
 

Lecture 20

8.2 Isomorphisms
Definition A linear map T w rs called

an isomorphism if
T is n l and onto

Defy Vector spaces V and W are said to

be isomorphic
wrote VEW if there

exosts an isomorphism from V to W

or equivalently from
W to V why Hmt if

T w is an isomorphism
so B T Ww v

Isomorphisms are very important
Smee

isomorph vector spaces are the same

algebraically

E consider the matp

Ti PUR Rent

T arent an X t ta xtao Kao al an is an

T Rmt PUR

T Cao ai ja
anxht tax tao



Then
T

an t u t aixtao t bn h t b x tho Cao un t bo ibn

Il
Il Cao no

an tbn

T
l

antbn x t t a t bi x t
Carotbo

and T k Lao
k faux t ta X ta o

fi Un

Il11

Lannit t ka xt ka
Kao ka

ka

T t

50 an isomorphism preserves the

linear structure of a vector space You can

go back and forth because they can be reversed if

they are invertible

Proposition Let V and W be K vector

spaces and suppose
din.LV h Let I in be

a busB for U and let Tv ion be any

n vector Tn W not necessarily district Then

there is a unique linear wrap
T V W

such that
Tf Ii for all i



FI For Ie V write E crit care

and define
1 f T Grit ten c Tu t tannin

Then T B hear Smee if I D Nit tdnNn

then
1 Itu _T Gtd It tantddin

tdDngt t Entdn wn

Ciw t tenon t d wit dnion

TC tTlu
ad

1 he T ke wit tkc.in

he 8 t tkcnwn hkiw t t chain

kT B

Clearly T Twi for all i

Finally T B unque Let S V w be

another linear map satisfying SEuiJ
wi

Let D grit tenon c U Then

s B Scutt tenure c S t t Cascia
c Tu t t Cn In

c TCI t 1 Catton

TCarit tenure TG

Hence S T D
O Z E



Let k Q R or E

Theorem Let ad w be n domesronal

K vector spaces
Then VE W

Pf Let T in be a basis for Vad

W'is Eun be a basB for W By the

previous proposition there Ba unique linear

map T w such that Tht Eui Hi

We need to check that T is H and onto

Sef BekerCT WTS 8 0 Smee is in

Ba busts we can write

8 C N t t civu

Smee rieber T

8 T 8 4TH t t Catton

C Tu t t Chiron

Since uh Eun Ba busts for W C eCn o

Hence 8 0

Onto Lef I c W be arbitrary We want to

Tmd TeV such that Tco D

Since To shin is a basis for W there are

unique 4 i i cu C K such that



unique i I chat
D C I t t Cn n

Jet of C I t 7 Curtin C U same scalars

Then
T Tcc 8 t town

c Thi t tcnT Jn

quit t Cnion wi T

Hence T vs w rsan Bo morphism and so

EW D

Corolloryi Let K Q IR or E Let

be a K vector space with dom v new

Then VE K

PI Apply the previous
theorem D

Nµ If VE K TeV od B
or

a bus B far K
then B Bisthe

main of

coordinates of B with respect to B The map

K
T to IB Barn

m

As an application we can represent linear maps

of fmtednessonal
vector spaces

defined
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E Let T P IR BGR be defined

by 1 pix x pix

We have that RCR z1R and RARE 1123

So

C RAR RCLRJFTCaotx aoxta.az
I _aotaix a

L I

t

Hei t KaL
A

for some
matrix A

A

II 1 Af find
21

So we get x ao t Xz a O

y ao t yea ao

Zz Ao t 2 za a a

foray ao a Hence A
Og
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