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QR decomposition is a technique for

decomposing certain
matinees on a une way

useful m way numerical application

Question Let A bean mxn matrix with

theorly independent
column

vectors Let

Q be thematrix
clubtamed by applying

G S

to the columnsof A How one A and Q related

Set A foilist r Ibn and let

Q EqTy I
liquid

where Tf If.us B the orthonormal
set obtained

by applying
GramSchardt to

To Tn

Recall that
I Tgif t fat t 4 fan Tfu

Tv.iq f too q qzt
t zig.iq n

h 2un qpq ten fat tons.q f a



So
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R

Note that R is an mxn matrix

However by the Gram
Schardt construction

Lvi qj7 o for all if j and so

an upper triangular square
matrix

Note also that for all i i.qi to

and so R B necessarily
muertheba

A Q R B called the QR decouposibor

of A



Theoremi QR Decouposme If A man mxn

matrix with treacly independent columns
then A

car he factored as A _QR where Q B

an min mahx with orthonormal

column vectors ad R B an Muerthale

upper trougular
matrix

Example Set A
fief 8

I i filius I3
Apply 65 with normalization

to set
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c
feast squares approximation

Suppose we have a linear system
AI b

which we know to be inconsistent

Since we cannot fund on exact solution

we want to find a solution which is as

good as possible

This means that we want to make the error

as small as possible the error being

115 AEK

Such a solution is called a leastsquares

Smee if we write
solution

g Az if error

then mmmyong HE
AEK wrt the

standard

inner product Beganalert
to whohring

et teat ten

Note For eney vector
Ee Rf AI

Dm the column space of A Cae



a linear combo of the columns of A OKA

Therefore a least squares solution of
AE _5 is

a vector AI c colCA which is as close to

5 as possible

It turns out this B always the projector

of Ts onto colCA
ie

AE projcokay

Theorem Best Approximation

Let w be a Bute domesroal
subspace of an

Nuer product space
V Foray Tse V

of B frou
W

projwts Blue best

approxmatoeththe sense that

115 projwIH
115 811

for every Eoew such that It projjb

PI Lef fo e W be arbitrary

then we can write

B to B projwis t pr
w

W

Now projwB c W and Tew so projwis To
C W

Also I projwI C Wt so

5 projw budproj.ws to me orthogonal



By the generalized Pythagorean theorem

115 THE 115 projjblp tell projwis
0112

If projwis then Hprojwb BIT
0

so then

115 projwell's
115 8112

and hence
115 projwille

115 811

as required D


