube roots of —8.

EXAMPLE 4 Fourth Roots of a Complex Number

Find all fourth roots of 1.

Solution

We could apply Formula 10. Instead, we observe that y» — 1 is one fourth root of 1, so the remaining
three roots can be generated by rotating this root through increments of 2/ 4 — 7 / 2 radians (= 90°).
From Figure 10.3.6, we see that the fourth roots of 1 are

1, i -1, -3
L
.“
;5
//f A\\\
/ \
/ \
/ 90)° ,
,. \)() R
\ )
\ J
" /

Figure 10.3.6
The fourth roots of 1.
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Complex Exponents

We conclude this section with some comments on notation.

http://edugen.wileyplus.com/edugen/courses/crs1479/pc/c10/...

In more detailed studies of complex numbers, complex exponents are defined, and it is shown that

cosf 4 ismnf= 2t

(11)

where e is an irrational real number given approximately by ¢ == 2 71828.... (For readers who have

studied calculus, a proof of this result is given in Exercise 18.)

It follows from 11 that the polar form
z=r(cosfl }ismnfd)

can be written more briefly as

EXAMPLE 5 Expressing a Complex Number in Form 12

In Example 1 it was shown that
14 ﬁx:2(cos‘§’ f zsm'g‘)

From 12 this can also be written as
14 3 =263

It can be proved that complex exponents follow the same laws as real exponents, so if
z1=r"l  and  z3=rqe'2

are nonzero complex numbers, then
212y = rlrzez'ﬂlﬂ'tj?z _ rlrzez’({?lﬂ?z)

zZ3 ra 7y
But these are just Formulas 3 and 5 in a different notation.

We conclude this section with a useful formula for Z in polar notation. If

z:rew:r(cosf] | isind)

(12)
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then
z=r(costl —ismnd)
Recalling the trigonometric identities
sin{ —#) = —sinfl  and  cos{ —0) =cosf
we can rewrite 13 as

7=r[cos( — @) +isin( —)] = re’D

or, equivalently,

F— e 0

In the special case where » — 1, the polar form of z is ; — 2!, and 14 yields the formula

Exercise Set 10.3

@ Click here for Just Ask!

In each part, find the principal argument of z.

1.
() 2=1
(b) 2=
() 2= =
() z=1+i

(€ z= —1+4 %

http://edugen.wileyplus.com/edugen/courses/crs1479/pc/c10/...

(13)

(14)

(15)

12-02-28 10:07 AM



Polar Form of a Complex Number http://edugen.wileyplus.com/edugen/courses/crs1479/pc/c10/...

) z=1-—1

In each part, find the value of # = arg(1 — ﬁ;‘) that satisfies the given condition.

2.
(a) 0=0<=2r
(b) —7= 0
T pn. llm
¢) _Lop. T
(c) £<0<—
In each part, express the complex number in polar form using its principal argument.
3.
(a) 2
(b) —4
(c) 5+ 5i
(d) — 61 6y/3i
() —3=3
O 2y/3-2
s Given that z; = 2(cos7 /4 + isinw/4) and zy = 3(cos 7/ 6 | i sinw / 6), find a polar form of

(a) 2122
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Express zy =i, z9 =1 — ﬁ;‘, and 7, — ﬁ  ; in polar form, and use your results to find z,z, / z5.
> Check your results by performing the calculations without using polar forms.

Use Formula 6 to find
6.

(@) (14

(b) (

(©) (31 g)?

—

N

(d) a —iﬁ)_lo

In each part, find all the roots and sketch them as vectors in the complex plane.
7.

(a) (_i)lﬂ
) (1 ﬁi)m
© (—2m!
(d) (I-)IB

(e) (_1)1:‘4

O (—8r8y3m"
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Use the method of Example 4 to find all cube roots of 1.
8.

Use the method of Example 4 to find all sixth roots of 1.

9.
Find all square roots of 1 -} ; and express your results in polar form.
10.
Find all solutions of the equation z% _ 1§ — 0.
11.
Find all solutions of the equation z4 | g —(and use your results to factor 24 | g into two
12.

quadratic factors with real coefficients.

It was shown in the text that multiplying z by i rotates z counterclockwise by 90°. What is the
13. geometric effect of dividing z by i?

In each part, use 6 to calculate the given power.
14.

(@) (145

®) (—23 2"

In each part, find Re (z) and Im (z).
15.

(@) z=3""
(b) z=377

(C) = ﬁe mi2
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(d) 7= — 3¢ 72"

16.
(a) Show that the values of z1/? in Formula 10 are all different.
(b) Show that integer values of &k other than =0, 1, 2, ..., » — 1 produce values of -1/ that
are duplicates of those in Formula 10.
Show that Formula 7 is valid if ;; — () or n is a negative integer.
17.

18. (For Readers Who Have Studied Calculus) To prove Formula 11, recall that the Maclaurin

series for g* is

(a) By substituting x — i@ in this series and simplifying, show that

G102, 00 00 N o0 0
N 2l 41 6l 31 5l

(b) Use the result in part (a) to obtain Formula 11.

Derive Formula 5.
19.

When 5 — 2 and 5 = 3, Equation 7 gives
20.
{cosf z'sinf])2: cos 20 - i sin 20

{cosf s'sinf9)3=cos 36 -+ i sin 360

_0
7l

Use these two equations to obtain trigonometric identities for cos 26, sin 20, cos 36, and sin 34.
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Use Formula 11 to show that
21.

cosfl =

ez’fiﬁ' o —ifl ez’fiﬁ' o —ifl
—_— and sinf = ———

2 2i
Show that if (& - bz’)3 — 8, then 42 } be—4.
22.

Show that Formula 6 is valid for negative integer exponents if z = ().
23.

Copyright © 2005 John Wiley & Sons, Inc. All rights reserved.
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Answers to Selected Questions
from Elementary Linear Algebra: Applications Version, 9" ed.

Chapter 10.1
#5. a)2+3i, b) —1-2i, ¢)—2+9i, #11. 76 — 88, #17. 0,

1+ 6i -3+7i 3-2i 6+ 5 3+3i 2+ 50 9+1 12+ 20
#19. a) , b , € , d

3+8 3+12i 3-5 13+ 3 9-5i 13-2i 18-2i 13+
#22. —1+1, l: ﬁi

2
Chapter 10.2
724 1-V3  1+43
& . A _ s

#9. 625 625 #11. 2 + 2 i #15. a)—1-2i, b) —3/25-4i /25,

#19.a) -y, b) —x, ¢)y, d)x, #33. (1 +i)t,2t, #35. a)

i 2 0 1
)
-1 il [-i 24

Chapter 10.3

#3. Q) 2(cos % 4+ isin % ), b) 4(COS(JI)+ isin(ﬂ)),
c) Sx/z(cos ”Z + isin(%)), d)12(cos(%n)+ isin(%ﬂ))
e) 3\/5(005(-%71)+isin(-%ﬂ)) 1’)4(005 -% +isin(-%
"3 i} iﬂ, =2-m/3’ =2iﬂ/6’ ﬂ=1
Z1 e ) e 3 e 2
#7.b) £+ Qi - ﬁ_ Qi #11. £2, +2i
2 27 2 2
0 .3 3,33, 3 33,
202 72 2

#15. a) Re(z)=-3, Im(z) =0
b) Re(z) = -3, Im(z) =0

¢) Re(z)= 0, Im(z)=-2
d) Re(z) =-3, Im(z) =0



