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Let K Q R or Q

fet V W be K vector spaces

A map T W B a CK Inear map

if D tu EeV Ttu Thi t T lid
I V kek T k kTl

The trend Bthe set

her TeV TCB 3

berCT is a subspace of V

The the nullity of T is

nullity T din liker ITH

The rangeoft is the set

RCT Tew Foehn D

RCT is a subspace of W

the rank of T 03

rank T din RCT



Theory Rank NullityTheorem
Let be Ante druerronal and let

Ti w

be a linear map Then

dm U rank CT 7 nullity T

Proofi Let domCV n

If nullity n then kerCT _Vaal so

RCT 03 so rankLT o Hence

n nullity trankCTI
I F

so suppose oenullityCT
n Let i nullity

and let 5 be a basis for berth
so

Iski so OE i En S I Ji

By the Plus minus theorem
there are n i vectors

Bit nine V such that

SI Su Ziti on

is a basis for U
It suffner to show that

Twin TEED
forms a basis for RCT Then
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First ck that twin This spans RCT

suppose Eoe RCT Then there B TeV such

that T D

since S is a basis for V we can write

To Cir t t Civitcitivit t t Cath

hence

I TCI 4TH t tcitttiltcitthii.lt t 4TH

Smee vi c ker T

w Cit Tcu t t cnTJn

Next check that Tht't IT in B mealy
independent

suppose
Cititttitit at Catton 8 EW

some T 75 I hear

T citivit t tenure
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in other words

Citrix t t Carin e kerCT

since S Ba busts for best we

can write
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and so

c Bit t Ciri Cit it Curt 8

Smee 90 In is a basis for V it is

nearly independent and
hence

C Cz Cn 0

so Cit Ch 0 I
Hence T viiD Then Ba bans for RCTV

and so nullity T i rakCT n i
p

8 Compositions
and Inverses

Let Ti W be a linear transformation

Defm T is one to one injectme if it maps

distinct vectors m V to distinct vectors
m w ie

if I 4 then 1 ai 4 T Equivalently T B mreetwerff
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W i e

enerythg gets hit by T
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3



pf Suppose T B Mjeafue Set iaberCT Then TCE 8

Also to o Shae T ismpathe 8 8

On the otherhand suppose
that kerLT 83 Setu zev

and suppose that TCB T Be

Then TCT TW 8

By hearty
Ttu 8D _8 so I Tze kerCT

Source berth 483 I 82 8 Hence rt Be So

T B one to one D

Theoremi Let TiVo w be linear Suppose

that V and W are frute dimesronal worth the same
dimension

Then 1 FAE
1 T B 1Nmjeatne
2 her CT 8D
T B ontolsayeehire

Pf we already know that Dad 2 are

equivalent So we just need to check that 2 and 3 ore

equivalent

Let domlv dmCW n

suppose kerLT 83 Then nullity T o By the

rank nullify theorem
n din v Ot rake

so rank T n so Dom RCT h

since RCT E W and din w n ducRCTY it follows that

RCT w



On the otherhand suppose T B onto i.e RCT w

Then by the rank nullifyTheorem Drucker T O

hence kerch 83 T
D


