
 

Recall from last time that we are trying
to find a least squares solution to

AE D

where A B mx n and AE _To R

possibly inconsistent

A least squares solution
is a vector rt

that minimizes HAE IH

Foray vector
8 AE c cot A and so

from the Best ApproximationTheorem
ye want

to

find B such that Art projcokaF

such art always exists
Shree projco BE

CONAN

Thus finding a least squares solution
to

A x B

B equivalent to soloing

A I projcocca 5

we can award computing projcoicap buyrewrityGA

M I AI B PriscoKast



multiplying both sides by AT we have

ATtb A E Atf projectcasts

Now I projcocajb C Col A
t and hence

by an earlier result text Theorem4 8.714

T projcocasts c null At
and hence

At A E 0

Equivalently
At AI At B

the normal equation of the
system

Note that ATA is a symmetric nor matrix

we have shown the following

theorem For any linear system AE I the

associated nonal system
ATAE Atb

is consistent and all solutions are least squaressoakers

of Aix D Furthermore for any least squares

solution I
AE profcoka



E consider the overdetermined system
X Xz 4

3X t2Xz I

2X 7 4 2 3

Then we can express the system as a

matrix equation

EIdeas
F E T

Ata
ftp.IIfzztyf f5dadatb

E 3IIfsI lid
so the associated naval system B

E D Iid



def ATA 44361 9 285 10 so

there Ba undue heat squares
solution

ATA Iss fig 3,4

staff Y'dissed
t

while there is not always a unique see text
least squares solutions

we can characterize
when there B

Theoremi Let A be mxn T FA E

1 The columns of A
2 ATA B mumble

Theorem Set A home mealy independent
columns Then AI B has a unique least squares
solution ATA Atb



Furthermore

projeocap A ATA Atb AI

Note that if A B Square and muabble

Then

Priscocaste A ATA Ath A A A At b

Etm
In practice one often uses QR deoup to find
least squares solutions

theorem Set A be an mxn matrix

with treacly independent columns Suppose A QR

Then the system AI _Ts has a unque
least squares solution

smen by
x R Otb

Bfi By the pension
solution AE E has

a unique leastsquares
solutrg

I ATA ATB



Letting A QR we have

E kQR5Qr5 Dib
RtQQRYRQTb

Since the columns of Q are othononal QQ I
so

RCR RT QT I
pi Rt RT I
R QTI D


