Matrices for general linear transformations

Goal: To associate a matrices to linear transformations
between finite-dimensional vector spaces.
The process: Suppose that T: V — W is a linear
transformation from an n-dimensional vector space V to an
m-dimensional vector space W.

@ Fix a basis B for V and B’ for W.

@ Construct an m x n matrix A such that
Alx]lg = [T(X)]B

Ais called the matrix for T with respect to B and B’ and we
will denote it by [T]p .

© Suppose B = {uy, U, ..., up}. Form A with column vectors
[T(u)le [T(u2)ls -, [T(Un)]e-
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Notational issues

Fix T : V — W is a linear transformation from an n-dimensional
vector space V to an m-dimensional vector space W.
@ Notice that
[Tle slx]ls = [T(X)]&
This is the real reason for writing the subscripts in this
order.

@ If T is a linear operator i.e. if V = W, then we will write
[T]g for [T]s,5-
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Change of basis

Suppose we are given two bases
B={uj,uUp,...,up} and B' = {u}, U, ..., UL}

for an n-dimensional vector space V; how are B and B’ related?

The solution

Let P be the n x n matrix given by

P = ([ti]s, [UslB; - - [Un]B)

Then [v]g = P|v]g for all v € V. Pis called the transition
matrix from B’ to B
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Change of basis, contd

If P is the transition matrix from B’ to B and Q is the transition
matrix from B to B' then Q = P~ 1.
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Change of basis, contd

@ So the matrix representing the identity transformation,
IV — V , with respect to B and B is just the change of
basis matrix P.

Theorem

If T : V — Vs alinear operator on a finite-dimensional vector
space V and B and B’ are two bases for V then

[Tle = P '[T]sP

where P is the change of basis matrix from B’ to B.
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Composition and inverse

IfTy :U— VandT,:V — W are linear transformations
between finite-dimensional vector spaces and B, B’ and B" are
bases for U, V and W respectively then

[T20 Tilgr g = [T2]gr.m[Th]le B

Theorem

If TV — Vs alinear operator and B is a basis for V then T
is one-to-one iff [T]g is invertible. If T is one-to-one then

[T 18 =[Tl5'
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