Directional Derivative and
Gradient



The Directional Derivative

A directional derivative allows us to find the rate
of change of a function of two variables, f(x,y),
in an arbitrary direction.

To describe a direction, V1
we use a unit vector u. 1

A unit vector is any vector ,- /
with magnitude (length)

one unit, i.e. |ju=1.
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The Directional Derivative

Vectors Example: |

Vector v expressed as a Z‘”d th‘? maﬁ”'t“de and |
linear combination of the eFerm'ne the correspon ne
standard unit vectors i and j: unit vector of the vectorv = 3i - 4]

V=vi+V,] Yy
Magnitude of vector v:

M=) +1,)’

Unit vector in the same
direction as v:

\4 vi+V,]

u= B 2 2
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Geometric Interpretation of the
Directional Derivative

The average rate of
change of f(x,y) in the
direction of u from the
point A to P is the slope of
the secant line connecting
- points Band D on the
curve C.
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Geometric Interpretation of the
Directional Derivative

Average rate of change of f(x,y) ’ / o
in the direction of u=u,i+u,j " o

from the point A to P: Ay i

L/ hu,

change inffrom Ato P f(a+ hu,b+ hu,) - f(a,b)

distance from A to P h
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Geometric Interpretation of the
Directional Derivative

The slope of the tangent T

to the curve C at the point

B is called the directional

derivative of f at (a,b) in

. the direction of the unit

A(a,?\ - vector u=u,i+u,jandis
B y denoted by D f(a,b).
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The Directional Derivative

Definition:

The directional derivative of a function f(x,y) at a
point (a,b) in the direction of a unit vector
u=u,i+u,j is given by

. fla+ hu,b+ hu,)- f(a,b)
D f(a,b) = %133 ;

provided that the limit exists.
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The Directional Derivative

D f(a,b) represents the rate of change of f(x,y) in the
direction of the vector u=u,i+u,j .

Note:
when u=1i+0j, D, f(ab)= %ig(}f (a+ h’b}? ~jab) f.(a,b)
when u=0i+1j, D f(ab)= }lig(}f (a.b+ h}z ~j(ab) f,(a,b)

i.e. the partial derivatives of f with respect to x and y are
just special cases of the directional derivative.
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The Directional Derivative

Example:
Find the directional derivative of f(x,y)=x>-y

at the point A(1,1) in the direction of the vector
v=2I-5j.
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The Directional Derivative

Theorem:
Assume that fis a differentiable function and
u=u,i+u,j is a unit vector. The directional

derivative of f at a point (a,b) in the direction u
IS given by

D, f(a,b) = f.(a.b)u, + f,(a,b)u,
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The Directional Derivative

Example (revisited):
Find the directional derivative of f(x,y)=x"-y
at the point A(1,1) in the direction of the vector

v=2I-5j.
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The Directional Derivative

Example :
#20. Find the directional derivative of f(xy)=e¢*™

at the point A(0,1) in the direction of the vector
V=i+j.
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The Directional Derivative

Example : p
: : TN

Consider the contour diagram » U N |
of a function f(x,y). Estimate D E
the value of the directional T IO
derivative at the given point 3 C \\ 2]
in the given direction. 2¢ 13 - —)

1 \ \\-1“'

: : : . . A |

(a) At B, in the direction v=i+j \ \ N\
(b) At D, in the direction v=-i 0 1 2 3 4 5 6
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The Gradient Vector

Definition:

Assume that f is a differentiable function. The
gradient of f at (x,y) is the vector V£ (x,y)
defined by

Vf(-x’y) = fx(x’y)i + fy(xay)j
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The Gradient Vector

Example:
Determine the gradient vector of

f(xay)=x2_y

and use this to compute the
gradient at several points in
the domain of f.
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The Gradient Vector

The gradient of f associates a vector to each

point in the domain of f, where the partial
derivatives are defined.

What is special about these vectors? What
information do they provide about f?
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The Gradient Vector and
the Directional Derivative

If f(x,y) is a differentiable function and u=u,i+u,]
IS @ unit vector, then

D, f(ab)=|Vf(ab)

cosO

where 0 is the angle between u and Vf(a,b).
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The Gradient Vector

Theorem:

Extreme Values of the Directional Derivative
Assume that fis a differentiable function, and
(a,b) is a point in its domain where Vf(a,b) =0.

(a) The maximum rate of change of f at (a,b), is
equal to |[Vf (a,b)| and occurs in the direction of
the gradient Vf(a.b).

(b) The minimum rate of change of f at (a,b) is
equal to -||Vf(a,b)| and occurs in the direction
opposite to the gradient Vf(a,b).
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The Gradient Vector

Example:

Find the maximum rate of change of the
function f(x,y)=arctan(%) at (1,1)

and the direction in which it occurs.
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Geometric Interpretations of the
Gradient Vector

The gradient vector is perpendicular to the level
curves and points in the direction of largest
Increase.

The magnitude of the vector is equal to the
largest rate of change.
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Geometric Interpretations of the
Gradient Vector

Example 9.8:
(a) Explain why the vectors

at A and B cannot
represent the gradient of f.

(b) Explain why the vectors

at C and D can represent
the gradient of f.
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