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Problem Points Mark 

1 20 

2 6 

3 5 

4 4 

5 3 

6 4 

7 5 

8 7 

9 7 

10 6 

11 7 

12 6 

TOTAL 80 
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Quest ion 1: For part (a) , writ e t h e let ter corresponding t o t he graph of t h e 
function next to the equation in the space provided. For parts (b )-(j), clearly 
circle the one correct answer. 

l. (a) [2] ~fatch the equation of each function vvith its graph below. 

g(:i.:, y) = x2 _ y2 _/j_ ( 
J' 

h x, y) = ') ·) 
:r + y~ + 1 

·: . . 

(A) (B) (C) 

HC CAB C - HD I i=H ' f'.11-1 \ AH 

dl . ) 
(b) [2] In the basic model for the spread of a disease, -l = al( 1 - I - µI where a,µ > 0, 

d 
which of the follmving statements are true? 

(A) none 

(E) I and II 

(I) I* = 0 is a stable equilibrium. )( 
(II) Ifµ > a, then the disease will eventually die out. v 
(III) If I'· < a and I(O) > 0, then l(t) ~ 1 as t ~ oo. x 

(B) I only 

(F) I and III 

@ II only 

( G) II and III 

(D) III only 

(H) all three 
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( c) [2] A partial table of values for a function f ( :r, y) is given below. VVhich of the follm,ving 
are positive? 

(I) f(4 , 1) (II) fx(4 , 1) .,.. (III) fxx (4, l) 

(A) none 

(E) I and II 

.. 
:r = 3 

y=O 2.3 

y= 1 2.4 

y=2 2.5 

y=3 2.6 

(B) I only 

(F) I and III 

x=4 x=5 

2.2 2.0 

(2.~-7 2.7 

2.7 2.9 

3.0 3.0 

(C) II only 

(G) II and III 

(cl) [2] The linearization of f(x, y) = uJ.:y at (1, 0) is 

(A) :i: 

(E) :r - y 

(B) -x 

(F) y 

(C)y-a; 

(G) 2x + y 

+""=rl e-xv +-X.·e'X.~y ... +-xtt,o )= I 
~If ,, -xi= ~'I -.. ~ ( 11 o)-=- I 

4-

;Z: = 6 

1.7 

3.0 

3.2 

3.3 

Lo,oJ = 1 + J(x-1 ) +-I tv-o> = ~+'f 

(D) III only 

@an three 

@x+y 
(H) 0 
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( e) [2} Various surveys have found that a.bout 95% of claims that certain products are~'green'' 
(or "'eeofrienclly'' or "organic") are either misleading or not true a.t all. Suppose that you 
buy 20 products that claim to be '~green". ·which of the following statements are true? 

(I) The expected number of truly "green'' products is 1. ,/ 

(II) The probability that none of the products are truly "green" is 0.3.585 . ./' ' 

(III) The probability that all of the products a.re truly "green'' is 0.00001935. 'i 

(A) none 

@ and II 

(B) I only 

(F) I and III 

(C) II only 

(G) II and III 

(D) III only 

(H) all three 

-Ld- }( ~ 11: -;r 'JM.Jy-''~Tr ~dM~ . - X ..\T6 (~ o, o, o~ 

E lx) = a o " o. os = 1 

P( X = o) = { ~0) ( o,qs) ~D ~ o, 30-gs-

PC>t-= a o) = ( ~~ )f o. osl0 
:::-

(f) [2] Let X count the number of heads obtained after three tosses of a fair coin. ·which of 
the following statements are true? 

(I) E(X) = 1.5 ,,/ 

(II) P(X ~ 1) = 0.875 ~ 
(III) F(2) = 0.875, \vhere F( x) is the cumulative distribution function of X. s/ 

(A) none 

(E) I and II 

(B) I only 

(F) I and III 

(C) II only 

( G) II and III 

(D) III only 

· @an three 

~ (tx) 

0 ''" 

E{X) =- 6 · ~ +- I · .:3. +- J. · ~ · 3 · -1- -::: R - I t::-" 
0 g 8' 8 8 - .o 

I 3/g 
c( '3/ B 

3 1/j 

Pcx~1) = t - f'(X<1) = 1- Plx=oJ : I- y- = ~ :o,8;i!,-

Ff a):: PCx. ~~) :::. f {'I. -=o) +- p ( X=I ) +- P( x "';;.) • t :: 0 , 8' '}-5'" 
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(g) [2] Consider a population of school aged children comprised of 160 girls and 145 boys. 
Suppose that 3% of girls and 5% of boys -vvithin this population are estimated to be affected 
by ADHD. vVhat is the probability that a. randomly chosen child will be affected by ADHD'? 

@0.03051 

(E) 0.1883 

(B) 0.3248 

(F) 0.1286 

(C) 0.3333 

(G) 0.1205 

(D) 0.4051 

(H) 0.0421 

P( ADH-D)-= 0.03" lfeD +- 0, 05 x 11.{6° ~ 0, 0395"/ 
ao'5 aos 

(h) [2] Amoung women aged 40-50, the prevalence of breast cancer is 0.8%. A test for the 
presence of breast cancer (a ma.mmogra.m, for example) shows a positive result in 90% of 
women \vho have breast cancer and in 5% of women who do not have breast cancer. Suppose 
that a woman in this age group tests positive for breast cancer. \Vhat is the probability 
( approxirn.ately) that she actually has it? 

(A) 0.233 

(E) 0.148 

(B) 0.768 

(F) 0.865 

(C) 0.685 

(G) 0.921 

P(c.14)= P( +( c)· P(c J 

P( +I c) · P(c) + P{ + ( c.c ). Pfc) 

~ o.1a1 

(D) 0.562 

@0.127 

= (o. q )( o, 008) 
( o. q Yo,oos-) +- ( o, os)( t-o, oo&-) 
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(i) [2] Certain types of a. rare strain of respiratory infection occur in about 3 out of 2,000 
people. During a particularly bad flu season, 12 out of 5,000 people i.vere diagnosed with 
the infection. \!Vhat is the probability of this event occurring? 

@ o.036575 

(E) 0.046471 

(B) 0.048574 

(F) 0.865751 

(C) 0.037425 

(G) 0.0016575 

l.J )( = #: aJ pegp/I w/ hfe~ 
x /1J Po ( 7, 6") 

P{Y.=t~)= ~~· 6_e7,5)1 J. ~ o.o3~b':f-5 
1a! 

(D) 0.133.589 

(H) 0.0055238 

(j) [2) Suppose that X rv N(5, 22 ). Which of the fol101vving statements is/a.re true? 

(I) P( 1 ::; X ::; 9) ~ 0 . 95~5 v 

(A) none 

(E) I and II 

(II) P(X > 4) ~ 0.691 V 

(III) P(X ::; x) = 0.8 when :r ~ 6.7 V 

(B) I only 

(F) I and III 

(C) II only 

( G) II and III 

(D) III only 

@all three 

P ( I f X ~ '1 ) = P ( µ- ~ o f: X' ~ µ +- :2 o) ~ 0, q 6~ 
P(X !Li)= 1-P(Xf:.Y) 

~I- P(2 ~ 'i:i_S) 

= l - [I - F ( o, s-)] 
~ o, ft>Cf I 

f>(X !: ~. 1-) = P{ r:. ~ ~.?-;_5 ) 

-=- F( o . 8-~) 
~ o. 8-0 
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Questions 2-12: You must show work to obtain full credit. 

2. State whether each statement is true or false and then explain your reasoning. 

(a) [2] 1:* = 0 is a stable equilibrium of the autonomous differential equation dlx = 1 - e:r. 
· ct 

+l 'X) == I -e'X 

+-to)= I -e0 ~o 
s..rnei1L1 fl , ~ 

r1t - -:sr + {~) = -e 
~ ___ .f 'lQ)~ _-::e0 

"' - I 

8 aJ 
(b) [2] The range of g(x, v) = ex

2
+Y

2 
is (0, oo). 

( c) [2] Suppose that v f(2, 3) = 4i - j. Then Duf(2, 3) = 5 for some direction u. , 

~· c/J.N.~ ~=II Vf.(Q,3)11 (j) jdl ;;xr::::;Yr)} 
J 

I/,.. ;t/'t() ~-1-, .I - ~ ~· -rn . . ,1 .c..vf4 
- Lf + (- 1) cf..0.u}Ji>i1 (j.X #IPA- ~ 
= ~ µ; j._pA() . 

So D ~(~ 1 i) ~ {i1J < S- -d01. aJJ. dt.Ai.~ 1:1 
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3. A population of ladybugs changes according to the logistic differential equation 

dL ( L ) - = 0.05L 1 - -. -
dt 200 

dL 
(a) [2] Graph the rate of change, dt' as a function of L. Clearly label intercepts. 

'l L 

(b) [2] Dravv a phase-line diagram for this differential equation. 

CD CffeV d cLW JIM, o/ m 
11 < 1 .. . ) , 71 1// ) ) . ( < L Q.MJfUO . CUA ()Zif.) . 

(j) (ffW_c.1 w oj 

( c) [l] Suppose that the population will die out if the number of ladybugs drops below 30. 
\Vrite a new differential equation (i.e., modify the one above) to reflect this observation. 

4.b_: 0.05L(l - -1:._\( l - 1Q.) 
clt: aoo) L 

~ 

CD 
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4. The follm.ving pair of equations represent the population growth of t"\.vo different species 
where one is the predator, the other is the prey and t is measured in months. 

dx 
-l = OAr - O.OOlxy 
ct 

dy dt = -0.0ly + 0.0002:ry 

• •• 71.,q_ ~ cJ pop 11 t)( ;z mi rn:t:tu f1hYl mrrw .,U, ainrzJ( 8-(, b] 
(f) 

(awpf ~fo<D±I 
cUu 1-o~ ./UJ1.Wldf.,1 jUAOVJ) 

· dP 2tP . h . . . 1 i· . P(.O) 1 5. [3] Solve the separable equat10n Ji = 
1 
+ t 2 , vv1t m1tia cone 1t10n = . 

I _ ~t 0- U=l+t::;;J.. ~ du.-:::~-1:.cl.f:. 
5 pd..P- S Jrt.i- cH =t f .it cH =- f ..Lk_ =hi/1.tl+C 

~\_ J I +1: 11 J -1.L 

.LM.. I P h~.:~.=~-~'- c e 
1Pl=ec·(t+-e2-)~(!)('§l;UJ ~ kY-t 

S,U,{;':J);d;,cj;[-lltf1 

(j) a.pP1ry ;, e 11 lo both s,uk.:; 
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J\L-\TH 1LT3E * Final Exam * 24 April 2015 

6. Consider the function g(x, y) = ln(:ry). 

(a.) [2] Find and sketch the domain of g. 

Na.me: _____ _ 

Student No.: ____ _ 

'X..lf /0 =I XIO OH\d ~/O Ot< ~<0 ~ V < 0 

.. ' 

¥ ~ M () pA-r:f;Lw 

fud d.JJ#'laWJ 
~ skaul 

~IM.tutCt'fr I 
F I .'1'Yl.~ 

c::: 

--~ slwJL~ 1sr F~ 

-1 
~-:::g_ 

~ 

V=' t 
y-:: .§_ 

'X 

~:I 

~:.Q 
?~ 

\t .. -1 1:iJfJP1 
~co~tr 
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7. (a) [2) Describe what is mean t by lim f (;r , y ) = L. 
(x ,y)-T(ci,b) 

+r~v) a.pp-1_nu.h.14 L QA f /y.1 vJ C(P~~ {q,1:;) 

~I a)1_ {JaXtw 1-o {a,b) ~ .i:N cUr,,~ crj +. 

@ A11t.rU (}7-~ ±1-z.0 .Mta cf s~ ~ (j/uukl 6..12 lu~ 

+. 
~ 

(b) [3) Shovv that lim ~-y ') does not exist. Sketch the domain of the function 
(x,y)-r(O,O) 5x' + y-

ancl the paths you've chosen to approach (0, 0) along. 

y=o 

~ .p._,, t" ~ flX,'f)-"ro,o) ~ y==?J @ 
.,: ~ f-("X,lf) D.N,E. 

(~y)~fo1 o) 

.:y_ s:tu.iA .. uvd~ l'«W'-1 haA/ ch~ ~ f afiw Cf/ aj)(Yt. nul1 

~ CJ--1M 2- rmaA.iu 4 J_ pccf::tt4 ltJ lo,CJ) ~ 
W>e.d ~ + . ap?t-tm. c h.w J.;.f#ud ~ ah471 
la(/) fJ cdli 
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8. Consider the function f ( ;r , y) = (2:r - y + 5) ~. 

(a.) [2] Compute fx and fy· Find and sketch their domains. 

+~= ~ u~-9+s-hoz) CD 
J... (_,s-wet->) 

+y = i ( a"J.-y ;-s-f (-1) 
... 

cl.miaM, aJ + 'X MvJ +v : 
~ ~ -y 1--S ">/ 0 

V ~ J'X. +-S 

· ~ 

' 
(b) [2] Is f differentiable at (1, 7)? Explain why or why not. !.: ,-, ;1· t ci.'} .' ' 

CD~ WL ~~ ~ A::lu; ~ ~U2 6-
~ c!Mk Br-{_ 1, -:;-) w.iL ;:..., ~ po0ch wh.t.it 
+~ awl .fy cw ,1'1 d ~ IM1l4. 

01( 

-No. u;e ~Mot ~ ari OfVY' dwk ClMt&/ ~ { /; .7;) 
m l{) ht.ch tx an/ .JY o.--u. ~u...,-z0. 

(c) [3] Compute the directional derivative of f(;r.,y) ~ (2.:r - y + 5)~ at the point (O, 1) in 
the direction specified by v = 2i + j. · 
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( c) [2] \tVithout using the second derivatives test, determine whether (0, 0) corresponds to a 
local maximum, local minimum, or saddle point of the function g( x, y) = x 3 

- 2y2 + 3xy + 1. 

~ ( 010) ==I 

5 3 fo, o) = 1' +- I 

IM ~ o~ c;!U,k.- ~ a± {CJ10), UrlLt 

~ >I ONtJ <I ~·. 8 ~ ~ a.:1- Co,~). 

/ht pOA:JJ.·~, ~ y:o 9(-x,v»I w~ ~>o 
aHVJl 9(~y}<..I w~ ~<O S() 8(010):::/ M /hcr6 
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10. A population of bears is modelled by bt+ l = bt· + ft , "vhere bt represents the number 
of bears in year t. Suppose that the immigration term is It = 8 with a 403 chanc.e and 
It = 0 with a 60% chance. Assume that bo = 40 and that immigration from year to year is 
independent. 

(a) [3] Let X count the nurn.ber of bears after 2 years. Find the expected value and standard 
deviatirm of X. 

(~} 
( .(o) 2 .. 0' 3"' 

:2. (.(,,)(,4) =O.t;~ 

(.Lt) a. :. 0-/ (c 

_µ ::- E(~)-=- LIO· pl Lio) +- 4 8· pl4 S) -r sC&,. p(!J~) 

~ ~ (&,, 4 I Ci) 
V0-t(Y.) -::L4o-t./"'.L1)Q·pl4o) + l'18--4'1.t;)~.p{4~) +.,, 

· · · + lo"1-4 t.,.'f) ~.pl 6't) 
-:;:.30, +J. 

o= JVo-t.lY.i 
=Jao.-:r~· 
~rs. Slf)(f) 

:r- ;.}, ~id~ (vt!_ 

lAJ'?f7 hd- v:z.i~s 
f 01 µ aM..ri O' CtA..f_ 

UJ"Vuc" ~ ~/~ 
(b) [3] \Vhat is the probability that there will be more than 100 bears after 10 years? (Hint: 
Let N count the number of years immigration occurs and use the Binomial Distribution.) 

H Ax PDPN 81 i I:: : 4 0 +- '0 x 8 = I ~ 0 
POSS/ SL~ Pofli 81 %:t5 av E1<. I 00 : I ao) II JI I D'f 

p ( q0 '?f Oa) = P( b,
0 

= f O'i) + P( b, .. 11 :2.) 1- P ( b,
0

-= I ~o) 

-= P(N .. 8) -f- PllJ=Cf) + P(N=to) wkw N"V 8(10).L.j 

-('f)C.~)%(.1,,)Q. t- (~)(.4)'l(,'1) +0~)£>do ~ 
9 O. O I a0t.<J //.' f 

\.}) )kn a} ~ · (i) .. o.,'fll\J.C 
t_u~H 
~ uf l;\J.,u 
~,y>1£ w 
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11. Suppose that the lifetim.e of a tree is given by the probability density function 
f ( t) = O.Ole'°·0

lt, where t is measured in yea.rs, 0 :::; t < oo. 

(a.) [2] Determine the cumulative distribution function, F( t). 

---- · -o. 01-x I t: =-e 
0 

:: -0,01.t- - (- eo) 
- I - e-0.0 1-1: @ 

(b) [2] \Vha. is t e pro a ility that the tree will live longer than 70 years? 
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12. The \vingspan , iv, of a blue jay is normally distributed ·with a mean of 39 cm and a. 
standard deviation of 3 cm. 

(a) [2] Sketch the graph of the probability density function for vV, labelling the mean, . J 
~:n~( ;;d, lo~a~r(o:i:::t)i:n points. i : 

1
@ _\?J r:;t 

\ -! - @ I 
t{ VJ) "' 3 nrr' e i3 (}~ i_\_ . . . . . . - H~~ 

d ~ 
If' 

(b) [2] ·what is the probabili ty that a randomly chosen blue jay has a vvingspan wider than 
42 cm'? 

P(W">4~) -= I - P(W 6-4J.) 

"'I - p ( 1: f ~ •a- 3'i) 
=I - F(I .f ~ti) 
~10.1s B~5s \ ([) {Jt~ pk1~1.) ~' 

Joo ? Joo 
(c) [2] Using substitution and the fact that -oo e-x- dx = VK, show that _

00 
.f(w) dw = 1 

(this, along with your graph in part (a.) , verifies that .f(w) is a valid probability density 

w-
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