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Question 1: For part (a), write the letter corresponding to the graph of the
function next to the equation in the space provided. For parts (b)-(j), clearly
circle the one correct answer.

1. (a) [2] Match the equation of each function with its graph below.

ey =e+10y & gy =a? -y

(A)

MC CQBCIHD

I
(b) [2] In the basic model for the spread of a disease, El— = al(l —1I)— pI where a, 0 > 0,
a

which of the following statements are true?

(I) I* = 0 is a stable equilibrium. X
(II) If 1 > «, then the disease will eventually die out. v”
(IIT) If 4 <  and I(0) > O, then I(t) =+ 1 ast — oo. X

(A) none (B) I only @II only (D) IIT only
(E) I and II (F) I and III (G) II and III (H) all three
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(c) [2] A partial table of values for a function f(z,y) is given below. Which of the following
are positive?

(D) F(4,1) (IL) fz(4,1) (I1I) ffx(%hl)

+ +
T =3 r=4 r=235 r =20

y=0 2.3 2.2 2.0 1.7

y=1 | 24 5 2.7 3.0

y =2 2.5 2.7 2.9 3.2

y=23 2.6 3.0 3.0 3.3
(A) none (B) I only (C) IT only ' (D) III only
(E) I and II (F) I and III (G) II and III @aﬂ three

(d) [2] The linearization of f(z,y) = ze™ at (1,0) is

(A) (B) —= C)y—=
(E)z—y (F)y (G) 2z +y

o5

EE)

£«=le°‘v+«-ewy b0y |
Fy- KXt ﬁy(l 0)= |
L(:o)’ I+ 1(%-1) 4 (y= 0) = X+Y
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(e) [2] Various surveys have found that about 95% of claims that certain products are“green”
(or “ecofriendly” or “organic”) are either misleading or not true at all. Suppose that you
buy 20 products that claim to be “green”. Which of the following statements are true?

(I) The expected number of truly “green” products is 1. v
(II) The probability that none of the products are truly “green” is 0.3585. VI

(I1I) The probability that all of the products are truly “green” is 0.00001935. ¥

(A) none (B) I only (C) II only (D) III only
@I and II (F) Iand III (G) II and III (H) all three

Lt X= 4 of Budy "gun” puduco. X B(0,005)
E(x)= 20x% 0,05 =]
P(X=0)=(%0)(0.95)% = 03585

P(x=20)=(28)(o,05)" =

(f) [2] Let X count the number of heads obtained after three tosses of a fair coin. Which of

the following statements are true?
(1) E(X) =15V
(II) P(X > 1) = 0875V
(IIT) F(2) = 0.875, where F(z) is the cumulative distribution function of x.v

(A) none (B) I only (C) II only (D) III only
(E) I and II (F) I and III (G) II and III : @aﬂ three
55:) E(x)=0- % +1-2+ 2334 =%&=/.5‘

A PUXZ1) = 1 = P(X<1) = | = P(X=0) < |- § = % =0.8375"
)

3
,;: F(a)=P(x¢2)= P(X=0)+ P(X=1) + P(X=2 -gl =0, 875
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(g) [2] Consider a population of school aged children comprised of 160 girls and 145 boys.
Suppose that 3% of girls and 5% of boys within this population are estimated to be affected
by ADHD. What is the probability that a randomly chosen child will be affected by ADHD?
@O 03951 (B) 0.3243 (C) 0.3333 (D) 0.4051

) 0.1883 (F) 0.1286 (G) 0.1205 (H) 0.0421

P(ADHD)= 0.03% 10 + 0.05 x 145_ = 0,0395]
305 305

(h) [2] Amoung women aged 40-30, the prevalence of breast cancer is 0.8%. A test for the
presence of breast cancer (a mammogram, for example) shows a positive result in 90% of
women who have breast cancer and in 5% of women who do not have breast cancer. Suppose
that a woman in this age group tests positive for breast cancer. What is the probability
(approximately) that she actually has it?

(A) 0.233 (B) 0.768 (C) 0.685 ) 0.562
(E) 0.148 (F) 0.865 (G) 0.921 @o 127

PCcl+)= P(+[c)-plc) _ (0.9)(0,008)
PLHO) PO+ PU+1cE) Pl (0.9X0.008)+ (0.05)((~0,008)

2 0.13%
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(i) [2] Certain types of a rare strain of respiratory infection occur in about 3 out of 2,000
people. During a particularly bad flu season, 12 out of 5,000 people were diagnosed with
the infection. What is the probability of this event occurring?

0.036575 (B) 0.048574 (C') 0.037425 (D) 0.133589
(E) 0.046471 (F) 0.865751 (G) 0.0016575 (H) 0.0055238
Lot X=#qf peaple wf avfeclion A=3%x35 =25
X~ h (75)
-725 12 -
P(X=12)= & (75)" = 0.036575
ja!

(i) [2] Suppose that X ~ N(5,2%). Which of the following statements is/are true?
() P1<X<9) =093 v
(I) P(X > 4) ~ 0.691 v/
(IIT) P(X < 2) = 0.8 when « ~ 6.7 V*
(A) none (B) I only (C) II only (D) IIT only
(E) I and II (F) I and III (G) II and III @aﬂ three
-5
it PUIEX £9) =P(u-26 € X £ ut+26)= 0,955
PIX74)=-P(Xx&Yy)
- £ 1-5
I-p(z4F)

[-[I-g(o.5)]
=2 0,649]
P(X$67)=pP(2e @222 )

F(o.5%5)
0.80

i n

S
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Questions 2-12: You must show work to obtain full credit.
2. State whether each statement is true or false and then explain your reasoning.
(a) [2] * = 0 is a stable equilibrium of the autonomous differential equation = 1—€".

flp-=1-e*
L1o)=1-e°=0 = % Omam-zg‘“qjo

R S } OFLES

~ $10)= -€" == = =015 a STRBLE 24

0 oyt

) [2] The range of g(z,y) = * 7 s (0,00).

%34
Fryf%0 9 T 5 5 9(%y) > |

Crase) ) O st

¢) [2] Suppose that 7f(2,3) = 4i —j. Then Dyf(2,3) = 5 for some direction u.
B ¥ . . | (N IY
max. dinsctionad dovintine = | 7£(3,3)ll @ ﬁﬁ’”ff
o gl Ae A241 ~t{'
RERTSN O(#JLU(/&%MJ@ oo re

L
So D, +(2,3) ¢ iF <5 Ja all diaclion, W

s F'F?LSE @
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3. A population of ladybugs changes according to the logistic differential equation

1L
S 0.05L (1 _ i)
dt 200

(a) [2] Graph the rate of change as a function of L. Clearly label intercepts.

dL
,dt’

Pt L/@ Shape

N

(b) [2] Draw a phase-line diagram for this differential equation. ’
@) covud duacdion of U

QAALTUI

ks | | |
@ coviet 44 of a1 ew?)

\\ _0

\\ ~ 4 /
B O T

(¢) [1] Suppose that the population will die out if the number of ladybugs drops below 30.
Write a new differential equation (i.e., modify the one above) to reflect this observation.

te-oon (i 42Y1- 9

o~

0
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4. The following pair of equations represent the population growth of two different species
where one is the predator, the other is the prey and ¢ is measured in months.
dzx dy

2 0.4z — 0.001zy = — _0.01y + 0.0002zy
dt dt

C [2] State which variable represents the prey population and explain why. 0.5

X mpuanny Hv puy [smu am tn alana of

(2, y=0) , % _atld imnouast 24P mrentially but intua
botuten /ycw(qw wqﬂ 0,5)
mw%ﬂwéyﬂvwmw%w‘gm
,bn,afa

(b) [2] Suppose that 2g = 500 and yo = 80. Using Euler’s Method with a step size of one
month, estimate the size of population z two months from now. '

x,= 500 + (0.4(500) = 0.001(500)(%0)) = (60 g (U %wz)ﬂ J

y, = 30+ (0,01 ($06) + 0,0002(52)(50)) = §2 2
o Th S8 of pop¥ X A months Jum mew Lo W?’Gé

3=6060+(0,4(b60)-0,00] (Lu0)(272)) F 6L

( a Cc.epf 3@6 =
ol /-0 ULL}],&‘UZ v
Agunolirly SO
2t
5. [3] Solve the separable equation djf— = 1-2|L-}jf‘3’ with initial condition P(0) = 1.

bt w=l+£2 Them du=tdt.

S.de Sl-ta dt = | Ldu =tmlul+c

IPI e . (l+{:“)‘_§C)@nucf mzﬂqubﬂ /3*/

p 4'6 (l‘f"k.a) 1
)aop,féﬂ/; S,(dé

PU:) = tq+ﬂ 0 /,maﬂ anoiA.

SI-H:‘
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6. Consider the function g(z,y) = In(zy).

(a) [2] Find and sketch the domain of g.

Y70 = X0 amd y70 OR %40 and y<0

‘M;:[@ 5/1@&{? (ST WWMZ
‘ e
¥ 4 mo prtuns =
bt olevnan — 7
Lo Shatidl _:__——-____:
algebraceg D ——,
'Z?é%(l(((iéé /-"'"!

9/(/1'( / mang,
w d/mciwy - A i diant

(b) [2] Create a contour map for g including level curves for k = —1, k =0, and k = 1.

IM—(')a/)=/Q‘e
_ ok

Xy
(@
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7. (a) [2] Describe what is meant by  lim  f(z,y) = L.
(z.y)—(a.b)

Fiay) apprachs L ao (4y) approaches (a)b)
aleng ald patho +o (a6) wn v dernarn of .

@) mae o Jezo s wxact Statumend §hod bo I

:

(b) [3] Show that lim % does not exist. Sketch the domain of the function
(z.y)=(0,0) 92 + y~

and the paths you’ve chosen to approach (0,0) along.

2
Ya =k
| w e
@ +(%,0) 5 =0 @)
12 (o F5000 tay) 540 aling 4D

Floy )= 23x2 =L
N

dsimens : 2~ ¥ - |
amt RN Hon? @’é‘ ao (%y)-300,0) aleny 9@@

o Jum £ D.N.E.
(xiy{)/-y-;'?a,o) 'X,t/)

,yrwu/ Aanre C/?caé/m 0&#24(%/ /oa;éljw 57 CL,O/)/i R @/;
*% o pc‘d‘fw 7o (0/.0) Al

~ Z.
/ e~

oy

¥ studlenils
please gue < markts
woed  whue 4 - apprea cheo differu
Lach path
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8. Consider the function f(x,y) = (2x —y + 5)%

(a) [2] Compute f; and fy. Find and sketch their domains. y= = AN+

b s an-yes) it (U TR
" (stach) © |
\‘

fy=2(an-y +57 (1) O
y y ~ < —I A
deman d ﬁ;x and ,(3,1 : /%\ A
AR +5 2,0
y & Ax+s Q§§> |
(b) [2] Is f differentiable at (1,7)? Explain why or why not. qw st | ; )
| hurg nahen
ey cduole B,(1,7) wtld amelude porits W axplar
”C/x and ’CY o moet (onlinuegus /
0

3 - .
¢) [3] Compute the directional derivative of f(z,y) = (22 —y +5)7 at the point (0,1) in
the direction specified by v = 2i 4 j.

AL LR
([T (T @*@‘* o @ unik ek 4 At

same duisction a9 ¥
Dﬁ-fl(o,:)-@(/oﬂ),%——,\L ) (o,;) @quf tecter
—((o)ﬁ : L3>

i/ covuct Jorrnuta,
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9. (a) [2] Show that (1,1) is the only critical point of f(z,y) = r—l—y-}-iy. X#O’L{#D
=]+ o=ly . Y __'X""gq—gi - T
S e G, , el S
. ‘*,;/lé X &
£420 whin X%y°-y=0 = O A fe s pont
fy=0 wl«m «"y -'X 0 = a

L (1) 45 the mty w:’&'cal,oaha‘. ht)

(b) [3] Use the second derivatives test to determine whether f has a local maximum, a local

rzinimum, Ozr a saddle point at (1,1). D MY Lv{ MLZLZ/H Corw L?L
Ry 6"‘”’«7“5 " xg () covect ‘D'

L= 'FX‘X -p'f‘f L'pfky) L'x"i)q (N-I)q '/X )‘i

aw”
0N =3 Vo £ hay o [Tomd a4 €1
‘P’X’XU") =2 flmm Aadus Ao 'ﬁ(l;/) 37

(c) [2] Without using the second derivatives test, determine whether (0,0) corresponds to a
local maximum, local minimum, or saddle point of the function g(z,y) =23 —2y* + 3xy +1.

3(0,0) ]

3(&,0)= 'Xs-i-l | /
Im any  opin diok. wn,&l/a;f (0,0) , Fhueu, Al he
y tabuo >| and LI 9 has afsaddly pond at (0,0).

k Im padiadas, along y=0 JxYI>| whe %70
[ andl g% )<l whan <0 S0 glo0)=| 4 mot
@ 7| an by valuws of 5/7/9)-

quq A Page 13 of 18
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10. A population of bears is modelled by b4y = by + I, where b; represents the number
of bears in year ¢t. Suppose that the immigration term is I; = 8 with a 40% chance and
I; = 0 with a 60% chance. Assume that by = 40 and that immigration from year to year is

independent.

(a) [3] Let X count the number of bears after 2 years. Find the expected value and standard

deviation of X.

S=340,48,56]

7% o(x)
LIO (0(0)2 "0.30

48| 20L6)(\y) =048
56| Cy)d=0.(

A7 E(0H0-pluo) +H8-p(ug) + 56-p(5¢)

Szl

Vor(Y) =40 -H6.4)" p (40) + (48 -4bq)3. p(us) +...
T BL-yLY)R p(st)

=30,72 |
e 4y N *- Jﬁ : y » y p
() cved patabidits, &= fTapm 3 il s
=V30.%2 {o T amd 5 o

&{E@ Cnuck, guie Y3

(b) [3] What is the probability that there will be more than 100 bears after 10 years? (Hint:
Let N count the number of years immigration occurs and use the Binomial Distribution.)

MAX POPY SIZE = HO + (0x 8 =120
POSSIBLE POPY Sizes over (00 ¢ 10, 112,104

PLo, 7100) = Pl =104) + P(b, =112) + P (b, =120)
j[f;(N= 8) + PIN=9)+ P(N=10)| whe N~ B(i0,.4
TR (1)@ ey +(10) gy

s [0.01229
M 0,0 23
7 o

A | Al amoutly s
/UU/ )//u'ﬂa,(/ @ uwmj L‘ﬂ;g
v o s

4 AL
¥ v, W
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11. Suppose that the lifetime of a tree is given by the probability density function
f(t) = 0.01%0% where ¢ is measured in years, 0 <t < oo,

(a) [2] Determine the cumulative distribution function, F(t).

F(H = joo; R Ocﬂ(/u
TR lde ok

__go. ol'xl"f
# oo:-!: ( E‘)
Izl
(b) [2] What 1s the probability that the tree will live longer than 70 years? },
€
Y i
PLT>70) =1-P(T ¢ 70) Y
- 70 C 3
=1-§ HBdt WY
=1 - [F(30) - F(o)]
2 [ [(' 0.0i(;lo)) -(|- o)] |
<[0,49¢¢ | (1)
(c) [3] Find the average lifetime of the tree. (Recall: /u dv—ub—/vdu
€
e -{ 0.0t 4 O Joorestde
-0.,0
u=t  der=oole T Tdt
= Jum S 0.0148°% ¥4 dusdt g _ oot

T=>00

___t"oﬂl"c S -0,0l+ 0{.{ /
-W[—Te '-10 -0.0IT (OO-J O
=0

TS0 “‘f:eOOiE_IOOeoo'tj-FC

e 0l
=0 -1008% +100 PNy - -T g I

=100 Wj,‘@-w‘ﬁwo = GoIT

T==200 -0,01 &

e, MW{ T =
4%‘/\1/9 f\ . = O
VI
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12. The wingspan, IV, of a blue jay is normally distributed with a mean of 39 cm and a
standard deviation of 3 cm.

(a) [2] Sketch the graph of the probability density function for W, labelling the mean, \zﬁ
maximum, and location of inflection points. 3 ' Y, :
p vy T b
(w 39) ~ 7N

Hw)= J—ﬁ:' @_\__

3L 3‘? ‘49

NG

(b) [2] What is the probability that a randomly chosen blue jay has a wingspan wider than

42 cm? U} \
P(W>4R) =| - P(W ¢4a)
|- p(2 ¢ 42=31)

=|- F(
%[0.158455 | @ / dourdd P

,ﬁwf

,ngﬂ

ey

g :77(7{

o< 2 (0]
(c) [2] Using substitution and the fact that / e dr = /7 , show that / flw)dw =1
-0

(this, along with your graph in part (a), verifies that f(w) is a valid probability density

@ coved chetw 9 %,
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