The Normal Distribution



The Normal Distribution

The normal distribution is the most important
continuous distribution as it can be used to model
many phenomena in a variety of fields.

Many measurements for large sample sizes are said
to be ‘normally distributed.’

For example, heights of trees, |Q scores, and

duration of pregnancy are all normally distributed
measurements.



The Normal Distribution

Definition:

A continuous random variable X has a normal
distribution (or is distributed normally) with
mean u and variance ¢°, denoted by X ~ N(u, %),
if its probability density function is

1 _(X_M)z

f(x)=m€ ¢

where x € (-x,x).



The Normal Distribution

The graph of the probability density function of
the normal distribution (also known as the
Gaussian distribution) is a bell-shaped curve.



Properties of the Normal Distribution
Density Function

Theorem:

The probability density function f(x) of the normal

distribution satisfies the following properties:

(a) f(x) is symmetric with respect to the vertical
line x = u.

(b) f(x)is increasing for x <u and decreasing for x > u.
It has a local (also global) maximum value
1/0\/% at x = u.

(c) The inflection points of f(x) are x=u=o.

(d) lim f(x) =1im f(x) =0

X —— X —>0C0



Calculating Probabilities

If X is a normally distributed continuous random
variable with mean u and variance o7, then

b 1 _(X_M)z

P(asXsb)=ff(x)dx=f0\/%e 207 dx

a




Calculating Probabilities

This integral cannot be evaluated without
estimation techniques, such as using a Taylor
polynomial to approximate f(x).

To evaluate this integral, we reduce a general
normal distribution to a special normal
distribution, called the standard normal
distribution, and then use tables of estimated
values.



Standard Normal Distribution

Definition:
The standard normal distribution is the normal
distribution with mean 0 and variance 1; in
symbols, it is N(0,1). Its probability density
function is given by
—_ 1 =
Jf(x)= me

for all x € (=o,).



Standard Normal Distribution

We use the symbol Z to denote the continuous
random variable that has the standard normal
distribution; i.e., Z ~ N(0,).



Standard Normal Distribution

The cumulative distribution
function of Zis given by

|||||||||

F(z) = f f(x)dx =j \/;TI ¢ 2 dx

F(-2)=1-F(2)
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Standard Normal Distribution

Example:
Determine the following:
(a) F(O) (b) F(0.18) (c) F(-1)



The Normal and the Standard Normal
Distributions

Theorem:

Assume that X ~ N(u,0%). The random variable
Z =(X-w)/o has the standard normal
distribution, i.e., Z ~ N(0,).

So then P(asXsb)=P(a_MsZsb_‘u).
o o



The Normal and the Standard Normal
Distributions

In words, the area under the normal distribution
density function between a and b is equal to the
area under the standard normal density function

between (a-u)/o and (b-u)/o.

normal distribution standard normal distribution
p— ) 04 F

03 b




The Normal and the Standard Normal
Distributions

Example #10:
Let X ~ N(=2,4); find P(-3=< X <1).

Example #30:
Let X ~ N(2,144); find a value of x that satisfies P(X > x) =0.3.



Application

Example:

Intelligence quotient (1Q) scores are distributed
normally with mean 100 and standard deviation 15.

(a) What percentage of the population has an 1Q score
between 85 and 1157

(b) What percentage of the population has an 1Q
above 1407?

(c) What IQ score do 90% of people fall under?



68-95-99.7 Rule

If X is a continuous random variable distributed
normally with mean u and standard deviation o,

then
Pu-o=X=u+0)=0.683

P(u-20=X =u+20)=0.955
P(u-30=X=<su+30)=0997

TRe TR u-20 u+20 u-3o u+30



68-95-99.7 Rule

In words, for a normally distributed random
variable:

68.3% of the values fall within one standard
deviation of the mean.

95.5% of the values fall within two standard
deviations of the mean.

99.7% of the values fall within three standard
deviations of the mean.



Application

Example 14.7: The Lengths of Pregnancies

The lengths of human pregnancies (measured in
days from conception to birth) can be
approximated by the normal distribution with a
mean of 266 days and a standard deviation of 16
days.

section 14



Application

Example 14.7: The Lengths of Pregnancies

Thus, about 68% of pregnancies last between
266-16=250 days and 266+16=282 days. About
95.5% of pregnancies last between

266-2x16=234 days and 266+2x16=298 days,
and about 99.7% of pregnancies last between
266-3x16=218 days and 266+3x16=314 days.

section 14



