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FuratronApproximatoriFounierseneaconsrder
the following approximation problem

run a function fecca b find the best

approximation to f using only factors
from

a specified subspace of
C a b

Recall that dais is a real inner product

space with an inner product defined by

f g
bfadgaddx

For two functions fadge
a b the

neon square error is

MSE Lf g f g
fab f sad Zdx

Hf g I

So our approximation can be restated in tens

of a least squares approximationproblem

Leastsquoresapproxi Let fecka
b and

let we CEais be a brute druerroralsubspace

we wait to found gew that minimizes
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It turns out that even in this context

the best approximation theorem remains valid

theorems fet W E Cha b be a futechnesional

subspace fe Cha b Then the function

g c W that wrongs Iff g112 is g projwf

the heart squares approx
to f from W

CWF courier series

we consider C o 25

we can easily compute projectors
when we hone

an orthogonal orthonormal
set

Factfromcalculies Let f
IR Cl be a complex

valued friction of a real variable
Write fcx7 f.cat i fix

Then we define fabfuddx as

fCx dx bf ex dx t i f fd dX

Observe that for n 1 0

einxdx JYIscnxldxtifstmcuihdxzotoo.ca



and Mein zit if n 0

Suppose with o n m 0 then

O ein m
d

I'Iscux coscmx Snax sNmx dx

t if'Ioscux smlmx7
snax cosCmxdx

From the magnaypart of H
Toscnasnemx sminxicoscmx dx o

substituting n for u we set for m n to

fo oscnxlsmc.mx t smh cos Cmx dx o

Adding these together comes

Toscnx smCmx dx O for mtn

similarly considering
the real part of

we get
Toscnxxoscmx dx o of mCax

smCmx o



For m n we have

zit nine hixdx.FI
oscnx7tismcnxDCcoscnx7 isnCuxDdx

foYos4nx sm4nx dx

From calculus

foT os4nx dx of sm4nx dx

So cos'Cnx dx tsn ux dx IT

conclusion

I Costa 8mW cos62 7 smfh
coschx Snax

tours an orthogonal set
in C 2nd and

kill _ETT 11 cosinx H
m hxN

Let Wn E Cho 21T be the fate
dimensional

subspace spanned by

I cos
smh coshed smh x



Some these functions are orthogonal it is

easy to compute
projections

Lef f e Cfo 21T Then

Progwa f ao t a smh t tan smh x f b costx t tbucose

where go
Lf L

II I 112 2 IT

ai Lf smlkxDLL.sn xDk In115MCkxH

br CfcosCkxD_ Lf cosCk

1 costs 112 IT

E Let fix x Wn

Then projwn X
IT 2 fornix tsm t tsmfn

Theoremi Let f c CG ziti Then

Ao t a smCX t
azsnCz t t b cos.CH bzcosCzx f

converges to fix with respect to 11.11

i e Iff projw.FI sOasn oo



Renard Let WE CEO 21T be

span I coslhxbsmluxl.tn
z g

By the previous
theorem wt o

but 0ft CURTI so

wt't 0,2T

However w Cfo 2T siree X W

Hence WE WIL


